
+ëࡷbĮ ߟߞߞߥ ࡇ4 �ƚżɾʕɟƚ ߤ
�żżƚȀƚɟŏɾǞȩȘࡈ ɔɟƚżȩȘƇǞɾǞȩȘǞȘǃࡈ żȩȩɟƇǞȘŏɾƚ
ȒƚɾǕȩƇɯ

�ĮĆ ÷ŏȘƇȩȘ ëżǕȩȩȀ ȩǀ CȘǃǞȘƚƚɟǞȘǃࡈ Úɟȩǀࡏ +ǕɟǞɯɾȩɔǕƚɟ �ʕɯżȩ

ߝ



͖ͻθξΎϻ͖;͇ ͇ξ˨̙͖̥;ϑ ̙̥χ̥̐;ϑ

Ħƚ Șȩʶ Ǖŏʲƚ ŏ ǃȩȩƇ ʕȘƇƚɟɯɾŏȘƇǞȘǃ ȩǀ ǃɟŏƇǞƚȘɾ ƇƚɯżƚȘɾࡏ

�ʕȒųƚɟ ȩǀ ǞɾƚɟŏɾǞȩȘɯ ǀȩɟ ε ƚɟɟȩɟࡇ

ˌ�ǞɔɯżǕǞɾࡷ` βࡷɯȒȩȩɾǕ
Ú ųȩʕȘƇƚƇ ɯɾŏɟɾ ª

(
ߞÚߞ`
εߞ

)
ª
(
βÚߞ
ε

)

αࡷɯɾɟȩȘǃ żȩȘʲƚʾ ª
(
ߞ`
αε

)
ª
(
β
α Ȁȩǃ(ߝ/ε)

)

mȩʶ Ƈȩ ʶƚ ʕɯƚ ɾǕǞɯ ʕȘƇƚɟɯɾŏȘƇǞȘǃ ɾȩ ƇƚɯǞǃȘ ǀŏɯɾƚɟ ŏȀǃȩɟǞɾǕȒɯࡐ

ߞ

I ? ±



˨̥̐̐ͱ̥ξ˨ϑ͖Ύ;

ߞ



˨̥̐̐ͱ̥ξ˨ϑ̥̙ ͇ξ˨̙͖̥;ϑ ̙̥χ̥̐;ϑ

�ƚɯɾƚɟȩʲ࢈ɯ ŏżżƚȀƚɟŏɾƚƇ ǃɟŏƇǞƚȘɾ ƇƚɯżƚȘɾࡇ

ࡄ ʾ(ߝ) = ʿ(ߝ) = (ߝ)ˌ
ࡄ _ȩɟ ɺ = ,ߝ . . . , î

ࡄ ʿ(ɺ+ߝ) = ʾ(ɺ) − ߝ
β∇ƿ(ʾ(ɺ))

ࡄ ʾ(ɺ+ߝ) =
(
+ߝ

√
κ−ߝ√
κ+ߝ

)
ʿ(ɺ+ߝ) +

√
κ−ߝ√
κ+ߝ

(
ʿ(ɺ+ߝ) − ʿ(ɺ)

)

÷ǕƚȩɟƚȒ �b4 ǀȩɟ βࡷɯȒȩȩɾǕࡈ αࡷɯɾɟȩȘǃȀʿ żȩȘʲƚʾࡏ
�ƙɺ ƿ ųƙ ŏ βࡹɫȑȧȧɺǔ ŏȗƆ αࡹɫɺɛȧȗǂǿʻ żȧȗʮƙʺ ƿʑȗżɺǝȧȗࡒ sƿ ʲƙ ɛʑȗ
�`2 ƿȧɛ î ɫɺƙɑɫ ʲƙ ǔŏʮƙࡋ

ƿ(ʾ(ɺ))− ƿ(ʾ∗) ≤ κƙ−(ɺ−ߝ)√κ
[
ƿ(ʾ(ߝ))− ƿ(ʾ∗)

]

+ȩɟȩȀȀŏɟʿࡇ vǀ î = ª (
√
κ Ȁȩǃ(κ/ε)) ŏżǕǞƚʲƚ ƚɟɟȩɟ εࡏ

ߟ

I

= . ="oEe
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͖;ϑϟ͖ϑ͖Ύ; ̥͖̊͑;̙ ˨̥̐̐ͱ̥ξ˨ϑ͖Ύ;

