
+ëࡷbĮ ߟߞߞߥ ࡇ4 �ƚżɾʕɟƚ ߥ
�ȩʶࡷɟŏȘǺ ŏɔɔɟȩʾǞȒŏɾǞȩȘ ŏȘƇ ɯǞȘǃʕȀŏɟ ʲŏȀʕƚ
ƇƚżȩȒɔȩɯǞɾǞȩȘ

�ĮĆ ÷ŏȘƇȩȘ ëżǕȩȩȀ ȩǀ CȘǃǞȘƚƚɟǞȘǃࡈ Úɟȩǀࡏ +ǕɟǞɯɾȩɔǕƚɟ �ʕɯżȩ

ߝ



χθ̥̐ϑξ˨ͱ ͻ̥ϑ͑Ύ̙χ

áƚɾʕɟȘ ɾȩ Ƈŏɾŏ żȩȒɔɟƚɯɯǞȩȘࡇ

ߞ



χθ̥̐ϑξ˨ͱ ͻ̥ϑ͑Ύ̙χ

áƚɾʕɟȘ ɾȩ Ƈŏɾŏ żȩȒɔɟƚɯɯǞȩȘࡇ

ߟ



χθ̥̐ϑξ˨ͱ ͻ̥ϑ͑Ύ̙χ

�ŏǞȘ ƇǞǀǀƚɟƚȘżƚ ǀɟȩȒ ɟŏȘƇȩȒǞˌƚƇ ȒƚɾǕȩƇɯࡇ

vȘ ɾǕǞɯ ɯƚżɾǞȩȘࡈ ʶƚ ʶǞȀȀ ƇǞɯżʕɯɯ Ƈŏɾŏ ƇƚɔƚȘƇƚȘɾ
ɾɟŏȘɯǀȩɟȒŏɾǞȩȘɯࡏ �ȩǕȘɯȩȘࡷ�ǞȘƇƚȘɯɾɟŏʕɯɯࡈ �ǞȘmŏɯǕࡈ ëǞȒmŏɯǕ
ʶƚɟƚ ŏȀȀ Ƈŏɾŏ ȩųȀǞʲǞȩʕɯࡏ

ߠ

Oo
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χθ̥̐ϑξ˨ͱ ͻ̥ϑ͑Ύ̙χ

�ƇʲŏȘɾŏǃƚɯ ȩǀ Ƈŏɾŏ ǞȘƇƚɔƚȘƇƚȘɾ ȒƚɾǕȩƇɯࡇ

�ƇʲŏȘɾŏǃƚɯ ȩǀ Ƈŏɾŏ ƇƚɔƚȘƇƚȘɾ ȒƚɾǕȩƇɯࡇ

ߡ

- less computational c o s t

- e a t s t o analyze, dean t generals b o n d s

- w o n easily distributed + streams

- better compression , i s practice
- don't u s e randomness

- m o r e interpretable.



ͱ͖;̥˨ξ ˨ͱ͇̥̊ξ˨ ξ̥ͻ͖;̙̥ξ

vǀ ŏ ɯɛʕŏɟƚ ȒŏɾɟǞʾ Ǖŏɯ ȩɟɾǕȩȘȩɟȒŏȀ ɟȩʶɯࡈ Ǟɾ ŏȀɯȩ Ǖŏʲƚ
ȩɟɾǕȩȘȩɟȒŏȀ żȩȀʕȒȘɯࡇ

ģîģ = v = ģģî

vȒɔȀǞƚɯ ɾǕŏɾ ǀȩɟ ŏȘʿ ʲƚżɾȩɟ ʾࡈ ‖ģʾ‖ߞߞ = ‖ʾ‖ߞߞ ŏȘƇ ‖ģîʾ‖ࡏߞߞ

CɛʕǞʲŏȀƚȘɾȀ ʿࡈ ŏȘʿ ʲƚżɾȩɟ ʾࡈ ‖ʾîģî‖ߞߞ = ‖ʾ‖ߞߞ ŏȘƇ ‖ʾîģ‖ߞߞ = ‖ʾ‖ࡏߞߞ

ëŏȒƚ ɾǕǞȘǃ ǃȩƚɯ ǀȩɟ _ɟȩųƚȘǞʕɯ ȘȩɟȒࡇ ǀȩɟ ŏȘʿ ȒŏɾɟǞʾ ĭࡈ
‖ģĭ‖ߞ] = ‖ĭ‖ߞ] ŏȘƇ ‖ģîĭ‖ߞ] = ‖ĭ‖ࡏ[ߞ

ߢ
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ͱ͖;̥˨ξ ˨ͱ͇̥̊ξ˨ ξ̥ͻ͖;̙̥ξ

vǀ ŏ ɯɛʕŏɟƚ ȒŏɾɟǞʾ Ǖŏɯ ȩɟɾǕȩȘȩɟȒŏȀ ɟȩʶɯࡈ Ǟɾ ŏȀɯȩ Ǖŏʲƚ
ȩɟɾǕȩȘȩɟȒŏȀ żȩȀʕȒȘɯࡇ

ģîģ = v = ģģî

vȒɔȀǞƚɯ ɾǕŏɾ ǀȩɟ ŏȘʿ ʲƚżɾȩɟ ʾࡈ ‖ģʾ‖ߞߞ = ‖ʾ‖ߞߞ ŏȘƇ ‖ģîʾ‖ࡏߞߞ

CɛʕǞʲŏȀƚȘɾȀ ʿࡈ ŏȘʿ ʲƚżɾȩɟ ʾࡈ ‖ʾîģî‖ߞߞ = ‖ʾ‖ߞߞ ŏȘƇ ‖ʾîģ‖ߞߞ = ‖ʾ‖ࡏߞߞ

ëŏȒƚ ɾǕǞȘǃ ǃȩƚɯ ǀȩɟ _ɟȩųƚȘǞʕɯ ȘȩɟȒࡇ ǀȩɟ ŏȘʿ ȒŏɾɟǞʾ ĭࡈ
‖ģĭ‖ߞ] = ‖ĭ‖ߞ] ŏȘƇ ‖ģîĭ‖ߞ] = ‖ĭ‖ࡏ[ߞ

