
+ëࡷĆĮ ࡇߟߢߡߠ �ƚżɾʕɟƚ ߝߞ
�ʕɾȩࡷƚȘżȩƇƚɟɯࡈ ÚɟǞȘżǞɔŏȀ +ȩȒɔȩȘƚȘɾ �ȘŏȀʿɯǞɯ

�ĮĆ ÷ŏȘƇȩȘ ëżǕȩȩȀ ȩǀ CȘǃǞȘƚƚɟǞȘǃࡈ Úɟȩǀࡏ +ǕɟǞɯɾȩɔǕƚɟ �ʕɯżȩ

ߝ



̐Ύϟξχ̥ ͱΎ͇͖χϑ͖̐χ

ࡄ �ƚʾɾ ʶƚƚǺɯ ɯǕȩʕȀƇ ųƚ ǀȩżʕɯƚƇ ȩȘ ɔɟȩǲƚżɾ ʶȩɟǺࡋ _ǞȘŏȀ ɟƚɔȩɟɾ Ƈʕƚ
ࡏߝߝࡕߡ

ࡄ v ŏȒ ɯɾǞȀȀ ʶȩɟǺǞȘǃ ɾǕɟȩʕǃǕ ɔɟȩɔȩɯŏȀɯࡏ vǀ ʿȩʕ ǀƚƚȀ ųȀȩżǺƚƇࡕȘƚƚƇ
Ȓʿ ǞȘɔʕɾ ɾȩ Ȓȩʲƚ ǀȩɟʶŏɟƇ ȩȘ ɔɟȩǲƚżɾࡈ ɔȀƚŏɯƚ ƚȒŏǞȀ ȩɟ żȩȒƚ ɾȩ
ȩǀ˙żƚ Ǖȩʕɟɯࡏ

ࡄ CŏżǕ ǃɟȩʕɔ ʶǞȀȀ ǃǞʲƚ ŏ ߡ ȒǞȘʕɾƚ ɔɟƚɯƚȘɾŏɾǞȩȘ ǞȘ żȀŏɯɯ ȩȘ ߢࡕߡ ȩɟ
ࡏߝߝࡕߡ �ǞȘǺ ǀȩɟ ɯǞǃȘǞȘǃ ʕɔ ǀȩɟ ŏ ɯȀȩɾ Ǟɯ ȩȘ ɾǕƚ żȩʕɟɯƚ ʶƚųɔŏǃƚࡏ

ࡄ 4ƚɾŏǞȀɯ ȩȘ ƚʾɔƚżɾŏɾǞȩȘɯ ǀȩɟ ɔɟƚɯƚȘɾŏɾǞȩȘ ʶǞȀȀ ųƚ ɟƚȀƚŏɯƚƇ ɯȩȩȘࡏ

ߞ



ϑξ˨;χ̥͂ξ ͱ̥˨ξ;͖;͇

�ŏżǕǞȘƚ ȀƚŏɟȘǞȘǃ ŏȀǃȩɟǞɾǕȒɯ ȀǞǺƚ ȘƚʕɟŏȀ ȘƚɾʶȩɟǺɯ ȀƚŏɟȘ ǕǞǃǕ
ȀƚʲƚȀ ǀƚŏɾʕɟƚɯࡏ

÷Ǖƚɯƚ ǀƚŏɾʕɟƚɯ ŏɟƚ ʕɯƚǀʕȀ ǀȩɟ ȩɾǕƚɟ ɾŏɯǺɯ ɾǕŏɾ ɾǕƚ ȘƚɾʶȩɟǺ ʶŏɯ
Șȩɾ ɾɟŏǞȘƚƇ ɯɔƚżǞ˙żŏȀȀʿ ɾȩ ɯȩȀʲƚࡏ ߟ

O
o



˨ϟϑΎ̥;̐Ύ̙̥ξ

vƇƚŏ ųƚǕǞȘƇ ŏʕɾȩƚȘżȩƇƚɟɯࡇ vǀ ʿȩʕ Ǖŏʲƚ ȀǞȒǞɾƚƇ ȀŏųƚȀƚƇ Ƈŏɾŏࡈ ȒŏǺƚ
ɾǕƚ ǞȘɔʕɾɯ ɾǕƚ ɾŏɟǃƚɾɯࡏ �ƚŏɟȘ ɾȩ ɟƚżȩȘɯɾɟʕżɾ ǞȘɔʕɾ Ƈŏɾŏ ŏȘƇ ƚʾɾɟŏżɾ
ǕǞǃǕࡷȀƚʲƚȀ ǀƚŏɾʕɟƚɯ ŏȀȩȘǃ ɾǕƚ ʶŏ ʿࡏ

ߠ

bottleneck
talent variables

i1:00
d T e t r

K c ad



˨ϟϑΎ̥;̐Ύ̙̥ξ

CȘżȩƇƚɟࡇ ƙ : RƆ → Rǹ

4ƚżȩƇƚɟࡇ Ɔ : Rǹ → RƆ

ƿ(!̋) = ƙ(Ɔ(ʺ))

÷Ǖƚ ȘʕȒųƚɟ ȩǀ ȀƚŏɟȘƚƇ ǀƚŏɾʕɟƚɯ ǹ Ǟɯ ɾʿɔǞżŏȀȀʿ" Ɔࡏ
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˨ϟϑΎ̥;̐Ύ̙̥ξ ξ̥̐Ύ;χϑξϟ̐ϑ͖Ύ;

CʾŏȒɔȀƚ ǞȒŏǃƚ ɟƚżȩȘɯɾɟʕżɾǞȩȘɯ ǀɟȩȒ ŏʕɾȩƚȘżȩƇƚɟࡇ

­êêÜãϓϟϟûûûϙ�°ÐßĀ°úϙÐß¨ϟ�ÐÉê�Éêϟ΁΀ϙ΁΁΀΁ϟ΂΁΄΂΄·ú΁ϙ§ïÂÂϙÜ�§

vȘɔʕɾ ɔŏɟŏȒƚɾƚɟɯࡇ Ɔ = ࡏߞߡߝߥߠ
$ȩɾɾȀƚȘƚżǺ ࢆȀŏɾƚȘɾࢅ ɔŏɟŏȒƚɾƚɟɯࡇ ǹ = ࡏߠߞߜߝ

ߢ

https://www.biorxiv.org/content/10.1101/214247v1.full.pdf


˨ϟϑΎ̥;̐Ύ̙̥ξχ ͂Ύξ ̥͂˨ϑϟξ̥ ̥Ѕϑξ˨̐ϑ͖Ύ;

�ʕɾȩƚȘżȩƇƚɟɯ ŏȀɯȩ Ǖŏʲƚ ȒŏȘʿ ȩɾǕƚɟ ŏɔɔȀǞżŏɾǞȩȘɯ ųƚɯǞƇƚɯ
ǀƚŏɾʕɟƚ ƚʾɾɟŏżɾǞȩȘࡏ

ࡄ �ƚŏɟȘƚƇ ǞȒŏǃƚ żȩȒɔɟƚɯɯǞȩȘࡏ
ࡄ 4ƚȘȩǞɯǞȘǃ ŏȘƇ ǞȘࡷɔŏǞȘɾǞȘǃࡏ
ࡄ vȒŏǃƚ ɯʿȘɾǕƚɯǞɯࡏ

ߣ

data

-
Data



˨ϟϑΎ̥;̐Ύ̙̥ξχ ͂Ύξ ̙˨ϑ˨ ̐Ύͻθξ̥χχ͖Ύ;

4ʕƚ ɾȩ ɾǕƚǞɟ ųȩɾɾȀƚȘƚżǺ ƇƚɯǞǃȘࡈ ŏʕɾȩƚȘżȩƇƚɟɯ ɔƚɟǀȩɟȒ
ƇǞȒƚȘɯǞȩȘŏȀǞɾʿ ɟƚƇʕżɾǞȩȘ ŏȘƇ ɾǕʕɯ Ƈŏɾŏ żȩȒɔɟƚɯɯǞȩȘࡏ

bǞʲƚȘ ǞȘɔʕɾ ࡈ̋! ʶƚ żŏȘ żȩȒɔȀƚɾƚȀʿ ɟƚżȩʲƚɟ ƿ(!̋) ǀɟȩȒ !̍ = ƙ(!̋)ࡏ !̍
ɾʿɔǞżŏȀȀʿ Ǖŏɯ ȒŏȘʿ ǀƚʶƚɟ ƇǞȒƚȘɯǞȩȘɯ ɾǕŏȘ !̋ ŏȘƇ ǀȩɟ ŏ ɾʿɔǞżŏȀ
ƿ(!̋) ʶǞȀȀ żȀȩɯƚȀʿ ŏɔɔɟȩʾǞȒŏɾƚ ࡏ̋! ߤ
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˨ϟϑΎ̥;̐Ύ̙̥ξχ ͂Ύξ ͖ͻ˨͇̥ ̐Ύͻθξ̥χχ͖Ύ;

÷Ǖƚ ųƚɯɾ Ȁȩɯɯʿ żȩȒɔɟƚɯɯǞȩȘ ŏȀǃȩɟǞɾǕȒɯ ŏɟƚ ɾŏǞȀȩɟ ȒŏƇƚ ǀȩɟ ɯɔƚżǞ˙ż
ɾʿɔƚɯ ȩǀ Ƈŏɾŏࡇ

ࡄ �ÚCb ߜߜߜߞ ǀȩɟ ǞȒŏǃƚɯ

ࡄ �Úߟ ǀȩɟ ƇǞǃǞɾŏȀ ŏʕƇǞȩࡏ

ࡄ �ÚCbߠࡷ ǀȩɟ ʲǞƇƚȩࡏ

�ȀȀ ȩǀ ɾǕƚɯƚ ŏȀǃȩɟǞɾǕȒɯ ɾŏǺƚ ŏƇʲŏȘɾŏǃƚ ȩǀ ɯɔƚżǞ˙ż ɯɾɟʕżɾʕɟƚ ǞȘ ɾǕƚɯƚ
Ƈŏɾŏ ɯƚɾɯࡏ Cࡏǃࡏ �ÚCb ŏɯɯʕȒƚɯ ǞȒŏǃƚɯ ŏɟƚ ȀȩżŏȀȀʿ ࡏࢆɯȒȩȩɾǕࢅ
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˨ϟϑΎ̥;̐Ύ̙̥ξχ ͂Ύξ ͖ͻ˨͇̥ ̐Ύͻθξ̥χχ͖Ύ;

ĦǞɾǕ ƚȘȩʕǃǕ ǞȘɔʕɾ Ƈŏɾŏࡈ ŏʕɾȩƚȘżȩƇƚɟɯ żŏȘ ųƚ ɾɟŏǞȘƚƇ ɾȩ ˙ȘƇ ɾǕǞɯ
ɯɾɟʕżɾʕɟƚ ȩȘ ɾǕƚǞɟ ȩʶȘࡏ

ƚȘƇࡷɾȩࡷCȘƇࢅ ȩɔɾǞȒǞˌƚƇ ǞȒŏǃƚ żȩȒɔɟƚɯɯǞȩȘࡈࢆ $ŏȀȀƛࡈ �ŏɔŏɟɟŏࡈ ëǞȒȩȘżƚȀȀǞ

�ƚƚƇ ɾȩ ųƚ żŏɟƚǀʕȀ ŏųȩʕɾ Ǖȩʶ ʿȩʕ żǕȩȩɯƚ Ȁȩɯɯ ǀʕȘżɾǞȩȘࡈ ƇƚɯǞǃȘ ɾǕƚ
ȘƚɾʶȩɟǺࡈ ƚɾżࡏ ųʕɾ żŏȘ ȀƚŏƇ ɾȩ ȒʕżǕ ųƚɾɾƚɟ ǞȒŏǃƚ żȩȒɔɟƚɯɯǞȩȘ ɾǕŏȘ
ࢆƇƚɯǞǃȘƚƇࡷǕŏȘƇࢅ ŏȀǃȩɟǞɾǕȒɯ ȀǞǺƚ �ÚCbࡏ ߜߝ
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˨ϟϑΎ̥;̐Ύ̙̥ξχ ͂Ύξ ̙˨ϑ˨ ξ̥χϑΎξ˨ϑ͖Ύ;

÷ɟŏǞȘ ŏʕɾȩƚȘżȩƇƚɟ ȩȘ ʕȘżȩɟɟʕɔɾƚƇ Ƈŏɾŏࡏ Úŏɯɯ żȩɟɟʕɔɾƚƇ Ƈŏɾŏ !̋
ɾǕɟȩʕǃǕ ŏʕɾȩƚȘżȩƇƚɟ ŏȘƇ ɟƚɾʕɟȘ ƿ(!̋) ŏɯ ɟƚɔŏǞɟƚƇ ɟƚɯʕȀɾߝࡏ
ĦȩɟǺɯߝ ȒʕżǕ ųƚɾɾƚɟ Ǟǀ ɾɟŏǞȘƚƇ ȩȘ żȩɟɟʕɔɾƚƇ Ƈŏɾŏࡏ �ȩɟƚ ȩȘ ɾǕǞɯ Ȁŏɾƚɟࡏ
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˨ϟϑΎ̥;̐Ύ̙̥ξχ ͱ̥˨ξ; ̐Ύͻθξ̥χχ̥̙ ξ̥θξ̥χ̥;ϑ˨ϑ͖Ύ;χ

ĦǕʿ Ƈȩƚɯ ɾǕǞɯ ʶȩɟǺࡐ

4ƚ˙ȘǞɾǞȩȘɯࡇ

ࡄ �ƚɾ A ųƚ ȩʕɟ ȩɟǞǃǞȘŏȀ Ƈŏɾŏ ɯɔŏżƚࡏ Cࡏǃࡏ A = RƆ ǀȩɟ ɯȩȒƚ
ƇǞȒƚȘɯǞȩȘ Ɔࡏ

ࡄ �ƚɾ S ųƚ ɾǕƚ ɯƚɾ ȩǀ ŏȀȀ Ƈŏɾŏ ƚʾŏȒɔȀƚɯ ʶǕǞżǕ żȩʕȀƇ ųƚ ɾǕƚ ȩʕɾɔʕɾ
ȩǀ ȩʕɟ ŏʕɾȩƚȘżȩƇƚɟ ƿࡏ Ħƚ Ǖŏʲƚ ɾǕŏɾ S ⊂ Aࡏ _ȩɟȒŏȀȀ ʿࡈ
S = {!̒ ∈ RƆ : !̒ = ƿ(!̋) ǀȩɟ ɯȩȒƚ !̋ ∈ RƆ}ࡏ ߞߝ

latent feature

x .
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˨ϟϑΎ̥;̐Ύ̙̥ξχ ͱ̥˨ξ; ̐Ύͻθξ̥χχ̥̙ ξ̥θξ̥χ̥;ϑ˨ϑ͖Ύ;χ

+ȩȘɯǞƇƚɟ ×ߤߞߝ ×ߤߞߝ ߟ ǞȒŏǃƚɯ ʶǞɾǕ ɔǞʾƚȀɯ ʲŏȀʕƚɯ ǞȘ ,ߜ ߝ . . . , ࡏߡߡߞ mȩʶ
ȒŏȘʿ ʕȘɛǞɛʕƚ ǞȒŏǃƚɯ ŏɟƚ ɾǕƚɟƚ ǞȘ Aࡐ

ëʕɔɔȩɯƚ !̍ ǕȩȀƇɯ ǹ ʲŏȀʕƚɯ ųƚɾʶƚƚȘ ǞȘ ,ߜ ,ߝ. ,ߞ. . . . , ࡏߝ áȩʕǃǕȀʿ Ǖȩʶ
ȒŏȘʿ ʕȘǞɛʕƚ ǞȒŏǃƚɯ ŏɟƚ ɾǕƚɟƚ ǞȘ Sࡐ
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˨ϟϑΎ̥;̐Ύ̙̥ξχ ͱ̥˨ξ; ̐Ύͻθξ̥χχ̥̙ ξ̥θξ̥χ̥;ϑ˨ϑ͖Ύ;χ

ëȩࡈ ŏȘʿ ŏʕɾȩƚȘżȩƇƚɟ żŏȘ ȩȘȀʿ ɟƚɔɟƚɯƚȘɾ ŏ ɾǞȘʿ ǀɟŏżɾǞȩȘ ȩǀ ŏȀȀ
ɔȩɯɯǞųȀƚ ǞȒŏǃƚɯࡏ ÷ǕǞɯ Ǟɯ ŏ ǃȩȩƇ ɾǕǞȘǃࡏ

ߠߝ
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˨ϟϑΎ̥;̐Ύ̙̥ξχ ͱ̥˨ξ; ̐Ύͻθξ̥χχ̥̙ ξ̥θξ̥χ̥;ϑ˨ϑ͖Ύ;χ

S = {!̒ ∈ RƆ : !̒ = ƿ(!̋) ǀȩɟ ɯȩȒƚ !̋ ∈ RƆ}

_ȩɟ ŏ ǃȩȩƇ ࡈŏżżʕɟŏɾƚ࡫ ɯȒŏȀȀ ųȩɾɾȀƚȘƚżǺ࡬ ŏʕɾȩƚȘżȩƇƚɟࡈ S ʶǞȀȀ
żȀȩɯƚȀʿ ŏɔɔɟȩʾǞȒŏɾƚ I ࡏ $ȩɾǕ ʶǞȀȀ ųƚ ȒʕżǕ ɯȒŏȀȀƚɟ ɾǕŏȘ Aࡏ
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˨ϟϑΎ̥;̐Ύ̙̥ξχ ͱ̥˨ξ; ̐Ύͻθξ̥χχ̥̙ ξ̥θξ̥χ̥;ϑ˨ϑ͖Ύ;χ

ƿ(!̋) ɔɟȩǲƚżɾɯ ŏȘ ǞȒŏǃƚ !̋ żȀȩɯƚɟ ɾȩ ɾǕƚ ɯɔŏżƚ ȩǀ ȘŏɾʕɟŏȀ ǞȒŏǃƚɯࡏ
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˨ϟϑΎ̥;̐Ύ̙̥ξχ ͂Ύξ ̙˨ϑ˨ ͇̥;̥ξ˨ϑ͖Ύ;

ëʕɔɔȩɯƚ ʶƚ ʶŏȘɾ ɾȩ ǃƚȘƚɟŏɾƚ ŏ ɟŏȘƇȩȒ ȘŏɾʕɟŏȀ ǞȒŏǃƚࡏ mȩʶ
ȒǞǃǕɾ ʶƚ Ƈȩ ɾǕŏɾࡐ

ࡄ °ɔɾǞȩȘ ࡇߝ 4ɟŏʶ ƚŏżǕ ɔǞʾƚȀ ǞȘ !̋ ʲŏȀʕƚ ʕȘǞǀȩɟȒȀʿ ŏɾ ɟŏȘƇȩȒࡏ
4ɟŏʶɯ ŏ ɟŏȘƇȩȒ ǞȒŏǃƚ ǀɟȩȒ Aࡏ

ࡄ °ɔɾǞȩȘ ࡇߞ 4ɟŏʶɯ !̋ ɟŏȘƇȩȒȀʿ ǞȒŏǃƚ ǀɟȩȒ S ࡏ

mȩʶ Ƈȩ ʶƚ ɟŏȘƇȩȒȀʿ ɯƚȀƚżɾ ŏȘ ǞȒŏǃƚ ǀɟȩȒ Sࡐ

ߣߝ
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˨ϟϑΎ̥;̐Ύ̙̥ξχ ͂Ύξ ̙˨ϑ˨ ͇̥;̥ξ˨ϑ͖Ύ;

mȩʶ Ƈȩ ʶƚ ɟŏȘƇȩȒȀʿ ɯƚȀƚżɾ ŏȘ ǞȒŏǃƚ !̋ ǀɟȩȒ Sࡐ

áŏȘƇȩȒȀʿ ɯƚȀƚżɾ żȩƇƚ ࡈ̍! ɾǕƚȘ ɯƚɾ !̋ = ƙ(!̍).ߞ

�ȩɾɯߞ ȩǀ ƇƚɾŏǞȀɯ ɾȩ ɾǕǞȘǺ ŏųȩʕɾ Ǖƚɟƚࡏ vȘ ɟƚŏȀǞɾ ʿࡈ ɔƚȩɔȀƚ ʕɯƚ ʲŏɟǞŏɾǞȩȘŏȀࢅ
ŏʕɾȩƚȘżȩƇƚɟɯࢆ ࡈ࡬ģ�Cɯ࡫ ʶǕǞżǕ ŏɟƚ ŏ ȘŏɾʕɟŏȀ ȒȩƇǞ˙żŏɾǞȩȘ ȩǀ �Cɯࡏ

ߤߝ
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˨ϟϑΎ̥;̐Ύ̙̥ξχ ͂Ύξ ̙˨ϑ˨ ͇̥;̥ξ˨ϑ͖Ύ;

bƚȘƚɟŏɾǞʲƚ ȒȩƇƚȀɯ ŏɟƚ ŏ ǃɟȩʶǞȘǃ ŏɟƚŏ ȩǀ ȒŏżǕǞȘƚ ȀƚŏɟȘǞȘǃࡈ ƇɟǞʲƚ ųʿ
ŏ Ȁȩɾ ȩǀ ǞȘɾƚɟƚɯɾǞȘǃ Șƚʶ ǞƇƚŏɯࡏ bƚȘƚɟŏɾǞʲƚ �ƇʲƚɟɯŏɟǞŏȀ �ƚɾʶȩɟǺɯ ǞȘ
ɔŏɟɾǞżʕȀŏɟ ŏɟƚ Șȩʶ ŏ Ȓŏǲȩɟ żȩȒɔƚɾǞɾȩɟ ʶǞɾǕ ʲŏɟǞŏɾǞȩȘŏȀ ŏʕɾȩƚȘżȩƇƚɟɯࡏ

ߥߝ

o o o
a

GANs



θξ͖;͖̐θ˨ͱ ̐ΎͻθΎ;̥;ϑ ˨;˨ͱІχ͖χ

áƚȒŏǞȘƇƚɟ ȩǀ Ȁƚżɾʕɟƚࡇ 4ƚƚɔƚɟ ƇǞʲƚ ǞȘɾȩ ʕȘƇƚɟɯɾŏȘƇǞȘǃ ŏ
ɯǞȒɔȀƚࡈ ųʕɾ ɔȩʶƚɟǀʕȀ ŏʕɾȩƚȘżȩƇƚɟ ŏɟżǕǞɾƚżɾʕɟƚࡏ ëɔƚżǞ˙żŏȀȀʿ ʶƚ
ʶǞȀȀ ȀƚŏɟȘ ŏųȩʕɾ ɔɟǞȘżǞɔŏȀ żȩȒɔȩȘƚȘɾ ŏȘŏȀʿɯǞɯ ࡬�+Ú࡫ ŏɯ ŏ ɾʿɔƚ
ȩǀ ŏʕɾȩƚȘżȩƇƚɟࡏ

Ú+� Ǟɯ ɾǕƚ ȀǞȘƚŏɟࢅ ɟƚǃɟƚɯɯǞȩȘࢆ ȩǀ ʕȘɯʕɔƚɟʲǞɯƚƇ ȀƚŏɟȘǞȘǃࡇ ȩǀɾƚȘ
ɾǕƚ ǃȩࡷɾȩ ųŏɯƚȀǞȘƚ ȒƚɾǕȩƇ ǀȩɟ ǀƚŏɾʕɟƚ ƚʾɾɟŏżɾǞȩȘ ŏȘƇ
ƇǞȒƚȘɯǞȩȘŏȀǞɾʿ ɟƚƇʕżɾǞȩȘࡏ

ģƚɟʿ ǞȒɔȩɟɾŏȘɾ ȩʕɾɯǞƇƚ ȒŏżǕǞȘƚ ȀƚŏɟȘǞȘǃ ŏɯ ʶƚȀȀࡏ

ߜߞ



θξ͖;͖̐θ˨ͱ ̐ΎͻθΎ;̥;ϑ ˨;˨ͱІχ͖χ

+ȩȘɯǞƇƚɟ ɾǕƚ ɯǞȒɔȀƚɯɾ ɔȩɯɯǞųȀƚ ŏʕɾȩƚȘżȩƇƚɟࡇ

ࡄ °Șƚ ǕǞƇƇƚȘ Ȁŏʿƚɟࡏ �ȩ ȘȩȘࡷȀǞȘƚŏɟǞɾ ʿࡏ �ȩ ųǞŏɯƚɯࡏ
ࡄ �ŏɾƚȘɾ ɯɔŏżƚ ȩǀ ƇǞȒƚȘɯǞȩȘ ǹࡏ
ࡄ ĦƚǞǃǕɾ ȒŏɾɟǞżƚɯ ŏɟƚ Ħߝ ∈ RƆ×ǹ ŏȘƇ Ħߞ ∈ Rǹ×Ɔࡏ ߝߞ

D=G K = 3
y

y÷:::::::O:÷÷÷÷÷÷.
y

2 J :
¥2
, X i .W,f ig[ j ) Y
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θξ͖;͖̐θ˨ͱ ̐ΎͻθΎ;̥;ϑ ˨;˨ͱІχ͖χ

bǞʲƚȘ ǞȘɔʕɾ !̋ ∈ RƆࡈ ʶǕŏɾ Ǟɯ ƿ(!̋) ƚʾɔɟƚɯɯƚƇ ǞȘ ȀǞȘƚŏɟ ŏȀǃƚųɟŏǞż
ɾƚɟȒɯࡐ

ƿ(!̋)î = !̋îĦߝĦߞ

ߞߞ

K
-

d

t i xd )ldxk)( k i d ) = ( IxD)

E e



θξ͖;͖̐θ˨ͱ ̐ΎͻθΎ;̥;ϑ ˨;˨ͱІχ͖χ

CȘżȩƇƚɟࡇ ƙ(!̋) = !̋îĦࡏߝ 4ƚżȩƇƚɟࡇ Ɔ(!̍) = !̍Ħߞ

ߟߞ

§
""" d )" " " ) " ( "" "

( E )luxd) → ( Id )

0

- -



θξ͖;͖̐θ˨ͱ ̐ΎͻθΎ;̥;ϑ ˨;˨ͱІχ͖χ

bǞʲƚȘ ɾɟŏǞȘǞȘǃ Ƈŏɾŏ ɯƚɾ ,ߝ̋! . . . ,!̋ȗࡈ Ȁƚɾ ĭ ƇƚȘȩɾƚ ȩʕɟ Ƈŏɾŏ ȒŏɾɟǞʾࡏ
�ƚɾ ĭ̃ = ĭĦߝĦࡏߞ

bȩŏȀ ȩǀ ɾɟŏǞȘǞȘǃ ŏʕɾȩƚȘżȩƇƚɟࡇ �ƚŏɟȘ ʶƚǞǃǕɾɯ ࡏƚࡏǞ࡫ ȀƚŏɟȘ
ȒŏɾɟǞżƚɯ ĦߝĦ࡬ߞ ɯȩ ɾǕŏɾ ĭ̃ Ǟɯ ŏɯ żȀȩɯƚ ɾȩ ĭ ŏɯ ɔȩɯɯǞųȀƚࡏ

ߠߞ

- -

I =

=

1 = 1
-

= -



͂ξΎ̥̊;͖ϟχ ;Ύξͻ

�ŏɾʕɟŏȀ ɯɛʕŏɟƚƇ ŏʕɾȩƚȘżȩƇƚɟ Ȁȩɯɯࡇ �ǞȘǞȒǞˌƚ �(ĭ, ĭ̃) ʶǕƚɟƚࡇ

�(ĭ, ĭ̃) =
ȗ∑

ǝ=ߝ
‖!̋ǝ − ƿ(!̋ǝ)‖ߞߞ

=
ȗ∑

ǝ=ߝ

Ɔ∑

Ǳ=ߝ
(!̋ǝ[Ǳ]− ƿ(!̋ǝ)[Ǳ])ߞ

= ‖ĭ− ĭ̃‖ߞ]

áƚżŏȀȀ ɾǕŏɾ ǀȩɟ ŏ ȒŏɾɟǞʾ ࡈ� [ߞ‖�‖ Ǟɯ żŏȀȀƚƇ ɾǕƚ _ɟȩųƚȘǞʕɯ ȘȩɟȒࡏ
[ߞ‖�‖ =

∑
ǝ,Ǳߞ�

ǝ,Ǳࡏ

ßʕƚɯɾǞȩȘࡇ mȩʶ ɯǕȩʕȀƇ ʶƚ ˙ȘƇ Ħߝ,Ħߞ ɾȩ ȒǞȘǞȒǞˌƚ
‖ĭ− ĭ̃‖ߞ] = ‖ĭ− ĭĦߝĦࡐ[ߞ‖ߞ

ߡߞ

-

② "Xi-fu.)";

-

=;.EE?lXi;-xijT

=



ͱΎϾࡷξ˨;ͬ ˨θθξΎЅ͖ͻ˨ϑ͖Ύ;

áƚżŏȀȀࡇ

ࡄ ÷Ǖƚ żȩȀʕȒȘɯ ȩǀ ŏ ȒŏɾɟǞʾ ʶǞɾǕ żȩȀʕȒȘ ɟŏȘǺ ǹ żŏȘ ŏȀȀ ųƚ ʶɟǞɾɾƚȘ
ŏɯ ȀǞȘƚŏɟ żȩȒųǞȘŏɾǞȩȘɯ ȩǀ ǲʕɯɾ ǹ żȩȀʕȒȘɯࡏ

ࡄ ÷Ǖƚ ɟȩʶɯ ȩǀ ŏ ȒŏɾɟǞʾ ʶǞɾǕ ɟȩʶ ɟŏȘǺ ǹ żŏȘ ŏȀȀ ųƚ ʶɟǞɾɾƚȘ ŏɯ ȀǞȘƚŏɟ
żȩȒųǞȘŏɾǞȩȘɯ ȩǀ ǹ ɟȩʶɯࡏ

ࡄ +ȩȀʕȒȘ ɟŏȘǺ ࣌ ɟȩʶ ɟŏȘǺ ࣌ ɟŏȘǺࡏ

ĭ̃ Ǟɯ ŏ ȀȩʶࡷɟŏȘǺ ȒŏɾɟǞʾ ɯǞȘżƚ Ǟɾ Ǖŏɯ ɟŏȘǺ ǹ ǀȩɟ ǹ" Ɔࡏ ߢߞ

=



ͱΎϾࡷξ˨;ͬ ˨θθξΎЅ͖ͻ˨ϑ͖Ύ;

ÚɟǞȘżǞɔŏȀ żȩȒɔȩȘƚȘɾ ŏȘŏȀʿɯǞɯ Ǟɯ ɾǕƚ ɾŏɯǺ ȩǀ ˙ȘƇǞȘǃ Ħࡈߝ Ħࡈߞ
ʶǕǞżǕ ŏȒȩʕȘɾɯ ɾȩ ˙ȘƇǞȘǃ ŏ ɟŏȘǺ ǹ ȒŏɾɟǞʾ ĭ̃ ʶǕǞżǕ
ŏɔɔɟȩʾǞȒŏɾƚɯ ɾǕƚ Ƈŏɾŏ ȒŏɾɟǞʾ ĭ ŏɯ żȀȩɯƚȀʿ ŏɯ ɔȩɯɯǞųȀƚࡏ

vȘ ǃƚȘƚɟŏȀࡈ ĭ ʶǞȀȀ Ǖŏʲƚ ɟŏȘǺ Ɔࡏ

ߣߞ



χ͖;͇ϟͱ˨ξ ϻ˨ͱϟ̥ ̙̥̐ΎͻθΎχ͖ϑ͖Ύ;

�Șʿ ȒŏɾɟǞʾ ĭ żŏȘ ųƚ ʶɟǞɾɾƚȘࡇ

ĦǕƚɟƚ ĆîĆ = vࡈ ģîģ = vࡈ ŏȘƇ σߝ ≥ σߞ ≥ . . .σƆ ≥ ࡏߜ vࡏƚࡏ Ć ŏȘƇ ģ ŏɟƚ
ȩɟɾǕȩǃȩȘŏȀ ȒŏɾɟǞżƚɯࡏ

÷ǕǞɯ Ǟɯ żŏȀȀƚƇ ɾǕƚ ɯǞȘǃʕȀŏɟ ʲŏȀʕƚ ƇƚżȩȒɔȩɯǞɾǞȩȘࡏ

+ŏȘ ųƚ żȩȒɔʕɾƚƇ ǞȘ ª(ȗƆߞ) ɾǞȒƚ ǀŏɯɾƚɟ࡫ ʶǞɾǕ ŏɔɔɟȩʾǞȒŏɾǞȩȘ ŏȀǃȩɯࡏ࡬ ߤߞ



Ύξϑ͑Ύ͇Ύ;˨ͱ ͻ˨ϑξ͖̥̐χ

�ƚɾ ʕߝ, . . . ,ʕȗ ∈ Rȗ ƇƚȘȩɾƚ ɾǕƚ żȩȀʕȒȘɯ ȩǀ Ćࡏ vࡏƚࡏ ɾǕƚ ɾȩɔ Ȁƚǀɾ
ɯǞȘǃʕȀŏɟ ʲƚżɾȩɟɯ ȩǀ ĭࡏ

‖ʑǝ‖ߞߞ = ʕîǝ ʕǱ =

ߥߞ



χ͖;͇ϟͱ˨ξ ϻ˨ͱϟ̥ ̙̥̐ΎͻθΎχ͖ϑ͖Ύ;

+ŏȘ ɟƚŏƇ ȩǀǀ ȩɔɾǞȒŏȀ ȀȩʶࡷɟŏȘǺ ŏɔɔɟȩʾǞȒŏɾǞȩȘɯ ǀɟȩȒ ɾǕƚ ëģ4ࡇ

CżǺŏɟɾࡵĮȩʕȘǃࡵ�ǞɟɯǺʿ ÷ǕƚȩɟƚȒࡇ _ȩɟ ŏȘʿ ǹ ≤ Ɔࡈ ĭǹ = ĆǹΣǹģîǹ Ǟɯ
ɾǕƚ ȩɔɾǞȒŏȀ ǹ ɟŏȘǺ ŏɔɔɟȩʾǞȒŏɾǞȩȘ ɾȩ ĭࡇ

ĭǹ = ŏɟǃȒǞȘ
ĭ̃ ʶǞɾǕ ɟŏȘǺ ≤ ǹ

‖ĭ− ĭ̃‖ߞ].

ߜߟ



χ͖;͇ϟͱ˨ξ ϻ˨ͱϟ̥ ̙̥̐ΎͻθΎχ͖ϑ͖Ύ;

+ȀŏǞȒࡇ ĭǹ = ĆǹΣǹģîǹ = ĭģǹģîǹࡏ

ëȩ ǀȩɟ ŏ ȒȩƇƚȀ ʶǞɾǕ ǹ ǕǞƇƇƚȘ ʲŏɟǞŏųȀƚɯࡈ ʶƚ ȩųɾŏǞȘ ŏȘ ȩɔɾǞȒŏȀ
ŏʕɾȩƚȘżȩƇƚɟ ųʿ ɯƚɾɾǞȘǃ Ħߝ = ģǹࡈ Ħߞ = ģîǹࡏ ƿ(!̋) = !̋ģǹģîǹࡏ ߝߟ



θξ͖;͖̐θ˨ͱ ̐ΎͻθΎ;̥;ϑ ˨;˨ͱІχ͖χ

÷ȩ ųƚ żȩȘɾǞȘʕƚƇࡏࡏࡏ
ߞߟ


