
+ëࡷĆĮ ࡇߟߢߡߠ �ƚżɾʕɟƚ ߝߝ
_ǞȘǞɯǕࡷĆɔ bɟŏƇǞƚȘɾ 4ƚɯżƚȘɾࡈ �ǞƇɾƚɟȒ áƚʲǞƚʶ

�ĮĆ ÷ŏȘƇȩȘ ëżǕȩȩȀ ȩǀ CȘǃǞȘƚƚɟǞȘǃࡈ Úɟȩǀࡏ +ǕɟǞɯɾȩɔǕƚɟ �ʕɯżȩ

ߝ



͇ξ˨̙͖̥;ϑ ̙̥χ̥̐;ϑ

ࡄ Ħƚ ʶŏȘɾ ɾȩ żǕȩȩɯƚ !β ɾȩ ȒǞȘǞȒǞˌƚ ŏ Ȁȩɯɯ ǀʕȘżɾǞȩȘ �(!β)ࡏ
ࡄ °ǀɾƚȘ ʶƚ żŏȘ żȩȒɔʕɾƚ ∇�(!β) ǀȩɟ ŏȘʿ !βࡈ ųʕɾ żŏȘ࢈ɾ ƚʾɔȀǞżǞɾȀʿ
˙ȘƇ ŏ !β∗ ǀȩɟ ʶǕǞżǕ ∇�(!β) = ࡏߜ!

ࡄ vȘɯɾƚŏƇࡈ ʶƚ ǞɾƚɟŏɾǞʲƚȀʿ ɯƚŏɟżǕ ŏ Șƚŏɟ ȩɔɾǞȒŏȀ !βࡏ

ߞ

Bi , B r , B b . . . .

Llb,)> L lb, )>L b s ) . . . .



͇ξ˨̙͖̥;ϑ ̙̥χ̥̐;ϑ

bɟŏƇǞƚȘɾ ƇƚɯżƚȘɾ ŏȀǃȩɟǞɾǕȒ ǀȩɟ ȒǞȘǞȒǞˌǞȘǃ �(!β)ࡇ

ࡄ +Ǖȩȩɯƚ ŏɟųǞɾɟŏɟʿ ɯɾŏɟɾǞȘǃ ɔȩǞȘɾ !β(ߜ)ࡏ
ࡄ _ȩɟ ǝ = ,ߝ . . . , îࡇ

ࡄ !β(ǝ+ߝ) = !β(ǝ) − η∇�(!β(ǝ))

ࡄ áƚɾʕɟȘ !β(ɺ)ࡏ

°ɟ ɯɾȩɔ ŏǀɾƚɟ �(β(ǝ)) ɯɾȩɔɯ ƇƚżɟƚŏɯǞȘǃࡏ

η Ǟɯ ŏ ɯɾƚɔࡷɯǞˌƚ ɔŏɟŏȒƚɾƚɟࡏ �Ȁɯȩ żŏȀȀƚƇ ɾǕƚ ȀƚŏɟȘǞȘǃ ɟŏɾƚࡏ �ƚƚƇɯ
ɾȩ ųƚ żǕȩɯƚȘ ɯʕǀ˙żǞƚȘɾȀʿ ɯȒŏȀȀ ǀȩɟ ǃɟŏƇǞƚȘɾ ƇƚɯżƚȘɾ ɾȩ
żȩȘʲƚɟǃƚࡈ ųʕɾ ɾȩȩ ɯȒŏȀȀ ʶǞȀȀ ɯȀȩʶ ƇȩʶȘ ɾǕƚ ŏȀǃȩɟǞɾǕȒࡏ

ߟ

T



ͱ̥˨ξ;͖;͇ ξ˨ϑ̥

ÚɟƚżǞɯǞȩȘ ǞȘ żǕȩȩɯǞȘǃ ɾǕƚ ȀƚŏɟȘǞȘǃ ɟŏɾƚ η Ǟɯ Șȩɾ ɯʕɔƚɟ
ǞȒɔȩɟɾŏȘɾࡈ ųʕɾ ʶƚ Ƈȩ ȘƚƚƇ ɾȩ ǃƚɾ Ǟɾ ɾȩ ɾǕƚ ɟǞǃǕɾ ȩɟƇƚɟ ȩǀ
ȒŏǃȘǞɾʕƇƚࡏ