ߣ

/



ͱ͖;̥˨ξ ˨ͱ͇̥̊ξ˨ ξ̥ͻ͖;̙̥ξ

÷Ǖƚ ɯŏȒƚ Ǟɯ Șȩɾ ɾɟʕƚ ǀȩɟ ɟƚżɾŏȘǃʕȀŏɟ ȒŏɾɟǞżƚɯࡇ

ģîģ = v ųʕɾ ģģî "= v

_ȩɟ ŏȘʿ ʾࡈ ‖ģʾ‖ߞߞ = ‖ʾ‖ߞߞ ųʕɾ ‖ģîʾ‖ߞߞ "= ‖ʾ‖ߞߞ ǞȘ ǃƚȘƚɟŏȀࡏ

CɛʕǞʲŏȀƚȘɾȀ ʿࡈ ʾࡈ ‖ʾîģî‖ߞߞ = ‖ʾ‖ߞߞ ųʕɾ ‖ʾîģ‖ߞߞ "= ‖ʾ‖ߞߞ ǞȘ ǃƚȘƚɟŏȀࡏ

ߤ
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ͱ͖;̥˨ξ ˨ͱ͇̥̊ξ˨ ξ̥ͻ͖;̙̥ξ

�ʕȀɾǞɔȀʿǞȘǃ ŏ ʲƚżɾȩɟ ųʿ ģ ʶǞɾǕ ȩɟɾǕȩȘȩɟȒŏȀ żȩȀʕȒȘɯ ɟȩɾŏɾƚɯ
ŏȘƇࡕȩɟ ɟƚ˚ƚżɾɯ ɾǕƚ ʲƚżɾȩɟࡏ

ߥ

(Va,Vb>
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ͱΎϾࡷξ˨;ͬ ̙˨ϑ˨

ëʕɔɔȩɯƚ ʾߝ, . . . , ʾȗ ∈ RƆ ȀǞƚ ȩȘ ŏ ȀȩʶࡷƇǞȒƚȘɯǞȩȘŏȀ ɯʕųɯɔŏżƚ ã
ɾǕɟȩʕǃǕ ɾǕƚ ȩɟǞǃǞȘࡏ vࡏƚࡏ ȩʕɟ Ƈŏɾŏ ɯƚɾ Ǟɯ ɟŏȘǺ ǹ ǀȩɟ ǹ < Ɔࡏ

�ƚɾ ʲߝ, . . . , ʲǹ ųƚ ȩɟɾǕȩǃȩȘŏȀ ʕȘǞɾ ʲƚżɾȩɟɯ ɯɔŏȘȘǞȘǃ ãࡏ

_ȩɟ ŏȀȀ ǝࡈ ʶƚ żŏȘ ʶɟǞɾƚࡇ

ʾǝ = żǝ,ߝʲߝ + . . .+ żǝ,ǹʲǹ. →ߜߝ A Q



ͱΎϾࡷξ˨;ͬ ̙˨ϑ˨

ĦǕŏɾ ŏɟƚ żߝ, . . . , żȗࡐ

ߝߝ

"O...



ͱΎϾࡷξ˨;ͬ ̙˨ϑ˨

�ȩɾɯ ȩǀ ǞȘǀȩɟȒŏɾǞȩȘ ɔɟƚɯƚɟʲƚƇࡇ

ࡄ ‖ʾǝ − ʾǱ‖ߞ = ‖żǝ − żǱ‖ߞ ǀȩɟ ŏȀȀ ǝ, Ǳࡏ
ࡄ ʾîǝ ʾǱ = żîǝ żǱ ǀȩɟ ŏȀȀ ǝ, Ǳࡏ
ࡄ �ȩɟȒɯ ɔɟƚɯƚɟʲƚƇࡈ ȀǞȘƚŏɟ ɯƚɔŏɟŏųǞȀǞɾʿ ɔɟƚɯƚɟʲƚƇࡈ
ȒǞȘ ‖ĭʿ− ų‖ = ȒǞȘ ‖+ˌ− ų‖ࡈ ƚɾżࡈࡏ ƚɾżࡏ

ߞߝ
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ͱΎϾࡷξ˨;ͬ ̙˨ϑ˨

_ȩɟȒŏȀȀ ʿࡈ + = ĭģîࡇ
ĭ = +ģî ⇒ ĭģ = +ģîģ

ëǞȘżƚ ģ࢈ɯ żȩȀʕȒȘɯ ŏɟƚ ŏȘ ȩɟɾǕȩȘȩɟȒŏȀ ųŏɯǞɯࡈ ģîģ = vࡏ

ëȩ ĭ = ĭģģîࡏ
ߟߝ

X I I
XV= ( Q1 1

X v iC

X = c u t
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θξΎ̥ͩ̐ϑ͖Ύ; ͻ˨ϑξ͖̥̐χ

ģģî Ǟɯ ŏ ɯʿȒȒƚɾɟǞż ɔɟȩǲƚżɾǞȩȘ ȒŏɾɟǞʾࡏ

ĦǕƚȘ ŏȀȀ Ƈŏɾŏ ɔȩǞȘɾɯ ŏȀɟƚŏƇʿ ȀǞƚ ǞȘ ɾǕƚ ɯʕųɯɔŏżƚ ɯɔŏȘȘƚƇ ųʿ
ģ࢈ɯ żȩȀʕȒȘɯࡈ ɔɟȩǲƚżɾǞȩȘ ƇȩƚɯȘ࢈ɾ Ƈȩ ŏȘʿɾǕǞȘǃࡏ ëȩ ĭ = ĭģģîࡏ ߠߝ

§ .
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ͱΎϾࡷξ˨;ͬ ˨θθξΎЅ͖ͻ˨ϑ͖Ύ;

ĦǕƚȘ ĭ࢈ɯ ɟȩʶɯ ȀǞƚ żȀȩɯƚ ɾȩ ŏ ǹ ƇǞȒƚȘɯǞȩȘŏȀ ɯʕųɯɔŏżƚࡈ ʶƚ żŏȘ
ɯɾǞȀȀ ŏɔɔɟȩʾǞȒŏɾƚ

ĭ ≈ ĭģģî.
ĭģģî Ǟɯ ŏ ȀȩʶࡷɟŏȘǺ ŏɔɔɟȩʾǞȒŏɾǞȩȘ ǀȩɟ ĭࡏ

_ȩɟ ŏ ǃǞʲƚȘ ɯʕųɯɔŏżƚ V ɯɔŏȘȘƚƇ ųʿ ɾǕƚ żȩȀʕȒȘɯ ǞȘ ģࡈ
ĭģģî = ŏɟǃȒǞȘ

+
‖ĭ− +ģî‖ߞ] =

∑

ǝ,Ǳ
(ĭǝ,Ǳ − (+ģî)ǝ,Ǳ)ߞ.