�ƚʲƚȀ ɯƚɾɯ ȩǀ ‖�ʾ− ų‖ࡏߞߞ

°ɾǕƚɟ ɾƚɟȒɯ ǀȩɟ ɯǞȒǞȀŏɟ ǞƇƚŏɯࡇ

ࡄ �ȩȒƚȘɾʕȒ
ࡄ mƚŏʲʿࡷųŏȀȀ ȒƚɾǕȩƇɯ

ĦǕŏɾ Ǟǀ ʶƚ ȀȩȩǺ ųŏżǺ ųƚʿȩȘƇ ɾʶȩ Ǟɾƚɟŏɾƚɯࡐ

ߠ

⇒iii.
o



θξ̥̐Ύ;̙͖ϑ͖Ύ;͖;͇

ߠ



θξ̥̐Ύ;̙͖ϑ͖Ύ;͖;͇

�ŏǞȘ ǞƇƚŏࡇ vȘɯɾƚŏƇ ȩǀ ȒǞȘǞȒǞˌǞȘǃ ƿ(ʾ)ࡈ ˙ȘƇ ŏȘȩɾǕƚɟ ǀʕȘżɾǞȩȘ
ǂ(ʾ) ʶǞɾǕ ɾǕƚ ɯŏȒƚ ȒǞȘǞȒʕȒ ųʕɾ ʶǕǞżǕ Ǟɯ ųƚɾɾƚɟ ɯʕǞɾƚƇ ǀȩɟ ˙ɟɯɾ
ȩɟƇƚɟ ȩɔɾǞȒǞˌŏɾǞȩȘ ࡈࡏǃࡏƚ Ǖŏɯ ŏ ɯȒŏȀȀƚɟ żȩȘƇǞɾǞȩȘƚɟ ȘʕȒųƚɟࡏ

+ȀŏǞȒࡇ �ƚɾ ǔ(ʾ) : RƆ → RƆ ųƚ ŏȘ ǞȘʲƚɟɾǞųȀƚ ǀʕȘżɾǞȩȘࡏ �ƚɾ
ǂ(ʾ) = ƿ(ǔ(ʾ))ࡏ ÷ǕƚȘ

ȒǞȘ
ʾ
ƿ(ʾ) = ȒǞȘ

ʾ
ǂ(ʾ) ŏȘƇ ŏɟǃȒǞȘ

ʾ
ƿ(ʾ) = ǔ

(
ŏɟǃȒǞȘ

ʾ
ǂ(ʾ)

)
.

ߡ

-

m i n g ,
× " " : " ' " ' i i i ." "e

.
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"
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θξ̥̐Ύ;̙͖ϑ͖Ύ;͖;͇

_Ǟɟɯɾ bȩŏȀࡇ Ħƚ ȘƚƚƇ ǂ(ʾ) ɾȩ ɯɾǞȀȀ ųƚ żȩȘʲƚʾࡏ

+ȀŏǞȒࡇ �ƚɾ Ú ųƚ ŏȘ ǞȘʲƚɟɾǞųȀƚ Ɔ× Ɔ ȒŏɾɟǞʾ ŏȘƇ Ȁƚɾ ǂ(ʾ) = ƿ(Úʾ)ࡏ

ǂ(ʾ) Ǟɯ ŏȀʶŏʿɯ żȩȘʲƚʾࡏ

vǀ ʿ∗ = ŏɟǃȒǞȘǂ(ʿ)ࡈ ɾǕƚȘ ʾ∗ = Úʿ∗ ȒǞȘǞȒǞˌƚɯ ƿ(ʾ)ࡏ

ߢ

= - - -

h (x ) = Px
-

A tax) + a .a )tag, I ' II,':[III,#t
d gIx) + ( t i )gb) zffpfxxta.dz))
- t.gl/lxtG-N#
= # A F -



θξ̥̐Ύ;̙͖ϑ͖Ύ;͖;͇

ëƚżȩȘƇ bȩŏȀࡇ

ǂ(ʾ) ɯǕȩʕȀƇ Ǖŏʲƚ ųƚɾɾƚɟ żȩȘƇǞɾǞȩȘ ȘʕȒųƚɟ κ ɾǕŏȘ ƿ(ʾ)ࡏ

mǞǃǕ ƇǞȒƚȘɯǞȩȘŏȀ żǕŏǞȘ ɟʕȀƚࡇ

vǀ ǂ(ʾ) = ƿ(Úʾ), ǂ(ʾ)ߞ∇ = .Úîƿ(Úʾ)Úߞ∇

áƚżŏȀȀ ɾǕŏɾ ɾǕƚ żȩȘƇǞɾǞȩȘ ȘʕȒųƚɟ Ǟɯ ƚɛʕŏȀ ɾȩࡇ

Ȓŏʾ
ʾ

λȒŏʾ
(
ǂ(ʾ)ߞ∇

)

λȒǞȘ (ǂ(ʾ)ߞ∇)

ߣ

MAX-511,2

AtcAx-s)
"APx-buy
ptATAPx- b )

pTpf(Px)