ߠ
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ͱ̥˨ξ;͖;͇ ξ˨ϑ̥

ࢆʲƚɟɯǕȩȩɾǞȘǃ°ࢅ żŏȘ ųƚ ŏ ɔɟȩųȀƚȒ Ǟǀ ʿȩʕ żǕȩȩɯƚ ɾǕƚ ɯɾƚɔࡷɯǞˌƚ
ɾȩȩ ǕǞǃǕࡏ

°ǀɾƚȘ ŏ ǃȩȩƇ ǞƇƚŏ ɾȩ ɔȀȩɾ ɾǕƚ ƚȘɾǞɟƚ ȩɔɾǞȒǞˌŏɾǞȩȘ żʕɟʲƚ ǀȩɟ
ƇǞŏǃȘȩɯǞȘǃ ʶǕŏɾ࢈ɯ ǃȩǞȘǃ ȩȘࡏ

Ħƚ ʶǞȀȀ Ǖŏʲƚ ŏ ȒǞȘǞࡷȀŏų ȩȘ ǃɟŏƇǞƚȘɾ ƇƚɯżƚȘɾ ȩɔɾǞȒǞˌŏɾǞȩȘ ŏǀɾƚɟ
ɾǕƚ ȒǞƇɾƚɟȒ ʶƚ࢈ɟƚ ʿȩʕ࢈ȀȀ ǃƚɾ ɔɟŏżɾǞżƚ ƇȩǞȘǃ ɾǕǞɯࡏ

ߡ

smallest n largern largest m



̥ЅθΎ;̥;ϑ͖˨ͱ ͇ξ͖̙ χ̥˨ξ̐͑

�ʕɯɾ ŏɯ ǞȘ ɟƚǃʕȀŏɟǞˌŏɾǞȩȘࡈ ɯƚŏɟżǕ ȩʲƚɟ ŏ ǃɟǞƇ ȩǀ ɔȩɯɯǞųȀƚ
ɔŏɟŏȒƚɾƚɟɯࡇ

η = ,ߡ−ߞ] ,ߠ−ߞ ,ߟ−ߞ . . . , ,ߥߞ .[ߜߝߞ

°ɟ ɾʕȘƚ ųʿ ǕŏȘƇ ųŏɯƚƇ ȩȘ ɾǕƚ ȩɔɾǞȒǞˌŏɾǞȩȘ żʕɟʲƚࡏ

ߢ



̊˨̐ͬϑξ˨͖̐ͬ;͇ ͱ͖;̥ χ̥˨ξ̐͑ࡕ˨ξͻ͖ͩΎ ξϟͱ̥

áƚżŏȀȀࡇ vǀ ʶƚ ɯƚɾ !β(ǝ+ߝ) ← !β(ǝ) − η∇�( !β(ǝ)) ɾǕƚȘࡇ

�( !β(ǝ+ߝ)) ≈ �( !β(ǝ))− η〈∇�( !β(ǝ)),∇�( !β(ǝ))〉

= �( !β(ǝ))− η‖∇�( !β(ǝ))‖ߞߞ.

�ɔɔɟȩʾǞȒŏɾǞȩȘ ǕȩȀƇɯ ɾɟʕƚ ǀȩɟ ɯȒŏȀȀ ηࡏ ĦǕƚȘ Ǟɾ Ƈȩƚɯ Șȩɾࡈ ʶƚ
ȒǞǃǕɾ ųƚ ȩʲƚɟɯǕȩȩɾǞȘǃࡏ

ߣ
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̊˨̐ͬϑξ˨͖̐ͬ;͇ ͱ͖;̥ χ̥˨ξ̐͑ࡕ˨ξͻ͖ͩΎ ξϟͱ̥

bɟŏƇǞƚȘɾ ƇƚɯżƚȘɾ ʶǞɾǕ ųŏżǺɾɟŏżǺǞȘǃ ȀǞȘƚ ɯƚŏɟżǕࡇ

ࡄ +Ǖȩȩɯƚ ŏɟųǞɾɟŏɟʿ ɯɾŏɟɾǞȘǃ ɔȩǞȘɾ !βࡏ

ࡄ +Ǖȩȩɯƚ ɯɾŏɟɾǞȘǃ ɯɾƚɔ ɯǞˌƚ ηࡏ

ࡄ +Ǖȩȩɯƚ τ, ż < ߝ ɾʿɔǞżŏȀȀʿ࡫ ųȩɾǕ ż = ߞ/ߝ ŏȘƇ τ = ࡬ߞ/ߝ

ࡄ _ȩɟ ǝ = ,ߝ . . . , îࡇ
ࡄ !β(ȗƙʲ) = !β − η∇�(!β)
ࡄ vǀ �(!β(ȗƙʲ)) ≤ �(!β)− żη‖∇�(!β)‖ߞߞ

ࡄ !β ← !β(ȗƙʲ)

ࡄ η ← τ−ߝη

ࡄ CȀɯƚ
ࡄ η ← τη

�Ȁʶŏʿɯ Ƈƚżɟƚŏɯƚɯ ȩųǲƚżɾǞʲƚ ʲŏȀʕƚࡈ ʶȩɟǺɯ ʲƚɟʿ ʶƚȀȀ ǞȘ ɔɟŏżɾǞżƚࡏ

ߤ
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̐Ύ;ϻ̥ξ͇̥;̥̐ Ύ͂ ͇ξ˨̙͖̥;ϑ ̙̥χ̥̐;ϑ

vȘ ǃƚȘƚɟŏȀ b4 ȩȘȀʿ żȩȘʲƚɟǃƚɯ ɾȩ ŏ ȀȩżŏȀ ȒǞȘǞȒʕȒࡏ

ߥ
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̐Ύ;ϻ̥Ѕ ͂ϟ;̐ϑ͖Ύ;

4ƚ˙ȘǞɾǞȩȘ ࡬ȩȘʲƚʾ+࡫
� ǀʕȘżɾǞȩȘ � Ǟɯ żȩȘʲƚʾ Ǟǀǀ ǀȩɟ ŏȘʿ !βߝ, !βߞ,λ ∈ ,ߜ] ࡇ[ߝ

−ߝ) λ) · �(!βߝ) + λ · �( !βߞ) ≥ �
(
−ߝ) λ) · !βߝ + λ · !βߞ

)

Oߜߝ O



̐Ύ;ϻ̥Ѕ ͂ϟ;̐ϑ͖Ύ;

vȘ ʶȩɟƇɯࡇ � ǀʕȘżɾǞȩȘ Ǟɯ żȩȘʲƚʾ Ǟǀ ŏ ȀǞȘƚ ųƚɾʶƚƚȘ ŏȘʿ ɾʶȩ ɔȩǞȘɾɯ
ȩȘ ɾǕƚ ǀʕȘżɾǞȩȘ ȀǞƚɯ ŏųȩʲƚ ɾǕƚ ǀʕȘżɾǞȩȘࡏ +ŏɔɾʕɟƚɯ ɾǕƚ ȘȩɾǞȩȘ
ɾǕŏɾ ŏ ǀʕȘżɾǞȩȘ ȀȩȩǺɯ ȀǞǺƚ ŏ ųȩʶȀࡏ

÷ǕǞɯ ǀʕȘżɾǞȩȘ Ǟɯ Șȩɾ żȩȘʲƚʾࡏ

ߝߝ

•
✓



̐Ύ;ϻ̥Ѕ ͂ϟ;̐ϑ͖Ύ;

+ȀŏǞȒ ȩȘʲƚʾ+࡫ _ʕȘżɾǞȩȘ �ǞȘǞȒǞˌƚɟɯ࡬ࡏ
Aʮƙɛʻ ǿȧżŏǿ ȑǝȗǝȑʑȑ ȧƿ ŏ żȧȗʮƙʺ ƿʑȗżɺǝȧȗ ǝɫ ŏǿɫȧ ŏ ǂǿȧųŏǿ
ȑǝȗǝȑʑȑࡒ

ߞߝ

•

t
o r s p



̐Ύ;ϻ̥ξ͇̥;̥̐ Ύ͂ ͇ξ˨̙͖̥;ϑ ̙̥χ̥̐;ϑ

+ȀŏǞȒ b4࡫ +ȩȘʲƚɟǃƚȘżƚ ǀȩɟ +ȩȘʲƚʾ _ʕȘżɾǞȩȘɯ࡬ࡏ
]ȧɛ ɫʑƿ˛żǝƙȗɺǿʻ ɫȑŏǿǿ ɫɺƙɑࡹɫǝˈƙ ηࡌ `ɛŏƆǝƙȗɺ 2ƙɫżƙȗɺ żȧȗʮƙɛǂƙɫ
ɺȧ ŏȗ ŏɑɑɛȧʺǝȑŏɺƙ ǂǿȧųŏǿ ȑǝȗǝȑʑȑ ȧƿ ŏȗʻ żȧȗʮƙʺ ƿʑȗżɺǝȧȗ ࡒ�

ĦǕŏɾ ǀʕȘżɾǞȩȘɯ ŏɟƚ żȩȘʲƚʾࡐ

ࡄ �ƚŏɯɾ ɯɛʕŏɟƚɯ Ȁȩɯɯ ǀȩɟ ȀǞȘƚŏɟ ɟƚǃɟƚɯɯǞȩȘࡏ
ࡄ ߝ& Ȁȩɯɯ ǀȩɟ ȀǞȘƚŏɟ ɟƚǃɟƚɯɯǞȩȘࡏ
ࡄ CǞɾǕƚɟ ȩǀ ɾǕƚɯƚ ʶǞɾǕ ŏȘƇ ߝ& ȩɟ ߞ& ɟƚǃʕȀŏɟǞˌŏɾǞȩȘ ɔƚȘŏȀɾ ʿࡏ
ࡄ �ȩǃǞɯɾǞż ɟƚǃɟƚɯɯǞȩȘࡋ �ȩǃǞɯɾǞż ɟƚǃɟƚɯɯǞȩȘ ʶǞɾǕ ɟƚǃʕȀŏɟǞˌŏɾǞȩȘࡏ
ࡄ �ŏȘʿ ȩɾǕƚɟ ȒȩƇƚȀɯ ǞȘ ȒŏżǕǞȘƚ ȀƚŏȘǞȘǃࡋ

÷ǕǞɯ Ǟɯ Șȩɾ ŏ żȩǞȘżǞƇƚȘżƚࡇ ȩǀɾƚȘ Ǟɾ ȒŏǺƚɯ ɯƚȘɯƚ ɾȩ ɟƚǀȩɟȒʕȀŏɾƚ
ʿȩʕɟ ɔɟȩųȀƚȒ ɯȩ ɾǕŏɾ ɾǕƚ Ȁȩɯɯ ǀʕȘżɾǞȩȘ Ǟɯ żȩȘʲƚʾࡈ ɯǞȒɔȀʿ ɯȩ ʿȩʕ

żŏȘ ȒǞȘǞȒǞˌƚ Ǟɾ ʶǞɾǕ b4ࡏ
ߟߝ



ͻ͖̙ϑ̥ξͻ ξ̥ϻ͖̥Ͼ

ߟߝ



̙˨ϑ˨ ϑξ˨;χ͂Ύξͻ˨ϑ͖Ύ;χ

ߠߝ

-



ͻ̥˨; ̥̐;ϑ̥ξ͖;͇ ͑˨χ ;Ύ ̥̥͂͂̐ϑ Ύ; ͱ͖;̥˨ξ ξ̥͇ξ̥χχ͖Ύ;

ߡߝ

X:&:;I.!
÷....}:)

§
,
-Boitatititoatie

"t:b if.it?f--.Ffl
For every B , there exists a 6 such that

XB.-Kb. And vice-versa.



ͻ̥˨; ̥̐;ϑ̥ξ͖;͇ ͑˨χ ;Ύ ̥̥͂͂̐ϑ Ύ; ͱ͖;̥˨ξ ξ̥͇ξ̥χχ͖Ύ;

ߢߝ

For every B , there exists a % such that

XB.-Kb. And vice-versa.

* (It,tu...fd)
I . .(If ,-MIfu-nil . .

-ta-
ud]

X B = K E
-

B:[Bo,B....,Ba] J:[bot?§MiBi, B , , k , . . . ,Bt]

XB-=
IT@=

BoltB ,f ,t . . .
Bdfd@ootidE.MiBiJ1tBilti.h.I)t . . .+ Balta-na!



̐Ύͱϟͻ; χ̐˨ͱ͖;͇ ͑˨χ ;Ύ ̥̥͂͂̐ϑ Ύ; ͱ͖;̥˨ξ ξ̥͇ξ̥χχ͖Ύ;

ߣߝ

m i nLx 7 m i ' L k
#

m ¥ µ × }
w i nLx = m i n L e

KB = X b my
111lb-ylli = 1116-y115

&:[Bo,bi,...,Bd] B : [
"Bo-Fziiki,BT,...,BT]

I F= FoI t &,t f,-In,)t . . .+BI(ta-1ha)

XB:(Bo-II.Miki)I t BTf , t . . . i .Rafa



̐Ύͱϟͻ; χ̐˨ͱ͖;͇ ͑˨χ ;Ύ ̥̥͂͂̐ϑ Ύ; ͱ͖;̥˨ξ ξ̥͇ξ̥χχ͖Ύ;

ߤߝ

Find B ' = arguin UXB-y11 :B

Bae → B HYE-y112=11×6*-0113
I l y - - m i n b x

formula (
'7mi,AIB-Olli

= m i n L F
h i s Lx

< x i ¥ O



̙˨ϑ˨ ϑξ˨;χ͂Ύξͻ˨ϑ͖Ύ;χ ͂Ύξ ϑ̥ͻθΎξ˨ͱ ̙˨ϑ˨

CȀƚżɾɟȩżȩɟɾǞżȩǃɟŏɔǕʿ C+ȩb Ȁŏųࡇ

ࡄ vȒɔȀŏȘɾ ǃɟǞƇ ȩǀ ƚȀƚżɾɟȩƇƚɯ ȩȘ ɯʕɟǀŏżƚ ȩǀ ȒȩȘǺƚʿ࢈ɯ ųɟŏǞȘ ɾȩ
Ȓƚŏɯʕɟƚ ƚȀƚżɾɟǞżŏȀ ŏżɾǞʲǞɾʿ ǞȘ ƇǞǀǀƚɟƚȘɾ ɟƚǃǞȩȘɯࡏ

ࡄ ÚɟƚƇǞżɾ ǕŏȘƇ ȒȩɾǞȩȘ ųŏɯƚƇ ȩȘ ߟߡ C+ȩb ȒƚŏɯʕɟƚȒƚȘɾɯࡏ
ࡄ �ȩƇƚȀ ȩɟƇƚɟࡇ ɔɟƚƇǞżɾ ȒȩʲƚȒƚȘɾ ŏɾ ɾǞȒƚ ɺ ʕɯǞȘǃ ųɟŏǞȘ
ɯǞǃȘŏȀɯ ŏɾ ɾǞȒƚ ɺ, ɺ− ,ߝ . . . , ɺ− ɗ ǀȩɟ ʲŏɟʿǞȘǃ ʲŏȀʕƚɯ ȩǀ ɗࡏ ߥߝ



̙˨ϑ˨ ϑξ˨;χ͂Ύξͻ˨ϑ͖Ύ;χ ͂Ύξ ϑ̥ͻθΎξ˨ͱ ̙˨ϑ˨

ߜߞ



̙˨ϑ˨ ϑξ˨;χ͂Ύξͻ˨ϑ͖Ύ;χ ͂Ύξ ϑ̥ͻθΎξ˨ͱ ̙˨ϑ˨

ߝߞ