ߡߝ

-

*
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ͱΎϾࡷξ˨;ͬ ˨θθξΎЅ͖ͻ˨ϑ͖Ύ;

‖ʾǝ − ʾǱ‖ߞ ≈ ‖(ĭģģî)ǝ − (ĭģģî)Ǳ‖ߞ = ‖(ĭģî)ǝ − (ĭģî)Ǳ‖ߞ

ĭģ żŏȘ ųƚ ʕɯƚƇ ŏɯ ŏ żȩȒɔɟƚɯɯƚƇ ʲƚɟɯǞȩȘ ȩǀ Ƈŏɾŏ ȒŏɾɟǞʾ ĭࡏ ߢߝ

= X ;T Vi÷±÷"" '""i:÷÷
.
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Ͼ͑І ͖χ ̙˨ϑ˨ ˨θθξΎЅ͖ͻ˨ϑ̥ͱІ ͱΎϾࡷξ˨;ͬࡐ

ߣߝ



̙ϟ˨ͱ ϻ͖̥Ͼ

áȩʶɯ ȩǀ ĭ Ƈŏɾŏ ɔȩǞȘɾɯ ŏɟƚ ŏɔɔɟȩʾǞȒŏɾƚȀʿ ɯɔŏȘȘƚƇ ųʿ ǹ
ʲƚżɾȩɟɯࡏ +ȩȀʕȒȘɯ ȩǀ ĭ Ƈŏɾŏ ǀƚŏɾʕɟƚɯ ŏɟƚ ŏɔɔɟȩʾǞȒŏɾƚȀʿ
ɯɔŏȘȘƚƇ ųʿ ǹ ʲƚżɾȩɟɯࡏ

ߤߝ



ξΎϾ ξ̥̙ϟ;̙˨;̐І

vǀ ŏ Ƈŏɾŏ ɯƚɾ ȩȘȀʿ ǕŏƇ ǹ ʕȘǞɛʕƚ Ƈŏɾŏ ɔȩǞȘɾɯࡈ Ǟɾ ʶȩʕȀƇ ųƚ ƚʾŏżɾȀʿ
ɟŏȘǺ ǹࡏ vǀ Ǟɾ Ǖŏɯ ǹ ࢆżȀʕɯɾƚɟɯࢅ ȩǀ Ƈŏɾŏ ɔȩǞȘɾɯ ࡏǃࡏƚ ɾǕƚ ߜߝ ƇǞǃǞɾɯ
Ǟɾ࢈ɯ ȩǀɾƚȘ ʲƚɟʿ żȀȩɯƚ ɾȩ ɟŏȘǺ ǹࡏ

ߥߝ

0



̐Ύͱϟͻ; ξ̥̙ϟ;̙˨;̐І

+ȩȀǞȘƚŏɟǞɾʿࡕżȩɟɟƚȀŏɾǞȩȘ ȩǀ Ƈŏɾŏ ǀƚŏɾʕɟƚɯ ȀƚŏƇɯ ɾȩ ŏ ȀȩʶࡷɟŏȘǺ
Ƈŏɾŏ ȒŏɾɟǞʾࡏ

ߜߞ



Ύϑ̥͑ξ ξ̥˨χΎ;χ ͂Ύξ ͱΎϾࡷξ˨;ͬ χϑξϟ̐ϑϟξ̥

ĦǕƚȘ ƚȘżȩƇƚƇ ŏɯ ŏ ȒŏɾɟǞʾࡈ ʶǕǞżǕ ǞȒŏǃƚ Ǖŏɯ Ȁȩʶƚɟ
ŏɔɔɟȩʾǞȒŏɾƚ ɟŏȘǺࡐ

ߝߞ
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˨θθͱ͖̐˨ϑ͖Ύ;χ Ύ͂ ͱΎϾࡷξ˨;ͬ ˨θθξΎЅ͖ͻ˨ϑ͖Ύ;

ࡄ ĭģ · ģî ɾŏǺƚɯ ª(ǹ(ȗ+ Ɔ)) ɯɔŏżƚ ɾȩ ɯɾȩɟƚ ǞȘɯɾƚŏƇ ȩǀ ª(ȗƆ)ࡏ
ࡄ áƚǃɟƚɯɯǞȩȘ ɔɟȩųȀƚȒɯ ǞȘʲȩȀʲǞȘǃ ĭģ · ģî żŏȘ ųƚ ɯȩȀʲƚƇ ǞȘ
ª(ȗǹߞ) ǞȘɯɾƚŏƇ ȩǀ ª(ȗƆߞ) ɾǞȒƚࡏ

ࡄ ĭģ żŏȘ ųƚ ʕɯƚƇ ǀȩɟ ʲǞɯʕŏȀǞˌŏɾǞȩȘ ʶǕƚȘ ǹ = ,ߞ ࡏߟ

ߞߞ

"
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˨θθͱ͖̐˨ϑ͖Ύ;χ Ύ͂ ͱΎϾࡷξ˨;ͬ ˨θθξΎЅ͖ͻ˨ϑ͖Ύ;

bƚȘƚɯࢅ �Ǟɟɟȩɟ bƚȩǃɟŏɔǕʿ ĦǞɾǕǞȘ Cʕɟȩɔƚࢆ ࡵ �ŏɾʕɟƚࡈ ࡏߤߜߜߞ

CŏżǕ Ƈŏɾŏ ʲƚżɾȩɟ ʾǝ żȩȘɾŏǞȘɯ ǃƚȘƚɾǞż ǞȘǀȩɟȒŏɾǞȩȘ ǀȩɟ ȩȘƚ ɔƚɟɯȩȘ ǞȘ
Cʕɟȩɔƚࡏ ëƚɾ ǹ = ߞ ŏȘƇ ɔȀȩɾ (ĤĚ)ǝ ǀȩɟ ƚŏżǕ ǝ ȩȘ ŏ Ƈࡷߞ ɔȀŏȘƚࡏ +ȩȀȩɟ
ɔȩǞȘɾɯ ųʿ ʶǕŏɾ żȩʕȘɾɟʿ ɾǕƚʿ ŏɟƚ ǀɟȩȒࡏ

ߟߞ



̐Ύͻθϟϑ˨ϑ͖Ύ;˨ͱ μϟ̥χϑ͖Ύ;

bǞʲƚȘ ŏ ɯʕųɯɔŏżƚ V ɯɔŏȘȘƚƇ ųʿ ɾǕƚ ǹ żȩȀʕȒȘɯ ǞȘ ģࡈ

‖ĭ− ĭģģî‖ߞ] = ȒǞȘ
+

‖ĭ− +ģî‖ߞ]

Ħƚ ʶŏȘɾ ɾȩ ˙ȘƇ ɾǕƚ ųƚɯɾ ģ ∈ RƆ×ǹࡇ

ȒǞȘ
ȩɟɾǕȩȘȩɟȒŏȀ ģ∈RƆ×ǹ

‖ĭ− ĭģģî‖ߞ] ߝ

�ȩɾƚ ɾǕŏɾ ‖ĭ− ĭģģî‖ߞ] = ‖ĭ‖ߞ] − ‖ĭģģî‖ߞ] ǀȩɟ ŏȀȀ ȩɟɾǕȩȘȩɟȒŏȀ ģ
ɯǞȘżƚ ģģî Ǟɯ ŏ ɔɟȩǲƚżɾǞȩȘࡏ CɛʕǞʲŏȀƚȘɾ ǀȩɟȒࡇ

Ȓŏʾ
ȩɟɾǕȩȘȩɟȒŏȀ ģ∈RƆ×ǹ

‖ĭģģî‖ߞ] = ‖ĭģ‖ߞ] ߞ

ߠߞ
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ξ˨;ͬ ߝ ̐˨χ̥

vǀ ǹ = ࡈߝ ʶŏȘɾ ɾȩ ˙ȘƇ ŏ ɯǞȘǃȀƚ ʲƚżɾȩɟ ʲߝ ʶǕǞżǕ ȒŏʾǞȒǞˌƚɯࡇ

‖ĭʲߝʲîߞ‖ߝ] = ‖ĭʲߞ‖ߝ] = ‖ĭʲߞߞ‖ߝ = ʲîߝĭîĭʲߝ.

+Ǖȩȩɯƚ ʲߝ ɾȩ ųƚ ɾǕƚ ɾȩɔ ƚǞǃƚȘʲƚżɾȩɟ ȩǀ ĭîĭࡏ

ĦǕŏɾ ŏųȩʕɾ ǕǞǃǕƚɟ ǹࡐ

ߡߞ

- - - o



χ͖;͇ϟͱ˨ξ ϻ˨ͱϟ̥ ̙̥̐ΎͻθΎχ͖ϑ͖Ύ;

°Șƚࡷɯɾȩɔ ɯǕȩɔ ǀȩɟ żȩȒɔʕɾǞȘǃ ȩɔɾǞȒŏȀ ȀȩʶࡷɟŏȘǺ
ŏɔɔɟȩʾǞȒŏɾǞȩȘɯࡏ

�Șʿ ȒŏɾɟǞʾ ĭ żŏȘ ųƚ ʶɟǞɾɾƚȘࡇ

ĦǕƚɟƚ ĆîĆ = vࡈ ģîģ = vࡈ ŏȘƇ σߝ ≥ σߞ ≥ . . .σƆ ≥ ࡏߜ

�ȩɾƚ ɾǕŏɾ
∑Ɔ

ǝ=ߝ σ
ߞ
ǝ = ‖ĭ‖ࡏ[ߞ

ߢߞ

O

Or

HU E✓THE
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̐Ύ;;̥̐ϑ͖Ύ; ϑΎ ̥͖͇̥;̙̥̐ΎͻθΎχ͖ϑ͖Ύ;

ࡄ ģǹ࢈ɯ żȩȀʕȒȘɯ ŏɟƚ żŏȀȀƚƇ ɾǕƚ ɾȩɔࢅ ɟǞǃǕɾ ɯǞȘǃʕȀŏɟ ʲƚżɾȩɟɯ ȩǀ ĭࢆ
ࡄ Ćǹ࢈ɯ żȩȀʕȒȘɯ ŏɟƚ żŏȀȀƚƇ ɾǕƚ ɾȩɔࢅ Ȁƚǀɾ ɯǞȘǃʕȀŏɟ ʲƚżɾȩɟɯ ȩǀ ĭࢆ
ࡄ σߝ, . . . ,σǹ ŏɟƚ ɾǕƚ ɾȩɔࢅ ɯǞȘǃʕȀŏɟ ʲŏȀʕƚɯࡏࢆ σߝ, . . . ,σƆ ŏɟƚ
ɯȩȒƚɾǞȒƚɯ żŏȀȀƚƇ ɾǕƚ ɯɔƚżɾɟʕȒࢅ ȩǀ ĭࢆ ŏȀɾǕȩʕǃǕ ɾǕǞɯ Ǟɯ
Ȓȩɟƚ ɾʿɔǞżŏȀȀʿ ʕɯƚƇ ɾȩ ɟƚǀƚɟ ɾȩ ƚǞǃƚȘʲŏȀʕƚɯࡏ

ࡄ Ć żȩȘɾŏǞȘɯ ɾǕƚ ȩɟɾǕȩȘȩɟȒŏȀ ƚǞǃƚȘʲƚżɾȩɟɯ ȩǀ ĭĭîࡏ
ࡄ ģ żȩȘɾŏǞȘɯ ɾǕƚ ȩɟɾǕȩȘȩɟȒŏȀ ƚǞǃƚȘʲƚżɾȩɟɯ ȩǀ ĭîĭࡏ
ࡄ σߞǝ = λǝ(ĭĭî) = λǝ(ĭîĭ)

CʾƚɟżǞɯƚࡇ +ǕƚżǺ ɾǕǞɯ żŏȘ ųƚ żǕƚżǺƚƇ ƇǞɟƚżɾȀ ʿࡏ

ߣߞ

-
O
=



χ͖;͇ϟͱ˨ξ ϻ˨ͱϟ̥ ̙̥̐ΎͻθΎχ͖ϑ͖Ύ;

vȒɔȩɟɾŏȘɾ ɾŏǺƚ ŏʶŏʿ ǀɟȩȒ ɯǞȘǃʕȀŏɟ ʲŏȀʕƚ ƇƚżȩȒɔȩɯǞɾǞȩȘࡏ

�ʕȀɾǞɔȀʿǞȘǃ ŏȘʿ ʲƚżɾȩɟ ŏ ųʿ ŏ ȒŏɾɟǞʾ ĭ ɾȩ ǀȩɟȒ ĭŏ żŏȘ ųƚ
ʲǞƚʶƚƇ ŏɯ ŏ żȩȒɔȩɯǞɾǞȩȘ ȩǀ ߟ ȩɔƚɟŏɾǞȩȘɯࡇ