- EYET.it#..
..si:*
~ , w a n t to}q,H?%flx)

• I s H s , @ ±

"" '" (H) 2 0
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θξ̥̐Ύ;̙͖ϑ͖Ύ;͖;͇

CʾŏȒɔȀƚࡇ

ࡄ ƿ(ʾ) = ‖�ʾ− ų‖ࡏߞߞ ∇ƿ(ʾ) = ࡏ��îߞ κƿ = λߝ(�î�)
λƆ(�î�) ࡏ

ࡄ ǂ(ʾ) = ‖�Úʾ− ų‖ࡏߞߞ ∇ǂ(ʾ) = Úî�î�Úߞ κǂ =
λߝ(Úî�î�Ú)
λƆ(Úî�î�Ú) ࡏ

vƇƚŏȀ ɔɟƚżȩȘƇǞɾǞȩȘƚɟࡇ +Ǖȩȩɯƚ Ó ɯȩ ɾǕŏɾ Úî�î�Ú = vࡏ _ȩɟ
ƚʾŏȒɔȀƚࡈ żȩʕȀƇ ɯƚɾ Ó =

√
(�î�)−ࡏߝ $ʕɾ ȩųʲǞȩʕɯȀʿ ɾǕǞɯ Ǟɯ ɾȩȩ

ƚʾɔƚȘɯǞʲƚ ɾȩ żȩȒɔʕɾƚࡏ

ߤ

f -x ) = glx)
- -

. O

- o
⇒
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̙͖˨͇Ύ;˨ͱ θξ̥̐Ύ;̙͖ϑ͖Ύ;̥ξ

÷ǕǞɟƇ bȩŏȀࡇ Ú ɯǕȩʕȀƇ ųƚ ƚŏɯʿ ɾȩ żȩȒɔʕɾƚࡏ

�ŏȘ ʿࡈ ȒŏȘʿ ɔɟȩųȀƚȒ ɯɔƚżǞ˙ż ɔɟƚżȩȘƇǞɾǞȩȘƚɟɯ ŏɟƚ ʕɯƚƇ ǞȘ
ɔɟŏżɾǞżƚࡏ ÷Ǖƚɟƚ ƇƚɯǞǃȘ Ǟɯ ʕɯʕŏȀȀʿ ŏ ǕƚʕɟǞɯɾǞż ɔɟȩżƚɯɯࡏ

CʾŏȒɔȀƚࡇ 4ǞŏǃȩȘŏȀ ɔɟƚżȩȘƇǞɾǞȩȘƚɟ ǀȩɟ Ȁƚŏɯɾ ɯɛʕŏɟƚɯ ɔɟȩųȀƚȒɯࡏ

ࡄ �ƚɾ 4 = ƇǞŏǃ(�î�)
ࡄ ĦŏȘɾ Ú�î�Ú ɾȩ ųƚ żȀȩɯƚ ɾȩ ǞƇƚȘɾǞɾʿ vࡏ
ࡄ �ƚɾ Ú =

√
ߝ−4

Ú Ǟɯ ȩǀɾƚȘ żŏȀȀƚƇ ŏ �ŏżȩųǞ ɔɟƚżȩȘƇǞɾǞȩȘƚɟࡏ °ǀɾƚȘ ʶȩɟǺɯ ʲƚɟʿ
ʶƚȀȀ ǞȘ ɔɟŏżɾǞżƚࡋ

ߥ

O - T R dud)

- PTAt a p = I → U = L

⇐ AtAa:*
"Hijo,.in#*sllATt-slleDTIIF=fa,g..



̙͖˨͇Ύ;˨ͱ θξ̥̐Ύ;̙͖ϑ͖Ύ;̥ξ

ߜߝ



̙͖˨͇Ύ;˨ͱ θξ̥̐Ύ;̙͖ϑ͖Ύ;̥ξ ͖;ϑϟ͖ϑ͖Ύ;

ǂ(ʾ) = ƿ(‖�Úʾ− ų‖ߞߞ) Ǟɯ ɾǕƚ ɯŏȒƚ Ȁƚŏɯɾ ɯɛʕŏɟƚɯ ɔɟȩųȀƚȒ ŏɯ
ƿ(ʾ) = ‖�ʾ− ų‖ࡈߞߞ ųʕɾ ʶǞɾǕ ƚŏżǕ ǀƚŏɾʕɟƚ żȩȀʕȒȘ ȩǀ � ɯżŏȀƚƇ
ƇǞǀǀƚɟƚȘɾȀ ʿࡏ ÷Ǖƚ ǝɾǕ żȩȀʕȒȘ Ǟɯ ɯżŏȀƚƇ ųʿ Óǝǝࡏ

