CS-GY 6763: Lecture 11
Randomized numerical linear algebra, e-net
arguments.

NYU Tandon School of Engineering, Prof. Christopher Musco



LAST CLASS

Represent undirected graph as symmetric matrix: n x n
adjacency matrix A and graph Laplacian L =D — A where D is

the diagonal degree matrix.
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L = B'B where B is the “edge-vertex incidence” matrix.
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LAST CLASS

Balanced Cut: Partition nodes along a cut that:

- Has few crossing edges: |{(u,v) € E:u e B,ve C}is
small.
- Separates large partitions: |B|, |C| are not too small.

(a) Zaeffary Karate Club Graph



RELAX AND ROUND

‘},-9 hol:%,..%

We observed that{x’Lx = 3 ; yer(X(7) — X()))Z If c is a “cut

indicator vector” for a cut between node set Band C - i.e.
c[i] =1foralli e Band —1 elsewhere, then it followed that:

We used this basic fact to argue heuristically that the smallest
eigenvectors of L can be used to find balanced cuts in a graph.

Note: c often denote by




RELAX AND ROUND

“Relax and round” algorithm:

- Relax problem mincLc by not requiring@to be a binary
cut-indicator vector.

+ Showed that second smallest eigenvector v, of L solved
the relaxed problem.

- Round this vector to be a cut indicator vector: all negative
entries rounded to —1, all positive entries rounded to 1.

Main theoretical result: This approach is hard to analyze in
general, but can be proven to work well on random graphs
drawn from the stochastic block model!.



STOCHASTIC BLOCK MODEL

Stochastic Block Model (Planted Partition Model):

Let Gn(p, q) be a distribution over graphs on n nodes, split
equally into two grou @: ach with n/2 nodes.

- Any two nodes in the same group are connected with
probability p (including self-loops).

- Any two nodes in different groups are connected with
prob. g < p.




EXPECTED ADJACENCY SPECTRUM

E[A])= p -1 — E[L], so smallest eigenvectors of E[L] are equal to

largest of E[A].
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(p+q)n.

- vi = Twith eigenvalue A\ = *=
© Vo = xp c With eigenvalue \; =

(pfzq)n.
- xg,c(l)=1ifie Band xg (i) = —-1forieC.

If we compute v, then we recover the communities B and C.



EXPECTED LAPLACIAN SPECTRUM

Upshot: The second small eigenvector of E[L] (i.e. the second
largest of E[A]) is xs,c - the indicator vector for the cut
between the communities.

- If the random graph G (equivilantly A and L) were exactly
equal to its expectation, partitioning using this
eigenvector would exactly recover communities B and C.

How do we show that a matrix (e.g., A) is close to its
expectation? Matrix concentration inequalities.



MATRIX CONCENTRATION

Matrix Concentration Inequality: If p > O (#) then
with high probability \
igh probabilit @ . /v\('

JA—E]ll. < O(vm).

where || - ||2 is the matrix spectral norm (operator norm).

For X € R™, |[X|l> = max,cgo. 7,1 [1X2ll2 = o1(X).



For the stochastic block model application, we want to
show that the second eigenvectors of Aand E[A] are close.
How does this relate to their difference in spectral norm?
Davis-Kahan Eigenvector Perturbation The . Sup-
pose A,A € RI*Y9 are symmetric with @_g
and eigenvectors vq,Va, ...,V and Vq,Vs,...,V,. Letting
0(v;,V;) denote the angle between v; and v;, for all I:

& e

where A1,..., \, are the eigenvalues of A.

EIGENVECTOR PERTURBATION




APPLICATION TO STOCHASTIC BLOCK MODEL

Claim 1 (Matrix Concentration): For p > O (%)
1A~ E[All. < O(VB)

n): Forp >0 (@)

Qe _ otymm)

Claim 2 (Dayfs-Ka

sinf(v,,Vp) < —
N Y CR T

Recall: E[A], has eigenvalues \; = (p+2‘*")”, pe (p_z‘””, Ai=0

fori>3.

min [X— | = min (q//nv e—an 2“”) :

Assume @ will be the minimum of these two gaps.