ࡏߝ áȩɾŏɾƚࡕɟƚ˚ƚżɾ ɾǕƚ ʲƚżɾȩɟ ȒʕȀɾǞɔȀǞżŏɾǞȩȘ ųʿ ɾȩ ģîࡏ
ࡏߞ ëżŏȀƚ ɾǕƚ żȩȩɟƇǞȘŏɾƚɯ ȒʕȀɾǞɔȀǞżŏɾǞȩȘ ųʿ Σࡏ
ࡏߟ áȩɾŏɾƚࡕɟƚ˚ƚżɾ ɾǕƚ ʲƚżɾȩɟ ŏǃŏǞȘ ȒʕȀɾǞɔȀǞżŏɾǞȩȘ ųʿ Ćࡏ

ߤߞ

( v.(salvia)))



χ͖;͇ϟͱ˨ξ ϻ˨ͱϟ̥ ̙̥̐ΎͻθΎχ͖ϑ͖Ύ;ࡇ ξΎϑ˨ϑ̥ࡕξ̥͂ͱ̥̐ϑ

ߥߞ

f g



χ͖;͇ϟͱ˨ξ ϻ˨ͱϟ̥ ̙̥̐ΎͻθΎχ͖ϑ͖Ύ;ࡇ χϑξ̥ϑ̐͑

ߜߟ

6 ,

O O



χ͖;͇ϟͱ˨ξ ϻ˨ͱϟ̥ ̙̥̐ΎͻθΎχ͖ϑ͖Ύ;ࡇ ξΎϑ˨ϑ̥ࡕξ̥͂ͱ̥̐ϑ

ߝߟ



χ͖;͇ϟͱ˨ξ ϻ˨ͱϟ̥ ̙̥̐ΎͻθΎχ͖ϑ͖Ύ;

ߞߟ



χ͖;͇ϟͱ˨ξ ϻ˨ͱϟ̥ ̙̥̐ΎͻθΎχ͖ϑ͖Ύ;

+ŏȘ ɟƚŏƇ ȩǀǀ ȩɔɾǞȒŏȀ ȀȩʶࡷɟŏȘǺ ŏɔɔɟȩʾǞȒŏɾǞȩȘɯ ǀɟȩȒ ɾǕƚ ëģ4ࡇ

ĭǹ = ĆǹΣǹģîǹ = ĆǹĆîǹĭ = ĭģǹģîǹࡏ

ģǹ = ŏɟǃȒǞȘ
ȩɟɾǕȩȘȩɟȒŏȀ ģ∈RƆ×ǹ

‖ĭ− ĭģģî‖ߞ] = ŏɟǃȒŏʾ
ȩɟɾǕȩȘȩɟȒŏȀ ģ∈RƆ×ǹ

‖ĭģģî‖ߞ]

ߟߟ
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χ͖;͇ϟͱ˨ξ ϻ˨ͱϟ̥ ̙̥̐ΎͻθΎχ͖ϑ͖Ύ;

+ȩȘȘƚżɾǞȩȘ ɾȩ ÚɟǞȘżǞɔŏȀ +ȩȒɔȩȘƚȘɾ �ȘŏȀʿɯǞɯࡇ

ࡄ �ƚɾ ĭ̄ = ĭ− µîߝ ʶǕƚɟƚ µ = ߝ
ȗ
∑ȗ

ǝ=ߝ ʾǝࡏ vࡏƚࡏ ĭ̄ Ǟɯ ȩųɾŏǞȘƚƇ ųʿ
ȒƚŏȘ żƚȘɾƚɟǞȘǃ ĭ࢈ɯ ɟȩʶɯࡏ

ࡄ �ƚɾ Ć̄Σ̄ģ̄î ųƚ ɾǕƚ ëģ4 ȩǀ ĭ̄ࡏ Ć̄࢈ɯ ˙ɟɯɾ żȩȀʕȒȘɯ ŏɟƚ ɾǕƚ ɾȩɔࢅ
ɔɟǞȘżǞɔŏȀ żȩȒɔȩȘƚȘɾɯࢆ ȩǀ ĭࡏ ģ࢈ɯ ˙ɟɯɾ żȩȀʕȒȘɯ ŏɟƚ ɾǕƚ
ʶƚǞǃǕɾࢅ ʲƚżɾȩɟɯࢆ ǀȩɟ ɾǕƚɯƚ ɔɟǞȘżǞɔŏȀ żȩȒɔȩȘƚȘɾɯࡏ

ߠߟ



ϟχ̥͂ϟͱ Ύ̊χ̥ξϻ˨ϑ͖Ύ;χ

°ųɯƚɟʲŏɾǞȩȘ ࡇߝ ÷Ǖƚ ȩɔɾǞȒŏȀ żȩȒɔɟƚɯɯǞȩȘ ĭģǹ Ǖŏɯ ȩɟɾǕȩǃȩȘŏȀ
żȩȀʕȒȘɯࡏ

ߡߟ



ϟχ̥͂ϟͱ Ύ̊χ̥ξϻ˨ϑ͖Ύ;χ

°ųɯƚɟʲŏɾǞȩȘ ࡇߞ ÷Ǖƚ ȩɔɾǞȒŏȀ ȀȩʶࡷɟŏȘǺ ŏɔɔɟȩʾǞȒŏɾǞȩȘ ƚɟɟȩɟ
Aǹ = ‖ĭ− ĭģǹģîǹ‖ߞ] = ‖ĭ‖ߞ] − ‖ĭģǹģîǹ‖ߞ] żŏȘ ųƚ ʶɟǞɾɾƚȘࡇ

Aǹ =
Ɔ∑

ǝ=ǹ+ߝ
σߞǝ .

ߢߟ

¥
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,
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χθ̥̐ϑξ˨ͱ θͱΎϑχ

°ųɯƚɟʲŏɾǞȩȘ ࡇߞ ÷Ǖƚ ȩɔɾǞȒŏȀ ȀȩʶࡷɟŏȘǺ ŏɔɔɟȩʾǞȒŏɾǞȩȘ ƚɟɟȩɟ
Aǹ = ‖ĭ− ĭģǹģîǹ‖ߞ] = ‖ĭ‖ߞ] − ‖ĭģǹģîǹ‖ߞ] żŏȘ ųƚ ʶɟǞɾɾƚȘࡇ

Aǹ =
Ɔ∑

ǝ=ǹ+ߝ
σߞǝ .

+ŏȘ ǞȒȒƚƇǞŏɾƚȀʿ ǃƚɾ ŏ ɯƚȘɯƚ ȩǀ Ǖȩʶࢅ ȀȩʶࡷɟŏȘǺࢆ ŏ ȒŏɾɟǞʾ Ǟɯ
ǀɟȩȒ Ǟɾ࢈ɯ ɯɔƚżɾɟʕȒࡇ

ߣߟ

O

@



χθ̥̐ϑξ˨ͱ θͱΎϑχ

°ųɯƚɟʲŏɾǞȩȘ ࡇߞ ÷Ǖƚ ȩɔɾǞȒŏȀ ȀȩʶࡷɟŏȘǺ ŏɔɔɟȩʾǞȒŏɾǞȩȘ ƚɟɟȩɟ
Aǹ = ‖ĭ− ĭģǹģîǹ‖ߞ] = ‖ĭ‖ߞ] − ‖ĭģǹģîǹ‖ߞ] żŏȘ ųƚ ʶɟǞɾɾƚȘࡇ

Aǹ =
Ɔ∑

ǝ=ǹ+ߝ
σߞǝ .

+ŏȘ ǞȒȒƚƇǞŏɾƚȀʿ ǃƚɾ ŏ ɯƚȘɯƚ ȩǀ Ǖȩʶࢅ ȀȩʶࡷɟŏȘǺࢆ ŏ ȒŏɾɟǞʾ Ǟɯ
ǀɟȩȒ Ǟɾ࢈ɯ ɯɔƚżɾɟʕȒࡇ

ߤߟ



χθ̥̐ϑξ˨ͱ θͱΎϑχ

°ųɯƚɟʲŏɾǞȩȘ ࡇߞ ÷Ǖƚ ȩɔɾǞȒŏȀ ȀȩʶࡷɟŏȘǺ ŏɔɔɟȩʾǞȒŏɾǞȩȘ ƚɟɟȩɟ
Aǹ = ‖ĭ− ĭģǹģîǹ‖ߞ] = ‖ĭ‖ߞ] − ‖ĭģǹģîǹ‖ߞ] żŏȘ ųƚ ʶɟǞɾɾƚȘࡇ

Aǹ =
Ɔ∑

ǝ=ǹ+ߝ
σߞǝ .

+ŏȘ ǞȒȒƚƇǞŏɾƚȀʿ ǃƚɾ ŏ ɯƚȘɯƚ ȩǀ Ǖȩʶࢅ ȀȩʶࡷɟŏȘǺࢆ ŏ ȒŏɾɟǞʾ Ǟɯ
ǀɟȩȒ Ǟɾ࢈ɯ ɯɔƚżɾɟʕȒࡇ

ߥߟ



̐Ύͻθϟϑ͖;͇ ϑ̥͑ χϻ̙

ëʕǀ˙żƚɯ ɾȩ żȩȒɔʕɾƚ ɟǞǃǕɾ ɯǞȘǃʕȀŏɟ ʲƚżɾȩɟɯ ģࡇ

ࡄ +ȩȒɔʕɾƚ ĭîĭࡏ
ࡄ _ǞȘƇ ƚǞǃƚȘƇƚżȩȒɔȩɯǞɾǞȩȘ ģΛģî = ĭîĭࡏ
ࡄ +ȩȒɔʕɾƚ � = ĭģࡏ ëƚɾ σǝ = ‖�ǝ‖ߞ ŏȘƇ Ćǝ = �ǝ/‖�ǝ‖ࡏߞ

÷ȩɾŏȀ ɟʕȘɾǞȒƚ ≈

ߜߠ
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̐Ύͻθϟϑ͖;͇ ϑ̥͑ χϻ̙ χϑ̥ξ˨͂

ࡄ +ȩȒɔʕɾƚ ŏɔɔɟȩʾǞȒŏɾƚ ɯȩȀʕɾǞȩȘࡏ
ࡄ °ȘȀʿ żȩȒɔʕɾƚ ɾȩɔ ǹ ɯǞȘǃʕȀŏɟ ʲƚżɾȩɟɯࡕʲŏȀʕƚɯࡏ áʕȘɾǞȒƚ ʶǞȀȀ
ƇƚɔƚȘƇ ȩȘ ǹࡏ ĦǕƚȘ ǹ = Ɔ ʶƚ żŏȘ࢈ɾ Ƈȩ ŏȘʿ ųƚɾɾƚɟ ɾǕŏȘ
żȀŏɯɯǞżŏȀ ŏȀǃȩɟǞɾǕȒɯ ųŏɯƚƇ ȩȘ ƚǞǃƚȘƇƚżȩȒɔȩɯǞɾǞȩȘࡏ

ࡄ vɾƚɟŏɾǞʲƚ ŏȀǃȩɟǞɾǕȒɯ ŏżǕǞƚʲƚ ɟʕȘɾǞȒƚ ≈ ª(ȗƆǹ) ʲɯࡏ ª(ȗƆߞ)
ɾǞȒƚࡏ

ࡄ �ɟʿȀȩʲ ɯʕųɯɔŏżƚ ȒƚɾǕȩƇɯ ȀǞǺƚ ɾǕƚ �ŏȘżˌȩɯ ȒƚɾǕȩƇ ŏɟƚ
Ȓȩɯɾ żȩȒȒȩȘȀʿ ʕɯƚƇ ǞȘ ɔɟŏżɾǞżƚࡏ

ࡄ Úȩʶƚɟ ȒƚɾǕȩƇ Ǟɯ ɾǕƚ ɯǞȒɔȀƚɯɾ �ɟʿȀȩʲ ɯʕųɯɔŏżƚ ȒƚɾǕȩƇࡈ
ŏȘƇ ɯɾǞȀȀ ʶȩɟǺɯ ʲƚɟʿ ʶƚȀȀࡏ