_ƚŏɾʕɟƚ ɯżŏȀǞȘǃ żŏȘ Ǖŏʲƚ ŏ Ǖʕǃƚ ǞȒɔŏżɾ ȩȘ żȩȘƇǞɾǞȩȘǞȘǃࡏ ߝߝ

±

'⇒ d
o 1

PIE



̙͖˨͇Ύ;˨ͱ θξ̥̐Ύ;̙͖ϑ͖Ύ;̥ξ ͖;ϑϟ͖ϑ͖Ύ;

ǂ(ʾ) = ƿ(‖�Úʾ− ų‖ߞߞ) Ǟɯ ɾǕƚ ɯŏȒƚ Ȁƚŏɯɾ ɯɛʕŏɟƚɯ ɔɟȩųȀƚȒ ŏɯ
ƿ(ʾ) = ‖�ʾ− ų‖ࡈߞߞ ųʕɾ ʶǞɾǕ ƚŏżǕ ǀƚŏɾʕɟƚ żȩȀʕȒȘ ȩǀ � ɯżŏȀƚƇ
ƇǞǀǀƚɟƚȘɾȀ ʿࡏ ÷Ǖƚ ǝɾǕ żȩȀʕȒȘ Ǟɯ ɯżŏȀƚƇ ųʿ Óǝǝࡏ

_ƚŏɾʕɟƚ ɯżŏȀǞȘǃ żŏȘ Ǖŏʲƚ ŏ Ǖʕǃƚ ǞȒɔŏżɾ ȩȘ żȩȘƇǞɾǞȩȘǞȘǃࡏ ߞߝ

Exercise:
Find a

wdrix
I t
where

KIP
"HTTP)>

Klatt)
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˨̙˨θϑ͖ϻ̥ χϑ̥θχ͖В̥χ

�ȘȩɾǕƚɟ ʲǞƚʶࡇ vǀ ǂ(ʾ) = ƿ(Úʾ) ɾǕƚȘ ∇ǂ(ʾ) = Úî∇ƿ(Úʾ)ࡏ

∇ǂ(ʾ) = Ú∇ƿ(Úʾ) ʶǕƚȘ Ú Ǟɯ ɯʿȒȒƚɾɟǞżࡏ

bɟŏƇǞƚȘɾ ƇƚɯżƚȘɾ ȩȘ ǂࡇ

ࡄ _ȩɟ ɺ = ,ߝ . . . , îࡈ
ࡄ ʾ(ɺ+ߝ) = ʾ(ɺ) − ηÚ

[
∇ƿ(Úʾ(ɺ))

]

bɟŏƇǞƚȘɾ ƇƚɯżƚȘɾ ȩȘ ǂࡇ

ࡄ _ȩɟ ɺ = ,ߝ . . . , îࡈ
ࡄ ʿ(ɺ+ߝ) = ʿ(ɺ) − ηÚߞ

[
∇ƿ(ʿ(ɺ))

]

ĦǕƚȘ Ú Ǟɯ ƇǞŏǃȩȘŏȀࡈ ɾǕǞɯ Ǟɯ ǲʕɯɾ ǃɟŏƇǞƚȘɾ ƇƚɯżƚȘɾ ʶǞɾǕ ŏ
ƇǞǀǀƚɟƚȘɾ ɯɾƚɔ ɯǞˌƚ ǀȩɟ ƚŏżǕ ɔŏɟŏȒƚɾƚɟࡋ

ߟߝ

I xD= P j '
E-arsy-glad

P #
<08444

~

yci)= pci)

#w⇒@→nec ta r



˨̙˨θϑ͖ϻ̥ χϑ̥θχ͖В̥χ

�ƚɯɯ żȀƚŏɟ Ǖȩʶ ɾȩ ɯƚɾ Ú ǀȩɟ ǃƚȘƚɟŏȀ ȩɔɾǞȒǞˌŏɾǞȩȘ ɔɟȩųȀƚȒɯ
ʶǕƚɟƚ ɾǕƚ mƚɯɯǞŏȘ Ǟɯ żǕŏȘǃǞȘǃࡈ ųʕɾ Ȁȩɾɯ ȩǀ ǕƚʕɟǞɯɾǞż
ŏȀǃȩɟǞɾǕȒɯ ųŏɯƚƇ ȩȘ ɾǕǞɯ ǞƇƚŏࡇ

