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ͻΎ̙̥ͱ χ̥ͱ̥̐ϑ͖Ύ; ͱ˨̊

�ŏų ࡈߟ Ƈʕƚ �ƚʾɾ ÷ǕʕɟɯƇŏʿࡏ

ࡄ ÚɟƚƇǞżɾ ǕŏȘƇ ȒȩɾǞȩȘ ųŏɯƚƇ ȩȘ ƚȀƚżɾɟǞżŏȀ ȒƚŏɯʕɟƚȒƚȘɾɯ ȩǀ
ŏ ȒȩȘǺƚʿɯ ųɟŏǞȘ ŏżɾǞʲǞɾ ʿࡏ

ࡄ CʾɔƚɟǞƚȘżƚ ʶȩɟǺǞȘǃ ʶǞɾǕ ɯƚɛʕƚȘɾǞŏȀ ɾǞȒƚ ɯƚɟǞƚɯ Ƈŏɾŏࡏ
ࡄ _Ǟɟɯɾ Ȁŏų ʶǕƚɟƚ żȩȒɔʕɾŏɾǞȩȘ ŏżɾʕŏȀȀʿ Ȓŏɾɾƚɟɯ ɯȩȀʲǞȘǃ
ɟƚǃɟƚɯɯǞȩȘ ɔɟȩųȀƚȒɯ ʶǞɾǕ Ǻߜߠ ƚʾŏȒɔȀƚɯࡈ ߜߜߡߝ ǀƚŏɾʕɟƚɯ

ߞ



Ύϻ̥ξࡷθ˨ξ˨ͻ̥ϑ̥ξ͖В̥̙ ͻΎ̙̥ͱχ

vǀ ʿȩʕ Ǖŏʲƚ ƚȘȩʕǃǕ ǀƚŏɾʕɟƚɯࡈ ƚʲƚȘ Ȓȩɯɾ ųŏɯǞż ȒȩƇƚȀ ʶǞȀȀ ȩʲƚɟ˙ɾ
ǞȘ ɔɟŏżɾǞżƚࡏ

CʾŏȒɔȀƚࡇ �ǞȘƚŏɟ ɟƚǃɟƚɯɯǞȩȘ ȒȩƇƚȀ ʶǕƚɟƚ Ɔ ≥ ȗࡏ +ŏȘ ŏȀʶŏʿɯ
˙ȘƇ β ɯȩ ɾǕŏɾ ĭβ = ʿ ƚʾŏżɾȀ ʿࡏ

ߟ



˨ϻΎ͖̙͖;͇ Ύϻ̥ξ͖͂ϑϑ͖;͇

áƚǃʕȀŏɟǞˌŏɾǞȩȘࡇ CʾɔȀǞżǞɾȀʿ ƇǞɯżȩʕɟŏǃƚ ȩʲƚɟ˙ɾɾǞȘǃ ųʿ ŏƇƇǞȘǃ ŏ
ɟƚǃʕȀŏɟǞˌŏɾǞȩȘ ɔƚȘŏȀɾʿ ɾȩ ɾǕƚ Ȁȩɯɯ ȒǞȘǞȒǞˌŏɾǞȩȘ ɔɟȩųȀƚȒࡏ

ȒǞȘ
θ

[�(θ) + Úƙǂ(θ)] .

CʾŏȒɔȀƚࡇ �ƚŏɯɾ ɯɛʕŏɟƚɯ ɟƚǃɟƚɯɯǞȩȘࡏ �(β) = ‖ĭβ − ʿ‖ࡏߞߞ

ࡄ áǞƇǃƚ ɟƚǃɟƚɯɯǞȩȘ ࡇߞ! Úƙǂ(β) = λ‖β‖ߞߞ
ࡄ ��ëë° ࡇߝ! Úƙǂ(β) = λ‖β‖ߝ
ࡄ CȀŏɯɾǞż Șƚɾࡇ Úƙǂ(β) = λߝ‖β‖ߝ + λߞ‖β‖ߞߞ

ߠ
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ξ͖̙͇̥ ξ̥͇ϟͱ˨ξ͖В˨ϑ͖Ύ;

áǞƇǃƚ ɟƚǃɟƚɯɯǞȩȘࡇ ȒǞȘβ ‖ĭβ − ʿ‖ߞߞ + λ‖β‖ࡏߞߞ

ࡄ �ǞȘǞȒǞˌƚƇ ŏɾ β = (ĭîĭ+ λv)−ߝĭîʿࡏ
ࡄ �ƚɾ β∗ = ŏɟǃȒǞȘβ �(β) ŏȘƇ β∗

Ú = ŏɟǃȒǞȘβ �(β) + Úƙǂ(β)ࡏ
ࡄ �Ȁʶŏʿɯ Ǖŏʲƚ ‖β∗

Ú‖ߞߞ < ‖β∗‖ߞߞ ŏȘƇ ‖ĭβ∗
Ú − ʿ‖ߞߞ > ‖ĭβ∗ − ʿ‖ࡏߞߞ

_ƚŏɾʕɟƚ ɯƚȀƚżɾǞȩȘ ȒƚɾǕȩƇɯ ŏɾɾƚȒɔɾ ɾȩ ɯƚɾ ȒŏȘʿ żȩȩɟƇǞȘŏɾƚɯ ǞȘ
β ɾȩ ࡏߜ áƚǃʕȀŏɟǞˌŏɾǞȩȘ ƚȘżȩʕɟŏǃƚɯ żȩȩɟƇǞȘŏɾƚɯ ɾȩ ųƚ ɯȒŏȀȀࡏ
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ͱ˨χχΎ ξ̥͇ϟͱ˨ξ͖В˨ϑ͖Ύ;