ĦǕŏɾ ʶƚ ʶȩȘ࢈ɾ ƇǞɯżʕɯɯ ɾȩƇŏʿࡇ ɯǺƚɾżǕǞȘǃ ȒƚɾǕȩƇɯ ŏȘƇ
ɯɾȩżǕŏɯɾǞż ȒƚɾǕȩƇɯ ʶǕǞżǕ ŏɟƚ ǀŏɯɾƚɟ ǞȘ ɯȩȒƚ ɯƚɾɾǞȘǃɯࡏ

ߝߠ

I =

r ¥ a -



θΎϾ̥ξ ͻ̥ϑ͑Ύ̙

÷ȩƇŏʿࡇ ĦǕŏɾ ŏųȩʕɾ ʶǕƚȘ ǹ = ࡐߝ

bȩŏȀࡇ _ǞȘƇ ɯȩȒƚ ˌ ≈ ʲࡏߝ

vȘɔʕɾࡇ ĭ ∈ Rȗ×Ɔ ʶǞɾǕ ëģ4 ĆΣģîࡏ

Úȩʶƚɟ ȒƚɾǕȩƇࡇ

ࡄ +Ǖȩȩɯƚ (ߜ)ˌ ɟŏȘƇȩȒȀ ʿࡏ Cࡏǃࡏ ߜˌ ∼ N ,ߜ) ࡏ(ߝ
ࡄ (ߜ)ˌ = ߞ‖(ߜ)ˌ‖/(ߜ)ˌ
ࡄ _ȩɟ ǝ = ,ߝ . . . , î

ࡄ ˌ(ǝ) = ĭî · (ĭˌ(ǝ−ߝ))
ࡄ ȗǝ = ‖ˌ(ǝ)‖ߞ
ࡄ ˌ(ǝ) = ˌ(ǝ)/ȗǝ

áƚɾʕɟȘ ˌ(î)
ߞߠ

= #Villa E E

→
⇒
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-
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θΎϾ̥ξ ͻ̥ϑ͑Ύ̙ ͖;ϑϟ͖ϑ͖Ύ;

ߟߠ
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θΎϾ̥ξ ͻ̥ϑ͑Ύ̙ ͂Ύξͻ˨ͱ ̐Ύ;ϻ̥ξ͇̥;̥̐

÷ǕƚȩɟƚȒ ŏɯǞż$ Úȩʶƚɟ �ƚɾǕȩƇ +ȩȘʲƚɟǃƚȘżƚ
�ƙɺ γ = σߝ−σߞ

σߝ
ųƙ ɑŏɛŏȑƙɺƙɛ żŏɑɺʑɛǝȗǂ ɺǔƙ ࢈ǂŏɑࢇ ųƙɺʲƙƙȗ ɺǔƙ

˛ɛɫɺ ŏȗƆ ɫƙżȧȗƆ ǿŏɛǂƙɫɺ ɫǝȗǂʑǿŏɛ ʮŏǿʑƙɫࡒ sƿ Óȧʲƙɛ �ƙɺǔȧƆ ǝɫ
ǝȗǝɺǝŏǿǝˈƙƆ ʲǝɺǔ ŏ ɛŏȗƆȧȑ `ŏʑɫɫǝŏȗ ʮƙżɺȧɛ ɺǔƙȗࡌ ʲǝɺǔ ǔǝǂǔ
ɑɛȧųŏųǝǿǝɺ ࡌ̒ ŏƿɺƙɛ î = ª

(
Ȁȩǃ Ɔ/ε

γ

)
ɫɺƙɑɫࡌ ʲƙ ǔŏʮƙ ƙǝɺǔƙɛࡋ

‖ʲߝ − ˌ(î)‖ߞ ≤ ε ȧɛ ‖ʲߝ − (−ˌ(î))‖ߞ ≤ ε.

÷ȩɾŏȀ ɟʕȘɾǞȒƚࡇ ª
(
ȗƆ · Ȁȩǃ Ɔ/εγ

)

ߠߠ

e Q .
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Ύ;̥ χϑ̥θ ˨;˨ͱІχ͖χ Ύ͂ θΎϾ̥ξ ͻ̥ϑ͑Ύ̙

ĦɟǞɾƚ ˌ(ǝ) ǞȘ ɾǕƚ ɟǞǃǕɾ ɯǞȘǃʕȀŏɟ ʲƚżɾȩɟ ųŏɯǞɯࡇ

(ߜ)ˌ = ż(ߜ)ߝ ʲߝ + ż(ߜ)ߞ ʲߞ + . . .+ ż(ߜ)Ɔ ʲƆ
(ߝ)ˌ = ż(ߝ)ߝ ʲߝ + ż(ߝ)ߞ ʲߞ + . . .+ ż(ߝ)Ɔ ʲƆ
ࡏࡏࡏ

ˌ(ǝ) = ż(ǝ)ߝ ʲߝ + ż(ǝ)ߞ ʲߞ + . . .+ ż(ǝ)Ɔ ʲƆ

�ȩɾƚࡇ [ż(ǝ)ߝ , . . . , ż(ǝ)Ɔ ] = ż(ǝ) = ģ÷ˌ(ǝ)ࡏ

�Ȁɯȩࡇ ∑Ɔ
Ǳ=ߝ

(
ż(ǝ)Ǳ

ߞ(
= ࡏߝ

ߡߠ
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Ύ;̥ χϑ̥θ ˨;˨ͱІχ͖χ Ύ͂ θΎϾ̥ξ ͻ̥ϑ͑Ύ̙

+ȀŏǞȒࡇ �ǀɾƚɟ ʕɔƇŏɾƚ ˌ(ǝ) = ĭîĭˌ(ǝ−ߝ)ࡈ

ż(ǝ)Ǳ = σߞǱ ż
(ǝ−ߝ)
Ǳ

ˌ(ǝ) = ߝ
ȗߝ

[
ż(ǝ−ߝ)ߝ σߝߞ · ʲߝ + ż(ǝ−ߝ)ߞ σߞߞ · ʲߞ + . . .+ ż(ǝ−ߝ)Ɔ σߞƆ · ʲƆ

]

ߢߠ
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ͻϟͱϑ͖ࡷχϑ̥θ ˨;˨ͱІχ͖χ Ύ͂ θΎϾ̥ξ ͻ̥ϑ͑Ύ̙

+ȀŏǞȒࡇ �ǀɾƚɟ î ʕɔƇŏɾƚɯࡇ

ˌ(î) = ߝ
∏î
ǝ=ߝ ȗǝ

[
ż(ߜ)ߝ σߞîߝ · ʲߝ + ż(ߜ)ߞ σߞîߞ · ʲߞ + . . .+ ż(ߜ)Ɔ σߞîƆ · ʲƆ

]

�ƚɾ αǱ = î∏ߝ
ǝ=ߝ ȗǝ

ż(ߜ)Ǳ σߞîǱ ࡏ bȩŏȀࡇ ëǕȩʶ ɾǕŏɾ αǱ * αߝ ǀȩɟ ŏȀȀ Ǳ "= ࡏߝ

ߣߠ

- O -
÷÷'÷÷....
"..