ࡄ �ƇŏbɟŏƇࡈ �Ƈŏ4ƚȀɾŏ
ࡄ á�ëɔɟȩɔ
ࡄ �ƇŏȒ ȩɔɾǞȒǞˌƚɟ

Úɟƚɾɾʿ ȒʕżǕ ŏȀȀ ȩǀ ɾǕƚ Ȓȩɯɾ ʶǞƇƚȀʿ ʕɯƚƇ ȩɔɾǞȒǞˌŏɾǞȩȘ ȒƚɾǕȩƇɯ
ǀȩɟ ɾɟŏǞȘǞȘǃ ȘƚʕɟŏȀ ȘƚɾʶȩɟǺɯࡏ

ߠߝ

8 -



̐ΎΎξ̙͖;˨ϑ̥ ̙̥χ̥̐;ϑ

ߠߝ



χϑΎ̐͑˨χϑ͖̐ ͻ̥ϑ͑Ύ̙χ

�ŏǞȘ ǞƇƚŏࡇ ÷ɟŏƇƚ ɯȀȩʶƚɟ żȩȘʲƚɟǃƚȘżƚ Ȓȩɟƚ ǞɾƚɟŏɾǞȩȘɯ ǀȩɟ
żǕƚŏɔƚɟ ǞɾƚɟŏɾǞȩȘɯࡏ

ëɾȩżǕŏɯɾǞż bɟŏƇǞƚȘɾ 4ƚɯżƚȘɾࡇ ĦǕƚȘ ƿ(ʾ) = ∑ȗ
ǝ=ߝ ƿǝ(ʾ)ࡈ

ŏɔɔɟȩʾǞȒŏɾƚ ∇ƿ(ʾ) ʶǞɾǕ ∇ƿǝ(ʾ) ǀȩɟ ɟŏȘƇȩȒȀʿ żǕȩɯƚȘ ǝࡏ

ߡߝ



χϑΎ̐͑˨χϑ͖̐ ͻ̥ϑ͑Ύ̙χ

�ŏǞȘ ǞƇƚŏࡇ ÷ɟŏƇƚ ɯȀȩʶƚɟ żȩȘʲƚɟǃƚȘżƚ Ȓȩɟƚ ǞɾƚɟŏɾǞȩȘɯ ǀȩɟ
żǕƚŏɔƚɟ ǞɾƚɟŏɾǞȩȘɯࡏ

ëɾȩżǕŏɯɾǞż +ȩȩɟƇǞȘŏɾƚ 4ƚɯżƚȘɾࡇ °ȘȀʿ żȩȒɔʕɾƚ ŏ ɯǞȘǃȀƚ ɟŏȘƇȩȒ
ƚȘɾɟʿ ȩǀ ∇ƿ(ʾ) ȩȘ ƚŏżǕ ǞɾƚɟŏɾǞȩȘࡇ

∇ƿ(ʾ) =





∂ƿ
ߝʺ∂ (ʾ)
∂ƿ
ߞʺ∂ (ʾ)ࡏࡏࡏ
∂ƿ
∂ʺƆ (ʾ)




∇ǝƿ(ʾ) =





ߜ
∂ƿ
∂ʺǝ (ʾ)ࡏࡏࡏ
ߜ





ĆɔƇŏɾƚࡇ ʾ(ɺ+ߝ) ← ʾ(ɺ) − η∇ǝƿ(ʾ(ɺ))ࡏ

ߢߝ

Yd cheaper (maybe)

=

-

8
-



̐ΎΎξ̙͖;˨ϑ̥ ̙̥χ̥̐;ϑ

ĦǕƚȘ ʾ Ǖŏɯ Ɔ ɔŏɟŏȒƚɾƚɟɯࡈ żȩȒɔʕɾǞȘǃ ∇ǝƿ(ʾ) ɯȩȒƚɾǞȒƚɯ żȩɯɾɯ
ǲʕɯɾ ŏ Ɔ/ߝ ǀɟŏżɾǞȩȘ ȩǀ ʶǕŏɾ Ǟɾ żȩɯɾɯ ɾȩ żȩȒɔʕɾƚ ∇ƿ(ʾ)

CʾŏȒɔȀƚࡇ ƿ(ʾ) = ‖�ʾ− ų‖ߞߞ ǀȩɟ � ∈ Rȗ×Ɔ, ʾ ∈ RƆ,ų ∈ Rȗࡏ

ࡄ ∇ƿ(ʾ) = −�î�ʾߞ ࡏ�îųߞ
ࡄ ∇ǝƿ(ʾ) = ߞ

[
�î�ʾ

]
ǝ − ߞ

[
�îų

]
ǝࡏ

+ȩȒɔʕɾǞȘǃ ǀʕȀȀ ǃɟŏƇǞƚȘɾ ɾŏǺƚɯ ª(ȗƆ) ɾǞȒƚࡏ +ŏȘ ʶƚ Ƈȩ ųƚɾɾƚɟ
Ǖƚɟƚࡐ

ߣߝ

ATA = I F - I ] → o n l y

-
L T a n d )