�ŏɯɯȩ ɟƚǃʕȀŏɟǞˌŏɾǞȩȘࡇ ȒǞȘβ ‖ĭβ − ʿ‖ߞߞ + λ‖β‖ࡏߝ

ࡄ ëǞȒǞȀŏɟȀʿ ƚȘżȩʕɟŏǃƚɯ żȩȩɟƇǞȘŏɾƚɯ ǞȘ β ɾȩ ųƚ ɯȒŏȀȀࡏ
ࡄ °ǀɾƚȘ ɾǕƚ ȩɔɾǞȒŏȀ β∗

Ú ʶǞȀȀ Ǖŏʲƚ ɯʕųɯƚɾ ȩǀ żȩȩɟƇǞȘŏɾƚɯ
ƚɛʕŏȀ ɾȩ ˌƚɟȩࡈ ǞȘ żȩȘɾɟŏɯɾ ɾȩ ɟǞƇǃƚ ɟƚǃʕȀŏɟǞˌŏɾǞȩȘࡏ

ߢ
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ͱ˨χχΎ ξ̥͇ϟͱ˨ξ͖В˨ϑ͖Ύ;

Úɟȩɯࡇ

ࡄ ëǞȒɔȀƚɟࡈ Ȓȩɟƚ ǞȘɾƚɟɔɟƚɾŏųȀƚ ȒȩƇƚȀࡏ

+ȩȘɯࡇ

ࡄ �ȩ żȀȩɯƚƇ ǀȩɟȒ ɯȩȀʕɾǞȩȘ ųƚżŏʕɯƚ ‖β‖ߝ Ǟɯ Șȩɾ
ƇǞǀǀƚɟƚȘɾǞŏųȀƚࡏ

ࡄ +ŏȘ ųƚ ɯȩȀʲƚƇ ʶǞɾǕ ǞɾƚɟŏɾǞʲƚ ȒƚɾǕȩƇɯ ǃɟŏƇǞƚȘɾ ƇƚɯżƚȘɾࡈ
ųʕɾ ǃƚȘƚɟŏȀȀʿ Șȩɾ ŏɯ ɛʕǞżǺȀʿ ŏɯ ɟǞƇǃƚ ɟƚǃɟƚɯɯǞȩȘࡏ
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̐ͱ˨χχ͖͖͂̐˨ϑ͖Ύ;

ߣ



̐ͱ˨χχ͖͖͂̐˨ϑ͖Ύ; χ̥ϑϟθ

ࡄ 4ŏɾŏ CʾŏȒɔȀƚɯࡇ ʾߝ, . . . , ʾȗ ∈ RƆ

ࡄ ÷ŏɟǃƚɾࡇ ʻߝ, . . . , ʻȗ ∈ ,ߜ} ,ߞ . . . ,ɗ− {ߝ ʶǕƚȘ ɾǕƚɟƚ ŏɟƚ ɗ
żȀŏɯɯƚɯࡏ

ࡄ $ǞȘŏɟʿ +ȀŏɯɯǞ˙żŏɾǞȩȘࡇ ɗ = ࡈߞ ɯȩ ƚŏżǕ ʻǝ ∈ ,ߜ} ࡏ{ߝ
ࡄ �ʕȀɾǞࡷżȀŏɯɯ +ȀŏɯɯǞ˙żŏɾǞȩȘࡇ ɗ > ࡏߞ ߝ

�ȩɾƚߝ ɾǕŏɾ ɾǕƚɟƚ Ǟɯ ŏȀɯȩ ȒʕȀɾǞࡷȀŏųƚȀ żȀŏɯɯǞ˙żŏɾǞȩȘ ʶǕƚɟƚ ƚŏżǕ Ƈŏɾŏ ƚʾŏȒɔȀƚ
Ȓŏʿųƚ ųƚȀȩȘǃ ɾȩ Ȓȩɟƚ ɾǕŏȘ ȩȘƚ żȀŏɯɯࡏ

