CS-UY 4563: Lecture 3
Multiple Linear Regression

NYU Tandon School of Engineering, Prof. Christopher Musco



COURSE ADMIN

- First lab assignment lab_housing_partial.ipynb
due tomorrow, by midnight.

T\'I'-‘Gda o
- First written assignment due \N'EH'I'IEz;y, by midnight.

- 10% extra credit if you use LaTeX (Overleaf is easy) or
Markdown (I use Typora) to typeset your assignment.



REMINDER: SUPERVISED REGRESSION

Training Dataset:

- Given input pairs (X1,¥1), - - -, (Xn, Yn)-
- Each x; is an input data point (the predictor).

- Each y; is a continuous output variable (the target).
Objective:

- Have the computer automatically find some function f(x)
such that f(x;) is close to y; for the input data.



EXAMPLE FROM L CLASS

Predict miles per gallon of a vehicle given information about
its engine/make/age/etc.

Displacement
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Horsepower
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Acceleration




EXAMPLE FROM LAST CLASS

Dataset:
* X1,...,%n € R (horsepowers of n cars - this is the
predictor/independent variable)

* V1,...,¥Yn € R(MPG - this is the response/dependent
variable)

50 100 150 200 250
horsepower



SUPERVISED LEARNING FRAMEWORK

What are the three components needed to setup a supervised
learning problem?
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SUPERVISED LEARNING DEFINITIONS

- Model fo(x): Class of equations or programs which map input x
to predicted output. We want fo(x;) = y; for training inputs.

- Model Parameters 6: Vector of numbers. These are numerical
nobs which parameterize our class of models.

- Loss Function L(0): Measure of how well a model fits our data.
Typically some function of fo(x1) = v1,...,fe(Xn) — Vn

Goal: Choose parameters 8* which minimize the Loss Function:

0" = argmin L(0)
0



LINEAR REGRESSION

Linear Regression

- Model: fg, 5,(x) = Bo + 51 - x

- Model Parameters: g, 54

- Loss Function: L(Bo, £1) = Yo Vi — f50.8, (i) 2

Goal: Choose fp, 31 to minimize

L(Bo, B1) = 2o lvi — Bo — Bixil*.



MINIMIZING SQUARED LOSS FOR REGRESSION

Claim: L(SBo, 1) is minimized when:

7’:: Oy /02 i(‘—' - O d/_“ =0
30 = ¥ — BiX §he &0,
-
Where:
- Lety =151y y is the mean of y.
- Letx =151 X y is the mean of x.
- Letol =130 (x —X)2. o is the variance of x.
- Letoy = 150,06 — X)(vi — V). oxy IS the covariance.

Note: Only got a nice closed form solution thanks to our

choice of loss function.
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A FEW COMMENTS

Let me = miﬂ50,51 L(ﬂo,ﬂﬂ. = 27‘44
°rhy

R? =1 &[0, j,]

| e (N
is exactly the R? value you may remember from statistics. A.k.a.

the “coefficient of determination”.
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The smaller the loss, the closer R? is to 1, which means we

have a better regression fit. [oss (/59} /5,)
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A FEW COMMENTS

Many reasons you might get a poor regression fit:
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A FEW COMMENTS

Some of these are fixable!

- Remove outliers, use more robust loss function.

- Non-linear model transformation.

Fit the model m%g ~ By + (1 - horsepower.
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NONLINEAR TRANSFORMATION

Fit the model mipg ~ [y + 31 - horsepower.

: Setf/'la"'af/n :1/y13--‘71/yﬂ~
- Learn function f such that f(x;) predicts y;.
- Predict 1/f(x;) as MPG for car I.

13



NONLINEAR TRANSFORMATION

Fit the model -

: Setfh,..

mpg

'7)7”:1/)/17"

1/ Yn.

~ [y + 31 - horsepower.

- Learn function f such that f(x;) predicts y;.

- Predict 1/f(x;) as MPG for car i.
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Much better fit, same exact learning algorithm!
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MULTIPLE LINEAR REGRESSION

Predict target y using multiple features, simultaneously.

Motivating example: Predict diabetes progression in patients
after 1year based on health metrics. (Measured via numerical
score.)

Features: Age, sex, body mass index, average blood pressure,
six blood serum measurements (e.g. cholesterol, lipid levels,

iron, etc.)

Demo in demol_diabetes.ipynb.
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LIBRARIES FOR THIS DEMO

Introducing Scikit Learn.

learn
ine Learning in Python
Getting Started  What's Newin 0221 GitHub.

Simple and efficient tools for predictive data analysis

Built on NumPy, SciPy, and matplotii
Open source, commercially usable - BSD license.

Classification Regression Clustering
edvithanabict.

Appiications: Spam deecton, mage recogniton. Applications: Customer segmentation, Gouping

Aigoithms: odpiers, rendorat Applications: Drug response, Stk prices expeinent ascomes

ast,andmo Aigorithm: SVR, naret neghbors,random o Nigorthm: cMaans,specralcuteing, s

est, and more

T ST

Dimensionality reduction Model selection Preprocessing
Reducing the number of random variabies o Comparing,
considr and modets.

Applications: Transforming input data such as toxt

Applications: Visuaizaton, i for
Algorithms: i Means,feature sclection, non-neg tuning Algorithms: preprocessing, feature extraction, and
a x ore Aigorithms: oid search, cross valdation, metrics, more.

and more.
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SCIKIT LEARN

‘ learn
Pros:

- One of the most popular “traditional” ML libraries.

- Many built in models for regression, classification,
dimensionality reduction, etc.