⇒ n d t i e d + n d

AtlAx)
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̐ΎΎξ̙͖;˨ϑ̥ ̙̥χ̥̐;ϑ

ĦǕƚȘ ʾ Ǖŏɯ Ɔ ɔŏɟŏȒƚɾƚɟɯࡈ żȩȒɔʕɾǞȘǃ ∇ǝƿ(ʾ) ɯȩȒƚɾǞȒƚɯ żȩɯɾɯ
ǲʕɯɾ ŏ Ɔ/ߝ ǀɟŏżɾǞȩȘ ȩǀ ʶǕŏɾ Ǟɾ żȩɯɾɯ ɾȩ żȩȒɔʕɾƚ ∇ƿ(ʾ)

CʾŏȒɔȀƚࡇ ƿ(ʾ) = ‖�ʾ− ų‖ߞߞ ǀȩɟ � ∈ Rȗ×Ɔ, ʾ ∈ RƆ,ų ∈ Rȗࡏ

ࡄ ∇ƿ(ʾ) = −�î�ʾߞ ࡏ�îųߞ
ࡄ ∇ǝƿ(ʾ) = ߞ

[
�î�ʾ

]
ǝ − ߞ

[
�îų

]
ǝࡏ

ࡄ �ʾ(ɺ+ߝ) = �
(
ʾ(ɺ) + ż · ƚǝ

)
ª(ȗ) ɾǞȒƚ

ࡄ ߞ
[
�î

(
�ʾ(ɺ+ߝ) − ų

)]
ǝ ª(ȗ) ɾǞȒƚ

ߤߝ

A× I t )Ziego
¥÷÷¥E⇒§
?"

'"÷÷ I:) Hei I I c a i



χϑΎ̐͑˨χϑ͖̐ ̐ΎΎξ̙͖;˨ϑ̥ ̙̥χ̥̐;ϑ

ëɾȩżǕŏɯɾǞż +ȩȩɟƇǞȘŏɾƚ 4ƚɯżƚȘɾࡇ

ࡄ +Ǖȩȩɯƚ ȘʕȒųƚɟ ȩǀ ɯɾƚɔɯ î ŏȘƇ ɯɾƚɔ ɯǞˌƚ ηࡏ
ࡄ _ȩɟ ɺ = ,ߝ . . . , îࡇ

ࡄ ÚǞżǺ ɟŏȘƇȩȒ Ǳ ∈ ,ߝ . . . ,Ɔ ʕȘǞǀȩɟȒȀʿ ŏɾ ɟŏȘƇȩȒࡏ
ࡄ ʾ(ɺ+ߝ) = ʾ(ɺ) − η∇Ǳƿ(ʾ(ǝ))

ࡄ áƚɾʕɟȘ ˆʾ = ߝ
î
∑î

ɺ=ߝ ʾ(ɺ)ࡏ

ߥߝ

- s e t x 4 = 0
=

=

H e



χϑΎ̐͑˨χϑ͖̐ ̐ΎΎξ̙͖;˨ϑ̥ ̙̥χ̥̐;ϑ

÷ǕƚȩɟƚȒ ëɾȩżǕŏɯɾǞż +ȩȩɟƇǞȘŏɾƚ 4ƚɯżƚȘɾ żȩȘʲƚɟǃƚȘżƚ
`ǝʮƙȗ ŏ ˈ�ǝɑɫżǔǝɺࡹ` ƿʑȗżɺǝȧȗ ƿ ʲǝɺǔ ȑǝȗǝȑǝˈƙɛ ʾ∗ ŏȗƆ ǝȗǝɺǝŏǿ
ɑȧǝȗɺ ʾ(ߝ) ʲǝɺǔ ‖ʾ(ߝ) − ʾ∗‖ߞ ≤ Úࡌ ã*2 ʲǝɺǔ ɫɺƙɑ ɫǝˈƙ η = ߝ

ÚƆ
ɫŏɺǝɫ˛ƙɫ ɺǔƙ ǂʑŏɛŏȗɺƙƙࡋ

E[ƿ(ˆʾ)− ƿ(ʾ∗)] ≤ √Ú`ߞ
î/Ɔ

ߜߞ

-

= E

T = O (6213¥)a & gives e r r o r e

01621¥)