ߤ

4



̐ͱ˨χχ͖͖͂̐˨ϑ͖Ύ; ̥Ѕ˨ͻθͱ̥χ

ࡄ �ƚƇǞżŏȀ ƇǞŏǃȘȩɯǞɯ ǀɟȩȒ �ávࡇ ߞ żȀŏɯɯƚɯࡏ
ࡄ ��vë÷ ƇǞǃǞɾɯࡇ ߜߝ żȀŏɯɯƚɯࡏ
ࡄ _ʕȀȀ °ɔɾǞżŏȀ +Ǖŏɟŏżɾƚɟ áƚǃȩȘǞɾǞȩȘࡇ ɯߜߜߝ ȩǀ żȀŏɯɯƚɯࡏ
ࡄ vȒŏǃƚ�ƚɾ żǕŏȀȀƚȘǃƚࡇ ߜߜߜࡈߝߞ żȀŏɯɯƚɯࡏ

áʕȘȘǞȘǃ ƚʾŏȒɔȀƚ ɾȩƇŏʿࡇ CȒŏǞȀ ëɔŏȒ +ȀŏɯɯǞ˙żŏɾǞȩȘࡏ

ߥ



̐ͱ˨χχ͖͖͂̐˨ϑ͖Ύ;

÷ȩƇŏʿࡇ �� ǀɟȩȒ ŏ ÚɟȩųŏųǞȀǞɯɾǞżࡕ$ŏʿƚɯǞŏȘ ÚƚɟɯɔƚżɾǞʲƚࡏ

+ȀŏɯɯǞ˙żŏɾǞȩȘ żŏȘ ŏȘƇ ȩǀɾƚȘ Ǟɯ ɯȩȀʲƚƇ ʕɯǞȘǃ ɾǕƚ ɯŏȒƚ
ȀȩɯɯࡷȒǞȘǞȒǞˌŏɾǞȩȘ ǀɟŏȒƚʶȩɟǺ ʶƚ ɯŏʶ ǀȩɟ ɟƚǃɟƚɯɯǞȩȘࡏ

Ħƚ ʶȩȘ࢈ɾ ɯƚƚ ɾǕŏɾ ɾȩƇŏʿࡋ Ħƚ࢈ɟƚ ǃȩǞȘǃ ɾȩ ʕɯƚ żȀŏɯɯǞ˙żŏɾǞȩȘ ŏɯ ŏ
ʶǞȘƇȩʶ ǞȘɾȩ ŏȘȩɾǕƚɟ ʶŏʿ ȩǀ ɾǕǞȘǺǞȘǃ ŏųȩʕɾ ȒŏżǕǞȘƚ ȀƚŏɟȘǞȘǃࡏ

ߜߝ



χθ˨ͻ θξ̥̙͖̐ϑ͖Ύ;

$ȩɾǕ ɾŏɟǃƚɾ ȀŏųƚȀɯ ŏȘƇ Ƈŏɾŏ ʲƚżɾȩɟɯ ŏɟƚ ųǞȘŏɟ ʿࡏ
ߝߝ
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χθ˨ͻ θξ̥̙͖̐ϑ͖Ύ;

_Ǟɟɯɾ bȩŏȀࡇ �ȩƇƚȀ Ƈŏɾŏ (ʾ, ʻ) ࡵ ǞȘ ȩʕɟ żŏɯƚ ƚȒŏǞȀɯ ࡵ ŏɯ ŏ ɯǞȒɔȀƚ
ɔɟȩųŏųǞȀǞɯɾǞż ɔɟȩżƚɯɯࡏ ÚɟȩųŏųǞȀǞɯɾǞż �ȩƇƚȀǞȘǃࡏ

mȩʶ ʶȩʕȀƇ ʿȩʕ ɟŏȘƇȩȒȀʿ żɟƚŏɾƚ ŏ ɯƚɾ ȩǀ ƚȒŏǞȀ ǀƚŏɾʕɟƚ ʲƚżɾȩɟɯ
ŏȘƇ ȀŏųƚȀɯ ǀɟȩȒ ɯżɟŏɾżǕ ɾǕŏɾ ȀȩȩǺɯ ȀǞǺƚ ŏ ɾʿɔǞżŏȀ ǞȘųȩʾࡐ

ëǕȩʕȀƇ Ǖŏʲƚ ɯȩȒƚ ɯɔŏȒ ƚȒŏǞȀɯࡈ ŏȘƇ ɯȩȒƚ ɟƚǃʕȀŏɟ ƚȒŏǞȀɯࡏ

ߞߝ

spamwo r d s : (wine trouster, student loan,..-creditcard,)
$ , 1,2,..e )

notspamwords: (meeting, question, calendar)



θξΎ̊˨͖̊ͱ͖χϑ͖̐ ͻΎ̙̥ͱ ͂Ύξ ̥ͻ˨͖ͱ

áŏȘƇȩȒ ȒȩƇƚȀ ǀȩɟ ǃƚȘƚɟŏɾǞȘǃ Ƈŏɾŏ ƚʾŏȒɔȀƚ (ʾ, ʻ)ࡇ

ࡄ ëƚɾ ʻ = ߜ ʶǞɾǕ ɔɟȩųŏųǞȀǞɾʿ ɑࡈߜ ʻ = ߝ ʶǞɾǕ ɔɟȩųŏųǞȀǞɾʿ
ɑߝ = −ߝ ɑࡏߜ

ࡄ ɑߜ Ǟɯ ɔɟȩųŏųǞȀǞɾʿ ŏȘ ƚȒŏǞȀ Ǟɯ Șȩɾ ɯɔŏȒ ࡏǃࡏƚ ࡏ%ߥߥ
ࡄ ɑߝ Ǟɯ ɔɟȩųŏųǞȀǞɾʿ ŏȘ ƚȒŏǞȀ Ǟɯ ɯɔŏȒ ࡏǃࡏƚ ࡏ%ߝ

ࡄ vǀ ʻ = ࡈߜ ǀȩɟ ƚŏżǕ ǝࡈ ɯƚɾ ʺǝ = ߝ ʶǞɾǕ ɔɟȩųŏųǞȀǞɾʿ ɑ(ߜ)ǝ ࡏ
ࡄ vǀ ʻ = ࡈߝ ǀȩɟ ƚŏżǕ ǝࡈ ɯƚɾ ʺǝ = ߝ ʶǞɾǕ ɔɟȩųŏųǞȀǞɾʿ ɑ(ߝ)ǝ ࡏ

CŏżǕ ǞȘƇƚʾ ǝ żȩɟɟƚɯɔȩȘƇɯ ɾȩ ŏ ƇǞǀǀƚɟƚȘɾ ʶȩɟƇࡏ _ȩɟ ʶǕŏɾ ʶȩɟƇɯ
ʶȩʕȀƇ ʶƚ ƚʾɔƚżɾ ɑ(ߝ)ǝ > ɑ(ߜ)ǝ ࡐ ɑ(ߜ)ǝ > ɑ(ߝ)ǝ ࡐ

ߟߝ
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θξΎ̊˨͖̊ͱ͖ϑІ ξ̥ϻ͖̥Ͼ

ࡄ ÚɟȩųŏųǞȀǞɾʿࡇ ɔʾ ࡵ ɾǕƚ ɔɟȩųŏųǞȀǞɾʿ ƚʲƚȘɾ ʺ ǕŏɔɔƚȘɯࡏ
ࡄ �ȩǞȘɾ ɔɟȩųŏųǞȀǞɾʿࡇ ɔʾࡈʿ ࡵ ɾǕƚ ɔɟȩųŏųǞȀǞɾʿ ɾǕŏɾ ƚʲƚȘɾ ʺ ŏȘƇ
ƚʲƚȘɾ ʻ ǕŏɔɔƚȘࡏ

ࡄ +ȩȘƇǞɾǞȩȘŏȀ ÚɟȩųŏųǞȀǞɾʿ ɑ(ʺ | ʻ) ࡵ ɾǕƚ ɔɟȩųŏųǞȀǞɾʿ ʺ
ǕŏɔɔƚȘɯ ǃǞʲƚȘ ɾǕŏɾ ʻ ǕŏɔɔƚȘɯࡏ

ɑ(ʺ|ʻ) =

ߠߝ

r
r

r

r p1×1)
p t s )



̊˨І̥χ ϑ̥͑Ύξ̥ͻࡕξϟͱ̥

ࡄ ɑ(ʺ|ʻ) = ɑ(ʺ,ʻ)
ɑ(ʻ)

ࡄ ɑ(ʻ|ʺ) = ɑ(ʺ,ʻ)
ɑ(ʺ)

ëȩࡇ

ɑ(ʺ|ʻ) = ɑ(ʻ|ʺ)ɑ(ʺ)
ɑ(ʻ)

ߡߝ

~
[ → pix)plyk) = pix,s )

a



θξΎ̊˨͖̊ͱ͖χϑ͖̐ ͻΎ̙̥ͱ ͂Ύξ ̥ͻ˨͖ͱ

áŏȘƇȩȒ ȒȩƇƚȀ ǀȩɟ ǃƚȘƚɟŏɾǞȘǃ Ƈŏɾŏ ƚʾŏȒɔȀƚ (ʾ, ʻ)ࡇ

ࡄ ëƚɾ ʻ = ߜ ʶǞɾǕ ɔɟȩųŏųǞȀǞɾʿ ɑ(*ߜ)ࡈ ʻ = ߝ ʶǞɾǕ ɔɟȩųŏųǞȀǞɾʿ
ɑ(*ߝ) = −ߝ ɑ(*ߜ)ࡏ

ࡄ ɑ(*ߜ) Ǟɯ ɔɟȩųŏųǞȀǞɾʿ ŏȘ ƚȒŏǞȀ Ǟɯ Șȩɾ ɯɔŏȒ ࡏǃࡏƚ ࡏ%ߥߥ
ࡄ ɑ(*ߝ) Ǟɯ ɔɟȩųŏųǞȀǞɾʿ ŏȘ ƚȒŏǞȀ Ǟɯ ɯɔŏȒ ࡏǃࡏƚ ࡏ%ߝ

ࡄ vǀ ʻ = ࡈߜ ǀȩɟ ƚŏżǕ ǝࡈ ɯƚɾ ʺǝ = ߝ ʶǞɾǕ ɔɟȩųŏųǞȀǞɾʿ ɑ(ʺǝ = ߝ | ࡏ(ߜ*
ࡄ vǀ ʻ = ࡈߝ ǀȩɟ ƚŏżǕ ǝࡈ ɯƚɾ ʺǝ = ߝ ʶǞɾǕ ɔɟȩųŏųǞȀǞɾʿ ɑ(ʺǝ = ߝ | ࡏ(ߝ*

ߢߝ



̊˨І̥χ͖˨; ϻ͖̥Ͼ Ύ; ̐ͱ˨χχ͖͖͂̐˨ϑ͖Ύ;

bǞʲƚȘ ʕȘȀŏųƚȀƚƇ ǞȘɔʕɾ (ʾ, żǕȩȩɯƚࡈ( ɾǕƚ ȀŏųƚȀ ʻ ʶǕǞżǕ Ǟɯ
Ȓȩɯɾ ȀǞǺƚȀʿ ǃǞʲƚȘ ɾǕƚ Ƈŏɾŏࡏ áƚżŏȀȀ ʾ = ,ߜ] ,ߜ ,ߝ . . . , ,ߝ ࡏ[ߜ

ȒŏʾǞȒʕȒ ŏ ɔȩɯɾƚɟǞȩɟ ɔɟȩųŏųǞȀǞɾʿ ��Ú ƚɯɾǞȒŏɾƚ

$ŏʿƚɯǞŏȘ +ȀŏɯɯǞ˙żŏɾǞȩȘ �ȀǃȩɟǞɾǕȒࡇ

+ȩȒɔʕɾƚࡇ

ࡄ ɑ(*ߜ|ʾ)ࡇ ɔɟȩųŏųǞȀǞɾʿ ʻ = ߜ ǃǞʲƚȘ ȩųɯƚɟʲƚƇ Ƈŏɾŏ ʲƚżɾȩɟ ʾࡏ
ࡄ ɑ(*ߝ|ʾ)ࡇ ɔɟȩųŏųǞȀǞɾʿ ʻ = ߝ ǃǞʲƚȘ ȩųɯƚɟʲƚƇ Ƈŏɾŏ ʲƚżɾȩɟ ʾࡏ

°ʕɾɔʕɾࡇ ߜ* ȩɟ ߝ* ƇƚɔƚȘƇǞȘǃ ȩȘ ʶǕǞżǕ ɔɟȩųŏųǞȀǞɾʿ Ǟɯ Ȁŏɟǃƚɟࡏ

ɑ(*ߜ|ʾ) ŏȘƇ ɑ(*ߝ|ʾ) ŏɟƚ żŏȀȀƚƇ ɔȩɯɾƚɟǞȩɟ ɔɟȩųŏųǞȀǞɾǞƚɯࡏ

ߣߝ



̥ϻ˨ͱϟ˨ϑ͖;͇ ϑ̥͑ θΎχϑ̥ξ͖Ύξ

mȩʶ ɾȩ żȩȒɔʕɾƚ ɾǕƚ ɔȩɯɾƚɟǞȩɟࡐ $ŏʿƚɯ ɟʕȀƚࡋ

ɑ(*ߜ|ʾ) =
ɑ(ʾ | (ߜ*)ɑ(ߜ*

ɑ(ʾ) ߝ

ɔȩɯɾƚɟǞȩɟ = ȀǞǺƚȀǞǕȩȩƇ× ɔɟǞȩɟ
ƚʲǞƇƚȘżƚ ߞ

ࡄ ÚɟǞȩɟࡇ ÚɟȩųŏųǞȀǞɾʿ ǞȘ żȀŏɯɯ ߜ* ɔɟǞȩɟ ɾȩ ɯƚƚǞȘǃ ŏȘʿ Ƈŏɾŏࡏ
ࡄ ÚȩɯɾƚɟǞȩɟࡇ ÚɟȩųŏųǞȀǞɾʿ ǞȘ żȀŏɯɯ ߜ* ŏǀɾƚɟ ɯƚƚǞȘǃ ɾǕƚ Ƈŏɾŏࡏ

ߤߝ



̥ϻ˨ͱϟ˨ϑ͖;͇ ϑ̥͑ θΎχϑ̥ξ͖Ύξ

bȩŏȀ Ǟɯ ɾȩ ƇƚɾƚɟȒǞȘƚ ʶǕǞżǕ Ǟɯ Ȁŏɟǃƚɟࡇ

ɑ(*ߜ|ʾ) =
ɑ(ʾ | (ߜ*)ɑ(ߜ*

ɑ(ʾ) ʲɯࡏ ɑ(*ߝ|ʾ) =
ɑ(ʾ | (ߝ*)ɑ(ߝ*

ɑ(ʾ)

Ħƚ żŏȘ ǞǃȘȩɟƚ ƚʲǞƇƚȘżƚ ɑ(ʾ) ɯǞȘżƚ Ǟɾ Ǟɯ ɾǕƚ ɯŏȒƚ ǀȩɟ ųȩɾǕ ɯǞƇƚɯࡏ

CɯɾǞȒŏɾƚ ŏȀȀ ȩǀ ɾǕƚ ȩɾǕƚɟ ɾƚɟȒɯ ǀɟȩȒ ɾǕƚ ȀŏųƚȀƚƇ Ƈŏɾŏ ɯƚɾࡇ

ࡄ ɑ(*ߜ) = ǀɟŏżɾǞȩȘ ȩǀ ƚȒŏǞȀɯ ǞȘ Ƈŏɾŏ ʶǕǞżǕ ŏɟƚ Șȩɾ ɯɔŏȒࡏ
ࡄ ɑ(*ߝ) = ǀɟŏżɾǞȩȘ ȩǀ ƚȒŏǞȀɯ ǞȘ Ƈŏɾŏ ʶǕǞżǕ ŏɟƚ ɯɔŏȒࡏ
ࡄ ɑ(ʾ | (ߜ* = ࡐ

ߥߝ

[pg."") I
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;˨͖ϻ̥ ̊˨І̥χ

ࢆ�ŏǞʲƚࢅ $ŏʿƚɯ +ȀŏɯɯǞ˙ƚɟࡇ �ɔɔɟȩʾǞȒŏɾƚ ɑ(ʾ | (ߜ* ųʿ ŏɯɯʕȒǞȘǃ
ǞȘƇƚɔƚȘƇƚȘżƚࡇ

ɑ(ʾ | (ߜ* = ɑ(ʺߝ | (ߜ* · ɑ(ʺߞ | (ߜ* · . . . · ɑ(ʺȗ | (ߜ*

ࡄ ɑ(ʺǝ | (ߜ* Ǟɯ ɾǕƚ ɔɟȩųŏųǞȀǞɾʿ ʿȩʕ ȩųɯƚɟʲƚ ʺǝ ǃǞʲƚȘ ɾǕŏɾ ŏȘ
ƚȒŏǞȀ Ǟɯ Șȩɾ ɯɔŏȒߞࡏ

� Ȓȩɟƚ żȩȒɔȀǞżŏɾƚƇ ȒƚɾǕȩƇ ȒǞǃǕɾ ɾŏǺƚ ƇƚɔƚȘƇƚȘżǞƚɯ ǞȘɾȩ
ŏżżȩʕȘɾࡏ

ࡈáƚżŏȀȀߞ ʺǝ Ǟɯ ƚǞɾǕƚɟ ߜ ʶǕƚȘ ʲȧɛƆǝ Ǟɯ Șȩɾ ɔɟƚɯƚȘɾࡈ ȩɟ ߝ ʶǕƚȘ ʲȧɛƆǝ Ǟɯ ɔɟƚɯƚȘɾࡏ

ߜߞ



;˨͖ϻ̥ ̊˨І̥χ

_ǞȘŏȀ �ŏǞʲƚ $ŏʿƚɯ +ȀŏɯɯǞ˙ƚɟ

ĆɯǞȘǃ Ƈŏɾŏ ɯƚɾ żȩȒɔʕɾƚࡇ

ࡄ ɑ(*ߜ),ɑ(*ߝ)
ࡄ _ȩɟ ŏȀȀ ǝࡇ

ࡄ +ȩȒɔʕɾƚ ɑ(ߜ ŏɾ ɔȩɯǞɾǞȩȘ ǝ | ߝ)ɑ,(ߜ* ŏɾ ɔȩɯǞɾǞȩȘ ǝ | (ߜ*
ࡄ +ȩȒɔʕɾƚ ɑ(ߜ ŏɾ ɔȩɯǞɾǞȩȘ ǝ | ߝ)ɑ,(ߝ* ŏɾ ɔȩɯǞɾǞȩȘ ǝ | (ߝ*

_ȩɟ ɔɟƚƇǞżɾǞȩȘࡇ
ࡄ _ȩɟ ŏȀȀ ǝࡇ

ࡄ +ȩȒɔʕɾƚ ɑ(ʾ | (ߜ* =
∏

ǝ ɑ(ʺǝ | (ߜ*
ࡄ +ȩȒɔʕɾƚ ɑ(ʾ | (ߝ* =

∏
ǝ ɑ(ʺǝ | (ߝ*

ࡄ áƚɾʕɟȘ

ŏɟǃȒŏʾ [ɑ (ʾ | ɑ(ߜ* (ߜ*) ,ɑ (ʾ | ɑ(ߝ* [(ߝ*) .
ߝߞ



̊˨І̥χ͖˨; ξ̥͇ξ̥χχ͖Ύ;

÷Ǖƚ $ŏʿƚɯǞŏȘ ʲǞƚʶ ȩǀǀƚɟɯ ŏȘ ǞȘɾƚɟƚɯɾǞȘǃ ŏȀɾƚɟȘŏɾǞʲƚ ɔƚɟɯɔƚżɾǞʲƚ
ȩȘ ȒŏȘʿ ȒŏżǕǞȘƚ ȀƚŏɟȘǞȘǃ ɾƚżǕȘǞɛʕƚɯࡏ

CʾŏȒɔȀƚࡇ �ǞȘƚŏɟ áƚǃɟƚɯɯǞȩȘࡏ

ÚɟȩųŏųǞȀǞɯɾǞż ȒȩƇƚȀࡇ
ʻǝ = 〈ʾǝ,β〉+ η

ʶǕƚɟƚ ɾǕƚ η ∼ (ߞσ,ߜ)� Ǟɯ ɟŏȘƇȩȒ bŏʕɯɯǞŏȘ ȘȩǞɯƚࡏ

Óɛ(η = ˈ) ∼

÷Ǖƚ ɯʿȒųȩȀ ∼ ȒƚŏȘɯ Ǟɯࢅ ɔɟȩɔȩɟɾǞȩȘŏȀ ɾȩࡏࢆ ߞߞ



̊˨І̥χ͖˨; ξ̥͇ξ̥χχ͖Ύ;

$ŏʿƚɯǞŏȘ bȩŏȀࡇ +Ǖȩȩɯƚ β ɾȩ ȒŏʾǞȒǞˌƚࡇ

Úɟ(β | (ĭ, ʿ)) = Úɟ((ĭ, ʿ) | β)Úɟ(β)
Úɟ((ĭ, ʿ)) .

�ɯɯʕȒƚ ŏȀȀ β࢈ɯ ŏɟƚ ƚɛʕŏȀȀʿ ȀǞǺƚȀ ʿࡈ ɯȩ ʶƚ ȩȘȀʿ żŏɟƚ ŏųȩʕɾ
Úɟ((ĭ, ʿ) | β) ʶǕƚȘ ȒŏʾǞȒǞˌǞȘǃࡏ

+Ǖȩȩɯƚ β ɾȩ ȒŏʾǞȒǞˌƚࡇ

Úɟ((ĭ, ʿ) | β) ∼

ߟߞ



ͱΎ͇ ͱ͖̥ͬͱ͖͑ΎΎ̙

CŏɯǞƚɟ ɾȩ ʶȩɟǺ ʶǞɾǕ ɾǕƚ Ȁȩǃ ȀǞǺƚȀǞǕȩȩƇࡇ

ŏɟǃȒŏʾ
β

ȗ∏

ǝ=ߝ
ƙ−(ʻǝ−〈ʾǝ,β〉)ߞ/σߞ

= ŏɟǃȒŏʾ
β

Ȁȩǃ
( ȗ∏

ǝ=ߝ
ƙ−(ʻǝ−〈ʾǝ,β〉)ߞ/σߞ

)

= ŏɟǃȒŏʾ
β

ȗ∑

ǝ=ߝ
−(ʻǝ − 〈ʾǝ,β〉)ߞ/σߞ

= ŏɟǃȒǞȘ
β

ȗ∑

ǝ=ߝ
(ʻǝ − 〈ʾǝ,β〉)ߞ.

+Ǖȩȩɯƚ β ɾȩ ȒǞȘǞȒǞˌƚ
∑ȗ

ǝ=ߝ(ʻǝ − 〈ʾǝ,β〉)ߞ = ‖ʿ− ĭβ‖ࡋߞߞ

÷ǕǞɯ Ǟɯ ŏ żȩȒɔȀƚɾƚȀʿ ƇǞǀǀƚɟƚȘɾ ǲʕɯɾǞ˙żŏɾǞȩȘ ǀȩɟ ɯɛʕŏɟƚƇ Ȁȩɯɯࡏ
ߠߞ



̊˨І̥χ͖˨; ξ̥͇ξ̥χχ͖Ύ;

vǀ ʶƚ ǕŏƇ ȒȩƇƚȀƚƇ ȩʕɟ ȘȩǞɯƚ η ŏɯ �ŏɔȀŏżƚ ȘȩǞɯƚࡈ ʶƚ ʶȩʕȀƇ
Ǖŏʲƚ ǀȩʕȘƇ ɾǕŏɾ ȒǞȘǞȒǞˌǞȘǃ ‖ʿ− ĭβ‖ߝ ʶŏɯ ȩɔɾǞȒŏȀࡏ

Óɛ(η = ˈ) ∼

�ŏɔȀŏżƚ ȘȩǞɯƚ Ǖŏɯ ǕƚŏʲǞƚɟࢅ ɾŏǞȀɯࡈࢆ ȒƚŏȘǞȘǃ ɾǕŏɾ Ǟɾ ɟƚɯʕȀɾɯ ǞȘ
Ȓȩɟƚ ȩʕɾȀǞƚɟɯࡏ

÷ǕǞɯ Ǟɯ ŏ żȩȒɔȀƚɾƚȀʿ ƇǞǀǀƚɟƚȘɾ ǲʕɯɾǞ˙żŏɾǞȩȘ ǀȩɟ ߝ! Ȁȩɯɯࡏ

ߡߞ



̊˨І̥χ͖˨; ξ̥͇ϟͱ˨ξ͖В˨ϑ͖Ύ;

ŏɯɯʕȒƚ ŏȀȀ β࢈ɯ ƚɛʕŏȀȀʿ ȀǞǺƚȀʿ

$ŏʿƚɯǞŏȘ ʲǞƚʶࡇ �ɯɯʕȒƚ ʲŏȀʕƚɯ ǞȘ β = [βߝ, . . . ,βƆ] żȩȒƚ ǀɟȩȒ
ɯȩȒƚ ƇǞɯɾɟǞųʕɾǞȩȘࡏ

ࡄ +ȩȒȒȩȘ ȒȩƇƚȀࡇ βǝ ∼ ,ߜ)� γࡈ(ߞ Ǟࡏƚࡏ ȘȩɟȒŏȀȀʿ ƇǞɯɾɟǞųʕɾƚƇࡈ
ǞȘƇƚɔƚȘƇƚȘɾࡏ

ࡄ CȘżȩƇƚɯ ŏ ųƚȀǞƚǀ ɾǕŏɾ ʶƚ ŏɟƚ ʕȘȀǞǺƚȀʿ ɾȩ ɯƚƚ ȒȩƇƚȀɯ ʶǞɾǕ
ʲƚɟʿ Ȁŏɟǃƚ żȩƚǀ˙żǞƚȘɾɯࡏ

ߢߞ



̊˨І̥χ͖˨; ξ̥͇ϟͱ˨ξ͖В˨ϑ͖Ύ;

áƚżŏȀȀࡇ ʶŏȘɾ ɾȩ żǕȩȩɯƚ β ɾȩ ȒŏʾǞȒǞˌƚࡇ

Úɟ(β | (ĭ, ʿ)) = Úɟ((ĭ, ʿ) | β)Úɟ(β)
Úɟ((ĭ, ʿ)) .

ࡄ Ħƚ żŏȘ ɯɾǞȀȀ ǞǃȘȩɟƚ ɾǕƚ ࢆƚʲǞƇƚȘżƚࢅ ɾƚɟȒ Úɟ((ĭ, ʿ)) ɯǞȘżƚ Ǟɾ Ǟɯ
ŏ żȩȘɯɾŏȘɾ ɾǕŏɾ Ƈȩƚɯ Șȩɾ ƇƚɔƚȘƇ ȩȘ βࡏ

ࡄ Úɟ(β) = Úɟ(βߝ) · Úɟ(βߞ) · . . . · Úɟ(βƆ)
ࡄ Úɟ(β) ∼

ߣߞ



̊˨І̥χ͖˨; ξ̥͇ϟͱ˨ξ͖В˨ϑ͖Ύ;

CŏɯǞƚɟ ɾȩ ʶȩɟǺ ʶǞɾǕ ɾǕƚ Ȁȩǃ ȀǞǺƚȀǞǕȩȩƇࡇ
ŏɟǃȒŏʾ

β
Úɟ((ĭ, ʿ) | β) · Úɟ(β)

= ŏɟǃȒŏʾ
β

ȗ∏

ǝ=ߝ
ƙ−(ʻǝ−〈ʾǝ,β〉)ߞ/σߞ ·

ȗ∏

ǝ=ߝ
ƙ−(βǝ)

ߞγ/ߞ

= ŏɟǃȒŏʾ
β

ȗ∑

ǝ=ߝ
−(ʻǝ − 〈ʾǝ,β〉)ߞ/σߞ +

Ɔ∑

ǝ=ߝ
−(βǝ)

ߞγ/ߞ

= ŏɟǃȒǞȘ
β

ȗ∑

ǝ=ߝ
(ʻǝ − 〈ʾǝ,β〉)ߞ +

σߞ

γߞ

Ɔ∑

ǝ=ߝ
(βǝ)

.ߞσ/ߞ

+Ǖȩȩɯƚ β ɾȩ ȒǞȘǞȒǞˌƚ ‖ʿ− ĭβ‖ߞߞ + σߞ

γߞ ‖β‖
ߞ
ࡋߞ

÷ǕǞɯ Ǟɯ ŏ żȩȒɔȀƚɾƚȀʿ ƇǞǀǀƚɟƚȘɾ ǲʕɯɾǞ˙żŏɾǞȩȘ ǀȩɟ ɟǞƇǃƚ
ɟƚǃʕȀŏɟǞˌŏɾǞȩȘࡏ ߤߞ



̊˨І̥χ͖˨; ξ̥͇ϟͱ˨ξ͖В˨ϑ͖Ύ;

÷ƚɯɾ ʿȩʕɟ ǞȘɾʕǞɾǞȩȘࡇ ĦǕŏɾ ȒȩƇƚȀǞȘǃ ŏɯɯʕȒɔɾǞȩȘ ǲʕɯɾǞ˙ƚɯ ��ëë°
ɟƚǃʕȀŏɟǞˌŏɾǞȩȘࡇ ȒǞȘ ‖ʿ− ĭβ‖ߞߞ + λ‖β‖ࡏߝ

ߥߞ


