
+ëࡷĆĮ ࡇߟߢߡߠ �ƚżɾʕɟƚ ߣߝ
�ƚʕɟŏȀ �ƚɾʶȩɟǺɯ żȩȘɾࡏ

�ĮĆ ÷ŏȘƇȩȘ ëżǕȩȩȀ ȩǀ CȘǃǞȘƚƚɟǞȘǃࡈ Úɟȩǀࡏ +ǕɟǞɯɾȩɔǕƚɟ �ʕɯżȩ

ߝ



̐Ύϟξχ̥ ͱΎ͇͖χϑ͖̐χ

ࡄ �ŏų Â��ϡÈÉ°ãêϡÜ�ßê°�Âϙ°ÜāÉ� Ƈʕƚ ÷ǕʕɟɯƇŏ ʿࡈ ࡏߥࡕߠ
ࡄ Úɟȩǲƚżɾ ÚɟȩɔȩɯŏȀ Ƈʕƚ Șƚʾɾ �ȩȘƇŏ ʿࡈ ࡏߟߝࡕߠ

ࡄ ëƚƚ ǃʕǞƇƚȀǞȘƚɯ ǀȩɟ ʶǕŏɾ ɾȩ ǞȘżȀʕƇƚ ŏɾࡇ
êêÜãϓϟϟûûûϙ�ß°ãÈïã�Ðϙ�ÐÈϟ°ÉêßÐÈÂϟÜßÐ¼��êϡ
¨ï°��Â°É�ãϙÜ�§

ࡄ +ŏȘ ųƚ żɟʕƇƚȀʿ ǀȩɟȒŏɾɾƚƇࡏ � ɯǕŏɟƚƇ bȩȩǃȀƚ Ƈȩż Ǟɯ ˙Șƚࡈ ȩɟ
ƚȒŏǞȀ Ȓƚ ŏ Ú4_ࡏ

ࡄ v࢈Ȓ ɯƚƚǞȘǃ Ȁȩɾɯ ȩǀ ɟƚŏȀȀʿ żȩȩȀ ɔɟȩǲƚżɾ ǞƇƚŏɯࡋ

ߞ

https://www.chrismusco.com/introml/project_guidelines.pdf
https://www.chrismusco.com/introml/project_guidelines.pdf


ϑξ˨͖;͖;͇ ;̥ϟξ˨ͱ ;̥ϑϾΎξͬχ

÷ʶȩ ȒŏǞȘ ŏȀǃȩɟǞɾǕȒǞż ɾȩȩȀɯ ǀȩɟ ɾɟŏǞȘǞȘǃ ȘƚʕɟŏȀ ȘƚɾʶȩɟǺ
ȒȩƇƚȀɯࡇ

ࡏߝ ëɾȩżǕŏɯɾǞż ǃɟŏƇǞƚȘɾ ƇƚɯżƚȘɾࡏ
ࡏߞ $ŏżǺࡷɔɟȩɔȩǃŏɾǞȩȘࡏ

ߟ



ϑξ˨͖;͖;͇ ;̥ϟξ˨ͱ ;̥ϑϾΎξͬχ

�ƚɾ ƿ(!θ,!̋) ųƚ ȩʕɟ ȘƚʕɟŏȀ ȘƚɾʶȩɟǺࡏ

Ħǝ ŏȘƇ !ųǝ ŏɟƚ ɾǕƚ ʶƚǞǃǕɾ ȒŏɾɟǞʾ ŏȘƇ ųǞŏɯ ʲƚżɾȩɟ ǀȩɟ Ȁŏʿƚɟ ǝ ŏȘƇ
ǂǝ Ǟɯ ɾǕƚ ȘȩȘࡷȀǞȘƚŏɟǞɾʿ ࡏǃࡏƚ ɯǞǃȒȩǞƇࡏ !θ = [Ħߜ,!ųߜ, . . . ,Ħ!,!ų!] Ǟɯ
ŏ ʲƚżɾȩɟ ȩǀ ŏȀȀ ƚȘɾɟǞƚɯ ǞȘ ɾǕƚɯƚ ȒŏɾɟǞżƚɯࡏ

bȩŏȀࡇ bǞʲƚȘ ɾɟŏǞȘǞȘǃ Ƈŏɾŏ ,ߝ̋!) ʻߝ), . . . , (!̋ȗ, ʻȗ) ȒǞȘǞȒǞˌƚ ɾǕƚ Ȁȩɯɯ

L(!θ) =
ȗ∑

ǝ=ߝ
�
(
ʻǝ, ƿ(!θ,!̋ǝ)

)

÷ȩ Ƈȩ ɯȩࡈ ʶƚ ȘƚƚƇ ɾȩ żȩȒɔʕɾƚ ∇�
(
ʻǝ, ƿ(!θ,!̋ǝ)

)
ǀȩɟ ŏȀȀ ǝࡏ

ߠ

- O
#



͇ξ˨̙͖̥;ϑ Ύ͂ ϑ̥͑ ͱΎχχ

�ŏɯɾ Ȁƚżɾʕɟƚࡇ áƚƇʕżƚƇ ȩʕɟ ǃȩŏȀ ɾȩ żȩȒɔʕɾǞȘǃ ∇ƿ(!θ,!̋)ࡈ ʶǕƚɟƚ
ɾǕƚ ǃɟŏƇǞƚȘɾ Ǟɯ ʶǞɾǕ ɟƚɯɔƚżɾ ɾȩ ɾǕƚ ɔŏɟŏȒƚɾƚɟɯ !θࡏ

÷ǕǞɯ ʶǞȀȀ ųƚ ƇȩȘƚ ʕɯǞȘǃ ųŏżǺɔɟȩɔࡏ

ߡ

O
=



̊˨̐ͬθξΎθ ̥Ѕ˨ͻθͱ̥

�ȩɾŏɾǞȩȘ ǀȩɟ Șƚʾɾ ǀƚʶ ɯȀǞƇƚɯࡇ
ࡄ ŏ,ų, . . . , ˈ ŏɟƚ ɾǕƚ ȘȩƇƚ ȘŏȒƚɯࡈ ŏȘƇ ʕɯƚƇ ɾȩ ƇƚȘȩɾƚ ʲŏȀʕƚɯ ŏɾ
ȘȩƇƚɯ ŏǀɾƚɟ ŏɔɔȀʿǞȘǃ ȘȩȘࡷȀǞȘƚŏɟǞɾ ʿࡏ

ࡄ ŏ̄, ų̄, . . . , ¯̍ ƇƚȘȩɾƚ ʲŏȀʕƚ ųƚǀȩɟƚ ŏɔɔȀʿǞȘǃ ȘȩȘࡷȀǞȘƚŏɟǞɾ ʿࡏ
ࡄ ĝǝ,Ǳ Ǟɯ ɾǕƚ ʶƚǞǃǕɾ ȩǀ ƚƇǃƚ ǀɟȩȒ ȘȩƇƚ ǝ ɾȩ ȘȩƇƚ Ǳࡏ
ࡄ ɫ(·) : R → R Ǟɯ ɾǕƚ ȘȩȘࡷȀǞȘƚŏɟ ŏżɾǞʲŏɾǞȩȘ ǀʕȘżɾǞȩȘࡏ
ࡄ βǱ Ǟɯ ɾǕƚ ųǞŏɯ ǀȩɟ ȘȩƇƚ Ǳࡏ

CʾŏȒɔȀƚࡇ ǔ = ɫ(ǔ̄) = ɫ(ż ·ĝż,ǔ + Ɔ ·ĝƆ,ǔ + ƙ ·ĝƙ,ǔ + βǔ)
ߢ

zif. IE,E )

O £ • ' i s ,

- 7

=

l - - I



̊˨̐ͬθξΎθ ̥Ѕ˨ͻθͱ̥

bȩŏȀࡇ +ȩȒɔʕɾƚ ɾǕƚ ǃɟŏƇǞƚȘɾ ∇ƿ(!θ,!̋)ࡈ ʶǕǞżǕ żȩȘɾŏǞȘɯ ɾǕƚ ɔŏɟɾǞŏȀ
ƇƚɟǞʲŏɾǞʲƚɯ ʶǞɾǕ ɟƚɯɔƚżɾ ɾȩ ƚʲƚɟʿ ɔŏɟŏȒƚɾƚɟࡇ

ࡄ ∂ˈ/∂βˈ
ࡄ ∂ˈ/∂ĝƿ,ˈࡈ ∂ˈ/∂ĝǂ,ˈࡈ ∂ˈ/∂ĝǔ,ˈ

ࡄ ∂ˈ/∂ĝż,ƿࡈ ∂ˈ/∂ĝż,ǂࡈ ∂ˈ/∂ĝż,ǔ

ࡄ ∂ˈ/∂ĝƆ,ƿࡈ ∂ˈ/∂ĝƆ,ǂࡈ ∂ˈ/∂ĝƆ,ǔ

ࡄ ࡏࡏࡏ
ࡄ ∂ˈ/∂ĝŏ,żࡈ ∂ˈ/∂ĝŏ,Ɔࡈ ∂ˈ/∂ĝŏ,ƙ

÷ʶȩ ɯɾƚɔɯࡇ _ȩɟʶŏɟƇ ɔŏɯɯ ɾȩ żȩȒɔʕɾƚ ǀʕȘżɾǞȩȘ ʲŏȀʕƚࡏ
$ŏżǺʶŏɟƇɯ ɔŏɯɯ ɾȩ żȩȒɔʕɾƚ ǃɟŏƇǞƚȘɾɯࡏ

ߣ

a 2

=

= - -
- - -



̊˨̐ͬθξΎθ ̥Ѕ˨ͻθͱ̥

ëɾƚɔ ࡇߝ _ȩɟʶŏɟƇ ɔŏɯɯࡏ

ࡄ ĆɯǞȘǃ żʕɟɟƚȘɾ ɔŏɟŏȒƚɾƚɟɯࡈ żȩȒɔʕɾƚ ɾǕƚ ȩʕɾɔʕɾ ˈ ųʿ
ȒȩʲǞȘǃ ǀɟȩȒ Ȁƚǀɾ ɾȩ ɟǞǃǕɾࡏ

ࡄ ëɾȩɟƚ ŏȀȀ ǞȘɾƚɟȒƚƇǞŏɾƚ ɟƚɯʕȀɾɯࡇ

ż̄, Ɔ̄, ƙ̄, ż,Ɔ, ƙ, ƿ̄, ǂ̄, ǔ̄, ƿ,ǂ,ǔ, ¯̍, ˈ.

ߤ

O

-



̊˨̐ͬθξΎθ ̥Ѕ˨ͻθͱ̥

ëɾƚɔ ࡇߝ _ȩɟʶŏɟƇ ɔŏɯɯࡏ

ż̄ = ĝŏ,ż · ŏ+ĝų,ż · ų+ βż ż = ɫ(ż̄)
Ɔ̄ = ĝŏ,Ɔ · ŏ+ĝų,Ɔ · ų+ βƆ Ɔ = ɫ(Ɔ̄)
ƙ̄ = ĝŏ,ƙ · ŏ+ĝų,ƙ · ų+ βƙ ƙ = ɫ(ƙ̄)
ƿ̄ = ĝż,ƿ · ż+ĝƆ,ƿ · Ɔ+ĝƙ,ƿ · ƙ+ βƿ ƿ = ɫ(̄ƿ)
ࡏࡏࡏ

ࡏࡏࡏ
¯̍ = ĝƿ,ˈ · ƿ+ĝǂ,ˈ · ǂ+ĝǔ,ˈ · ǔ+ βˈ ˈ = ɫ(¯̍)

ߥ

-

o o → left t o r ight
"forward pass''O o o o

O O SCI)

o ' I i . y''i÷÷÷'s
- - -

@sigmoid)



̊˨̐ͬθξΎθ ̥Ѕ˨ͻθͱ̥

ëɾƚɔ ࡇߞ $ŏżǺʶŏɟƇ ɔŏɯɯࡏ

ࡄ ĆɯǞȘǃ żʕɟɟƚȘɾ ɔŏɟŏȒƚɾƚɟɯ ŏȘƇ żȩȒɔʕɾƚƇ ȘȩƇƚ ʲŏȀʕƚɯࡈ
żȩȒɔʕɾƚ ɾǕƚ ɔŏɟɾǞŏȀ ƇƚɟǞʲŏɾǞʲƚɯ ȩǀ ŏȀȀ ɔŏɟŏȒƚɾƚɟɯ ųʿ
ȒȩʲǞȘǃ ǀɟȩȒ ɟǞǃǕɾ ɾȩ Ȁƚǀɾࡏ

ߜߝ

⇐
"backwards pass"



̊˨̐ͬθξΎθ ̥Ѕ˨ͻθͱ̥

ëɾƚɔ ࡇߞ $ŏżǺʶŏɟƇ ɔŏɯɯࡏ 4ƚƚɔƚɯɾ Ȁŏʿƚɟࡏ

∂ˈ
∂ųˈ

=
∂¯̍

∂ųˈ
· ∂ˈ
∂¯̍

= ߝ · ɫ′(¯̍)

∂ˈ
∂ĝƿ,ˈ

=
∂¯̍

∂ĝƿ,ˈ
· ∂ˈ
∂¯̍

= ƿ · ɫ′(¯̍)

∂ˈ
∂ĝǂ,ˈ

=
∂¯̍

∂ĝǂ,ˈ
· ∂ˈ
∂¯̍

= ǂ · ɫ′(¯̍)

∂ˈ
∂ĝǔ,ˈ

=
∂¯̍

∂ĝǔ,ˈ
· ∂ˈ
∂¯̍

= ǔ · ɫ′(¯̍)

ߝߝ

✓
2 = s ( I )
z . . f . w t ,z + g .wyd
t h-Ine + b e

0 0 . - I00080-±



̊˨̐ͬθξΎθ ̥Ѕ˨ͻθͱ̥

ëɾƚɔ ࡇߞ $ŏżǺʶŏɟƇ ɔŏɯɯࡏ

∂ˈ
∂ƿ =

∂¯̍

∂ƿ ·
∂ˈ
∂¯̍

= ĝƿ,ˈ · ɫ′(¯̍)

∂ˈ
∂ǂ =

∂¯̍

∂ǂ · ∂ˈ
∂¯̍

= ĝǂ,ˈ · ɫ′(¯̍)

∂ˈ
∂ǔ =

∂¯̍

∂ǔ · ∂ˈ
∂¯̍

= ĝǔ,ˈ · ɫ′(¯̍)

+ȩȒɔʕɾƚ ɔŏɟɾǞŏȀɯ ʶǞɾǕ ɟƚɯɔƚżɾ ɾȩ ȘȩƇƚɯࡈ ƚʲƚȘ ɾǕȩʕǃǕ Șȩɾ ȘƚƚƇƚƇ
ǀȩɟ ǃɟŏƇǞƚȘɾࡏ ߞߝ

G
' I i¥÷÷÷.#

Q. s o
=



̊˨̐ͬθξΎθ ̥Ѕ˨ͻθͱ̥

ëɾƚɔ ࡇߞ $ŏżǺʶŏɟƇ ɔŏɯɯࡏ

∂ˈ
∂ ƿ̄

=
∂ˈ
∂ƿ ·

∂ƿ
∂ ƿ̄

=
∂ˈ
∂ƿ · ɫ

′(̄ƿ)

∂ˈ
∂ǂ̄ =

∂ˈ
∂ǂ · ∂ǂ

∂ǂ̄ =
∂ˈ
∂ǂ · ɫ′(ǂ̄)

∂ˈ
∂ǔ̄

=
∂ˈ
∂ǔ · ∂ǔ

∂ǔ̄
=

∂ˈ
∂ǔ · ɫ′(ǔ̄)

�ȘƇ ǀȩɟ ȘȩƇƚɯ ɔɟƚࡷȘȩȘȀǞȘƚŏɟǞɾʿ
ߟߝ

O
I , 5 , 5

y , t.is#I,
O O D IE-s''
O -

O -



̊˨̐ͬθξΎθ ̥Ѕ˨ͻθͱ̥

ëɾƚɔ ࡇߞ $ŏżǺʶŏɟƇ ɔŏɯɯࡏ �ƚʾɾ Ȁŏʿƚɟࡏ

∂ˈ
∂ųƿ

=
∂ˈ
∂ ƿ̄

· ∂ ƿ̄
∂ųƿ

=
∂ˈ
∂ ƿ̄

· ߝ

∂ˈ
∂ĝż,ƿ

=
∂ˈ
∂ ƿ̄

· ∂ ƿ̄
∂ĝż,ƿ

=
∂ˈ
∂ ƿ̄

· ż

∂ˈ
∂ĝƆ,ƿ

=
∂ˈ
∂ ƿ̄

· ∂ ƿ̄
∂ĝƆ,ƿ

=
∂ˈ
∂ ƿ̄

· Ɔ

∂ˈ
∂ĝƙ,ƿ

=
∂ˈ
∂ ƿ̄

· ∂ ƿ̄
∂ĝƙ,ƿ

=
∂ˈ
∂ ƿ̄

· ƙ

ࡏࡏࡏ

ߠߝ

÷⇐
÷÷÷

±÷÷÷÷±.

0 0 0 o

→ -00000.
i,
i



̊˨̐ͬθξΎθ ̥Ѕ˨ͻθͱ̥

ëɾƚɔ ࡇߞ $ŏżǺʶŏɟƇ ɔŏɯɯࡏ �ƚʾɾ ɯƚɾ ȩǀ ȘȩƇƚɯࡏ

∂ˈ
∂ż =

∂ˈ
∂ ƿ̄

· ∂ ƿ̄
∂ż +

∂ˈ
∂ǂ̄ · ∂ǂ̄

∂ż +
∂ˈ
∂ǔ̄

· ∂ǔ̄
∂ż

∂ˈ
∂Ɔ =

∂ˈ
∂ ƿ̄

· ∂ ƿ̄
∂Ɔ +

∂ˈ
∂ǂ̄ · ∂ǂ̄

∂Ɔ +
∂ˈ
∂ǔ̄

· ∂ǔ̄
∂Ɔ

∂ˈ
∂ƙ =

∂ˈ
∂ ƿ̄

· ∂ ƿ̄
∂ƙ +

∂ˈ
∂ǂ̄ · ∂ǂ̄

∂ƙ +
∂ˈ
∂ǔ̄

· ∂ǔ̄
∂ƙ

�ʕȀɾǞʲŏɟǞŏɾƚ żǕŏǞȘ ɟʕȀƚࡇ �ƚƚƇ ɾȩ ɯʕȒ ʕɔ ǞȒɔŏżɾ ȩȘ ǃɟŏƇǞƚȘɾ ǀɟȩȒ ŏȀȀ
ʲŏɟǞŏųȀƚɯ ƚǀǀƚżɾƚƇ ǞȘ ɾǕƚ Șƚʾɾ Ȁŏʿƚɟࡏ

ߡߝ

•ago0""
OG

°

0000-000



̊˨̐ͬθξΎθ ͱ͖;̥˨ξ ˨ͱ͇̥̊ξ˨

�ǞȘƚŏɟ ŏȀǃƚųɟŏǞż ʲǞƚʶࡏ

�ƚɾ ʲǝ ųƚ ŏ ʲƚżɾȩɟ żȩȘɾŏǞȘǞȘǃ ɾǕƚ ʲŏȀʕƚ ȩǀ ŏȀȀ ȘȩƇƚɯ Ǳ ǞȘ Ȁŏʿƚɟ ǝࡏ

ʲߟ =
[
ˈ
]

ʲߞ =




ƿ
ǂ
ǔ



 ʲߝ =




ż
Ɔ
ƙ





�ƚɾ ¯̡ǝ ųƚ ŏ ʲƚżɾȩɟ żȩȘɾŏǞȘǞȘǃ Ǳ̄ ǀȩɟ ŏȀȀ ȘȩƇƚɯ Ǳ ǞȘ Ȁŏʿƚɟ ǝࡏ

ߟ̡¯ =
[
¯̍
]

ߞ̡¯ =




ƿ̄
ǂ̄
ǔ̄



 ߝ̡¯ =




ż̄
Ɔ̄
ƙ̄





�ȩɾƚࡇ ʲǝ = ɫ(¯̡ǝ) ʶǕƚɟƚ ɫ Ǟɯ ŏɔɔȀǞƚƇ ƚȘɾɟʿʶǞɯƚࡏ

ߢߝ

- - -

=



̊˨̐ͬθξΎθ ͱ͖;̥˨ξ ˨ͱ͇̥̊ξ˨

�ǞȘƚŏɟ ŏȀǃƚųɟŏǞż ʲǞƚʶࡏ

�ƚɾ δǝ ųƚ ŏ ʲƚżɾȩɟ żȩȘɾŏǞȘǞȘǃ ∂ˈ/∂Ǳ ǀȩɟ ŏȀȀ ȘȩƇƚɯ Ǳ ǞȘ Ȁŏʿƚɟ ǝࡏ

δߟ =
[
ߝ
]

δߞ =




∂ˈ/∂ƿ
∂ˈ/∂ǂ
∂ˈ/∂ǔ



 δߝ =




∂ˈ/∂ż
∂ˈ/∂Ɔ
∂ˈ/∂ƙ





�ƚɾ δ̄ǝ ųƚ ŏ ʲƚżɾȩɟ żȩȘɾŏǞȘǞȘǃ ∂ˈ/∂ Ǳ̄ ǀȩɟ ŏȀȀ ȘȩƇƚɯ Ǳ ǞȘ Ȁŏʿƚɟ ǝࡏ

δ̄ߟ =
[
∂ˈ/∂¯̍

]
δ̄ߞ =




∂ˈ/∂ ƿ̄
∂ˈ/∂ǂ̄
∂ˈ/∂ǔ̄



 δ̄ߝ =




∂ˈ/∂ż̄
∂ˈ/∂Ɔ̄
∂ˈ/∂ƙ̄





�ȩɾƚࡇ δ̄ǝ = ɫ′(ʮ̄ǝ)× δǝ ʶǕƚɟƚ ɫ′ Ǟɯ ɾǕƚ ƇƚɟǞʲŏɾǞʲƚ ȩǀ ɫ ŏȘƇ ɾǕǞɯ ǀʕȘżɾǞȩȘࡈ
ŏɯ ʶƚȀȀ ŏɯ ɾǕƚ × ŏɟƚ ŏɔɔȀǞƚƇ ƚȘɾɟʿʶǞɯƚࡏ

ߣߝ

→
22122

- -

- -

- -

- -



̊˨̐ͬθξΎθ ͱ͖;̥˨ξ ˨ͱ͇̥̊ξ˨

�ƚɾ Ħǝ ųƚ ŏ ȒŏɾɟǞʾ żȩȘɾŏǞȘǞȘǃ ŏȀȀ ɾǕƚ ʶƚǞǃǕɾɯ ǀȩɟ ƚƇǃƚɯ ųƚɾʶƚƚȘ Ȁŏʿƚɟ
ǝ ŏȘƇ Ȁŏʿƚɟ ǝ+ ࡏߝ

Ħߞ =
[
ĝƿ,ˈ ĝǂ,ˈ ĝǔ,ˈ

]
Ħߝ =




ĝż,ƿ ĝƆ,ƿ ĝƙ,ƿ
ĝż,ǂ ĝƆ,ǂ ĝƙ,ǂ
ĝż,ǔ ĝƆ,ǔ ĝƙ,ǔ



 Ħߜ =




ĝŏ,ż ĝų,ż
ĝŏ,Ɔ ĝų,Ɔ
ĝŏ,ƙ ĝų,ƙ





ߤߝ

O O

O O O

O O
input,

D u - D i
. . . Do

n i r . . .

I
-

i . .
-

output,



̊˨̐ͬθξΎθ ͱ͖;̥˨ξ ˨ͱ͇̥̊ξ˨

+ȀŏǞȒ ࡇߝ �ȩƇƚ ƇƚɟǞʲŏɾǞʲƚ żȩȒɔʕɾŏɾǞȩȘ Ǟɯ ȒŏɾɟǞʾ ȒʕȀɾǞɔȀǞżŏɾǞȩȘࡏ

!δǝ = Ħî
ǝ δ̄ǝ+ߝ

ߥߝ

00€,



̊˨̐ͬθξΎθ ͱ͖;̥˨ξ ˨ͱ͇̥̊ξ˨

�ƚɾ ∆ǝ ųƚ ŏ ȒŏɾɟǞʾ żȩȘɾŏǞȘ ɾǕƚ ƇƚɟǞʲŏɾǞʲƚɯ ǀȩɟ ŏȀȀ ʶƚǞǃǕɾɯ ǀȩɟ ƚƇǃƚɯ
ųƚɾʶƚƚȘ Ȁŏʿƚɟ ǝ ŏȘƇ Ȁŏʿƚɟ ǝ+ ࡏߝ

ߞ∆ =
[
∂ˈ/∂ĝƿ,ˈ ∂ˈ/∂ĝǂ,ˈ ∂ˈ/∂ĝǔ,ˈ

]

ߝ∆ =




∂ˈ/∂ĝż,ƿ ∂ˈ/∂ĝƆ,ƿ ∂ˈ/∂ĝƙ,ƿ
∂ˈ/∂ĝż,ǂ ∂ˈ/∂ĝƆ,ǂ ∂ˈ/∂ĝƙ,ǂ
∂ˈ/∂ĝż,ǔ ∂ˈ/∂ĝƆ,ǔ ∂ˈ/∂ĝƙ,ǔ





ߜ∆ = . . .

ߜߞ

0



̊˨̐ͬθξΎθ ͱ͖;̥˨ξ ˨ͱ͇̥̊ξ˨

+ȀŏǞȒ ࡇߞ ĦƚǞǃǕɾ ƇƚɟǞʲŏɾǞʲƚ żȩȒɔʕɾŏɾǞȩȘ Ǟɯ ŏȘ ȩʕɾƚɟࡷɔɟȩƇʕżɾࡏ

∆ǝ = ʲǝδ̄îǝ+ߝ.

ߝߞ

i t

-

(hi XI)( 1 × him) = (h i x hi. .)



̊˨̐ͬθξΎθ

÷ŏǺƚŏʶŏʿɯࡇ

ࡄ $ŏżǺɔɟȩɔŏǃŏɾǞȩȘ żŏȘ ųƚ ʕɯƚƇ ɾȩ żȩȒɔʕɾƚ ƇƚɟǞʲŏɾǞʲƚɯ ǀȩɟ
ŏȀȀ ʶƚǞǃǕɾɯ ŏȘƇ ųǞŏɯƚɯ ǀȩɟ ŏȘʿ ǀƚƚƇǀȩɟʶŏɟƇ ȘƚʕɟŏȀ ȘƚɾʶȩɟǺࡏ

ࡄ _ǞȘŏȀ żȩȒɔʕɾŏɾǞȩȘ ųȩǞȀɯ ƇȩʶȘ ɾȩ ȀǞȘƚŏɟ ŏȀǃƚųɟŏ ȩɔƚɟŏɾǞȩȘɯ
ȒŏɾɟǞʾ ȒʕȀɾǞɔȀǞżŏɾǞȩȘ ŏȘƇ ʲƚżɾȩɟ ȩɔƚɟŏɾǞȩȘɯ ʶǕǞżǕ żŏȘ
ųƚ ɔƚɟǀȩɟȒƚƇ ɛʕǞżǺȀʿ ȩȘ ŏ bÚĆࡏ

ߞߞ



̊˨̐ͬθξΎθ

$ŏżǺɔɟȩɔŏǃŏɾǞȩȘ ŏȀȀȩʶɯ ʕɯ ɾȩ żȩȒɔʕɾƚ ∇�
(
ʻǝ, ƿ(!θ,!̋ǝ)

)
ǀȩɟ ŏ

ɯǞȘǃȀƚ ɾɟŏǞȘǞȘǃ ƚʾŏȒɔȀƚ (!̋ǝ, ʻǝ)ࡏ +ȩȒɔʕɾǞȘǃ ƚȘɾǞɟƚ ǃɟŏƇǞƚȘɾ
ɟƚɛʕǞɟƚɯ żȩȒɔʕɾǞȘǃࡇ

∇L(!θ) =
ȗ∑

ǝ=ߝ
∇�

(
ʻǝ, ƿ(!θ,!̋ǝ)

)

+ȩȒɔʕɾǞȘǃ ɾǕƚ ƚȘɾǞɟƚ ɯʕȒ ʶȩʕȀƇ ųƚ ʲƚɟʿ ƚʾɔƚȘɯǞʲƚࡏ
ª ((ɾǞȒƚ ǀȩɟ ųŏżǺɔɟȩɔ) · ȗ) ɾǞȒƚࡏ

ߟߞ

O @
- .



ϑξ˨͖;͖;͇ ;̥ϟξ˨ͱ ;̥ϑϾΎξͬχ

ëƚżȩȘƇ ɾȩȩȀࡇ ëɾȩżǕŏɯɾǞż bɟŏƇǞƚȘɾ 4ƚɯżƚȘɾ ࡏëb4

ࡄ ÚȩʶƚɟǀʕȀ ɟŏȘƇȩȒǞˌƚƇ ʲŏɟǞŏȘɾ ȩǀ ǃɟŏƇǞƚȘɾ ƇƚɯżƚȘɾ ʕɯƚƇ ɾȩ
ɾɟŏǞȘ ȘƚʕɟŏȀ ȘƚɾʶȩɟǺɯࡏ

ࡄ °ɟ ŏȘʿ ȩɾǕƚɟ ȒȩƇƚȀ ʶǕƚɟƚ żȩȒɔʕɾǞȘǃ ǃɟŏƇǞƚȘɾɯ Ǟɯ
ƚʾɔƚȘɯǞʲƚࡏ

áƚżŏȀȀ ǃɟŏƇǞƚȘɾ ƇƚɯżƚȘɾ ʕɔƇŏɾƚࡇ

ࡄ _ȩɟ ɺ = ,ߝ . . . , îࡇ
ࡄ !θɺ+ߝ = !θɺ − η∇L(!θɺ)

ʶǕƚɟƚ η Ǟɯ ŏ ȀƚŏɟȘǞȘǃ ɟŏɾƚ ɔŏɟŏȒƚɾƚɟࡏ

ߠߞ

3 ) best guess f o r optimal
- porous a t t i m e t i l

=-=@



χϑΎ̐͑˨χϑ͖̐ ͇ξ˨̙͖̥;ϑ ̙̥χ̥̐;ϑ

�ƚɾ �Ǳ(!θ) ƇƚȘȩɾƚ �
(
ʻǱ, ƿ(!θ,!̋Ǳ)

)
ࡏ

+ȀŏǞȒࡇ vǀ Ǳ ∈ ,ߝ . . . ,ȗ Ǟɯ żǕȩɯƚȘ ʕȘǞǀȩɟȒȀʿ ŏɾ ɟŏȘƇȩȒࡏ ÷ǕƚȘࡇ

ȗ · E
[
∇�Ǳ(!θ)

]
= ∇L(!θ).

∇�Ǳ(!θ) Ǟɯ żŏȀȀƚƇ ŏ ɯɾȩżǕŏɯɾǞż ǃɟŏƇǞƚȘɾࡏ

ߡߞ

- @
" E )÷,}U s ,Hose;D

=;E.↳(E)
-

o o o ÷÷t÷÷
.tell;D) in;&,0L;CE)

n .#Lolita))= Izou,# = OLEE)

- #



χϑΎ̐͑˨χϑ͖̐ ͇ξ˨̙͖̥;ϑ ̙̥χ̥̐;ϑ

ëb4 ǞɾƚɟŏɾǞȩȘࡇ

ࡄ vȘǞɾǞŏȀǞˌƚ !θߜ ɾʿɔǞżŏȀȀʿ ɟŏȘƇȩȒȀʿࡏ
ࡄ _ȩɟ ɺ = ,ߝ . . . , îࡇ

ࡄ +Ǖȩȩɯƚ Ǳ ʕȘǞǀȩɟȒȀʿ ŏɾ ɟŏȘƇȩȒࡏ
ࡄ +ȩȒɔʕɾƚ ɯɾȩżǕŏɯɾǞż ǃɟŏƇǞƚȘɾ !ǂ = ∇�Ǳ(!θɺ)ࡏ

ࡄ _ȩɟ ȘƚʕɟŏȀ ȘƚɾʶȩɟǺɯ ɾǕǞɯ Ǟɯ ƇȩȘƚ ʕɯǞȘǃ ųŏżǺɔɟȩɔ ʶǞɾǕ
ɾɟŏǞȘǞȘǃ ƚʾŏȒɔȀƚ (!̋Ǳ, ʻǱ)ࡏ

ࡄ ĆɔƇŏɾƚ !θɺ+ߝ = !θɺ − η!ǂ

�ȩʲƚ ǞȘ ƇǞɟƚżɾǞȩȘ ȩǀ ɯɾƚƚɔƚɯɾ ƇƚɯżƚȘɾ ǞȘ ƚʾɔƚżɾŏɾǞȩȘࡏ

ߢߞ

= -
- - - E



χϑΎ̐͑˨χϑ͖̐ ͇ξ˨̙͖̥;ϑ ̙̥χ̥̐;ϑ

bɟŏƇǞƚȘɾ ƇƚɯżƚȘɾࡇ _ƚʶƚɟ ǞɾƚɟŏɾǞȩȘɯ ɾȩ żȩȘʲƚɟǃƚࡈ ǕǞǃǕƚɟ żȩɯɾ
ɔƚɟ ǞɾƚɟŏɾǞȩȘࡏ

ëɾȩżǕŏɯɾǞż bɟŏƇǞƚȘɾ ƇƚɯżƚȘɾࡇ �ȩɟƚ ǞɾƚɟŏɾǞȩȘɯ ɾȩ żȩȘʲƚɟǃƚࡈ
Ȁȩʶƚɟ żȩɯɾ ɔƚɟ ǞɾƚɟŏɾǞȩȘࡏ

ߣߞ

→ At



χϑΎ̐͑˨χϑ͖̐ ͇ξ˨̙͖̥;ϑ ̙̥χ̥̐;ϑ

bɟŏƇǞƚȘɾ ƇƚɯżƚȘɾࡇ _ƚʶƚɟ ǞɾƚɟŏɾǞȩȘɯ ɾȩ żȩȘʲƚɟǃƚࡈ ǕǞǃǕƚɟ żȩɯɾ
ɔƚɟ ǞɾƚɟŏɾǞȩȘࡏ

ëɾȩżǕŏɯɾǞż bɟŏƇǞƚȘɾ ƇƚɯżƚȘɾࡇ �ȩɟƚ ǞɾƚɟŏɾǞȩȘɯ ɾȩ żȩȘʲƚɟǃƚࡈ
Ȁȩʶƚɟ żȩɯɾ ɔƚɟ ǞɾƚɟŏɾǞȩȘࡏ

ߤߞ



̐Ύ;ϻ̥ξ͇̥;̥̐

�ǞǺƚ ɯɾŏȘƇŏɟƇ ǃɟŏƇǞƚȘɾ ƇƚɯżƚȘɾࡈ ɯɾȩżǕŏɯɾǞż ǃɟŏƇǞƚȘɾ ƇƚɯżƚȘɾ Ǟɯ ȩȘȀʿ
ǃʕŏɟŏȘɾƚƚƇ ɾȩ żȩȘʲƚɟǃƚ ɾȩ ɾǕƚ ȒǞȘǞȒǞˌƚɟ ȩǀ ŏ żȩȘʲƚʾ Ȁȩɯɯ ǀʕȘżɾǞȩȘࡏ

4ƚ˙ȘǞɾǞȩȘ ȩȘʲƚʾ+
� ǀʕȘżɾǞȩȘ � Ǟɯ żȩȘʲƚʾ Ǟǀǀ ǀȩɟ ŏȘʿ !βߝ, !βߞ,λ ∈ ,ߜ] ࡇ[ߝ

−ߝ) λ) · �(!βߝ) + λ · �(!βߞ) ≥ �
(
−ߝ) λ) · !βߝ + λ · !βߞ

)

ߥߞ

÷



̐Ύ;ϻ̥ξ͇̥;̥̐ Ύ͂ ͇ξ˨̙͖̥;ϑ ̙̥χ̥̐;ϑ

ĦǞɾǕȩʕɾ żȩȘʲƚʾǞɾ ʿࡈ ʶƚ żŏȘ ȩȘȀʿ ƚʾɔƚżɾ ɾȩ żȩȘʲƚɟǃƚ ɾȩ ŏ ȀȩżŏȀ
ȒǞȘǞȒʕȒࡏ

ߜߟ

9 %- )i o →
i , l
, i - o o o

¥



̐Ύ;ϻ̥ξ͇̥;̥̐

�ƚŏɯɾ ɯɛʕŏɟƚɯ ɟƚǃɟƚɯɯǞȩȘࡈ ȀȩǃǞɯɾǞż ɟƚǃɟƚɯɯǞȩȘࡈ ëģ�ɯࡈ ƚʲƚȘ ŏȀȀ ȩǀ
ɾǕƚɯƚ ʶǞɾǕ ǺƚɟȘƚȀɯ ȀƚŏƇ ɾȩ żȩȘʲƚʾ Ȁȩɯɯƚɯࡏ

�ƚʕɟŏȀ ȘƚɾʶȩɟǺɯ ʲƚɟʿ ȒʕżǕ Ƈȩ Șȩɾࡏࡏࡏ

ߝߟ

•

/ o
• o

o



̐Ύ;ϻ̥ξ͇̥;̥̐

$ʕɾ ëb4 ɯɾǞȀȀ ɔƚɟǀȩɟȒɯ ɟƚȒŏɟǺŏųȀʿ ʶƚȀȀ ǞȘ ɔɟŏżɾǞżƚࡏ ĆȘƇƚɟɯɾŏȘƇǞȘǃ
ɾǕǞɯ ɔǕƚȘȩȒƚȘȩȘ Ǟɯ ŏ Ȓŏǲȩɟ ȩɔƚȘ ɟƚɯƚŏɟżǕ ɛʕƚɯɾǞȩȘ ǞȘ ȒŏżǕǞȘƚ
ȀƚŏɟȘǞȘǃ ŏȘƇ ɯȩɔɾǞȒǞˌŏɾǞȩȘࡏ +ʕɟɟƚȘɾ ǕʿɔȩɾǕƚɯƚɯ ǞȘżȀʕƇƚࡇ

ࡄ vȘǞɾǞŏȀǞˌŏɾǞȩȘ ɯƚƚȒɯ ǞȒɔȩɟɾŏȘɾ ɟŏȘƇȩȒ ʕȘǞǀȩɟȒ ʲɯࡏ ɟŏȘƇȩȒ
bŏʕɯɯǞŏȘ ʲɯࡏ ĭŏʲǞƚɟ ǞȘǞɾǞŏȀǞˌŏɾǞȩȘ ʲɯࡏ mƚ ǞȘǞɾǞŏȀǞˌŏɾǞȩȘ ʲɯࡏ ƚɾżࡏ

ࡄ áŏȘƇȩȒǞˌŏɾǞȩȘ ǕƚȀɔɯ ǞȘ ƚɯżŏɔǞȘǃ ȀȩżŏȀ ȒǞȘǞȒŏࡏ
ࡄ �ȀȀ ȀȩżŏȀ ȒǞȘǞȒŏ ŏɟƚ ǃȀȩųŏȀ ȒǞȘǞȒŏࡐ
ࡄ ëb4 ˙ȘƇɯ ࢆǃȩȩƇࢅ ȀȩżŏȀ ȒǞȘǞȒŏࡐ

ߞߟ

÷

O



χϑΎ̐͑˨χϑ͖̐ ͇ξ˨̙͖̥;ϑ ̙̥χ̥̐;ϑ ͖; θξ˨̐ϑ͖̥̐

ÚɟŏżɾǞżŏȀ �ȩƇǞ˙żŏɾǞȩȘ ࡇߝ ëǕʕǀ˚ƚƇ bɟŏƇǞƚȘɾ 4ƚɯżƚȘɾࡏ

vȘɯɾƚŏƇ ȩǀ żǕȩȩɯǞȘǃ Ǳ ɟŏȘƇȩȒȀʿ ŏɾ ƚŏżǕ ǞɾƚɟŏɾǞȩȘࡈ ɟŏȘƇȩȒȀʿ
ɔƚɟȒʕɾƚ ɯǕʕǀ˚ƚ Ƈŏɾŏ ŏȘƇ ɯƚɾ Ǳ = ,ߝ . . . ,ȗࡏ �ǀɾƚɟ ƚʲƚɟʿ ȗ
ǞɾƚɟŏɾǞȩȘɯࡈ ɟƚɯǕʕǀ˚ƚ Ƈŏɾŏ ŏȘƇ ɟƚɔƚŏɾࡏ

ßʕƚɯɾǞȩȘࡇ ĦǕʿ ȒǞǃǕɾ ʶƚ ʶŏȘɾ ɾȩ Ƈȩ ɾǕǞɯࡐ

ߟߟ



χϑΎ̐͑˨χϑ͖̐ ͇ξ˨̙͖̥;ϑ ̙̥χ̥̐;ϑ ͖; θξ˨̐ϑ͖̥̐

ÚɟŏżɾǞżŏȀ �ȩƇǞ˙żŏɾǞȩȘ ࡇߝ ëǕʕǀ˚ƚƇ bɟŏƇǞƚȘɾ 4ƚɯżƚȘɾࡏ

vȘɯɾƚŏƇ ȩǀ żǕȩȩɯǞȘǃ Ǳ ɟŏȘƇȩȒȀʿ ŏɾ ƚŏżǕ ǞɾƚɟŏɾǞȩȘࡈ ɟŏȘƇȩȒȀʿ
ɔƚɟȒʕɾƚ ɯǕʕǀ˚ƚ Ƈŏɾŏ ŏȘƇ ɯƚɾ Ǳ = ,ߝ . . . ,ȗࡏ �ǀɾƚɟ ƚʲƚɟʿ ȗ
ǞɾƚɟŏɾǞȩȘɯࡈ ɟƚɯǕʕǀ˚ƚ Ƈŏɾŏ ŏȘƇ ɟƚɔƚŏɾࡏ

ࡄ áƚȀŏɾǞʲƚȀʿ ɯǞȒǞȀŏɟ żȩȘʲƚɟǃƚȘżƚ ųƚǕŏʲǞȩɟ ɾȩ ɯɾŏȘƇŏɟƇ ëb4ࡏ
ࡄ vȒɔȩɟɾŏȘɾ ɾƚɟȒࡇ ȩȘƚ ƚɔȩżǕ ƇƚȘȩɾƚɯ ȩȘƚ ɔŏɯɯ ȩʲƚɟ ŏȀȀ
ɾɟŏǞȘǞȘǃ ƚʾŏȒɔȀƚɯࡇ Ǳ = ,ߝ . . . , Ǳ = ȗࡏ

ࡄ +ȩȘʲƚɟǃƚȘżƚ ɟŏɾƚɯ ǀȩɟ ɾɟŏǞȘǞȘǃ ȘƚʕɟŏȀ ȘƚɾʶȩɟǺɯ ŏɟƚ ȩǀɾƚȘ
ƇǞɯżʕɯɯƚƇ ǞȘ ɾƚɟȒɯ ȩǀ ƚɔȩżǕɯ ǞȘɯɾƚŏƇ ȩǀ ǞɾƚɟŏɾǞȩȘɯࡏ

ߠߟ

-



χϑΎ̐͑˨χϑ͖̐ ͇ξ˨̙͖̥;ϑ ̙̥χ̥̐;ϑ ͖; θξ˨̐ϑ͖̥̐

ÚɟŏżɾǞżŏȀ �ȩƇǞ˙żŏɾǞȩȘ ࡇߞ �ǞȘǞࡷųŏɾżǕ bɟŏƇǞƚȘɾ 4ƚɯżƚȘɾࡏ

°ųɯƚɟʲƚ ɾǕŏɾ ǀȩɟ ŏȘʿ ųŏɾżǕ ɯǞˌƚ ɫࡈ

ȗ · E
[
ߝ
ɫ

ɫ∑

ǝ=ߝ
∇�Ǳǝ(!θ)

]
= ∇L(!θ).

Ǟǀ Ǳߝ, . . . , Ǳɫ ŏɟƚ żǕȩɯƚȘ ǞȘƇƚɔƚȘƇƚȘɾȀʿ ŏȘƇ ʕȘǞǀȩɟȒȀʿ ŏɾ ɟŏȘƇȩȒ
ǀɟȩȒ ,ߝ . . . ,ȗࡏ

vȘɯɾƚŏƇ ȩǀ żȩȒɔʕɾǞȘǃ ŏ ǀʕȀȀ ɯɾȩżǕŏɯɾǞż ǃɟŏƇǞƚȘɾࡈ żȩȒɔʕɾƚ ɾǕƚ
ŏʲƚɟŏǃƚ ǃɟŏƇǞƚȘɾ ȩǀ ŏ ɯȒŏȀȀ ɟŏȘƇȩȒ ɯƚɾ ŏ ȒǞȘǞࡷųŏɾżǕ ȩǀ
ɾɟŏǞȘǞȘǃ Ƈŏɾŏ ƚʾŏȒɔȀƚɯࡏ

ßʕƚɯɾǞȩȘࡇ ĦǕʿ ȒǞǃǕɾ ʶƚ ʶŏȘɾ ɾȩ Ƈȩ ɾǕǞɯࡐ

ߡߟ

G [
' ° s - t o o



ͻ͖;͖̊ࡷ˨ϑ̐͑ ͇ξ˨̙͖̥;ϑ ̙̥χ̥̐;ϑ

ࡄ _ȩɟ ɯȒŏȀȀ ųŏɾżǕ ɯǞˌƚ ɫࡈ ȒǞȘǞࡷųŏɾżǕ ǃɟŏƇǞƚȘɾɯ ŏɟƚ ȘƚŏɟȀʿ ŏɯ
ǀŏɯɾ ɾȩ żȩȒɔʕɾƚ ŏɯ ɯɾȩżǕŏɯɾǞż ǃɟŏƇǞƚȘɾɯ Ƈʕƚ ɾȩ
ɔŏɟŏȀȀƚȀǞɯȒࡏ

ࡄ °ʲƚɟŏȀȀ ǀŏɯɾƚɟ żȩȘʲƚɟǃƚȘżƚ ǀƚʶƚɟ ǞɾƚɟŏɾǞȩȘɯ ȘƚƚƇƚƇࡏ

ߢߟ



χϑΎ̐͑˨χϑ͖̐ ͇ξ˨̙͖̥;ϑ ̙̥χ̥̐;ϑ ͖; θξ˨̐ϑ͖̥̐

ÚɟŏżɾǞżŏȀ �ȩƇࡏ ࡇߟ ÚƚɟࡷɔŏɟŏȒƚɾƚɟ ŏƇŏɔɾǞʲƚ ȀƚŏɟȘǞȘǃ ɟŏɾƚࡏ

�ƚɾ !ǂ =




ǂߝ
ࡏࡏࡏ
ǂɑ



 ųƚ ŏ ɯɾȩżǕŏɯɾǞż ȩɟ ųŏɾżǕ ɯɾȩżǕŏɯɾǞż ǃɟŏƇǞƚȘɾࡏ °ʕɟ

ɾʿɔǞżŏȀ ɔŏɟŏȒƚɾƚɟ ʕɔƇŏɾƚ ȀȩȩǺɯ ȀǞǺƚࡇ

!θɺ+ߝ = !θɺ − η!ǂ.

Ħƚ࢈ʲƚ ŏȀɟƚŏƇʿ ɯƚƚȘ ŏ ɯǞȒɔȀƚ ȒƚɾǕȩƇ ǀȩɟ ŏƇŏɔɾǞʲƚȀʿ żǕȩȩɯǞȘǃ
ɾǕƚ ȀƚŏɟȘǞȘǃ ɟŏɾƚࡕɯɾƚɔ ɯǞˌƚ ηࡏ ĦȩɟǺƚƇ ʶƚȀȀ ǀȩɟ żȩȘʲƚʾ ǀʕȘżɾǞȩȘɯࡏ

ߣߟ

0



χϑΎ̐͑˨χϑ͖̐ ͇ξ˨̙͖̥;ϑ ̙̥χ̥̐;ϑ ͖; θξ˨̐ϑ͖̥̐

ÚɟŏżɾǞżŏȀ �ȩƇࡏ ࡇߟ ÚƚɟࡷɔŏɟŏȒƚɾƚɟ ŏƇŏɔɾǞʲƚ ȀƚŏɟȘǞȘǃ ɟŏɾƚࡏ

vȘ ɔɟŏżɾǞżƚࡈ ȘƚʕɟŏȀ ȘƚɾʶȩɟǺɯ żŏȘ ȩǀɾƚȘ ųƚ ȩɔɾǞȒǞˌƚƇ ȒʕżǕ
ǀŏɯɾƚɟ ųʿ ʕɯǞȘǃ ŏƇŏɔɾǞʲƚࢅ ǃɟŏƇǞƚȘɾ ȒƚɾǕȩƇɯࢆ ȀǞǺƚ �ƇŏǃɟŏƇࡈ
�ƇŏƇƚȀɾŏࡈ á�ëÚɟȩɔࡈ ŏȘƇ ࡏ���4 ÷Ǖƚɯƚ ȒƚɾǕȩƇɯ ȒŏǺƚ ʕɔƇŏɾƚɯ
ȩǀ ɾǕƚ ǀȩɟȒࡇ

!θɺ+ߝ = !θɺ −




ηߝ · ǂߝ
ࡏࡏࡏ

ηɑ · ǂɑ





ëȩ ʶƚ Ǖŏʲƚ ŏ ɯƚɔŏɟŏɾƚ ȀƚŏɟȘǞȘǃ ɟŏɾƚ ǀȩɟ ƚŏżǕ ƚȘɾɟʿ ǞȘ ɾǕƚ
ǃɟŏƇǞƚȘɾ ࡏǃࡏƚ ɔŏɟŏȒƚɾƚɟ ǞȘ ɾǕƚ ȒȩƇƚȀࡏ �ȘƇ ƚŏżǕ ηߝ, . . . , ηɑ Ǟɯ
żǕȩɯƚȘ ŏƇŏɔɾǞʲƚȀ ʿࡏ

ߤߟ

- O -

Ern--Er-Eh:};]

÷



;̥ϟξ˨ͱ ;̥ϑϾΎξͬ ̙̥ͻΎχ

÷ʶȩ ƇƚȒȩɯ ʕɔȀȩŏƇƚƇ ȩȘ ȘƚʕɟŏȀ ȘƚɾʶȩɟǺɯࡇ

ࡄ ¿�ß�ãϡ��ÈÐϡãāÉê�ê°�ϙ°ÜāÉ�
ࡄ ¿�ß�ãϡ��ÈÐϡÈÉ°ãêϙ°ÜāÉ�

ÚȀƚŏɯƚ ɯɔƚȘƇ ɯȩȒƚ ɾǞȒƚ ʶȩɟǺǞȘǃ ɾǕɟȩʕǃǕ ɾǕƚɯƚࡋ

ߥߟ



;̥ϟξ˨ͱ ;̥ϑϾΎξͬ χΎ͂ϑϾ˨ξ̥

�ȩʶࡷȀƚʲƚȀ ȀǞųɟŏɟǞƚɯ Ǖŏʲƚ ųʕǞȀɾ ǞȘ ȩɔɾǞȒǞˌƚɟɯ ëb4 ŏȘƇ ǞȒɔɟȩʲƚȒƚȘɾɯ
ŏȘƇ żŏȘ ŏʕɾȩȒŏɾǞżŏȀȀʿ ɔƚɟǀȩɟȒ ųŏżǺɔɟȩɔŏǃŏɾǞȩȘ ǀȩɟ ŏɟųǞɾɟŏɟʿ
ȘƚɾʶȩɟǺ ɯɾɟʕżɾʕɟƚɯࡏ �Ȁɯȩ ɔɾǞȒǞˌƚ żȩƇƚ ǀȩɟ ŏȘʿ ŏʲŏǞȀŏųȀƚ bÚĆɯࡏ

�ƚɟŏɯ Ǖŏɯ ǕǞǃǕ ȀƚʲƚȀ ǀʕȘżɾǞȩȘɯ ǀȩɟ Ƈƚ˙ȘǞȘǃ ŏȘƇ ɾɟŏǞȘǞȘǃ ŏ ȘƚʕɟŏȀ
ȘƚɾʶȩɟǺ ŏɟżǕǞɾƚżɾʕɟƚࡏ ߜߠ

@



;̥ϟξ˨ͱ ;̥ϑϾΎξͬ χΎ͂ϑϾ˨ξ̥

4ƚ˙Șƚ ȒȩƇƚȀࡇ

+ȩȒɔǞȀƚ ȒȩƇƚȀࡇ

÷ɟŏǞȘ ȒȩƇƚȀࡇ

ߝߠ



ͻϟͱϑ͖̐ͱ˨χχ ̐ͱ˨χχ͖͖͂̐˨ϑ͖Ύ;

÷Ǖƚ ��vë÷ Ȁŏų ɔƚɟǀȩɟȒɯ ȒʕȀɾǞżȀŏɯɯ żȀŏɯɯǞ˙żŏɾǞȩȘࡏ ÷ʿɔǞżŏȀȀʿ
ŏɔɔɟȩŏżǕ ɾȩ ȒʕȀɾǞżȀŏɯɯ ɔɟȩųȀƚȒɯ ʶǞɾǕ ȘƚʕɟŏȀ ȘƚɾʶȩɟǺɯ Ǟɯ ɾȩ
Ǖŏʲƚ ȩȘƚ ȩʕɾɔʕɾ ȘƚʕɟȩȘ ɔƚɟ żȀŏɯɯࡇ

+ȀŏɯɯǞ˙żŏɾǞȩȘ ɟʕȀƚࡇ ÚȀŏżƚ ǞȘ ǞȘɔʕɾ !̋ ǞȘ żȀŏɯɯ ǝ Ǟǀ ˈǝ Ǟɯ ɾǕƚ ȘƚʕɟȩȘ
ʶǞɾǕ ȒŏʾǞȒʕȒ ʲŏȀʕƚ ŏǀɾƚɟ ɟʕȘȘǞȘǃ !̋ ɾǕɟȩʕǃǕ ɾǕƚ ȘƚɾʶȩɟǺࡏ

ߞߠ

-



ͻϟͱϑ͖̐ͱ˨χχ ̐ͱ˨χχ͖͖͂̐˨ϑ͖Ύ;

�ŏɯɾ Ȁŏʿƚɟ ɾʿɔǞżŏȀȀʿ ʕɯƚɯ ŏ ࢆɯȩǀɾȒŏʾࢅ ȘȩȘȀǞȘƚŏɟǞɾʿ ɾȩ Ȓŏɔ ŏȀȀ
ʲŏȀʕƚɯ ,ߝ̍¯ . . . , ¯̍ɗ ɾȩ ʲŏȀʕƚɯ ųƚɾʶƚƚȘ ߜ ŏȘƇ ࡇߝ

ˈǝ =
ƙ−¯̍ǝ

∑ɗ
Ǳ=ߝ ƙ

−¯̍Ǳ
.

ߟߠ



ͻϟͱϑ͖̐ͱ˨χχ ̐ͱ˨χχ͖͖͂̐˨ϑ͖Ύ;

÷ɟŏǞȘƚƇ ʕɯǞȘǃ ȒʕȀɾǞżȀŏɯɯ żɟȩɯɯࡷƚȘɾɟȩɔʿ Ȁȩɯɯࡏ �ƚɾ
,̋!)ߝˈ θ), . . . , ˈɗ(!̋, θ) ųƚ ɾǕƚ ȩʕɾɔʕɾɯ ȩųɾŏǞȘ ʶǕƚȘ ɟʕȘȘǞȘǃ ɾǕƚ
ȘƚɾʶȩɟǺ ȩȘ ǞȘɔʕɾ !̋ ʶǞɾǕ ɔŏɟŏȒƚɾƚɟɯ ʶƚǞǃǕɾɯ ŏȘƇ ųŏǞɯƚɯ !θࡏ

�(ʻ,!̋, !θ) = −
ɗ∑

ǝ=ߝ
[ʻ = ǝ] Ȁȩǃ(ˈǝ(!̋, θ)).

°ʲƚɟŏȀȀ Ȁȩɯɯ ǀȩɟ ɾɟŏǞȘǞȘǃ Ƈŏɾŏ ,ߝ̋!) ʻߝ), . . . , (!̋ȗ, ʻȗ) Ǟɯࡇ

L(!θ) =
ȗ∑

ǝ=ߝ
�(ʻǝ,!̋ǝ, !θ)

ĆɯƚƇ ǞȘ ȩʕɟ ƇƚȒȩ ŏȘƇ ʲƚɟʿ ɯɾŏȘƇŏɟƇ ǀȩɟ ȘƚʕɟŏȀ ȘƚɾʶȩɟǺ
żȀŏɯɯǞ˙żŏɾǞȩȘࡏ

ߠߠ