͖ͻθΎξϑ˨;̥̐ χ˨ͻθͱ͖;͇

°ǀɾƚȘ Ǟɾ ƇȩƚɯȘ࢈ɾ ȒŏǺƚ ɯƚȘɯƚ ɾȩ ɯŏȒɔȀƚ ǝ ʕȘǞǀȩɟȒȀʿ ŏɾ ɟŏȘƇȩȒࡇ

� =





ߜ ߜ ߝ ߜ ߜ ߜ
ߜ ߜ ߞ ߜ ߜ ߜ
ߜ ߜ ߝ− ߜ ߜ ߜ
ߜ ߜ ߡ.− ߜ ߜ ߜ
ߜ ߜ ߟ ߜ ߜ ߜ
ߜ ߜ ߞ− ߜ ߜ ߜ





ų =





ߜߝ
ߞߠ
ߝߝ−
ߝߡ−
ߠߟ
ߞߞ−





ëƚȀƚżɾ ǞȘƇǞżƚɯ ǝ ɔɟȩɔȩɟɾǞȩȘŏȀ ɾȩ ‖ŏǝ‖ࡇߞߞ

Úɟ[ɯƚȀƚżɾ ǞȘƇƚʾ ǝ ɾȩ ʕɔƇŏɾƚ] = ‖ŏǝ‖ߞߞ∑Ɔ
Ǳ=ߝ ‖ŏǱ‖ߞߞ

=
‖ŏǝ‖ߞߞ
[ߞ‖�‖

�ƚɾ࢈ɯ ŏȘŏȀʿˌƚ ɾǕǞɯ ŏɔɔɟȩŏżǕࡏ

ߝߞ

11Ax - b115

no
-

-HAE.iq#.z0
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χϑΎ̐͑˨χϑ͖̐ ̐ΎΎξ̙͖;˨ϑ̥ ̙̥χ̥̐;ϑ

ëɔƚżǞŏȀǞˌŏɾǞȩȘ ȩǀ ë+4 ɾȩ ‖�ʾ− ų‖ࡇߞߞ

áŏȘƇȩȒǞˌƚƇ +ȩȩɟƇǞȘŏɾƚ 4ƚɯżƚȘɾ ࡈëɾɟȩǕȒƚɟ ģƚɟɯǕʿȘǞȘ ߣߜߜߞ ࡕ
�ƚʲƚȘɾǕŏȀࡈ �ƚʶǞɯ ߤߝߜߞ

ࡄ _ȩɟ Ǟɾƚɟŏɾƚ ʾ(ɺ)ࡈ Ȁƚɾ ɟ(ɺ) ųƚ ɾǕƚ ɟƚɯǞƇʕŏȀࡇ

ɟ(ɺ) = �ʾ(ɺ) − ų

ࡄ ʾ(ɺ+ߝ) = ʾ(ɺ) − żƚǱࡏ
ࡄ ɟ(ɺ+ߝ) = ɟ(ɺ) − żŏǱࡏ mƚɟƚ ŏǱ Ǟɯ ɾǕƚ ǝɾǕ żȩȀʕȒȘ ȩǀ ࡏ�

÷ʿɔǞżŏȀȀʿ ż ƇƚɔƚȘƇɯ ȩȘ ˙ʾƚƇ ȀƚŏɟȘǞȘǃ ɟŏɾƚࡏ mƚɟƚ ʶƚ ʶǞȀȀ żǕȩȩɯƚ
Ǟɾ ȩɔɾǞȒŏȀȀʿ ࡵ ɯǞȒǞȀŏɟ ǞƇƚŏ ɾȩ ǃɟŏƇǞƚȘɾ ƇƚɯżƚȘɾ ʶǞɾǕ ȀǞȘƚ ɯƚŏɟżǕࡏ

ߞߞ

=
plt)

A x" t " - b = A (×"'-ce;)-b =

ftp.b-c/tej""



χϑΎ̐͑˨χϑ͖̐ ̐ΎΎξ̙͖;˨ϑ̥ ̙̥χ̥̐;ϑ

ĦǕŏɾ żǕȩǞżƚ ǀȩɟ ż ȒǞȘǞȒǞˌƚɯ ‖ɟ(ɺ+ߝ)‖ࡐߞߞ

ࡄ ‖ɟ(ɺ+ߝ)‖ߞߞ = ‖ɟ(ɺ) − żŏǱ‖ߞߞ
ࡄ áƚɛʕǞɟƚɯ ɔɟȩǲƚżɾǞȘǃ ɟ(ɺ) ȩȘɾȩ ɔƚɟɔƚȘƇǞżʕȀŏɟ ȩǀ ŏǱࡏ

ࡄ ż = ŏîǱ ɟ(ɺ)

‖ŏǱ‖ߞߞ

�ȩɾƚ ɾǕŏɾ ‖ɟ(ɺ+ߝ)‖ߞߞ = ‖ɟ(ɺ)‖ߞߞ − ‖żŏǱ‖ߞߞ = ‖ɟ(ɺ)‖ߞߞ −
(ŏîǱ ɟ(ɺ))ߞ

‖ŏǱ‖ߞߞ

ߟߞ

→ small a s p o s s . #

, -
.

