
+ëࡷĆĮ ࡇߟߢߡߠ �ƚżɾʕɟƚ ߢߝ
�ƚʕɟŏȀ �ƚɾʶȩɟǺɯ żȩȘɾࡏ

�ĮĆ ÷ŏȘƇȩȘ ëżǕȩȩȀ ȩǀ CȘǃǞȘƚƚɟǞȘǃࡈ Úɟȩǀࡏ +ǕɟǞɯɾȩɔǕƚɟ �ʕɯżȩ

ߝ



ͱ˨̊ ߢ

�ŏų Â��ϡÈÉ°ãêϡÜ�ßê°�Âϙ°ÜāÉ� Ƈʕƚ Șƚʾɾ ÷ǕʕɟɯƇŏ ʿࡈ ࡏߥࡕߠ

ࡄ +ȩʲƚɟɯ ǺƚɟȘƚȀ ȀȩǃǞɯɾǞż ɟƚǃɟƚɯɯǞȩȘ ŏȘƇ ëģ�ɯࡈ ʶǕǞżǕ ɯǕȩʕȀƇ
ųƚ ʕɯƚǀʕȀ ǞȘ ȒŏȘʿ ɔɟȩǲƚżɾɯࡏ

ࡄ áƚɛʕǞɟƚɯ a�ÉãÐß§ÂÐû ƚŏɯǞƚɯɾ࡫ ʶŏʿ ɾȩ ȀȩŏƇ ��vë÷ Ƈŏɾŏࡏ࡬

ߞ



;̥ϟξ˨ͱ ;̥ϑϾΎξͬχ

�ƚʿ +ȩȘżƚɔɾ

�ɔɔɟȩŏżǕ ǞȘ ɔɟǞȩɟ żȀŏɯɯƚɯࡇ

ࡄ +Ǖȩȩɯƚ ǃȩȩƇ ǀƚŏɾʕɟƚɯ ȩɟ ŏ ǃȩȩƇ ǺƚɟȘƚȀࡏ
ࡄ Ćɯƚ ȩɔɾǞȒǞˌŏɾǞȩȘ ɾȩ ˙ȘƇ ųƚɯɾ ȒȩƇƚȀ ǃǞʲƚȘ ɾǕȩɯƚ ǀƚŏɾʕɟƚɯࡏ

�ƚʕɟŏȀ ȘƚɾʶȩɟǺ ŏɔɔɟȩŏżǕࡇ

ࡄ �ƚŏɟȘ ǃȩȩƇ ǀƚŏɾʕɟƚɯ ŏȘƇ ŏ ǃȩȩƇ ȒȩƇƚȀ ɯǞȒʕȀɾŏȘƚȩʕɯȀʿࡏ

ߟ



ͻΎ̙̥ͱ θ˨ξ˨ͻ̥ϑ̥ξχ

vȘɔʕɾࡇ !̋ = ,ߝʺ . . . , ʺ�s
�ȩƇƚȀࡇ ƿ(!̋,Θ)ࡇ

ࡄ !̍k ∈ R�k = Ħk!̋ + !ųǔࡏ
ࡄ !ʑk = [!̍k > [ߜ
ࡄ ˈª ∈ R = Ħª!ʑk + ųª
ࡄ ʑª = [ˈª > [ߜ

ÚŏɟŏȒƚɾƚɟɯࡇ Θ = [Ħk ∈ R�k×�s ,!ųk ∈ R�k ,Ħª ∈ Rߝ×�k ,ųª ∈ R]ࡏ

Ħkࡈ Ħª ŏɟƚ ʶƚǞǃǕɾ ȒŏɾɟǞżƚɯ ŏȘƇ !ųkࡈ ųª ŏɟƚ ųǞŏɯ ɾƚɟȒɯ ɾǕŏɾ
ŏżżȩʕȘɾ ǀȩɟ ɾǕƚ ǞȘɾƚɟżƚɔɾɯ ȩǀ ȩʕɟ ȀǞȘƚŏɟ ǀʕȘżɾǞȩȘɯࡏ

ߠ



ϑϾΎࡷͱ˨І̥ξ ࡬χ͖͇ͻΎ͖̙࡫ θ̥ξ̥̐θϑξΎ;

_ʕȘżɾǞȩȘ ƿ ʶǕǞżǕ Ȓŏɔɯ !̋ ɾȩ ŏ żȀŏɯɯ ȀŏųƚȀ ʑªࡏ
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̥͂˨ϑϟξ̥ ̥Ѕϑξ˨̐ϑ͖Ύ;

_ƚŏɾʕɟƚɯ ȀƚŏɟȘƚƇ ʕɯǞȘǃ ɯɾƚɔࡷǀʕȘżɾǞȩȘ ŏżɾǞʲŏɾǞȩȘ ŏɟƚ ųǞȘŏɟ ʿࡈ
ƇƚɔƚȘƇǞȘǃ ȩȘ ʶǕǞżǕ ɯǞƇƚ ȩǀ ŏ ɯƚɾ ȩǀ ȀƚŏɟȘƚƇ ǕʿɔƚɟɔȀŏȘƚɯ ƚŏżǕ
ɔȩǞȘɾ ȀǞƚɯ ȩȘࡏ

ߢ
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̥͂˨ϑϟξ̥ ̥Ѕϑξ˨̐ϑ͖Ύ;

_ƚŏɾʕɟƚɯ ȀƚŏɟȘƚƇ ʕɯǞȘǃ ɯǞǃȒȩǞƇ ŏżɾǞʲŏɾǞȩȘ ŏɟƚ ɟƚŏȀ ʲŏȀʕƚƇ ǞȘ
,ߜ] ࡏ[ߝ �ǞȒǞż ųǞȘŏɟʿ ǀƚŏɾʕɟƚɯࡏ

ߣ
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͑Іθ̥ξθ˨ξ˨ͻ̥ϑ̥ξχ

÷ǕǞȘǃɯ ʶƚ żŏȘ żǕŏȘǃƚ ǞȘ ɾǕǞɯ ųŏɯǞż żȀŏɯɯǞ˙żŏɾǞȩȘ ȘƚɾʶȩɟǺࡇ

ࡄ �ȩɟƚ ȩɟ Ȁƚɯɯ ǕǞƇƇƚȘ ʲŏɟǞŏųȀƚɯࡏ
ࡄ 4ǞǀǀƚɟƚȘɾ ȘȩȘࡷȀǞȘƚŏɟǞɾʿࡕŏżɾǞʲŏɾǞȩȘ ǀʕȘżɾǞȩȘࡏ
ࡄ 4ǞǀǀƚɟƚȘɾ Ȁȩɯɯ ǀʕȘżɾǞȩȘ Ȓȩɟƚ࡫ ȩȘ ɾǕŏɾ Șƚʾɾ żȀŏɯɯࡏ࡬
ࡄ �ȩɟƚ ǕǞƇƇƚȘ Ȁŏʿƚɟɯ ŏȀȀȩʶɯ࡫ ǀȩɟ ȀƚŏɟȘǞȘǃ ǕǞƚɟŏɟżǕǞżŏȀ
ǀƚŏɾʕɟƚɯࡏ࡬

ߤ
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;Ύϑ˨ϑ͖Ύ;

�ȘȩɾǕƚɟ żȩȒȒȩȘ ƇǞŏǃɟŏȒ ǀȩɟ ŏ ȀŏʿƚɟƚƇࡷߞ ȘƚɾʶȩɟǺࡇ
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;Ύϑ˨ϑ͖Ύ;

�ƚʕɟŏȀ ȘƚɾʶȩɟǺ ȒŏɾǕࡇ

ߜߝ

g §:'"
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;Ύϑ˨ϑ͖Ύ;

mȩʶ ɾȩ ǞȘɾƚɟɔɟƚɾࡇ

Ħk ŏȘƇ Ħª ŏɟƚ ȩʕɟ ʶƚǞǃǕɾ ȒŏɾɟǞżƚɯ ǀɟȩȒ ųƚǀȩɟƚࡏ

�ȩɾƚࡇ ÷ǕǞɯ ƇǞŏǃɟŏȒ Ƈȩƚɯ Șȩɾ ƚʾɔȀǞżǞɾȀʿ ɯǕȩʶ ɾǕƚ ųǞŏɯ ɾƚɟȒɯ ȩɟ
ɾǕƚ ȘȩȘࡷȀǞȘƚŏɟ ŏżɾǞʲŏɾǞȩȘ ǀʕȘżɾǞȩȘɯࡏ ߝߝ
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;Ύϑ˨ϑ͖Ύ;

mȩʶ ɾȩ ǞȘɾƚɟɔɟƚɾࡇ

Ħk ŏȘƇ Ħª ŏɟƚ ȩʕɟ ʶƚǞǃǕɾ ȒŏɾɟǞżƚɯ ǀɟȩȒ ųƚǀȩɟƚࡏ
�ȩɾƚࡇ ÷ǕǞɯ ƇǞŏǃɟŏȒ ƇƚɔǞżɾɯ ŏ ȘƚɾʶȩɟǺ ʶǞɾǕ ࢆżȩȘȘƚżɾƚƇࡷǀʕȀȀʿࢅ Ȁŏʿƚɟɯࡏ
Cʲƚɟʿ ʲŏɟǞŏųȀƚ ǞȘ Ȁŏʿƚɟ ǝ Ǟɯ żȩȘȘƚżɾƚƇ ɾȩ ƚʲƚɟʿ ʲŏɟǞŏųȀƚ ǞȘ Ȁŏʿƚɟ ǝ+ ࡏߝ ߞߝ

bias i s any µ
2¥23,¥27
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O
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˨ξ͖̐͑ϑ̥̐ϑϟξ̥ ϻ͖χϟ˨ͱ͖В˨ϑ͖Ύ;

CǀǀƚżɾǞʲƚ ʶŏʿ ȩǀ ʲǞɯʕŏȀǞˌƚ ࢆŏɟżǕǞɾƚżɾʕɟƚࢅ ȩǀ ŏ ȘƚʕɟŏȀ ȘƚɾʶȩɟǺࡇ

ģǞɯʕŏȀǞˌƚ ȘʕȒųƚɟ ȩǀ ʲŏɟǞŏųȀƚɯࡈ ɾʿɔƚɯ ȩǀ żȩȘȘƚżɾǞȩȘɯࡈ ȘʕȒųƚɟ ȩǀ
Ȁŏʿƚɟɯ ŏȘƇ ɾǕƚǞɟ ɟƚȀŏɾǞʲƚ ɯǞˌƚɯࡏ

÷Ǖƚɯƚ ŏɟƚ ŏȀȀ ǀƚƚƇǀȩɟʶŏɟƇ ȘƚʕɟŏȀ ȘƚɾʶȩɟǺɯࡏ �ȩ ųŏżǺʶŏɟƇɯ
࡬ɟƚżʕɟɟƚȘɾ࡫ żȩȘȘƚżɾǞȩȘɯࡏ

ߟߝ

fully connected
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χΎͻ̥ ͖͑χϑΎξІ ˨;̙ ͻΎϑ͖ϻ˨ϑ͖Ύ;

ߟߝ



̐Ύ;;̥̐ϑ͖Ύ; ϑΎ ͖̊ΎͱΎ͇І

ëǞȒɔȀǞ˙ƚƇ ȒȩƇƚȀ ȩǀ ɾǕƚ ųɟŏǞȘࡇ
4ƚȘƇɟǞɾƚɯࡇ vȘɔʕɾ ƚȀƚżɾɟǞżŏȀ
żʕɟɟƚȘɾ ǀɟȩȒ ȩɾǕƚɟ ȘƚʕɟȩȘɯࡏ
�ʾȩȘࡇ °ʕɾɔʕɾ ƚȀƚżɾɟǞżŏȀ żʕɟɟƚȘɾ
ɾȩ ȩɾǕƚɟ ȘƚʕɟȩȘɯࡏ
ëʿȘŏɔɯƚࡇ ĦǕƚɟƚ ɾǕƚɯƚ ɾʶȩ
żȩȘȘƚżɾࡏ

� ȘƚʕɟȩȘ ࢆɟƚɯ˙ࢅ ȩʕɾɔʕɾɯ࡫ ȘȩȘࡷˌƚɟȩ ƚȀƚżɾɟǞż żǕŏɟǃƚ࡬ Ǟǀ Ǟɾ ɟƚżƚǞʲƚɯ
ƚȘȩʕǃǕ żʕȒʕȀŏɾǞʲƚ ƚȀƚżɾɟǞżŏȀ ǞȘɔʕɾ ǀɟȩȒ ŏȀȀ ȘƚʕɟȩȘɯ żȩȘȘƚżɾƚƇ ɾȩ Ǟɾࡏ

°ʕɾɔʕɾ żǕŏɟǃƚ żŏȘ ųƚ ɔȩɯǞɾǞʲƚ ȩɟ ȘƚǃŏɾǞʲƚ ƚʾżǞɾŏɾȩɟʿ࡫ ʲɯࡏ ǞȘǕǞųǞɾȩɟʿࡏ࡬
ߠߝ
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̐Ύ;;̥̐ϑ͖Ύ; ϑΎ ͖̊ΎͱΎ͇І

vȘɯɔǞɟƚƇ ƚŏɟȀʿ ʶȩɟǺ ȩȘ ȘƚʕɟŏȀ ȘƚɾʶȩɟǺɯࡇ

ࡄ ɯߜߠߥߝ 4ȩȘŏȀƇ mƚųų ɔɟȩɔȩɯƚƇ ŏ mƚųųǞŏȘ ȀƚŏɟȘǞȘǃ ɟʕȀƚ ǀȩɟ
Ǖȩʶ ųɟŏǞȘɯ ȘƚʕɟȩȘɯ żǕŏȘǃƚ ȩʲƚɟ ɾǞȒƚ ɾȩ ŏȀȀȩʶ ȀƚŏɟȘǞȘǃࡏ

ࡄ ɯߜߡߥߝ _ɟŏȘǺ áȩɯƚȘųȀŏɾɾ࢈ɯ ÚƚɟżƚɔɾɟȩȘ Ǟɯ ȩȘƚ ȩǀ ɾǕƚ ˙ɟɯɾ
ࢆŏɟɾǞ˙żŏȀࢅ ȘƚʕɟŏȀ ȘƚɾʶȩɟǺɯࡏ

ࡄ +ȩȘɾǞȘʕƚƇ ʶȩɟǺ ɾǕɟȩʕǃǕȩʕɾ ɾǕƚ ࡏɯߜߢߥߝ

�ŏǞȘ Ǟɯɯʕƚ ʶǞɾǕ ȘƚʕɟŏȀ ȘƚɾʶȩɟǺ ȒƚɾǕȩƇɯࡇ ÷Ǖƚʿ ŏɟƚ ǕŏɟƇ ɾȩ
ɾɟŏǞȘࡏ bƚȘƚɟŏȀȀʿ ɟƚɛʕǞɟƚ ŏ Ȁȩɾ ȩǀ żȩȒɔʕɾŏɾǞȩȘ ɔȩʶƚɟࡏ �Ȁɯȩ ɔɟƚɾɾʿ
˙ȘǞżǺʿࡇ ʕɯƚɟ ȘƚƚƇɯ ɾȩ ųƚ żŏɟƚǀʕȀ ʶǞɾǕ ǞȘǞɾǞŏȀǞˌŏɾǞȩȘࡈ
ɟƚǃʕȀŏɟǞˌŏɾǞȩȘࡈ ƚɾżࡏ ʶǕƚȘ ɾɟŏǞȘǞȘǃࡏ °ǀɾƚȘ ɟƚɛʕǞɟƚɯ ŏ Ȁȩɾ ȩǀ
ƚʾɔƚɟǞȒƚȘɾŏɾǞȩȘ ɾȩ ǃƚɾ ɟǞǃǕɾࡏ

ߡߝ



̥˨ξͱІ ;̥ϟξ˨ͱ ;̥ϑϾΎξͬ ̥ЅθͱΎχ͖Ύ;

�ɟȩʕȘƇ ߡߤߥߝ ɯƚʲƚɟŏȀ ǃɟȩʕɔɯ ƇǞɯżȩʲƚɟƚƇࡷ࡬ɟƚ࡫ ɾǕƚ
ųŏżǺɔɟȩɔŏǃŏɾǞȩȘ ŏȀǃȩɟǞɾǕȒ ʶǕǞżǕ ŏȀȀȩʶɯ ǀȩɟ ƚǀ˙żǞƚȘɾ ɾɟŏǞȘǞȘǃ
ȩǀ ȘƚʕɟŏȀ Șƚɾɯ ʲǞŏ ǃɟŏƇǞƚȘɾ ƇƚɯżƚȘɾࡏ �ȀȩȘǃ ʶǞɾǕ ǞȘżɟƚŏɯƚƇ
żȩȒɔʕɾŏɾǞȩȘŏȀ ɔȩʶƚɟ ɾǕǞɯ ȀƚŏƇ ɾȩ ŏ ɟƚɯʕɟǃƚȘżƚ ȩǀ ǞȘɾƚɟƚɯɾ ǞȘ
ȘƚʕɟŏȀ ȘƚɾʶȩɟǺ ȒȩƇƚȀɯࡏ

ģƚɟʿ ǃȩȩƇ ɔƚɟǀȩɟȒŏȘżƚ ȩȘ ɔɟȩųȀƚȒɯ ȀǞǺƚ ƇǞǃǞɾ ɟƚżȩǃȘǞɾǞȩȘࡏ ߢߝ

0



;̥ϟξ˨ͱ ;̥ϑϾΎξͬ ̙̥̐ͱ͖;̥

vȘ ɾǕƚ ɯߜߥߥߝ ŏȘƇ ƚŏɟȀʿ ࡈɯߜߜߜߞ ǺƚɟȘƚȀ ȒƚɾǕȩƇɯࡈ ëģ�ɯࡈ ŏȘƇ
ɔɟȩųŏųǞȀǞɯɾǞż ȒƚɾǕȩƇɯ ųƚǃŏȘ ɾȩ ƇȩȒǞȘŏɾƚ ɾǕƚ ȀǞɾƚɟŏɾʕɟƚ ǞȘ
ȒŏżǕǞȘƚ ȀƚŏɟȘǞȘǃࡇ

ࡄ ĦȩɟǺ ʶƚȀȀ ȩʕɾࢅ ȩǀ ɾǕƚ ųȩʾࡏࢆ
ࡄ áƚȀŏɾǞʲƚȀʿ ƚŏɯʿ ɾȩ ʕȘƇƚɟɯɾŏȘƇ ɾǕƚȩɟƚɾǞżŏȀȀ ʿࡏ
ࡄ �ȩɾ ɾȩȩ żȩȒɔʕɾŏɾǞȩȘŏȀȀʿ ƚʾɔƚȘɯǞʲƚ ǀȩɟ ȒȩƇƚɟŏɾƚȀʿ ɯǞˌƚƇ
Ƈŏɾŏɯƚɾɯࡏ

_ʕȘ ųȀȩǃ ɔȩɯɾ ɾȩ żǕƚżǺ ȩʕɾ ǀɟȩȒ ࡇߡߜߜߞ
­êêÜϓϟϟā�ßÐãÂ�úú�ϙ�ÂÐ¨ãÜÐêϙ�ÐÈϟ΂΀΀΅ϟ΁΂ϟ
êß�É�ãϾ°ÉϾÈ��­°É�ϾÂ��ßÉ°É¨Ͼ���Ðß�°É¨ϙ­êÈÂ

ߣߝ

http://yaroslavvb.blogspot.com/2005/12/trends-in-machine-learning-according.html
http://yaroslavvb.blogspot.com/2005/12/trends-in-machine-learning-according.html


;̥ϟξ˨ͱ ;̥ϑϾΎξͬ ̙̥̐ͱ͖;̥

_ǞȘƇǞȘǃ ɾɟƚȘƇɯ ǞȘ ȒŏżǕǞȘƚ ȀƚŏɟȘǞȘǃ ųʿ ɯƚŏɟżǕ ɔŏɔƚɟɯ ǞȘ bȩȩǃȀƚ ëżǕȩȀŏɟ ɾǕŏɾ
ȒŏɾżǕ ŏ żƚɟɾŏǞȘ ǺƚʿʶȩɟƇࡇ

ߤߝ

o/\-
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ͻΎ̙̥ξ; ;̥ϟξ˨ͱ ;̥ϑϾΎξͬ ξ̥χϟξ͇̥;̥̐

vȘ ɟƚżƚȘɾ ʿƚŏɟɯ ɾǕǞɯ ɾɟƚȘƇ żȩȒɔȀƚɾƚȀʿ ɾʕɟȘƚƇ ŏɟȩʕȘƇࡇ

áƚżƚȘɾ ɯɾŏɾƚࡷȩǀࡷɾǕƚࡷŏɟɾ ɟƚɯʕȀɾɯ ǞȘ ǃŏȒƚ ɔȀŏʿǞȘǃࡈ ǞȒŏǃƚ
ɟƚżȩǃȘǞɾǞȩȘࡈ żȩȘɾƚȘɾ ǃƚȘƚɟŏɾǞȩȘࡈ ȘŏɾʕɟŏȀ ȀŏȘǃʕŏǃƚ ɔɟȩżƚɯɯǞȘǃࡈ
ȒŏżǕǞȘƚ ɾɟŏȘɯȀŏɾǞȩȘࡈ ȒŏȘʿ ȩɾǕƚɟ ŏɟƚŏɯࡏ

ߥߝ

0 0 0



ͻΎ̙̥ξ; ;̥ϟξ˨ͱ ;̥ϑϾΎξͬχ

�ȀȀ żǕŏȘǃƚƇ ʶǞɾǕ ɾǕƚ ǞȘɾɟȩƇʕżɾǞȩȘ ȩǀ �Ȁƚʾ�ƚɾ ŏȘƇ ɾǕƚ ߞߝߜߞ
vȒŏǃƚ�ƚɾ +ǕŏȀȀƚȘǃƚࡏࡏࡏ

ģƚɟʿ ǃƚȘƚɟŏȀ ǞȒŏǃƚ żȀŏɯɯǞ˙żŏɾǞȩȘ ɾŏɯǺࡏ
ߜߞ

a i



ͻΎ̙̥ξ; ;̥ϟξ˨ͱ ;̥ϑϾΎξͬχ

�ȀȀ żǕŏȘǃƚƇ ʶǞɾǕ �Ȁƚʾ�ƚɾ ŏȘƇ ɾǕƚ ߞߝߜߞ vȒŏǃƚ�ƚɾ +ǕŏȀȀƚȘǃƚࡏࡏࡏ

ߜߝߜߞ áƚɯʕȀɾɯ

ߞߝߜߞ áƚɯʕȀɾɯ

ߝߞ

( o o
-

- -

- -

sup
p! t vector

-

machine



ߥߝߜߞ ϑϟξ͖;͇ ˨Ͼ˨ξ̙ Ͼ͖;;̥ξχ

ȩɟ_ࢅ żȩȘżƚɔɾʕŏȀ ŏȘƇ ƚȘǃǞȘƚƚɟǞȘǃ ųɟƚŏǺɾǕɟȩʕǃǕɯ ɾǕŏɾ Ǖŏʲƚ ȒŏƇƚ
Ƈƚƚɔ ȘƚʕɟŏȀ ȘƚɾʶȩɟǺɯ ŏ żɟǞɾǞżŏȀ żȩȒɔȩȘƚȘɾ ȩǀ żȩȒɔʕɾǞȘǃࢆࡏ

ĦǕŏɾ ʶƚɟƚ ɾǕƚɯƚ ųɟƚŏǺɾǕɟȩʕǃǕɯࡐ ĦǕŏɾ ȒŏƇƚ ɾɟŏǞȘǞȘǃ Ȁŏɟǃƚ ȘƚʕɟŏȀ
ȘƚɾʶȩɟǺɯ żȩȒɔʕɾŏɾǞȩȘŏȀȀʿ ǀƚŏɯǞųȀƚࡐ

ߞߞ



͇ξ˨θ͖͑̐χ θξΎ̥̐χχ͖;͇ ϟ;͖ϑ

mŏɟƇʶŏɟƚ ǞȘȘȩʲŏɾǞȩȘࡇ ĦǞƇƚȀʿ ŏʲŏǞȀŏųȀƚࡈ ǞȘƚʾɔƚȘɯǞʲƚ bÚĆɯ
ŏȀȀȩʶǞȘǃ ǀȩɟ żǕƚŏɔࡈ ǕǞǃǕȀʿ ɔŏɟŏȀȀƚȀ ȀǞȘƚŏɟ ŏȀǃƚųɟŏ ȩɔƚɟŏɾǞȩȘɯࡏ

ࡄ ࡇߣߜߜߞ �ʲǞƇǞŏ ɟƚȀƚŏɯƚƇ +Ć4� ɔȀŏɾǀȩɟȒࡈ ʶǕǞżǕ ŏȀȀȩʶɯ bÚĆɯ ɾȩ
ųƚ ƚŏɯǞȀʿ ɔɟȩǃɟŏȒȒƚƇ ǀȩɟ ǃƚȘƚɟŏȀ ɔʕɟɔȩɯƚƇ żȩȒɔʕɾŏɾǞȩȘࡏ

�Ȁƚʾ�ƚɾ ŏɟżǕǞɾƚżɾʕɟƚ ʕɯƚƇ ߜߢ ȒǞȀȀǞȩȘ ɔŏɟŏȒƚɾƚɟɯࡏ +ȩʕȀƇ Șȩɾ
Ǖŏʲƚ ųƚƚȘ ɾɟŏǞȘƚƇ ʕɯǞȘǃ +ÚĆɯ ŏȀȩȘƚ ƚʾżƚɔɾ࡫ Ȓŏʿųƚ ȩȘ ŏ
ǃȩʲƚɟȘȒƚȘɾ ɯʕɔƚɟ żȩȒɔʕɾƚɟࡏ࡬ ߟߞ



ϑξ˨͖;͖;͇ ;̥ϟξ˨ͱ ;̥ϑϾΎξͬχ

÷ʶȩ ȒŏǞȘ ŏȀǃȩɟǞɾǕȒǞż ɾȩȩȀɯ ǀȩɟ ɾɟŏǞȘǞȘǃ ȘƚʕɟŏȀ ȘƚɾʶȩɟǺ
ȒȩƇƚȀɯࡇ

ࡏߝ ëɾȩżǕŏɯɾǞż ǃɟŏƇǞƚȘɾ ƇƚɯżƚȘɾࡏ
ࡏߞ $ŏżǺɔɟȩɔȩǃŏɾǞȩȘࡏ

ߠߞ

-



ϑξ˨͖;͖;͇ ;̥ϟξ˨ͱ ;̥ϑϾΎξͬχ

�ƚɾ ƿ(!θ,!̋) ųƚ ȩʕɟ ȘƚʕɟŏȀ ȘƚɾʶȩɟǺࡏ � ɾʿɔǞżŏȀ Ȁŏʿƚɟࡷ# ǀƚƚƇ ǀȩɟʶŏɟƇ
ȒȩƇƚȀ Ǖŏɯ ɾǕƚ ǀȩɟȒࡇ

ǂ!
(
Ħ!

(
. . .Ħߟ · ǂߞ

(
Ħߞ · ǂߝ

(
Ħߝ!̋ + !ųߝ

)
+ !ųߞ

)
+ !ųߟ . . .

)
+ ų!

)
.

Ħǝ ŏȘƇ !ųǝ ŏɟƚ ɾǕƚ ʶƚǞǃǕɾ ȒŏɾɟǞʾ ŏȘƇ ųǞŏɯ ʲƚżɾȩɟ ǀȩɟ Ȁŏʿƚɟ ǝ ŏȘƇ
ǂǝ Ǟɯ ɾǕƚ ȘȩȘࡷȀǞȘƚŏɟǞɾʿ ࡏǃࡏƚ࡫ ɯǞǃȒȩǞƇࡏ࡬ !θ = [Ħߜ,!ųߜ, . . . ,Ħ!,!ų!] Ǟɯ
ŏ ʲƚżɾȩɟ ȩǀ ŏȀȀ ƚȘɾɟǞƚɯ ǞȘ ɾǕƚɯƚ ȒŏɾɟǞżƚɯࡏ

bȩŏȀࡇ bǞʲƚȘ ɾɟŏǞȘǞȘǃ Ƈŏɾŏ ,ߝ̋!) ʻߝ), . . . , (!̋ȗ, ʻȗ) ȒǞȘǞȒǞˌƚ ɾǕƚ Ȁȩɯɯ

L(!θ) =
ȗ∑

ǝ=ߝ
�
(
ʻǝ, ƿ(!θ,!̋ǝ)

)

CʾŏȒɔȀƚࡇ Ħƚ ȒǞǃǕɾ ʕɯƚ ɾǕƚ ųǞȘŏɟʿ żɟȩɯɯࡷƚȘɾɟȩɔʿ Ȁȩɯɯ ǀȩɟ
ųǞȘŏɟʿ żȀŏɯɯǞ˙żŏɾǞȩȘࡇ

�
(
ʻǝ, ƿ(!θ,!̋ǝ)

)
= ʻǝ Ȁȩǃ(ƿ(!θ,!̋ǝ)) + −ߝ) ʻǝ) Ȁȩǃ(ߝ− ƿ(!θ,!̋ǝ)) ߡߞ

I
'oil'- ( Q )

= - -

-

might18)
, = = -

-



͇ξ˨̙͖̥;ϑ Ύ͂ ϑ̥͑ ͱΎχχ

�ȩɯɾ żȩȒȒȩȘ ŏɔɔɟȩŏżǕࡇ ȒǞȘǞȒǞˌƚ ɾǕƚ Ȁȩɯɯ ųʿ ʕɯǞȘǃ ǃɟŏƇǞƚȘɾ
ƇƚɯżƚȘɾࡏ ĦǕǞżǕ ɟƚɛʕǞɟƚɯ ʕɯ ɾȩ żȩȒɔʕɾƚ ɾǕƚ ǃɟŏƇǞƚȘɾ ȩǀ ɾǕƚ Ȁȩɯɯ
ǀʕȘżɾǞȩȘࡈ ∇Lࡏ �ȩɾƚ ɾǕŏɾ ɾǕǞɯ ǃɟŏƇǞƚȘɾ Ǖŏɯ ŏȘ ƚȘɾɟʿ ǀȩɟ ƚʲƚɟʿ
ʲŏȀʕƚ ǞȘ Ħߜ,!ųߜ, . . . ,Ħ!,!ų!ࡏ

�ɯ ʕɯʕŏȀࡈ ȩʕɟ Ȁȩɯɯ ǀʕȘżɾǞȩȘ Ǖŏɯ ˙ȘǞɾƚ ɯʕȒ ɯɾɟʕżɾʕɟƚࡈ ɯȩࡇ

∇L(!θ) =
ȗ∑

ǝ=ߝ
∇�

(
ʻǝ, ƿ(!θ,!̋ǝ)

)

ëȩ ʶƚ żŏȘ ǀȩżʕɯ ȩȘ żȩȒɔʕɾǞȘǃࡇ

∇�
(
ʻ, ƿ(!θ,!̋)

)

ǀȩɟ ŏ ɯǞȘǃȀƚ ɾɟŏǞȘǞȘǃ ƚʾŏȒɔȀƚ (!̋, ʻ)ࡏ

ߢߞ

- -

I i ,Y i
-

¥¥ropz f o rexample.
G i , r



͇ξ˨̙͖̥;ϑ Ύ͂ ϑ̥͑ ͱΎχχ

�ɔɔȀʿǞȘǃ żǕŏǞȘ ɟʕȀƚ ɾȩ Ȁȩɯɯࡇ

∇�
(
ʻ, ƿ(!θ,!̋)

)
=

∂�
∂ƿ(!θ,!̋)

·∇ƿ(!θ,!̋)

$ǞȘŏɟʿ żɟȩɯɯࡷƚȘɾɟȩɔʿ ƚʾŏȒɔȀƚࡇ

�
(
ʻ, ƿ(!̋)

)
= ʻ Ȁȩǃ(ƿ(!θ,!̋)) + −ߝ) ʻ) Ȁȩǃ(ߝ− ƿ(!θ,!̋))

ߣߞ

I n a

¥ ±
(yI I I , -a-o),f@¥,].% f l ee )

e - w
\ ve c t o r

coupule b y
evelucks t o ,E)



͇ξ˨̙͖̥;ϑ Ύ͂ ϑ̥͑ ͱΎχχ

Ħƚ Ǖŏʲƚ ɟƚƇʕżƚƇ ȩʕɟ ǃȩŏȀ ɾȩ żȩȒɔʕɾǞȘǃ ∇ƿ(!θ,!̋)ࡈ ʶǕƚɟƚ ɾǕƚ
ǃɟŏƇǞƚȘɾ Ǟɯ ʶǞɾǕ ɟƚɯɔƚżɾ ɾȩ ɾǕƚ ɔŏɟŏȒƚɾƚɟɯ !θࡏ

$ŏżǺࡷɔɟȩɔŏǃŏɾǞȩȘ Ǟɯ ŏ ȘŏɾʕɟŏȀ ŏȘƇ ƚǀ˙żǞƚȘɾ ʶŏʿ ɾȩ żȩȒɔʕɾƚ
∇ƿ(!θ,!̋)ࡏ vɾ ƇƚɟǞʲƚɯ Ǟɾɯ ȘŏȒƚ ųƚżŏʕɯƚ ʶƚ żȩȒɔʕɾƚ ǃɟŏƇǞƚȘɾ
ǀɟȩȒ ųŏżǺ ɾȩ ǀɟȩȘɾࡇ ɯɾŏɟɾǞȘǃ ʶǞɾǕ ɾǕƚ ɔŏɟŏȒƚɾƚɟɯ żȀȩɯƚɯɾ ɾȩ ɾǕƚ
ȩʕɾɔʕɾ ȩǀ ɾǕƚ ȘƚʕɟŏȀ Șƚɾࡏ

ߤߞ

O
-



̊˨̐ͬθξΎθ ̥Ѕ˨ͻθͱ̥

�ƚɾ࢈ɯ ʕȘƇƚɟɯɾŏȘƇ Ǖȩʶ ųŏżǺɔɟȩɔ ʶȩɟǺɯ ʶǞɾǕ ŏ ɯǞȒɔȀƚ ƚʾŏȒɔȀƚࡏ

�ȩɾŏɾǞȩȘ ǀȩɟ Șƚʾɾ ǀƚʶ ɯȀǞƇƚɯࡇ
ࡄ !̋ = [ŏ,ų]ࡏ ƿ(!θ,!̋) = ࡏˈ
ࡄ ĝǝ,Ǳ Ǟɯ ɾǕƚ ʶƚǞǃǕɾ ȩǀ ƚƇǃƚ ǀɟȩȒ ȘȩƇƚ ǝ ɾȩ ȘȩƇƚ Ǳࡏ
ࡄ ɫ(·) : R → R Ǟɯ ɾǕƚ ȘȩȘࡷȀǞȘƚŏɟ ŏżɾǞʲŏɾǞȩȘ ǀʕȘżɾǞȩȘࡏ
ࡄ ųǱ Ǟɯ ɾǕƚ ųǞŏɯ ǀȩɟ ȘȩƇƚ Ǳࡏ

CʾŏȒɔȀƚࡇ ǔ = ɫ(ż ·ĝż,ǔ + Ɔ ·ĝƆ,ǔ + ƙ ·ĝƙ,ǔ + ųǔ) ߥߞ

¥1:
o

<=&¥¥±,u t b ) §
=
-

t . -

= a =



̊˨̐ͬθξΎθ ̥Ѕ˨ͻθͱ̥

_ȩɟ ŏȘʿ ȘȩƇƚ Ǳࡈ Ȁƚɾ Ǳ̄ ƇƚȘȩɾƚ ɾǕƚ ʲŏȀʕƚ ȩųɾŏǞȘƚƇ ųƚǀȩɟƚ ŏɔɔȀʿǞȘǃ
ɾǕƚ ȘȩȘࡷȀǞȘƚŏɟǞɾʿ ǂࡏ

ëȩ Ǟǀ ǔ = ɫ(ż ·ĝż,ǔ + Ɔ ·ĝƆ,ǔ + ƙ ·ĝƙ,ǔ + ųǔ) ɾǕƚȘ ʶƚ ʕɯƚ ǔ̄ ɾȩ
ƇƚȘȩɾƚࡇ

ǔ̄ = ż ·ĝż,ǔ + Ɔ ·ĝƆ,ǔ + ƙ ·ĝƙ,ǔ + ųǔ

ߜߟ

- pjs
b-

5

i s
•

O -
h = s (hi)



̊˨̐ͬθξΎθ ̥Ѕ˨ͻθͱ̥

bȩŏȀࡇ +ȩȒɔʕɾƚ ɾǕƚ ǃɟŏƇǞƚȘɾ ∇ƿ(!θ,!̋)ࡈ ʶǕǞżǕ żȩȘɾŏǞȘɯ ɾǕƚ ɔŏɟɾǞŏȀ
ƇƚɟǞʲŏɾǞʲƚɯ ʶǞɾǕ ɟƚɯɔƚżɾ ɾȩ ƚʲƚɟʿ ɔŏɟŏȒƚɾƚɟࡇ

ࡄ ∂ˈ/∂ųˈ
ࡄ ∂ˈ/∂ĝƿ,ˈࡈ ∂ˈ/∂ĝǂ,ˈࡈ ∂ˈ/∂ĝǔ,ˈ

ࡄ ∂ˈ/∂ųƿࡈ ∂ˈ/∂ųǂࡈ ∂ˈ/∂ųǔ
ࡄ ∂ˈ/∂ĝż,ƿࡈ ∂ˈ/∂ĝż,ǂࡈ ∂ˈ/∂ĝż,ǔ

ࡄ ∂ˈ/∂ĝƆ,ƿࡈ ∂ˈ/∂ĝƆ,ǂࡈ ∂ˈ/∂ĝƆ,ǔ

ࡄ ࡏࡏࡏ
ࡄ ∂ˈ/∂ĝŏ,żࡈ ∂ˈ/∂ĝŏ,Ɔࡈ ∂ˈ/∂ĝŏ,ƙ

÷ʶȩ ɯɾƚɔɯࡇ _ȩɟʶŏɟƇ ɔŏɯɯ ɾȩ żȩȒɔʕɾƚ ǀʕȘżɾǞȩȘ ʲŏȀʕƚࡏ
$ŏżǺʶŏɟƇɯ ɔŏɯɯ ɾȩ żȩȒɔʕɾƚ ǃɟŏƇǞƚȘɾɯࡏ

ߝߟ

-

= - -
z

•



̊˨̐ͬθξΎθ ̥Ѕ˨ͻθͱ̥

ëɾƚɔ ࡇߝ _ȩɟʶŏɟƇ ɔŏɯɯࡏ

ࡄ ĆɯǞȘǃ żʕɟɟƚȘɾ ɔŏɟŏȒƚɾƚɟɯࡈ żȩȒɔʕɾƚ ɾǕƚ ȩʕɾɔʕɾ ˈ ųʿ
ȒȩʲǞȘǃ ǀɟȩȒ Ȁƚǀɾ ɾȩ ɟǞǃǕɾࡏ

ࡄ ëɾȩɟƚ ŏȀȀ ǞȘɾƚɟȒƚƇǞŏɾƚ ɟƚɯʕȀɾɯࡇ

ż̄, Ɔ̄, ƙ̄, ż,Ɔ, ƙ, ƿ̄, ǂ̄, ǔ̄, ƿ,ǂ,ǔ, ¯̍, ˈ.

ߞߟ

I o

- - -



̊˨̐ͬθξΎθ ̥Ѕ˨ͻθͱ̥

ëɾƚɔ ࡇߝ _ȩɟʶŏɟƇ ɔŏɯɯࡏ

ߟߟ

O O

O O O

O O
→
b i o ,

I = Wa,c o a t u b ,c .b t b , ( = SCI)

d-= Wa,d . a +Wu,d o b t h a d i s ( I )

e -= Wa ,e a n tw ine-b
+ b e e = SLE)



̊˨̐ͬθξΎθ ̥Ѕ˨ͻθͱ̥

ëɾƚɔ ࡇߞ $ŏżǺʶŏɟƇ ɔŏɯɯࡏ

ࡄ ĆɯǞȘǃ żʕɟɟƚȘɾ ɔŏɟŏȒƚɾƚɟɯ ŏȘƇ żȩȒɔʕɾƚƇ ȘȩƇƚ ʲŏȀʕƚɯࡈ
żȩȒɔʕɾƚ ɾǕƚ ɔŏɟɾǞŏȀ ƇƚɟǞʲŏɾǞʲƚɯ ȩǀ ŏȀȀ ɔŏɟŏȒƚɾƚɟɯ ųʿ
ȒȩʲǞȘǃ ǀɟȩȒ ɟǞǃǕɾ ɾȩ Ȁƚǀɾࡏ

ߠߟ

⇐⇐¥¥¥..



̊˨̐ͬθξΎθ ̥Ѕ˨ͻθͱ̥

ëɾƚɔ ࡇߞ $ŏżǺʶŏɟƇ ɔŏɯɯࡏ

ߡߟ

2 = 5 ( I ) E -wt.z.ttws.ae-g
+ W u ,- o h

\ + b -

→
I z f z 2 2

¥
= ¥.." ¥3512')
w
f

}¥}, = g a s '12J 12) = h . 512)
Jw#in



̊˨̐ͬθξΎθ ̥Ѕ˨ͻθͱ̥

ëɾƚɔ ࡇߞ $ŏżǺʶŏɟƇ ɔŏɯɯࡏ

ߢߟ



̊˨̐ͬθξΎθ ͱ͖;̥˨ξ ˨ͱ͇̥̊ξ˨

�ǞȘƚŏɟ ŏȀǃƚųɟŏǞż ʲǞƚʶࡏ

�ƚɾ !δǝ ųƚ ŏ ʲƚżɾȩɟ żȩȘɾŏǞȘǞȘǃ ∂ˈ/∂Ǳ ǀȩɟ ŏȀȀ ȘȩƇƚɯ Ǳ ǞȘ Ȁŏʿƚɟ ǝࡏ

δߟ =
[
ߝ
]

!δߞ =




∂ˈ/∂ƿ
∂ˈ/∂ǂ
∂ˈ/∂ǔ



 !δߝ =




∂ˈ/∂ż
∂ˈ/∂Ɔ
∂ˈ/∂ƙ





�ƚɾ δ̄ǝ ųƚ ŏ ʲƚżɾȩɟ żȩȘɾŏǞȘǞȘǃ ∂ˈ/∂ Ǳ̄ ǀȩɟ ŏȀȀ ȘȩƇƚɯ Ǳ ǞȘ Ȁŏʿƚɟ ǝࡏ

δ̄ߟ =
[
∂ˈ/∂¯̍

]
δߞ =




∂ˈ/∂ ƿ̄
∂ˈ/∂ǂ̄
∂ˈ/∂ǔ̄



 δ̄ߝ =




∂ˈ/∂ż̄
∂ˈ/∂Ɔ̄
∂ˈ/∂ƙ̄





�ȩɾƚࡇ δ̄ǝ = ɫ′(!δǝ)× !δǝ ʶǕƚɟƚ ɫ′ Ǟɯ ɾǕƚ ƇƚɟǞʲŏɾǞʲƚ ɫ′ ŏȘƇ ɾǕǞɯ ǀʕȘżɾǞȩȘࡈ ŏɯ
ʶƚȀȀ ŏɯ ɾǕƚ × ŏɟƚ ŏɔɔȀǞƚƇ ƚȘɾɟʿʶǞɯƚࡏ

ߣߟ



̊˨̐ͬθξΎθ ͱ͖;̥˨ξ ˨ͱ͇̥̊ξ˨

�ƚɾ Ħǝ ųƚ ŏ ȒŏɾɟǞʾ żȩȘɾŏǞȘǞȘǃ ŏȀȀ ɾǕƚ ʶƚǞǃǕɾɯ ǀȩɟ ƚƇǃƚɯ ųƚɾʶƚƚȘ Ȁŏʿƚɟ
ǝ ŏȘƇ Ȁŏʿƚɟ ǝ+ ࡏߝ

Ħߞ =
[
ĝƿ,ˈ ĝǂ,ˈ ĝǔ,ˈ

]
Ħߝ =




ĝż,ƿ ĝƆ,ƿ ĝƙ,ƿ
ĝż,ǂ ĝƆ,ǂ ĝƙ,ǂ
ĝż,ǔ ĝƆ,ǔ ĝƙ,ǔ



 Ħߜ =




ĝŏ,ż ĝų,ż
ĝŏ,Ɔ ĝų,Ɔ
ĝŏ,ƙ ĝų,ƙ





ߤߟ



̊˨̐ͬθξΎθ ͱ͖;̥˨ξ ˨ͱ͇̥̊ξ˨

+ȀŏǞȒ ࡇߝ �ȩƇƚ ƇƚɟǞʲŏɾǞʲƚ żȩȒɔʕɾŏɾǞȩȘ Ǟɯ ȒŏɾɟǞʾ ȒʕȀɾǞɔȀǞżŏɾǞȩȘࡏ

!δǝ = Ħî
ǝ δ̄ǝ+ߝ

ߥߟ



̊˨̐ͬθξΎθ ͱ͖;̥˨ξ ˨ͱ͇̥̊ξ˨

�ƚɾ ∆ǝ ųƚ ŏ ȒŏɾɟǞʾ żȩȘɾŏǞȘ ɾǕƚ ƇƚɟǞʲŏɾǞʲƚɯ ǀȩɟ ŏȀȀ ʶƚǞǃǕɾɯ ǀȩɟ ƚƇǃƚɯ
ųƚɾʶƚƚȘ Ȁŏʿƚɟ ǝ ŏȘƇ Ȁŏʿƚɟ ǝ+ ࡏߝ

ߞ∆ =
[
∂ˈ/∂ĝƿ,ˈ ∂ˈ/∂ĝǂ,ˈ ∂ˈ/∂ĝǔ,ˈ

]

ߝ∆ =




∂ˈ/∂ĝż,ƿ ∂ˈ/∂ĝƆ,ƿ ∂ˈ/∂ĝƙ,ƿ
∂ˈ/∂ĝż,ǂ ∂ˈ/∂ĝƆ,ǂ ∂ˈ/∂ĝƙ,ǂ
∂ˈ/∂ĝż,ǔ ∂ˈ/∂ĝƆ,ǔ ∂ˈ/∂ĝƙ,ǔ





ߜ∆ = . . .

ߜߠ



̊˨̐ͬθξΎθ ͱ͖;̥˨ξ ˨ͱ͇̥̊ξ˨

+ȀŏǞȒ ࡇߞ ĦƚǞǃǕɾ ƇƚɟǞʲŏɾǞʲƚ żȩȒɔʕɾŏɾǞȩȘ Ǟɯ ŏȘ ȩʕɾƚɟࡷɔɟȩƇʕżɾࡏ

∆ǝ = !ʮǝδ̄îǝ+ߝ

ʶǕƚɟƚ !ʮǝ żȩȘɾŏǞȘɯ ɾǕƚ ʲŏȀʕƚɯ ȩǀ ŏȀȀ ȘȩƇƚɯ ǞȘ Ȁŏʿƚɟ ǝࡏ Cࡏǃࡏ !ʮߜ =
[
ŏ
ų

]
ࡏ

ߝߠ



̊˨̐ͬθξΎθ ̥Ѕ˨ͻθͱ̥

÷ŏǺƚŏʶŏʿɯࡇ

ࡄ $ŏżǺɔɟȩɔȩǃŏɾǞȩȘ żŏȘ ųƚ ʕɯƚƇ ɾȩ żȩȒɔʕɾƚ ƇƚɟǞʲŏɾǞʲƚɯ ǀȩɟ
ŏȀȀ ʶƚǞǃǕɾɯ ŏȘƇ ųǞŏɯƚɯ ǀȩɟ ŏȘʿ ǀƚƚƇǀȩɟʶŏɟƇ ȘƚʕɟŏȀ ȘƚɾʶȩɟǺࡏ

ࡄ _ǞȘŏȀ żȩȒɔʕɾŏɾǞȩȘ ųȩǞȀɯ ƇȩʶȘ ɾȩ ȀǞȘƚŏɟ ŏȀǃƚųɟŏ ȩɔƚɟŏɾǞȩȘɯ
ȒŏɾɟǞʾ࡫ ȒʕȀɾǞɔȀǞżŏɾǞȩȘ ŏȘƇ ʲƚżɾȩɟ ȩɔƚɟŏɾǞȩȘɯ࡬ ʶǕǞżǕ żŏȘ
ųƚ ɔƚɟǀȩɟȒƚƇ ɛʕǞżǺȀʿ ȩȘ ŏ bÚĆࡏ

Ħƚ żȩȒɔʕɾƚƇ ∇�
(
ʻǝ, ƿ(!θ,!̋ǝ)

)
ǀȩɟ ŏ ɯǞȘǃȀƚ ɾɟŏǞȘǞȘǃ ƚʾŏȒɔȀƚ

(!̋ǝ, ʻǝ)ࡏ +ȩȒɔʕɾǞȘǃ ƚȘɾǞɟƚ ǃɟŏƇǞƚȘɾ ɟƚɛʕǞɟƚɯ żȩȒɔʕɾǞȘǃࡇ

∇L(!θ) =
ȗ∑

ǝ=ߝ
∇�

(
ʻǝ, ƿ(!θ,!̋ǝ)

)

+ȩȒɔʕɾǞȘǃ ɾǕƚ ƚȘɾǞɟƚ ɯʕȒ ʶȩʕȀƇ ųƚ ʲƚɟʿ ƚʾɔƚȘɯǞʲƚࡏ

ߞߠ



ϑξ˨͖;͖;͇ ;̥ϟξ˨ͱ ;̥ϑϾΎξͬχ

ëƚżȩȘƇ ɾȩȩȀࡇ ëɾȩżǕŏɯɾǞż bɟŏƇǞƚȘɾ 4ƚɯżƚȘɾ ࡏ࡬ëb4࡫

ࡄ ÚȩʶƚɟǀʕȀ ɟŏȘƇȩȒǞˌƚƇ ʲŏɟǞŏȘɾ ȩǀ b4 ʕɯƚƇ ɾȩ ɾɟŏǞȘ ȘƚʕɟŏȀ
ȘƚɾʶȩɟǺɯ ȩɟ࡫ ŏȘʿ ȩɾǕƚɟ ȒȩƇƚȀ ʶǕƚɟƚ żȩȒɔʕɾǞȘǃ ǃɟŏƇǞƚȘɾɯ
Ǟɯ ƚʾɔƚȘɯǞʲƚࡏ

áƚżŏȀȀ ǃɟŏƇǞƚȘɾ ƇƚɯżƚȘɾ ʕɔƇŏɾƚࡇ

ࡄ _ȩɟ ɺ = ,ߝ . . . , îࡇ
ࡄ !θɺ+ߝ = !θɺ − η∇L(!θɺ)

ʶǕƚɟƚ η Ǟɯ ŏ ȀƚŏɟȘǞȘǃ ɟŏɾƚ ɔŏɟŏȒƚɾƚɟࡏ

ߟߠ



χϑΎ̐͑˨χϑ͖̐ ͇ξ˨̙͖̥;ϑ ̙̥χ̥̐;ϑ

�ƚɾ �Ǳ(!θ) ƇƚȘȩɾƚ �
(
ʻǱ, ƿ(!θ,!̋Ǳ)

)
ࡏ

+ȀŏǞȒࡇ vǀ Ǳ ∈ ,ߝ . . . ,ȗ Ǟɯ żǕȩɯƚȘ ʕȘǞǀȩɟȒȀʿ ŏɾ ɟŏȘƇȩȒࡏ ÷ǕƚȘࡇ

ȗ · E
[
∇�Ǳ(!θ)

]
= ∇L(!θ).

∇�Ǳ(!θ) Ǟɯ żŏȀȀƚƇ ŏ ɯɾȩżǕŏɯɾǞż ǃɟŏƇǞƚȘɾࡏ

ߠߠ



χϑΎ̐͑˨χϑ͖̐ ͇ξ˨̙͖̥;ϑ ̙̥χ̥̐;ϑ

ëb4 ǞɾƚɟŏɾǞȩȘࡇ

ࡄ vȘǞɾǞŏȀǞˌƚ !θߜ ɾʿɔǞżŏȀȀʿ࡫ ɟŏȘƇȩȒȀʿࡏ࡬
ࡄ _ȩɟ ɺ = ,ߝ . . . , îࡇ

ࡄ +Ǖȩȩɯƚ Ǳ ʕȘǞǀȩɟȒȀʿ ŏɾ ɟŏȘƇȩȒࡏ
ࡄ +ȩȒɔʕɾƚ ɯɾȩżǕŏɯɾǞż ǃɟŏƇǞƚȘɾ !ǂ = ∇�Ǳ(!θɺ)ࡏ

ࡄ _ȩɟ ȘƚʕɟŏȀ ȘƚɾʶȩɟǺɯ ɾǕǞɯ Ǟɯ ƇȩȘƚ ʕɯǞȘǃ ųŏżǺɔɟȩɔ ʶǞɾǕ
ɾɟŏǞȘǞȘǃ ƚʾŏȒɔȀƚ (!̋Ǳ, ʻǱ)ࡏ

ࡄ ĆɔƇŏɾƚ !θɺ+ߝ = !θɺ − η!ǂ

�ȩʲƚ ǞȘ ƇǞɟƚżɾǞȩȘ ȩǀ ɯɾƚƚɔƚɯɾ ƇƚɯżƚȘɾ ǞȘ ƚʾɔƚżɾŏɾǞȩȘࡏ

ߡߠ



χϑΎ̐͑˨χϑ͖̐ ͇ξ˨̙͖̥;ϑ ̙̥χ̥̐;ϑ

bɟŏƇǞƚȘɾ ƇƚɯżƚȘɾࡇ _ƚʶƚɟ ǞɾƚɟŏɾǞȩȘɯ ɾȩ żȩȘʲƚɟǃƚࡈ ǕǞǃǕƚɟ żȩɯɾ
ɔƚɟ ǞɾƚɟŏɾǞȩȘࡏ

ëɾȩżǕŏɯɾǞż bɟŏƇǞƚȘɾ ƇƚɯżƚȘɾࡇ �ȩɟƚ ǞɾƚɟŏɾǞȩȘɯ ɾȩ żȩȘʲƚɟǃƚࡈ
Ȁȩʶƚɟ żȩɯɾ ɔƚɟ ǞɾƚɟŏɾǞȩȘࡏ

ߢߠ



χϑΎ̐͑˨χϑ͖̐ ͇ξ˨̙͖̥;ϑ ̙̥χ̥̐;ϑ

bɟŏƇǞƚȘɾ ƇƚɯżƚȘɾࡇ _ƚʶƚɟ ǞɾƚɟŏɾǞȩȘɯ ɾȩ żȩȘʲƚɟǃƚࡈ ǕǞǃǕƚɟ żȩɯɾ
ɔƚɟ ǞɾƚɟŏɾǞȩȘࡏ

ëɾȩżǕŏɯɾǞż bɟŏƇǞƚȘɾ ƇƚɯżƚȘɾࡇ �ȩɟƚ ǞɾƚɟŏɾǞȩȘɯ ɾȩ żȩȘʲƚɟǃƚࡈ
Ȁȩʶƚɟ żȩɯɾ ɔƚɟ ǞɾƚɟŏɾǞȩȘࡏ

ߣߠ



χϑΎ̐͑˨χϑ͖̐ ͇ξ˨̙͖̥;ϑ ̙̥χ̥̐;ϑ ͖; θξ˨̐ϑ͖̥̐

ÚɟŏżɾǞżŏȀ �ȩƇǞ˙żŏɾǞȩȘ ࡇߝ +ʿżȀǞż bɟŏƇǞƚȘɾ 4ƚɯżƚȘɾࡏ

�ɯɯʕȒƚ ȩɟƇƚɟ ȩǀ Ƈŏɾŏ Ǟɯ ɟƚȀŏɾǞʲƚȀʿ ɟŏȘƇȩȒࡏ vȘɯɾƚŏƇ ȩǀ żǕȩȩɯǞȘǃ
Ǳ ɟŏȘƇȩȒȀʿ ŏɾ ƚŏżǕ ǞɾƚɟŏɾǞȩȘࡈ żǕȩȩɯƚ
Ǳ = ,ߝ Ǳ = ,ߞ . . . , Ǳ = ȗ, Ǳ = ,ߝ . . . , Ǳ = ȗ, . . ࡏ.

ßʕƚɯɾǞȩȘࡇ ĦǕʿ ȒǞǃǕɾ ʶƚ ʶŏȘɾ ɾȩ Ƈȩ ɾǕǞɯࡐ

ࡄ áƚȀŏɾǞʲƚȀʿ ɯǞȒǞȀŏɟ żȩȘʲƚɟǃƚȘżƚ ųƚǕŏʲǞȩɟ ɾȩ ɯɾŏȘƇŏɟƇ ëb4ࡏ
ࡄ vȒɔȩɟɾ ɾƚɟȒࡇ ȩȘƚ ƚɔȩżǕ ƇƚȘȩɾƚɯ ȩȘƚ ɔŏɯɯ ȩʲƚɟ ŏȀȀ
ɾɟŏǞȘǞȘǃ ƚʾŏȒɔȀƚɯࡇ Ǳ = ,ߝ . . . , Ǳ = ȗࡏ

ࡄ +ȩȘʲƚɟǃƚȘżƚ ɟŏɾƚɯ ǀȩɟ ɾɟŏǞȘǞȘǃ ȘƚʕɟŏȀ ȘƚɾʶȩɟǺɯ ŏɟƚ ȩǀɾƚȘ
ƇǞɯżʕɯɯƚƇ ǞȘ ɾƚɟȒɯ ȩǀ ƚɔȩżǕɯ ǞȘɯɾƚŏƇ ȩǀ ǞɾƚɟŏɾǞȩȘɯࡏ

ߤߠ



χϑΎ̐͑˨χϑ͖̐ ͇ξ˨̙͖̥;ϑ ̙̥χ̥̐;ϑ ͖; θξ˨̐ϑ͖̥̐

ÚɟŏżɾǞżŏȀ �ȩƇǞ˙żŏɾǞȩȘ ࡇߞ �ǞȘǞࡷųŏɾżǕ bɟŏƇǞƚȘɾ 4ƚɯżƚȘɾࡏ

°ųɯƚɟʲƚ ɾǕŏɾ ǀȩɟ ŏȘʿ ųŏɾżǕ ɯǞˌƚ ɫࡈ

ȗ · E
[
ߝ
ɫ

ɫ∑

ǝ=ߝ
∇�Ǳǝ(!θ)

]
= ∇L(!θ).

Ǟǀ Ǳߝ, . . . , Ǳɫ ŏɟƚ żǕȩɯƚȘ ǞȘƇƚɔƚȘƇƚȘɾȀʿ ŏȘƇ ʕȘǞǀȩɟȒȀʿ ŏɾ ɟŏȘƇȩȒ
ǀɟȩȒ ,ߝ . . . ,ȗࡏ

vȘɯɾƚŏƇ ȩǀ żȩȒɔʕɾǞȘǃ ŏ ǀʕȀȀ ɯɾȩżǕŏɯɾǞż ǃɟŏƇǞƚȘɾࡈ żȩȒɔʕɾƚ ɾǕƚ
ŏʲƚɟŏǃƚ ǃɟŏƇǞƚȘɾ ȩǀ ŏ ɯȒŏȀȀ ɟŏȘƇȩȒ ɯƚɾ ŏ࡫ ȒǞȘǞࡷųŏɾżǕ࡬ ȩǀ
ɾɟŏǞȘǞȘǃ Ƈŏɾŏ ƚʾŏȒɔȀƚɯࡏ

ßʕƚɯɾǞȩȘࡇ ĦǕʿ ȒǞǃǕɾ ʶƚ ʶŏȘɾ ɾȩ Ƈȩ ɾǕǞɯࡐ

ߥߠ



ͻ͖;͖̊ࡷ˨ϑ̐͑ ͇ξ˨̙͖̥;ϑ ̙̥χ̥̐;ϑ

ࡄ _ȩɟ ɯȒŏȀȀ ųŏɾżǕ ɯǞˌƚ ɫࡈ ȒǞȘǞࡷųŏɾżǕ ǃɟŏƇǞƚȘɾɯ ŏɟƚ ȘƚŏɟȀʿ ŏɯ
ǀŏɯɾ ɾȩ żȩȒɔʕɾƚ ŏɯ ɯɾȩżǕŏɯɾǞż ǃɟŏƇǞƚȘɾɯ Ƈʕƚ࡫ ɾȩ
ɔŏɟŏȀȀƚȀǞɯȒࡏ࡬

ࡄ °ʲƚɟŏȀȀ ǀŏɯɾƚɟ żȩȘʲƚɟǃƚȘżƚ ǀƚʶƚɟ࡫ ǞɾƚɟŏɾǞȩȘɯ ȘƚƚƇƚƇࡏ࡬

ߜߡ