- Easy to use, works with ‘numpy’, ‘scipy’, other libraries we use.
- Great for rapid prototyping, testing models.
Cons:
- Everything is very “black-box": difficult to debug, understand
why models aren't working, speed up code, etc.

- You will likely want to dive deeper than the built-in functions
for your project. 17



SCIKIT LEARN

Modules used:

- datasets module contains a number of pre-loaded
datasets. Saves time over downloading and importing
with pandas.

- linear_model can be used to solve Multiple Linear
Regression. A bit overkill for this simple model, but gives
you an idea of sklearn’s general structure.

18



THE DATA MATRIX

Target variable:
- Scalars ys, ...,y for n data examples (a.k.a. samples).
————

Predictor variables:

- d dimensional vectors xs, ..., X, for n data examples and d
features
d features
K -
\61’ - X2— )<
. n examples- - -
N — X,—
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THE DATA MATRIX

Target variable:

- Scalars ys, ...,y for n data examples (a.k.a. samples).

Predictor variables:

- d dimensional vectors Xy, ..
features

n examples-

., Xp for n data examples and d

d features

aSe
X3S
IWg
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MULTIPLE LINEAR REGRESSION

Data matrix indexing:

1 %

iX’|’| X1 ... Xy

X1 X2 ... Xy
X=|X31 X322 ... X3¢

[ Xn1 Xn2 ... Xpd]

Multiple Linear Regression Model:

— X

Kom

Predict % t@f BiXiy + BaXig + - .. + BaXig

The rate at which diabetes progress depends on many factors,
with each factor having a different magnitude effect.
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MULTIPLE LINEAR REGRESSION

Assume first columns contains all 1's. If it doesn’t append on a
column of all 1's.

X1 X2 ... Xy T X ... X1d

X1 X2 ... Xyd T X ... Xod

@: X31 X322 ... X3d| = T X3 ... X3d
[ Xn1 Xn2 ... Xpdl _1 Xn2 -+ Xpdl

Multiple Linear Regression Model:

.Y

/
Predict Vi = BiXjy + BaXip + . .. + BgXig

T Ak, f b N
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MULTIPLE LINEAR REGRESSION

Use as much linear algebra notation as possible!

- Model:

9% *WW") = (R , by =

- Model Parameters:

X+ b3

.‘ Mo—
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b

- Loss Function:
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MULTIPLE LINEAR REGRESSION

Linear Least-Squares Regression.

- Model:
f8(x) = (x,8)

- Model Parameters:

/6: [/317527"%561]

- Loss Function:
n
L(B) = _lvi — (x, B)
i=1

= lly — XI5
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LINEAR ALGEBRAIC FORM OF LOSS FUNCTION
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LOSS MINIMIZATION

Machine learning goal: minimize the loss function
L(B) : RY = R.

Find optimum by determining for which 8 = [51, ..., 84] all
partial derivatives are 0. I.e. when do we have:
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GRADIENT

For any function L(8) : RY — R, VL(3) is a function from
RY — RY defined:

vL(g) = |
o
9By

The gradient of the loss function is a central tool in machine
learning. We will use it again and again.

27



GRADIENT

=
Loss function: [Zié) (Axxw)
L(8)~ lly—XBI3
X7 X
Gradient: (§x) (uxd) - and)
2. X'y —X8) ]
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GRADIENT WARMUP

29



GRADIENT DERIVATION

Loss function: |y — X3||2.

30



LOSS MINIMIZATION

Goal: minimize the loss function L(B) = |ly — X8||5.

—2-X'(y—X8) =0

Solve for optimal B*:

31



MULTIPLE LINEAR REGRESSION SOLUTION

* A _ 2 Ty Ty
Need to compute 8~ = argming [ly X8l3 = (X'X)" Xy.

- Main cost is computing (XX)~" which takes O(nd?) time.

- Can solve slightly faster using the method
numpy.linalg.lstsq, which is running an algorithm
based on QR decomposition.

- For larger problems, can solve much faster using an
iterative methods like scipy.sparse.linalg.lsqr.

Will learn more about iterative methods when we study
Gradient Descent.
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TEST YOUR INTUITION

What is the sign of 81 when we run a simple linear regression
using the following predictors in isolation:

- Body mass index (BMI): positive
- Sex (values of 1 indicates male, value of 2 indicates
female): positive

What is the sign of the corresponding 's when we run a
multiple linear regression using the following predictors
together:

- Body mass index (BMI): positive
- Sex (values of 1 indicates male, value of 2 indicates
female): negative

Can you explain this? What are other examples when this

phenomenon might show up? 3



TRANSFORMED LINEAR MODELS

How could we fit the non-linear model:

Vi = Bo + BiXi + BoX? + Bax}.

34



TRANSFORMED LINEAR MODELS

Transform into a multiple linear regression problem
1 x x2 X]
1T X X X
X=[1 x5 X4 X

2,3
1 Xn X5 X

Each column j is generated by a different basis function ¢;(x).

Could have:
: ¢/(X) = x4
: ¢/(X):S ( )
* ¢j(x) = cos(10)
: ¢1(X) = 1/

35



TRANSFORMED LINEAR MODELS

Suppose we go back to the MPG prediction problem. What if
we had a categorical random variable for car make: e.g. Ford,
BMW, Honda. How would you encode as a numerical column?

[ ford |
ford
honda
bmw
honda
| ford |

36



ONE HOT ENCODING

Better approach: One Hot Encoding.

[ ford |
ford
honda
bmw
honda

| ford |

Avoids adding inadvertent linear relationships.
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