I



APPLICATION TO STOCHASTIC BLOCK MODEL

— = \/E o 5 >
So far: sin 6‘(22 V) <O ((p_q)\/ﬁ . What does this give us?
v sy
- Can show that this implies ||v, — %[5 < O (ﬁ) (exercise).
—_———
c Vs ﬁXB,cI the community indicator vector.

B C

(n/2 nodes) (n/2 nodes)
A

1 1
1 1 1 1 1 1 1
Vi Yn TV Vn Vn Wm
2
- To understand how well roundin.g- recovers vy, need to

understand how many location nd v, can differ in sign.

(n/2 nodes) (n/2 nodes) (n/2 nodes) (n/2 nodes)
1 1 — A
[ Y | [ Y )
.03 .—.01.02 .01 —.03 —-.01 —-.03 )

Ly



APPLICATION TO STOCHASTIC BLOCK MODEL

g

Main argument:

. Everii | |||here vo(i), V(i) differ in sign contributes > 1 to

- We know thaff|lv, — %5 < O (7

nositions.

13



APPLICATION TO STOCHASTIC BLOCK MODEL

Upshot: If G is a stochastic block model graph with adjacency
matrix A, if we compute its second large eigenvector v, and
assign nodes to communities according to the sign pattern of

this vector, we will correctly assign all but O (ﬁ) nodes.

* Hard case: p = ¢/n for some factor c¢. Even when

p —g = 0(1/n), assign all but an O(n) fraction of nodes
correctly. E.g., assign 99% of nodeito the right cluster.

eh Sor <2

14



RANDOMIZED NUMERICAL LINEAR ALGEBRA

Forget about the previous problem, but still consider the
matrix M = E[A].

« Dense n x n matrix.

- Computing top eigenvectors takes z@ﬁlﬂme.
M

If someone asked you to speed this up and return approximate
i ?
top eigenvectors, what could you do? - 26w

/1)

15



RANDOMIZED NUMERICAL LINEAR ALGEBRA
-~

Main idea: If you want to compute singular vectors, multiply
two matrices, solve a regression problem, etc.:

1. Compress your matrices using a randomized method (e.g.
subsampling).
2. Solve the problem on the smaller or sparser matrix.

N A called a “sketch” or “coreset” forA./\h
— M “A

g\

A — A W (B

a0 16




RANDOMIZED NUMERICAL LINEAR ALGEBRA

Approximate matrix multiplication:

o w e —

O(a=d)

Approximate regression:

N

min
X A

17
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SKETCHED REGRESSION

D(d i heabany

Old - tabny

Dlad”)

R3 ized approximate regression using a
Johnson-Lindenstrauss Matrix:

Input: A e R™9 b e R". ) "
d g
Goal: Le@: arg min, ||AX — bj3. Le@ arg min, ||MAx — MNb||3

Want/||AZ— b|3 )< (1+ 0(c)) |AX* — b|3
.7 —_—

If M e R™*", how large does m need to be? Is it even clear this
should work as m — oo?

18



TARGET RESULT

Theorem (Randomized Linear Regression)

Let N be a properly scaled JL matrix (random Gaussian, sign,
sparse random, etc.) with m = O d rows'. Then with

probability 9/10, for any A € R"*¢ and beR”,
IA% — b]|5 < (14 €)[|Ax" — b]3

where X = arg min, ||[MMAX — Mb|[2.

"This can be improved to O(d/})with a tighter analysis



PLAN

- Prove this theorem using an e-net argument, which is a
popular technique for applying our standard
concentration inequality + union bound argument to an
infinite number of events.

- These sort of arguments appear all the time in theoretical
algorithms and ML research, so this lecture is as much
about the technique as the final result.

- You will use and e-net argument to prove a matrix
concentration inequality on your problem set.

20



SKETCHED REGRESSION

Ly BT
Claim: Suffices to prove that K=oy Ve
(1— €)[[Ax — b < |MAX_ Mb)| §)1 +€)|Ax — b3
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DISTRIBUTIONAL JOHNSON-LINDENSTRAUSS REVIEW

Lemma (Distributional JL)
fl'l Is chosen to a properly scaled random Gaussian matrix,
sign matrix, sparse random matrix, etc., with O <'°g(1/5> rows

then for any fixed y,

(1- 6)!@% < ( “yi\% < (1+e)yl3
with probability (1 — ). 5\&

Corollary: For any fixed x, with probability (1 — ¢),

(1= e)|Ax = b[| < [MAx — Mb|3 < (1+ ¢)|Ax - b]|3.

\ohre o Tiyge M) = T -TTY .



FOR ANY TO FOR ALL

How do we go from “for any fixed x” to “for all x LRf

This statement requires establishing a Johnson-Lindenstrauss
type bound for an infinity of possible vectors hich

can’t be tackled directly with a union bound argument.

Note that all vectors of the form@;@ lie in a low
dimensional subspace: spanned by d + 1 vectors, where d is
the width of A. So even though the set is infinite, it is “simple”
in some way. Parameterized by just d + 1 numbers.

23



SUBSPACE EMBEDDINGS

Theorem (Subspace Embedding from JL)

LetY C R" be a d-dimensional linear subspace in R". If
N e R2x9 js chosen from any distribution D satisfying the
Distributional JL Lemma, then with probability 1 —\Q/,

(1= a)lvliz < INvliz < (1 + €)lIvli3

forallvel, as longasm:O(MW

%It's possible to obtain a slightly tighter bound of O (d“‘jfz“/‘”). )t's a nice
challenge to try proving this. %



SUBSPACE EMBEDDING TO APPROXIMATE REGRESSION

Corollary: If we choose M and properly scale, then with
O (d/€®) rows,

(1= 9llAx=bl} < |MAx—MbJ3 < ( +e)||®

for all x and thus

A% — I < (1-+ O(e)) min Ax —bIE)

l.e., our main theorem is proven.

Proof: Apply Subspace Embedding Thm. to the (d + 1)
dimensional subspace spanned by A’s d columns and b. Every
vector Ax — b lies in this subspace.

25



SUBSPACE EMBEDDINGS

Theorem (Subspace Embedding from JL)

Letd C R" be a d-dimensional linear subspace in R". If
N e R™*4 js chosen from any distribution D satisfying the
Distributional JL Lemma, then with probability 1 — 6,

(1= a)lvliz < INvliz < (1 + €)lIvli3 (1)

€

forallvel, as longasm:O(Mjk’gW‘”)

R

Ny
: @ =~ '///F ;
s

-

26



SUBSPACE EMBEDDING PROOF

(1= elvIZ <INVl < (1+ €)lIvIi3

all/wﬂon the unit sphere in 4. Denote the sphere Sy:

for some scalar c and some pointw € Sy,. = v\

“ RO =@lwlz < Mwllz < (1+ €)f|wll2:
- then c(1—€)||wl|o < ¢||Mwl; < c(T+ €)|lwl],
- and thus (1 —e)|lcw|l; < [[Mcwl)z < (T4 €)||cw]|2.

N - J J d

v v \

Follows from linearity: Any pointv € U/ can be written as cw

(2)

irst Observation: The theorem holds as long as (2) holds for

27



SUBSPACE EMBEDDING PROOF

Intuition: There are not too many “different” points on a
d-dimensional sphere:

u _n

N, is called an “€"-net.
If we can prove
(1=e)llwlz < [[Mw]lz < (1+ €)[lwl]

for all points w € N, we can hopefully extend to all of S. 28



€-NET FOR THE SPHERE

Lemma (e-net for the sphere)

For any e <1, there exists a set N, C@WIU’) IN| such
that Vv € Sy,

min [|v — WH <e.
weNe —

Take this claim to be true for now: we will prove later.

29



SUBSPACE EMBEDDING PROOF

w%@"” S & 7 wa o &

N

VG; P eserying norms of all points in net N..

Set 7 By a union bound, with probability 1 — 4, for
allw e N,

(1= lwll2 < |Nwll> < (T+ €)|wl2.

as long as N has O ('°g(1/5')) 0] (dz '°g(1/5)> rows.
’\

/

() 1oy (& d'l?) : ["a(}v> rlep (150

= Aoy (Ya) #ley (gho



SUBSPACE EMBEDDING PROOF

2. Writing any point in sphere as linear comb. of points in N..

For some wg, Wy, W5 . ..

1<

for constants ¢, ¢y, ... where |¢; gi.

<o
\)o N, wbz s\ \l\\ﬁ —\I’“p P © X"ig
\»E“@
\ W, r.-w
(& Vo Wi SR IATPS TV
\,\;6\\4,

Vo= Wor Infw + (TR LR (KU R

L L

e v ¢”
31



SUBSPACE EMBEDDING PROOF

T - M(Ve C Ve rC r.hJ)

3. Preserving norm of v. [ b
¢, 6’
Applying triangle inequality, we have - La”
VAR
INv]|; = [|[Mwo + ciMwy + cNw, + ... || € (Twsll 4 N e, !
+

< (WD) + el wy + M)+ KleT

S(+e)+e(l+e)+(1+e€)+...

§(1 + O(g)}l\ vil, 2 ((+@> ({m 8250 M)

[P e Cead b = (ire)e|

<)124
g (O (1r22)
< (14 (’;6_,> 2



SUBSPACE EMBEDDING PROOF

3. Preserving norm of v.

Similarly,

‘@.“2 =S HHWO + ciMwy + oMwy + ... H > [ITI’W\\ = V(., [, I\

> |Awo||CefMwy|| — EIAw, || — ... ~NGTw L
(e () P (e =

Il

T w, {W ’ﬂﬁuw, Tl GV T >

sl < Vaul, X E DL ¢

33



SUBSPACE EMBEDDING PROOF

So we have proven

(1= 0(e) IV < v, < (1 + o) IvI5

-—

for all v e Sy, which in turn implies, ﬂ

(1= 0(e)) IVIIz < IAv]3 < (14 0(e)) [IvIl3

Adjusting e proves the Subspace Embedding theorem.

34



SUBSPACE EMBEDDINGS

For example, if m = O(k{g)@can be used to compute an
approximate partial SVD, which leads to a (1+ €) approximate
low-rank approximation for A.

35



€-NET FOR THE SPHERE

Lemma (e-net for the sphere)

For any e <1, there exists a set N. C Sy with |N,| = uch

that W € Sy,
&
. (o (i~ >
—w| <e. @
min v —w| < ¢ J
(OO <\1/5¢)
Imaginary algorithm for constructing N.:

- Set N ={}
- While such a point exists, choose an arbitrary pointv € Sy
where fw € N with [|v — w|| < e. Set No = No U {w}.

After running this procedure, we have Ne = {wjs,...,wy_} and

minwep, ||V — w| < eforallv e Sy as desired.
36



€-NET FOR THE SPHERE

How many steps does this procedure take?

@@@%Q (’}Né)

Can place a ball of radius /2 around each w; without
intersecting any other balls. All of these balls live in a ball of
radius 1+¢/2.

37



€-NET FOR THE SPHERE

Volume of d dimensional ball of radius r is

vol(d, ) @@

where c is a constant that depends on d, but not r. From

. . <
previous slide we have: \*q’/} =

vold vol(d, 1+ ¢/2)

“vol(d,€e/2)

o S No\‘w‘—* 1+¢/2\7 _ (4\
K owel Yolls = € /@j = €

| /\

38



TIGHTER BOUND

You can actually show that m =0 M suffices to be a d

dimensional subspace embedding, instead of the bound we
proved of m = 0 (M).

€

The trick is to show that a constant factor net is actually all
that you need instead of an e factor.

39



RUNTIME CONSIDERATION

Fore, d = O(1), we need M to havovvs.

£
- Cost to solve ||Ax — b||2:

- O(nd”) time for direct method. Need to compute
(ATA)~"ATb.
- O(nd) - (# of iterations) time for iterative method (GD, AGD,
(a7 O IESIEIIoN
conjugate gradient method).
- Cost to solve ||[MAX — Mb||3:

ime for direct method.
- O(d?) - (# of iterations) time for iterative method.

40



RUNTIME CONSIDERATION

But time to comput an (m x n) x (n x d) matrix
multiply: O(mnd) =(0(nd?) Yime!

Goal: Develop faster Johnson-Lindenstrauss projections.

4

ELE | 1 £
+1 ES k3

1
+

1

Typically using sparse andmatrices.
We will describe a construction where MA can be computed in
O(ndlogn) time, CD(MA) x



RETURN TO SINGLE VECTOR PROBLEM

Goal: Develop methods th
m = bggﬁ dimensions in

@)

(1= e)lIxllz < M2 <

at reduce a vector x dovvn to
ime and guarantee:

+1
£1

1 #]
+1
+1
+1
+1

+
E

1
1

+1

""\

-y

S ”X‘D Dluw )
i

We will learn about a truly brilliant method that runs in

O(nlogn) time. Preview: Will involve Fast Fourier Transform in
42

disguise.



FIRST ATTEMPT

Furls Lowd v bk v 0 Sxr
Let M be a random sampling matrix. Every row contains a value
of s = /n/min a single location, and is zero elsewhere.
vn/ g

subsampling matrix

© © ©0 5© ©® & O ’JKZ
s— ] =) |2
J -
s
L X =TT
What's the running time | <
to compute Mx?

W w
M= 2 lsz) 9 F oL w g e vt 2L
el MW =

_—— Y

E[H”XHQ]ZL S E\ - w g

43



FIRST ATTEMPT

So E[|Nx||3 = ||x|| in expectation. To show it is close with high
probability we would need to apply a concentration inequality.
How do you think this will work out?

subsampling matrix

?‘*s/

S

£P

x:[5553]

XI@O“QO“"U bcl

Lt



VARIANCE ANALYSIS

W \©

n 2w 2 7,b \D'\’““L, 2\ N i(} (X\--H/‘Lu)
|| X||2 = s

o2 = Var[||Nx| 3] = “L, 7 Vor (227) 5 2 Kl

il

Ve C Y - B - Elay s (7)) -

\
n “/

Recall Chebyshev's Inequality:

.
100

We want additive error H\I‘IXH2 — Ixl13| (ellx|12

F’r[HI”XIIz IIxll2] <10 0] < 255

45



VARIANCE ANALYSIS

< M v/ 4
We need to choose m so that: M{“ (,Z( L >

n
1 \/; X <exB 0SNG <o
= —_— Tw

How do these two two norms compare?

n 1/2
X[z =( >

—_——

46



VARIANCE FOR SMOOOTH FUNCTIONS

We need to choose m so that:

1 n 5 )
—_— PR X <

Suppose x is very evenly distributed. l.e, forallie1,...,n,
)
/7H
o C o
PO =SB e S Ik,
- : — —_3
1=1

Claim: ||x||2 <

—_—

ﬁHxH%. So m = 0(c/e?) samples suffices.?

*Using the right Bernstein bound we can prove m = O(clog(1/3)/¢*)
suffices for failure probability 6.
=

47



VECTOR SAMPLING

So sampling does work to preserve the norm of x, but only
when the vector is relatively “smooth” (not concentrated). Do
we expect to see such vectors in the wild?

subsampling matrix
S

S

-E
X

48



THE FAST JOHNSON-LINDENSTRAUSS TRANSFORM

Subsampled Randomized Hadamard Transform (SHRT)
(Ailon-Chazelle, 2006)

Key idea: First multiply@oy a “mixing matrix” M which ensures

it cannot be too concentrated in one place.

gxactly, or is
absampling matrix S to

M should have the property that
very close. Then we will multiply bya
do the actual dimensionality reduction:

Ix = S
Oh... and M needs to be fast to multiply by!

Olalog™)

49



THE FAST JOHNSON-LINDENSTRAUSS TRANSFORM

Good mixing matrices should look random:

#1141 4147 -1 +1 -1
-1 1+ #1411 -1
#1-1 #1471 41211 -1
F1HT #1411 412141
-1 #1411 41 47 -1
1+ -1-1-141-1-1
1+ =141 -1-1-1 41

M X

For this approach to work, we need to be able to compute Mx
very quickly. So we will use a pseudorandom matrix instead.

50



THE FAST JOHNSON-LINDENSTRAUSS TRANSFORM

Subsampled Randomized Hadamard Transform (SHRT)
(Ailon-Chazelle, 2006)

M = SM where M = HD:

- D € n x nisadiagonal matrix with each entry uniform +1.

- HenxnisaHadamard matrix.

The Hadarmard matrix is an othogonal matrix closely related
to the discrete Fourier matrix. It has two critical properties:

1. [|HV]|3 = [[v]|3 exactly. Thus [[HDx|3 = ||

2. ||Hv||3 can be computed in O(nlogn) time.

51



HADAMARD MATRICES RECURSIVE DEFINITION

Assume that n is a power of 2. For k = 0,1,..., the Rt
Hadamard matrix Hy, is a 2f x 2k matrix defined by:

1
1T 11 1 1 17 -1 1 -1
HoZ’I H1:— /—[2:7
V2 [1 =1 4 |1
1

Hy = 1 |Hr—1 He
V2 |Heor —Hio
The n x n Hadamard matrix has all entries as +

g
NG

52



HADAMARD MATRICES ARE ORTHOGONAL

Property 1: For any k = 0,1,..., we have |[Hgv||2 = ||v||3 for all v.
l.e., Hg is orthogonal.

53



HADAMARD MATRICES

Property 2: Can compute Mx = SHDx in O(n logn) time.

54



RANDOMIZED HADAMARD TRANSFORM

Property 3: The randomized Hadamard matrix is a good
“mixing matrix” for smoothing out vectors.

Deterministic Randomized Fully random sign
Hadamard matrix. Hadamard PHD. matrix.

Blue squares are 1/4/n's, white squares are —1/4/n’s.

55



RANDOMIZED HADAMARD ANALYSIS

Lemma (SHRT mixing lemma)
Let H be an (n x n) Hadamard matrix and D a random =+1
diagonal matrix. Let z = HDx for x € R". With probability 1—,

(@) < S e

for some fixed constant c.

As

we saw earlier, we can thus argue that ||Sz||3 ~ ||z|)3. l.e. that:

IMx[13 = ISHDX||3 ~ ||x||3

56



JOHNSON-LINDENSTRAUSS WITH SHRTS

Theorem (The Fast JL Lemma)

Let M = SHD € R™*" be a subsampled randomized
Hadamard transform with m = O (M) rows. Then
for any fixed x,

(1= I3 < M]3 < (14 ¢)lIx|l3
with probability (1 — 6).
Very little loss in embedding dimension compared to full

random matrix, and M can be multiplied by x in O(nlogn)
(nearly linear) time.

57



RANDOMIZED HADAMARD ANALYSIS

SHRT mixing lemma proof: Need to prove (z;)2 < <°&(0/9) 72
for all .

Let h! be the i*" row of H. z; = h/Dx where:

D,
h,—TD:\%ﬁ (R v
Dn
where D, ..., Dy are random =+1's.
This is equivalent to
h,TD:i Ri Ry ... Rnl,

Jn

where Ry, ..., R, are random +1's.
58



RANDOMIZED HADAMARD ANALYSIS

So we have, for all i, z; = h/Dx = ﬁ S R

- z; is a random variable with mean 0 and variance 1|x|)3,
and is a sum of independent random variables.
- By Central Limit Theorem, we expect that:

[1%[]2
T

Prlz]| >t- =] <e (),

- Setting t = /log(n/d), we have for constant c,
log(n/d
Pr [z,-\z tos(n/o),, H]

- Applying a union bound to all n entries of z gives the SHRT
mixing lemma.
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RADEMACHER CONCENTRATION

Formally, need to use Bernstein type concentration inequality
to prove the bound:
Lemma (Rademacher Concentration)

Let Ry, ..., R, be Rademacher random variables (i.e. uniform
+1’s). Then for any vector a € R”,

n
Pr [Z Ria; > t|ya||2] <e ¥/,

i=1

This is call the Khintchine Inequality. It is specialized to sums
of scaled £1's, and is a bit tighter and easier to apply than
using a generic Bernstein bound.
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FINISHING UP

With probability 1 — §, we have that all z; < M||cH
As shown earlier, we can thus guarantee that:
(1= e)llzli5 < lISz]5 < (1 + €)l1zll3

as long as S € R™" js a random sampling matrix with

m=0 (Iog(n/é) Iog(1/5)> ous.

€2

ISz[13 = [ISHDX|I3 = | Fx|3 and ||z]3 = |1x

2,50 we are done.
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Theorem (The Fast JL Lemma)

Let M = SHD € R™*" be a subsampled randomized
Hadamard transform with m = O (M) rows. Then
for any fixed x,

(1= e)lIxllz < IMx]2 < (1+ e)Ix]l2
with probability (1 — 6).

Upshot for regression: Compute MA in instead

of O(nd?) time. Compress problem down to A with O(d?)
dimensions.

JOHNSON-LINDENSTRAUSS WITH SHRTS
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BRIEF COMMENT ON OTHER METHODS

O(ndlogn) is nearly linear in the size of A when A is dense.
Clarkson-Woodruff 2013, STOC Best Paper: Possible to
compute A with poly(d) rows in:

O (nnz(A)) time.

M is chosen to be an ultra-sparse random matrix. Uses totally
different techniques (you can’t do JL + e-net).

Lead to a whole close of matrix algorithms (for regression, SVD,
etc.) which run in time:

O (nnz(A)) + poly(d,e).

63



WHAT WERE AILON AND CHAZELLE THINKING?

Simple, inspired algorithm that has been used for accelerating:

- Vector dimensionality reduction

- Linear algebra m = 20
> sl sereizve el cl = (2xrandi(2,1,n)-3).xy;
(Siml—l|;/sh) H ns c2 = sqrt(n)*fwht(dy);
c3 = c2(randperm(n));
- Randomized kernel learning z = sqrt(n/m)*c3(1l:m);

methods (we will discuss after
Thanksgiving)
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WHAT WERE AILON AND CHAZELLE THINKING?

The Hadamard Transform is closely related to the Discrete
Fourier Transform.

iR
Fio=e2"7, FF=1.

Real part of F; .

Fy computes the Discrete Fourier Transform of the vectory.
Can be computed in O(nlogn) time using a divide and conquer
algorithm (the Fast Fourier Transform). 65



THE UNCERTAINTY PRINCIPAL

The Uncertainty Principal (informal): A function and it's
Fourier transform cannot both be concentrated.

0z
01 I II II
o

1 2 3 4 5 6 7 s

Vectory. Fourier transform Fy.
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SPARSE RECOVERY/COMPRESSED SENSING

What do we know?
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THE UNCERTAINTY PRINCIPAL

Sampling does not preserve norms, i.e. ||Sy||2 % |ly||» when'y
has a few large entries.

Taking a Fourier transform exactly eliminates this hard case,
without changing y’'s norm.

One of the central tools in the field of sparse recovery aka
compressed sensing.
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