= -
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θΎϾ̥ξ ͻ̥ϑ͑Ύ̙ ͂Ύξͻ˨ͱ ̐Ύ;ϻ̥ξ͇̥;̥̐

ëǞȘżƚ ˌ(î) Ǟɯ ŏ ʕȘǞɾ ʲƚżɾȩɟࡈ∑Ɔ
ǝ=ߝ α

ߞ
ǝ = ࡏߝ ëȩ αߝ ≤ ࡏߝ

vǀ ʶƚ żŏȘ ɔɟȩʲƚ ɾǕŏɾ αǱ
αߝ

≤
√ ε

Ɔ ɾǕƚȘࡇ

αߝߞ ≥ −ߝ Ɔ ·
(√

ε

Ɔ

ߞ(
=⇒ |αߝ| ≥ −ߝ ε

‖ʲߝ − ˌ(î)‖ߞ = −ߞ ,ߝʲ〉ߞ ˌ(î)〉 ≤ εߞ

ߤߠ

I
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θΎϾ̥ξ ͻ̥ϑ͑Ύ̙ ͂Ύξͻ˨ͱ ̐Ύ;ϻ̥ξ͇̥;̥̐

�ƚɾɯ ɔɟȩʲƚɯ ɾǕŏɾ αǱ
αߝ

≤
√ ε

Ɔ ʶǕƚɟƚ αǱ =
î∏ߝ
ǝ=ߝ ȗǝ

ż(ߜ)Ǳ σߞîǱ

_Ǟɟɯɾ ȩųɯƚɟʲŏɾǞȩȘࡇ ëɾŏɟɾǞȘǃ żȩƚǀ˙żǞƚȘɾɯ ŏɟƚ ŏȀȀ ɟȩʕǃǕȀʿ ƚɛʕŏȀࡏ

_ȩɟ ŏȀȀ Ǳ ª(ߝ/Ɔߟ) ≤ ż(ߜ)Ǳ ≤ ߝ

ʶǞɾǕ ɔɟȩųŏųǞȀǞɾʿ −ߝ ߝ
Ɔ ࡏ ÷ǕǞɯ Ǟɯ ŏ ʲƚɟʿ Ȁȩȩɯƚ ųȩʕȘƇࡈ ųʕɾ Ǟɾ࢈ɯ ŏȀȀ

ɾǕŏɾ ʶƚ ʶǞȀȀ ȘƚƚƇࡏ Úɟȩʲƚ ŏɾ ǕȩȒƚࡏ

αǱ
αߝ

=
σߞîǱ
σߞîߝ

·
ż(ߜ)Ǳ

ż(ߜ)ߝ
≤

�ƚƚƇ î =

ߥߠ

O - = -

- =
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θΎϾ̥ξ ͻ̥ϑ͑Ύ̙ ࡵ ;Ύ ͇˨θ ̙̥θ̥;̙̥;̥̐

÷ǕƚȩɟƚȒ bŏɔȀƚɯɯ Úȩʶƚɟ �ƚɾǕȩƇ +ȩȘʲƚɟǃƚȘżƚ
sƿ Óȧʲƙɛ �ƙɺǔȧƆ ǝɫ ǝȗǝɺǝŏǿǝˈƙƆ ʲǝɺǔ ŏ ɛŏȗƆȧȑ `ŏʑɫɫǝŏȗ ʮƙżɺȧɛ
ɺǔƙȗࡌ ʲǝɺǔ ǔǝǂǔ ɑɛȧųŏųǝǿǝɺ ࡌ̒ ŏƿɺƙɛ î = ª

(
Ȁȩǃ Ɔ/ε

ε

)
ɫɺƙɑɫࡌ ʲƙ

ȧųɺŏǝȗ ŏ ˌ ɫŏɺǝɫƿʻǝȗǂࡋ

‖ĭ− ĭˌˌî‖ߞ] ≤ +ߝ) ε)‖ĭ− ĭʲߝʲîߞ‖ߝ]

ߜߡ

O

⇒ -



͇̥;̥ξ˨ͱ͖В˨ϑ͖Ύ;χ ϑΎ ͱ˨ξ͇̥ξ ǹ

ࡄ $ȀȩżǺ Úȩʶƚɟ �ƚɾǕȩƇ ŏǺŏ ëǞȒʕȀɾŏȘƚȩʕɯ vɾƚɟŏɾǞȩȘ ŏǺŏ
ëʕųɯɔŏżƚ vɾƚɟŏɾǞȩȘ ŏǺŏ °ɟɾǕȩǃȩȘŏȀ vɾƚɟŏɾǞȩȘ

Úȩʶƚɟ ȒƚɾǕȩƇࡇ

ࡄ +Ǖȩȩɯƚ b ∈ RƆ×ǹ ųƚ ŏ ɟŏȘƇȩȒ bŏʕɯɯǞŏȘ ȒŏɾɟǞʾࡏ
ࡄ Ļߜ = ȩɟɾǕ(b)ࡏ
ࡄ _ȩɟ ǝ = ,ߝ . . . , î

ࡄ Ļ(ǝ) = ĭî · (ĭˌ(ǝ−ߝ))
ࡄ Ļ(ǝ) = ȩɟɾǕ(ˌ(ǝ))

áƚɾʕɟȘ Ļ(î)

áʕȘɾǞȒƚࡇ ª
(
Ȁȩǃ Ɔ/ε

ε

)
ǞɾƚɟŏɾǞȩȘɯ ɾȩ ȩųɾŏǞȘ ŏ ȘƚŏɟȀʿ ȩɔɾǞȒŏȀ

ȀȩʶࡷɟŏȘǺ ŏɔɔɟȩʾǞȒŏɾǞȩȘࡇ

‖�− �ĻĻî‖ߞ] ≤ +ߝ) ε)‖�− �ģǺģǺî‖ߞ]. ߝߡ

- -

- -

}
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