' •
,

¥= "
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χϑΎ̐͑˨χϑ͖̐ ̐ΎΎξ̙͖;˨ϑ̥ ̙̥χ̥̐;ϑ

ëɔƚżǞŏȀǞˌŏɾǞȩȘ ȩǀ ë+4 ɾȩ ‖�ʾ− ų‖ࡇߞߞ

áŏȘƇȩȒǞˌƚƇ +ȩȩɟƇǞȘŏɾƚ 4ƚɯżƚȘɾ

ࡄ +Ǖȩȩɯƚ ȘʕȒųƚɟ ȩǀ ɯɾƚɔɯ îࡏ
ࡄ �ƚɾ ʾ(ߝ) = ߜ ŏȘƇ ɟ(ߝ) = ųࡏ
ࡄ _ȩɟ ɺ = ,ߝ . . . , îࡇ

ࡄ ÚǞżǺ ɟŏȘƇȩȒ Ǳ ∈ ,ߝ . . . ,Ɔࡏ vȘƇƚʾ Ǳ Ǟɯ ɯƚȀƚżɾƚƇ ʶǞɾǕ
ɔɟȩųŏųǞȀǞɾʿ ɔɟȩɔȩɟɾǞȩȘŏȀ ɾȩ ‖ŏǱ‖ࡏ[ߞ‖�‖/ߞߞ

ࡄ ëƚɾ ż = ŏîǱ ɟ(ɺ)/‖ŏǱ‖ߞߞ
ࡄ ʾ(ɺ+ߝ) = ʾ(ɺ) − żƚǱ
ࡄ ɟ(ɺ+ߝ) = ɟ(ɺ) − żŏǱ

ࡄ áƚɾʕɟȘ ʾ(î)ࡏ

ߠߞ



̐Ύ;ϻ̥ξ͇̥;̥̐

+ȀŏǞȒ

E‖ɟ(ɺ+ߝ)‖ߞߞ = ‖ɟ(ɺ)‖ߞߞ −
ߝ
[ߞ‖�‖

‖�îɟ(ɺ)‖ߞߞ

ߡߞ

→ 2 Amin(ATA),¥¥¥"¥¥§.y retile
= - i,¥÷I%*:

I IHrA Hh i . . IEfllr"'ll.' - 'final;]
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= Hr"'E - E, 'ai,¥¥¥'
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̐Ύ;ϻ̥ξ͇̥;̥̐

�Șʿ ɟƚɯǞƇʕŏȀ ɟ żŏȘ ųƚ ʶɟǞɾɾƚȘ ŏɯ ɟ = ɟ∗ + ɟ̄ ʶǕƚɟƚ ɟ∗ = �ʾ∗ − ų
ŏȘƇ ɟ̄ = �(ʾɺ − ʾ∗)ࡏ �ȩɾƚ ɾǕŏɾ �îɟ∗ = ߜ ŏȘƇ ɟ̄ ⊥ ɟ∗ࡏ
+ȀŏǞȒ

E‖ɟ̄(ɺ+ߝ)‖ߞߞ ≤ ‖ɟ̄(ɺ)‖ߞߞ −
λȒǞȘ(�î�)
[ߞ‖�‖

E‖ɟ̄(ɺ+ߝ)‖ߞߞ + ‖ɟ∗‖ߞߞ ≤ ‖ɟ̄(ɺ)‖ߞߞ + ‖ɟ∗‖ߞߞ −
ߝ
[ߞ‖�‖

‖�îɟ̄(ɺ)‖ߞߞ‖ɟ̄(ɺ)‖ߞߞ

CʾƚɟżǞɯƚࡇ $ƚżŏʕɯƚ ɟ̄ Ǟɯ ǞȘ ɾǕƚ żȩȀʕȒȘ ɯɔŏȘ ȩǀ ࡈ�
‖�îɟ̄(ɺ)‖ߞߞ ≥ λȒǞȘ(�î�)‖ɟ̄(ɺ)‖ߞߞ

ߢߞ

F ' = Axa-b r t

•

=

f t r ( t ) - T t

- -



̐Ύ;ϻ̥ξ͇̥;̥̐

÷ǕƚȩɟƚȒ áŏȘƇȩȒǞˌƚƇ +ȩȩɟƇǞȘŏɾƚ 4ƚɯżƚȘɾ żȩȘʲƚɟǃƚȘżƚ
�ƿɺƙɛ î ɫɺƙɑɫ ȧƿ Ú*2 ʲǝɺǔ ǝȑɑȧɛɺŏȗżƙ ɫŏȑɑǿǝȗǂ ