
+ëࡷĆĮ ࡇߟߢߡߠ �ƚżɾʕɟƚ ߤߝ
+ȩȘʲȩȀʕɾǞȩȘŏȀ _ƚŏɾʕɟƚ CʾɾɟŏżɾǞȩȘ

�ĮĆ ÷ŏȘƇȩȘ ëżǕȩȩȀ ȩǀ CȘǃǞȘƚƚɟǞȘǃࡈ Úɟȩǀࡏ +ǕɟǞɯɾȩɔǕƚɟ �ʕɯżȩ

ߝ



̐Ύϟξχ̥ ͱΎ͇͖χϑ͖̐χ

ࡄ �ǞƇɾƚɟȒ ߞ ƚʾŏȒ Ǟɯ żŏȘżƚȀƚƇࡏ
ࡄ vȘ ɔȀŏżƚ ȩǀ ȒǞƇɾƚɟȒ ǃɟŏƇƚࡈ ʿȩʕ ʶǞȀȀ ųƚ ŏʶŏɟƇƚƇ ȒŏʾǞȒʕȒ
ǃɟŏƇƚ ǀɟȩȒ ʿȩʕɟ ǕȩȒƚʶȩɟǺࡈ ˙ɟɯɾ ȒǞƇɾƚɟȒࡈ ȩɟ ɔɟȩǲƚżɾࡏ

ࡄ Úɟȩǲƚżɾ ÚɟȩɔȩɯŏȀ Ƈʕƚ ɾȩȘǞǃǕɾࡏ
ࡄ ëƚƚ ǃʕǞƇƚȀǞȘƚɯ ǀȩɟ ʶǕŏɾ ɾȩ ǞȘżȀʕƇƚ ŏɾࡇ
êêÜãϓϟϟûûûϙ�ß°ãÈïã�Ðϙ�ÐÈϟ°ÉêßÐÈÂϟÜßÐ¼��êϡ
¨ï°��Â°É�ãϙÜ�§

ࡄ �ƚʶ ʶɟǞɾɾƚȘ ǕȩȒƚʶȩɟǺ ɔȩɯɾƚƇࡏ 4ʕƚ Șƚʾɾ �ȩȘƇŏʿࡏ

ߞ

https://www.chrismusco.com/introml/project_guidelines.pdf
https://www.chrismusco.com/introml/project_guidelines.pdf


;̥ϟξ˨ͱ ;̥ϑϾΎξͬ ̙̥ͻΎχ

ßʕǞżǺ Șȩɾƚ ǀɟȩȒ Ȁŏɯɾ żȀŏɯɯࡏ ÷ʶȩ ƇƚȒȩɯ ʕɔȀȩŏƇƚƇ ȩȘ ȘƚʕɟŏȀ
ȘƚɾʶȩɟǺɯࡇ

ࡄ ¿�ß�ãϡ��ÈÐϡãāÉê�ê°�ϙ°ÜāÉ�
ࡄ ¿�ß�ãϡ��ÈÐϡÈÉ°ãêϙ°ÜāÉ�

ߟ



;̥ϟξ˨ͱ ;̥ϑϾΎξͬ χΎ͂ϑϾ˨ξ̥

�ȩʶࡷȀƚʲƚȀ ȀǞųɟŏɟǞƚɯ Ǖŏʲƚ ųʕǞȀɾ ǞȘ ȩɔɾǞȒǞˌƚɟɯ ëb4 ŏȘƇ ǞȒɔɟȩʲƚȒƚȘɾɯ
ŏȘƇ żŏȘ ŏʕɾȩȒŏɾǞżŏȀȀʿ ɔƚɟǀȩɟȒ ųŏżǺɔɟȩɔŏǃŏɾǞȩȘ ǀȩɟ ŏɟųǞɾɟŏɟʿ
ȘƚɾʶȩɟǺ ɯɾɟʕżɾʕɟƚɯࡏ �Ȁɯȩ ɔɾǞȒǞˌƚ żȩƇƚ ǀȩɟ ŏȘʿ ŏʲŏǞȀŏųȀƚ bÚĆɯࡏ

�ƚɟŏɯ Ǖŏɯ ǕǞǃǕ ȀƚʲƚȀ ǀʕȘżɾǞȩȘɯ ǀȩɟ Ƈƚ˙ȘǞȘǃ ŏȘƇ ɾɟŏǞȘǞȘǃ ŏ ȘƚʕɟŏȀ
ȘƚɾʶȩɟǺ ŏɟżǕǞɾƚżɾʕɟƚࡏ ߠ



;̥ϟξ˨ͱ ;̥ϑϾΎξͬ χΎ͂ϑϾ˨ξ̥

4ƚ˙Șƚ ȒȩƇƚȀࡇ

+ȩȒɔǞȀƚ ȒȩƇƚȀࡇ

÷ɟŏǞȘ ȒȩƇƚȀࡇ

ߡ

t o

=



ͻϟͱϑ͖̐ͱ˨χχ ̐ͱ˨χχ͖͖͂̐˨ϑ͖Ύ;

÷Ǖƚ ��vë÷ ƇƚȒȩ ɔƚɟǀȩɟȒɯ ȒʕȀɾǞżȀŏɯɯ żȀŏɯɯǞ˙żŏɾǞȩȘࡏ ÷ʿɔǞżŏȀȀʿ
ŏɔɔɟȩŏżǕ ɾȩ ȒʕȀɾǞżȀŏɯɯ ɔɟȩųȀƚȒɯ ʶǞɾǕ ȘƚʕɟŏȀ ȘƚɾʶȩɟǺɯ Ǟɯ ɾȩ
Ǖŏʲƚ ȩȘƚ ȩʕɾɔʕɾ ȘƚʕɟȩȘ ɔƚɟ żȀŏɯɯࡇ

+ȀŏɯɯǞ˙żŏɾǞȩȘ ɟʕȀƚࡇ ÚȀŏżƚ ǞȘ ǞȘɔʕɾ !̋ ǞȘ żȀŏɯɯ ǝ Ǟǀ ˈǝ Ǟɯ ɾǕƚ ȘƚʕɟȩȘ
ʶǞɾǕ ȒŏʾǞȒʕȒ ʲŏȀʕƚ ŏǀɾƚɟ ɟʕȘȘǞȘǃ !̋ ɾǕɟȩʕǃǕ ɾǕƚ ȘƚɾʶȩɟǺࡏ

ߢ

o /



ͻϟͱϑ͖̐ͱ˨χχ ̐ͱ˨χχ͖͖͂̐˨ϑ͖Ύ;

�ŏɯɾ Ȁŏʿƚɟ ɾʿɔǞżŏȀȀʿ ʕɯƚɯ ŏ ࢆɯȩǀɾȒŏʾࢅ ȘȩȘȀǞȘƚŏɟǞɾʿ ɾȩ Ȓŏɔ ŏȀȀ
ʲŏȀʕƚɯ ,ߝ̍¯ . . . , ¯̍ɗ ɾȩ ʲŏȀʕƚɯ ųƚɾʶƚƚȘ ߜ ŏȘƇ ࡇߝ

ˈǝ =
ƙ−¯̍ǝ

∑ɗ
Ǳ=ߝ ƙ

−¯̍Ǳ
.

ߣ

±÷÷"÷÷÷*¥
÷÷÷÷÷÷÷.

O



ͻϟͱϑ͖̐ͱ˨χχ ̐ͱ˨χχ͖͖͂̐˨ϑ͖Ύ;

÷ɟŏǞȘƚƇ ʕɯǞȘǃ ȒʕȀɾǞżȀŏɯɯ żɟȩɯɯࡷƚȘɾɟȩɔʿ Ȁȩɯɯࡏ �ƚɾ
,̋!)ߝˈ θ), . . . , ˈɗ(!̋, θ) ųƚ ɾǕƚ ȩʕɾɔʕɾɯ ȩųɾŏǞȘ ʶǕƚȘ ɟʕȘȘǞȘǃ ɾǕƚ
ȘƚɾʶȩɟǺ ȩȘ ǞȘɔʕɾ !̋ ʶǞɾǕ ɔŏɟŏȒƚɾƚɟɯ ʶƚǞǃǕɾɯ ŏȘƇ ųŏǞɯƚɯ !θࡏ

�(ʻ,!̋, !θ) = −
ɗ∑

ǝ=ߝ
[ʻ = ǝ] Ȁȩǃ(ˈǝ(!̋, θ)).

°ʲƚɟŏȀȀ Ȁȩɯɯ ǀȩɟ ɾɟŏǞȘǞȘǃ Ƈŏɾŏ ,ߝ̋!) ʻߝ), . . . , (!̋ȗ, ʻȗ) Ǟɯࡇ

L(!θ) =
ȗ∑

ǝ=ߝ
�(ʻǝ,!̋ǝ, !θ)

ĆɯƚƇ ǞȘ ȩʕɟ ƇƚȒȩ ŏȘƇ ʲƚɟʿ ɯɾŏȘƇŏɟƇ ǀȩɟ ȘƚʕɟŏȀ ȘƚɾʶȩɟǺ
żȀŏɯɯǞ˙żŏɾǞȩȘࡏ

ߤ

→ output a t variable
2 i when

- - - - - runningnetwork
iytl,...,q 1 w i t h parameters

o



̥͂˨ϑϟξ̥ ̥Ѕϑξ˨̐ϑ͖Ύ;

ĦǕʿ Ƈȩ ȘƚʕɟŏȀ ȘƚɾʶȩɟǺɯ ʶȩɟǺ ɯȩ ʶƚȀȀࡐ

÷ɟƚŏɾ ǀƚŏɾʕɟƚ ɾɟŏȘɯǀȩɟȒŏɾǞȩȘࡕƚʾɾɟŏżɾǞȩȘ ŏɯ ɔŏɟɾ ȩǀ ɾǕƚ ȀƚŏɟȘǞȘǃ
ɔɟȩżƚɯɯ ǞȘɯɾƚŏƇ ȩǀ ȒŏǺǞȘǃ ɾǕǞɯ ɾǕƚ ʕɯƚɟɯ ǲȩųࡏ

$ʕɾ ɯȩȒƚɾǞȒƚɯ ɾǕƚʿ ɯɾǞȀȀ ȘƚƚƇ ŏ ȘʕƇǃƚ ǞȘ ɾǕƚ ɟǞǃǕɾ ƇǞɟƚżɾǞȩȘࡏࡏࡏ

ߥ



̊˨χ͖̐ ̥͂˨ϑϟξ̥ ̥Ѕϑξ˨̐ϑ͖Ύ;

ߜߝ

0 0



̊˨χ͖̐ ̥͂˨ϑϟξ̥ ̥Ѕϑξ˨̐ϑ͖Ύ;

_ǞȘŏȀ ȩʕɾɔʕɾ ȩɟ żȀŏɯɯ ȀŏųƚȀ ʻ Ǟɯ ŏ ȀǞȘƚŏɟ ǀʕȘżɾǞȩȘ ȩǀ ɾǕƚ ˙ȘŏȀ
Ȁŏʿƚɟ ʲŏɟǞŏųȀƚɯ ʑߝ, . . . ,ʑǹࡏ Įȩʕ żȩʕȀƇ ǲʕɯɾ ŏɯ ʶƚȀȀ Ǖŏʲƚ ɾŏǺƚȘ
ɾǕƚɯƚ ʲŏɟǞŏųȀƚɯ ŏȘƇ ʕɯƚƇ ɾǕƚȒ ɾȩ ɔɟƚƇǞżɾ ʻ ʲǞŏ ȀǞȘƚŏɟ
ɟƚǃɟƚɯɯǞȩȘࡈ ȀȩǃǞɯɾǞż ɟƚǃɟƚɯɯǞȩȘࡈ ëģࡈ� ŏȘʿ ȩɾǕƚɟ ȀǞȘƚŏɟ ȒƚɾǕȩƇࡏ

ߝߝ



̊˨χ͖̐ ̥͂˨ϑϟξ̥ ̥Ѕϑξ˨̐ϑ͖Ύ;

ëǞǃȒȩǞƇ ŏżɾǞʲŏɾǞȩȘࡇ CŏżǕ ǕǞƇƇƚȘ ʲŏɟǞŏųȀƚ ˈǝ ƚɛʕŏȀ ɾȩ ߝ
ƙ−¯̍ǝ+ߝ

ʶǕƚɟƚ ˈǝ = !̡ î!̋ + ų ǀȩɟ ǞȘɔʕɾ ࡏ̋!

°ɾǕƚɟ ȘȩȘࡷȀǞȘƚŏɟǞɾǞƚɯ ʿǞƚȀƇ ɯǞȒǞȀŏɟȀʿ ɯǞȒɔȀƚ ǀƚŏɾʕɟƚ ƚʾɾɟŏżɾǞȩȘɯࡏ

ߞߝ



̊˨χ͖̐ ̥͂˨ϑϟξ̥ ̥Ѕϑξ˨̐ϑ͖Ύ;

vǀ ʿȩʕ żȩȒųǞȘƚ Ȓȩɟƚ ǕǞƇƇƚȘ ʲŏɟǞŏųȀƚɯࡈ ʿȩʕ żŏȘ ɯɾŏɟɾ ųʕǞȀƇǞȘǃ
Ȓȩɟƚ żȩȒɔȀǞżŏɾƚƇ żȀŏɯɯǞ˙ƚɟɯࡏ

mȩʶ ŏųȩʕɾ ǀȩɟ ƚʲƚȘ Ȓȩɟƚ żȩȒɔȀƚʾ Ƈŏɾŏɯƚɾɯࡐ

ߟߝ

@

@



̊˨χ͖̐ ̥͂˨ϑϟξ̥ ̥Ѕϑξ˨̐ϑ͖Ύ;

ĦǞɾǕ Ȓȩɟƚ Ȁŏʿƚɟɯࡈ żȩȒɔȀƚʾǞɾʿ ɯɾŏɟɾɯ ɟŏȒɔǞȘǃ ʕɔࡏࡏࡏ

$ʕɾ ɾǕƚɟƚ࢈ɯ ŏ ȀǞȒǞɾࡏࡏࡏ
ߠߝ

O:O



̊˨χ͖̐ ̥͂˨ϑϟξ̥ ̥Ѕϑξ˨̐ϑ͖Ύ;

�ȩƇƚɟȘ ȒŏżǕǞȘƚ ȀƚŏɟȘǞȘǃ ŏȀǃȩɟǞɾǕȒɯ żŏȘ ƇǞǀǀƚɟƚȘɾǞŏɾƚ
ųƚɾʶƚƚȘ ǞȒŏǃƚɯ ȩǀ �ǀɟǞżŏȘ ŏȘƇ �ɯǞŏȘ ƚȀƚɔǕŏȘɾɯࡏࡏࡏ

÷Ǖƚ ǀƚŏɾʕɟƚɯ ȘƚƚƇƚƇ ǀȩɟ ŏ ɾŏɯǺ ȀǞǺƚ ɾǕǞɯ ŏɟƚ ǀŏɟ Ȓȩɟƚ żȩȒɔȀƚʾ
ɾǕƚȘ ʶƚ żȩʕȀƇ ƚʾɔƚżɾ ŏ ȘƚɾʶȩɟǺ ɾȩ ȀƚŏɟȘ żȩȒɔȀƚɾƚȀʿ ȩȘ Ǟɾɯ ȩʶȘ
ʕɯǞȘǃ ɯǞȒɔȀƚ żȩȒųǞȘŏɾǞȩȘɯ ȩǀ ȀǞȘƚŏɟ Ȁŏʿƚɟɯ ࣹ ȘȩȘࡷȀǞȘƚŏɟǞɾǞƚɯࡏ ߡߝ

0 0



̐Ύ;ϻΎͱϟϑ͖Ύ;˨ͱ ̥͂˨ϑϟξ̥ ̥Ѕϑξ˨̐ϑ͖Ύ;

÷ȩƇŏʿ࢈ɯ ɾȩɔǞżࡇ ĆȘƇƚɟɯɾŏȘƇ ʶǕʿ żȩȘʲȩȀʕɾǞȩȘ Ǟɯ ŏ ɔȩʶƚɟǀʕȀ ʶŏʿ
ȩǀ ƚʾɾɟŏżɾǞȘǃ ǀƚŏɾʕɟƚɯ ǀɟȩȒࡇ

ࡄ vȒŏǃƚ Ƈŏɾŏࡏ
ࡄ �ʕƇǞȩ Ƈŏɾŏࡏ
ࡄ ÷ǞȒƚ ɯƚɟǞƚɯ Ƈŏɾŏࡏ

ĆȀɾǞȒŏɾƚȀ ʿࡈ żŏȘ ųʕǞȀƇ żȩȘʲȩȀʕɾǞȩȘŏȀ ȘƚɾʶȩɟǺɯ ɾǕŏɾ ŏȀɟƚŏƇʿ Ǖŏʲƚ
żȩȘʲȩȀʕɾǞȩȘŏȀ ǀƚŏɾʕɟƚ ƚʾɾɟŏżɾǞȩȘ ɔɟƚࡷżȩƇƚƇ ǞȘࡏ �ʕɯɾ ȘƚƚƇ ɾȩ
ȀƚŏɟȘ ʶƚǞǃǕɾɯࡏ

ߢߝ



ͻΎϑ͖ϻ˨ϑ͖;͇ ̥Ѕ˨ͻθͱ̥

ĦǕŏɾ ǀƚŏɾʕɟƚɯ ʶȩʕȀƇ ɾƚȀȀ ʕɯƚ ɾǕǞɯ ǞȒŏǃƚ żȩȘɾŏǞȘɯ ŏ ɯɾȩɔ ɯǞǃȘࡐ

÷ʿɔǞżŏȀȀʿ ʶŏʿ ȩǀ ʲƚżɾȩɟǞˌǞȘǃ ŏȘ ǞȒŏǃƚ żǕȩɔɯ ʕɔ ŏȘƇ ɯɔȀǞɾɯ ʕɔ
ŏȘʿ ɔǞʾƚȀɯ ǞȘ ɾǕƚ ɯɾȩɔ ɯǞǃȘࡏ Ħƚ ȘƚƚƇ ʲƚɟʿ żȩȒɔȀƚʾ ǀƚŏɾʕɟƚɯ ɾȩ
ɔǞƚżƚ ɾǕƚɯƚ ųŏżǺ ɾȩǃƚɾǕƚɟ ŏǃŏǞȘࡏࡏࡏ ߣߝ
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̐Ύ;ϻΎͱϟϑ͖Ύ;

°ųǲƚżɾɯ ȩɟ ǀƚŏɾʕɟƚɯ ȩǀ ŏȘ ǞȒŏǃƚ ȩǀɾƚȘ ǞȘʲȩȀʲƚ ɔǞʾƚȀɯ ɾǕŏɾ ŏɟƚ ɯɔŏɾǞŏȀȀʿ
żȩɟɟƚȀŏɾƚƇࡏ +ȩȘʲȩȀʕɾǞȩȘ ƚʾɔȀǞżǞɾȀʿ ƚȘżȩƇƚɯ ɾǕǞɯࡏ

4ƚ˙ȘǞɾǞȩȘ 4Ǟɯżɟƚɾƚ 4ߝ żȩȘʲȩȀʕɾǞȩȘߝ
bǞʲƚȘ !̋ ∈ RƆ ŏȘƇ !̡ ∈ Rǹ ɾǕƚ ƇǞɯżɟƚɾƚ żȩȘʲȩȀʕɾǞȩȘ !̋ ! !̡ Ǟɯ ŏ
Ɔ− ǹ+ ߝ ʲƚżɾȩɟ ʶǞɾǕࡇ

[!̋ ! !̡ ]ǝ =
ǹ∑

Ǳ=ߝ

!̋(Ǳ+ǝ−ߝ)!̡ Ǳ

÷ǕǞȘǺ ȩǀ !̋ ∈ RƆ ŏɯ ȀȩȘǃ Ƈŏɾŏ ʲƚżɾȩɟ ࡏǃࡏƚ Ƈ ࣌ ߞߝߡ ŏȘƇ !̡ ∈ Rǹ ŏɯ ɯǕȩɟɾ
˙Ȁɾƚɟ ʲƚżɾȩɟ ࡏǃࡏƚ Ǻ ࣌ ࡏߤ !ʑ = [!̋ ! !̡ ] Ǟɯ ŏ ǀƚŏɾʕɟƚ ɾɟŏȘɯǀȩɟȒŏɾǞȩȘࡏ
ǕǞɯ÷ߝ Ǟɯ ɯȀǞǃǕɾȀʿ ƇǞǀǀƚɟƚȘɾ ǀɟȩȒ ɾǕƚ Ƈƚ˙ȘǞɾǞȩȘ ȩǀ żȩȘʲȩȀʕɾǞȩȘ ʿȩʕ ȒǞǃǕɾ Ǖŏʲƚ
ɯƚƚȘ ǞȘ ŏ 4ǞǃǞɾŏȀ ëǞǃȘŏȀ ÚɟȩżƚɯɯǞȘǃ żȀŏɯɯ ųƚżŏʕɯƚ !̡ Ƈȩƚɯ Șȩɾ ǃƚɾ ࡏࢆǞɔɔƚƇ˚ࢅ vȘ
ɯǞǃȘŏȀ ɔɟȩżƚɯɯǞȘǃ ȩʕɟ ȩɔƚɟŏɾǞȩȘ ʶȩʕȀƇ ųƚ żŏȀȀƚƇ żȩɟɟƚȀŏɾǞȩȘࡏ

ߤߝ
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̙ߝ ̐Ύ;ϻΎͱϟϑ͖Ύ;

ߥߝ
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ͻ˨ϑ̐͑ ϑ̥͑ ̐Ύ;ϻΎͱϟϑ͖Ύ;

ߜߞ
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̙ߞ ̐Ύ;ϻΎͱϟϑ͖Ύ;

4ƚ˙ȘǞɾǞȩȘ 4Ǟɯżɟƚɾƚ 4ߞ żȩȘʲȩȀʕɾǞȩȘ
bǞʲƚȘ ȒŏɾɟǞżƚɯ ʾ ∈ RƆߝ×Ɔߞ ŏȘƇ ʶ ∈ Rǹߝ×ǹߞ ɾǕƚ ƇǞɯżɟƚɾƚ żȩȘʲȩȀʕɾǞȩȘ
ʾ! ʶ Ǟɯ ŏ (Ɔߝ − ǹߝ + ×(ߝ (Ɔߞ − ǹߞ + (ߝ ȒŏɾɟǞʾ ʶǞɾǕࡇ

[ʾ! ʶ]ǝ,Ǳ =
ǹߝ∑

ߝ=!

ǹߞ∑

ǔ=ߝ
ʾ(ǝ+!−ߝ),(Ǳ+ǔ−ߝ) · ʶ!,ǔ

�ǃŏǞȘ ɾƚżǕȘǞżŏȀȀʿ ɾǕǞɯ Ǟɯ ࢆżȩɟɟƚȀŏɾǞȩȘࢅ Șȩɾ ࡏࢆżȩȘʲȩȀʕɾǞȩȘࢅ ëǕȩʕȀƇ ųƚ
ɔƚɟǀȩɟȒƚƇ ǞȘ ÚʿɾǕȩȘ ʕɯǞȘǃ ã�°Üāϙã°¨É�Âϙ�Ðßß�Â�ê�� ǞȘɯɾƚŏƇ
ȩǀ ã�°Üāϙã°¨É�Âϙ�ÐÉúÐÂú�ࡏ�
ʶ Ǟɯ żŏȀȀƚƇ ɾǕƚ ˙Ȁɾƚɟ ȩɟ żȩȘʲȩȀʕɾǞȩȘ ǺƚɟȘƚȀ ŏȘƇ ŏǃŏǞȘ Ǟɯ ɾʿɔǞżŏȀȀʿ
ȒʕżǕ ɯȒŏȀȀƚɟ ɾǕŏȘ ʾࡏ

ߝߞ

O

-

a -



̙ߞ ̐Ύ;ϻΎͱϟϑ͖Ύ;

ɯ ʶ =




ߜ ߝ ߞ
ߞ ߞ ߜ
ߜ ߝ ߞ





ߞߞ

•

o "
o O o o O

O o



В̥ξΎ θ˨̙̙͖;͇

ëȩȒƚɾǞȒƚɯ ࢆɔŏƇƇǞȘǃࡷƚɟȩˌࢅ Ǟɯ ǞȘɾɟȩƇʕżƚƇ ɯȩ ʾ!ʶ Ǟɯ Ɔߝ × Ɔߞ Ǟǀ ʾ
Ǟɯ Ɔߝ × Ɔࡏߞ

�ƚƚƇ ɾȩ ɔŏƇ ȩȘ Ȁƚǀɾ ŏȘƇ ɟǞǃǕɾ ųʿ (ǹߝ − ߞ/(ߝ ŏȘƇ ȩȘ ɾȩɔ ŏȘƇ
ųȩɾɾȩȒ ųʿ (ǹߞ − ࡏߞ/(ߝ

ߟߞ

-

0 0



˨θθͱ͖̐˨ϑ͖Ύ;χ Ύ͂ ̐Ύ;ϻΎͱϟϑ͖Ύ;

CʾŏȒɔȀƚɯ żȩƇƚ ʶǞȀȀ ųƚ ŏʲŏǞȀŏųȀƚ ǞȘ
��ÈÐϡ�ÐÉúÐÂïê°ÐÉãϙ°ÜāÉࡏ�

�ɔɔȀǞżŏɾǞȩȘ ࡇߝ $ȀʕɟɟǞȘǃࡕɯȒȩȩɾǕࡏ

vȘ ȩȘƚ ƇǞȒƚȘɯǞȩȘࡇ

ࡄ ĆȘǞǀȩɟȒ ȒȩʲǞȘǃ ŏʲƚɟŏǃƚ ˙Ȁɾƚɟࡇ !̡ ǝ = ߝ
ǹ ǀȩɟ ǝ = ,ߝ . . . , ǹࡏ

ࡄ bŏʕɯɯǞŏȘ ˙Ȁɾƚɟࡇ !̡ ǝ ∼ ƚʾɔ(ǝ−ǹ/ߞ)ߞ/σߞ ǀȩɟ ǝ = ,ߝ . . . , ǹࡏ

ߠߞ

-

w . . [%.K K K}

a s - -



χͻΎΎϑ͖͑;͇ ͖͂ͱϑ̥ξχ

ߡߞ

O ,



χͻΎΎϑ͖͑;͇ ͖͂ͱϑ̥ξχ

ĆɯƚǀʕȀ ǀȩɟ ɯȒȩȩɾǕǞȘǃ ɾǞȒƚࡷɯƚɟǞƚɯ Ƈŏɾŏࡈ ȩɟ ɟƚȒȩʲǞȘǃ
ȘȩǞɯƚࡕɯɾŏɾǞż ǀɟȩȒ ŏʕƇǞȩ Ƈŏɾŏࡏ

áƚɔȀŏżƚɯ ƚʲƚɟʿ Ƈŏɾŏ ɔȩǞȘɾ ʶǞɾǕ ŏ ȀȩżŏȀ ŏʲƚɟŏǃƚࡏ

ߢߞ



χͻΎΎϑ͖͑;͇ ͖; ϑϾΎ ̙͖ͻ̥;χ͖Ύ;χ

vȘ ɾʶȩ ƇǞȒƚȘɯǞȩȘɯࡇ

ࡄ ĆȘǞǀȩɟȒ ˙Ȁɾƚɟࡇ ʶǝ,Ǳ = ߝ
ǹߝǹߞ ǀȩɟ ǝ = ,ߝ . . . , ǹࡈߝ Ǳ = ,ߝ . . . , ǹࡏߞ

ࡄ bŏʕɯɯǞŏȘ ˙Ȁɾƚɟࡇ !̡ ǝ ∼ ƚʾɔ
(ǝ−ǹߞ/ߝ)

(ߞ/ߞǱ−ǹ)+ߞ
ߞ

σߞ ǀȩɟ ǝ = ,ߝ . . . , ǹࡈߝ
Ǳ = ,ߝ . . . , ǹࡏߞ

�ŏɟǃƚɟ ˙Ȁɾƚɟ ƚɛʕŏɾƚɯ ɾȩ Ȓȩɟƚ ɯȒȩȩɾǕǞȘǃࡏ

ߣߞ

n ,
1¥71

O O



χͻΎΎϑ͖͑;͇ ͖; ϑϾΎ ̙͖ͻ̥;χ͖Ύ;χ

_ȩɟ bŏʕɯɯǞŏȘ ˙Ȁɾƚɟࡈ ʿȩʕ ɾʿɔǞżŏȀȀʿ żǕȩȩɯƚ ǹ " σߞ ɾȩ żŏɔɾʕɟƚ ɾǕƚ
ǀŏȀȀࡷȩǀǀ ȩǀ ɾǕƚ bŏʕɯɯǞŏȘࡏ

$ȩɾǕ ŏɔɔɟȩŏżǕƚɯ ƚǀǀƚżɾǞʲƚȀʿ ƇƚȘȩǞɯƚ ŏȘƇ ɯȒȩȩɾǕ ǞȒŏǃƚɯࡏ
ߤߞ

%



χͻΎΎϑ͖͑;͇ ͂Ύξ ̥͂˨ϑϟξ̥ ̥Ѕϑξ˨̐ϑ͖Ύ;

ĦǕƚȘ żȩȒųǞȘƚƇ ʶǞɾǕ ȩɾǕƚɟ ǀƚŏɾʕɟƚ ƚʾɾɟŏżɾȩɟɯࡈ ɯȒȩȩɾǕǞȘǃ ŏɾ
ʲŏɟǞȩʕɯ ȀƚʲƚȀɯ ŏȀȀȩʶɯ ɾǕƚ ŏȀǃȩɟǞɾǕȒ ɾȩ ǀȩżʕɯ ȩȘ ǕǞǃǕࡷȀƚʲƚȀ
ǀƚŏɾʕɟƚɯ ȩʲƚɟ ȀȩʶࡷȀƚʲƚȀ ǀƚŏɾʕɟƚɯࡏ

ߥߞ

D o



˨θθͱ͖̐˨ϑ͖Ύ;χ Ύ͂ ̐Ύ;ϻΎͱϟϑ͖Ύ;

�ɔɔȀǞżŏɾǞȩȘ ࡇߞ ÚŏɾɾƚɟȘ ȒŏɾżǕǞȘǃࡏ

ëȀǞƇƚ ŏ ɔŏɾɾƚɟȘ ȩʲƚɟ ŏȘ ǞȒŏǃƚࡏ °ʕɾɔʕɾ ȩǀ żȩȘʲȩȀʕɾǞȩȘ ʶǞȀȀ ųƚ
ǕǞǃǕƚɟ ʶǕƚȘ ɔŏɾɾƚɟȘ żȩɟɟƚȀŏɾƚɯ ʶƚȀȀ ʶǞɾǕ ʕȘƇƚɟȀʿǞȘǃ ǞȒŏǃƚࡏ

ߜߟ

o Q . I T

Ooo
o



ͱΎ̐˨ͱ θ˨ϑϑ̥ξ; ͻ˨ϑ͖̐͑;͇

�ɔɔȀǞżŏɾǞȩȘɯ ȩǀ ȀȩżŏȀ ɔŏɾɾƚɟȘ ȒŏɾżǕǞȘǃࡇ

ࡄ +ǕƚżǺ Ǟǀ ŏȘ ǞȒŏǃƚ żȩȘɾŏǞȘɯ ɾƚʾɾࡏ
ࡄ �ȩȩǺ ǀȩɟ ɯɔƚżǞ˙ż ɯȩʕȘƇ ǞȘ ŏʕƇǞȩ ɟƚżȩɟƇǞȘǃࡏ
ࡄ +ǕƚżǺ ǀȩɟ ȩɾǕƚɟ ʶƚȀȀࡷɯɾɟʕżɾʕɟƚƇ ȩųǲƚżɾɯ

ߝߟ



̙ߟ ̐Ύ;ϻΎͱϟϑ͖Ύ;

áƚżŏȀȀ ɾǕŏɾ żȩȀȩɟ ǞȒŏǃƚɯ ŏżɾʕŏȀȀʿ Ǖŏʲƚ ɾǕɟƚƚ żȩȀȩɟ żǕŏȘȘƚȀɯ ǀȩɟ
ɟƚƇࡈ ǃɟƚƚȘࡈ ųȀʕƚɯࡏ CŏżǕ ɔǞʾƚȀ Ǟɯ ɟƚɔɟƚɯƚȘɾƚƇ ųʿ ߟ ʲŏȀʕƚɯ ࡏǃࡏƚ ǞȘ
,ߜ . . . , ߡߡߞ ǃǞʲǞȘǃ ɾǕƚ ǞȘɾƚȘɯǞɾʿ ǞȘ ƚŏżǕ żǕŏȘȘƚȀࡏ

,ߜ] ,ߜ [ߜ ࣌ ųȀŏżǺࡈ ,ߜ] ,ߜ [ߜ ࣌ ʶǕǞɾƚࡈ ,ߝ] ,ߜ [ߜ ࣌ ɔʕɟƚ ɟƚƇࡈ ƚɾżࡏ

ģǞƚʶ ǞȒŏǃƚ ŏɯ 4ߟ ɾƚȘɯȩɟࡇ

ߞߟ

-

I
= 3



̙ߟ ̐Ύ;ϻΎͱϟϑ͖Ύ;

+ŏȘ ųƚ żȩȘʲȩȀʲƚƇ ʶǞɾǕ 4ߟ ˙Ȁɾƚɟࡇ
4ƚ˙ȘǞɾǞȩȘ 4Ǟɯżɟƚɾƚ 4ߞ żȩȘʲȩȀʕɾǞȩȘ
bǞʲƚȘ ɾƚȘɯȩɟɯ ʾ ∈ RƆߝ×Ɔߞ×Ɔߟ ŏȘƇ ʶ ∈ Rǹߝ×ǹߞ×ǹߟ ɾǕƚ ƇǞɯżɟƚɾƚ
żȩȘʲȩȀʕɾǞȩȘ ʾ! ʶ Ǟɯ ŏ (Ɔߝ − ǹߝ + ×(ߝ (Ɔߞ − ǹߞ + ×(ߝ (Ɔߟ − ǹߟ + (ߝ
ɾƚȘɯȩɟ ʶǞɾǕࡇ

[ʾ! ʶ]ǝ,Ǳ,ǂ =
ǹߝ∑

ߝ=!

ǹߞ∑

ȑ=ߝ

ǹߟ∑

ȗ=ߝ
ʾ(ǝ+!−ߝ),(Ǳ+ȑ−ߝ),(ǂ+ȗ−ߝ) · ʶ!,ȑ,ȗ

ߟߟ

%

TO 0 "



̙ߟ ̐Ύ;ϻΎͱϟϑ͖Ύ;

ߠߟ

91 oo' §



̙ߟ ̐Ύ;ϻΎͱϟϑ͖Ύ;

áƚȀŏɾǞʲƚȀʿ ɟȩųʕɯɾ ɾȩ ǞȒɔƚɟǀƚżɾǞȩȘɯࡈ ƇŏȒŏǃƚࡈ ȩżżȀʕɯǞȩȘࡈ ƚɾżࡏ

ߡߟ

@ C f )
→ a " z e r o matrices

0 f
→ pixels= o

0 pixelss o

0 0 0



̙ߟ ̐Ύ;ϻΎͱϟϑ͖Ύ;

vȘ ǃƚȘƚɟŏȀ ƚʾɾɟŏżɾǞȘǃ ƇǞǀǀƚɟƚȘɾ żȩȀȩɟ ǞȘǀȩɟȒŏɾǞȩȘ Ǟɯ ʲƚɟʿ ʕɯƚǀʕȀ
ǀȩɟ ǞȒŏǃƚ ʕȘƇƚɟɯɾŏȘƇǞȘǃࡇ

ߢߟ

#



͂ξ̥μϟ̥;̐І ̙̥ϑ̥̐ϑ͖Ύ;

�ƚɯɯ ȩųʲǞȩʕɯ ƚʾŏȒɔȀƚ ȩǀ ɔŏɾɾƚɟȘ ȒŏɾżǕǞȘǃࡇ _ɟƚɛʕƚȘżʿ
ƇƚɾƚżɾǞȩȘ ǞȘ ŏʕƇǞȩࡏ

�Șʿ 4ߝ ɯǞǃȘŏȀ ǞȘżȀʕƇǞȘǃ ŏ ɯȩʕȘƇ ʶŏʲƚ żŏȘ ųƚ ƇƚżȩȒɔȩɯƚƇ
ǞȘɾȩ żȩȒɔȩȘƚȘɾ ǀɟƚɛʕƚȘżǞƚɯࡇ

!̋(ɺ) = ɯǞȘ(ƿߝɺ+ ɫߝ) + ɯǞȘ(ƿߞɺ+ ɫߞ) + ɯǞȘ(ƿߟɺ+ ɫߟ) + . . . ߣߟ

AHH
H 1111

1
K t ) 411
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͂ξ̥μϟ̥;̐І ̙̥ϑ̥̐ϑ͖Ύ;

+ȩȘʲȩȀʲƚ ŏʕƇǞȩ ɯǞǃȘŏȀ ʶǞɾǕ ɯȘǞɔɔƚɾ ȩǀ ɔʕɟƚ ǀɟƚɛʕƚȘżʿ ɾȩ ƇƚɾƚɟȒǞȘƚ
ʶǕƚɟƚ ƇǞǀǀƚɟƚȘżƚ ǀɟƚɛʕƚȘżǞƚɯ ŏɟƚ ɔɟƚʲŏȀƚȘɾࡏ 4ƚɾƚżɾ ɾǕǞȘǃɯ ȀǞǺƚࡇ

ࡄ +ȩȒȒȩȘ Șȩɾƚɯ ǞȘ ŏ ɯȩȘǃࡏ
ࡄ 4ǞǀǀƚɟƚȘɾ ǞȘɯɾɟʕȒƚȘɾɯࡏ
ࡄ mʕȒŏȘ ʲȩǞżƚɯ ʲɯࡏ ȩɾǕƚɟ ȘȩǞɯƚࡏ

�ŏǞȘ ǞƇƚŏ ųƚǕǞȘƇ ɯǕȩɟɾࡷɾǞȒƚ _ȩʕɟǞƚɟ ɾɟŏȘɯǀȩɟȒɯࡕɯɔƚżɾɟȩǃɟŏȒɯࡏ
ߤߟ

§fmm~,
÷



˨θθͱ͖̐˨ϑ͖Ύ;χ Ύ͂ ̐Ύ;ϻΎͱϟϑ͖Ύ;

�ɔɔȀǞżŏɾǞȩȘ ࡇߟ CƇǃƚ ƇƚɾƚżɾǞȩȘࡏ

+ȩȘɯǞƇƚɟ ŏ Ƈߞ ëȩųƚȀ ˙Ȁɾƚɟࡇ

ĝߝ =




ߝ ߜ ߝ−
ߞ ߜ ߞ−
ߝ ߜ ߝ−



 ĝߞ =




ߝ ߞ ߝ
ߜ ߜ ߜ
ߝ− ߞ− ߝ−





ߥߟ



˨θθͱ͖̐˨ϑ͖Ύ;χ Ύ͂ ̐Ύ;ϻΎͱϟϑ͖Ύ;

CƇǃƚɯ ʶǞɾǕ ƇǞǀǀƚɟƚȘɾ ȩɟǞƚȘɾŏɾǞȩȘɯ ŏɟƚ ȀȩʶࡷȀƚʲƚȀ ǀƚŏɾʕɟƚɯ
żȩȒɔŏɟƚƇ ɾȩ ʶǕŏɾ ʶƚ ȒǞǃǕɾ ǃƚɾ ǀɟȩȒ ƚࡏǃࡏ ƚʾɔȀǞżǞɾ ɔŏɾɾƚɟȘ
ȒŏɾżǕǞȘǃࡏ ÷Ǖƚʿ ɯɾǞȀȀ ɔɟȩʲǞƇƚ ɯȩȒƚ ǞȒȒƚƇǞŏɾƚȀʿ ʕɯƚǀʕȀ
ǞȘǀȩɟȒŏɾǞȩȘ ŏųȩʕɾ ŏȘ ǞȒŏǃƚࡏ

�ȩɟƚ ʕɯƚǀʕȀ ʶǕƚȘ żȩȒųǞȘƚƇ ɾȩ ųʕǞȀƇ ǕǞǃǕƚɟࡷȀƚʲƚȀ ǀƚŏɾʕɟƚɯࡏ

ߜߠ



˨θθͱ͖̐˨ϑ͖Ύ;χ Ύ͂ ̐Ύ;ϻΎͱϟϑ͖Ύ;

�ƚʾɾ żȀŏɯɯࡇ 4ƚɯǞǃȘ ȘƚʕɟŏȀ ȘƚɾʶȩɟǺ ŏɟżǕǞɾƚżɾʕɟƚɯ ɾǕŏɾ Ǖŏʲƚ
żȩȘʲȩȀʕɾǞȩȘȩŏȀ ȩɔƚɟŏɾǞȩȘɯ ųʕǞȀɾࡷǞȘࡏ ÷Ǖƚ ƚʾŏżɾ ʶƚǞǃǕɾɯ ŏɟƚ Ȁƚǀɾ
ŏɯ ǀɟƚƚ ʲŏɟǞŏųȀƚɯࡏ �ȩʶƚɯɾ Ȁŏʿƚɟɯ Ƈȩ ȀȩʶࡷȀƚʲƚȀ ǀƚŏɾʕɟƚ ƚʾɾɟŏżɾǞȩȘ
ȀǞǺƚ ƚƇǃƚ ƇƚɾƚżɾǞȩȘࡈ ǕǞǃǕƚɟ Ȁŏʿƚɟɯ ȀƚŏɟȘ ǕǞǃǕƚɟࡷȀƚʲƚȀ żȩȘżƚɔɾɯࡏ

ߝߠ


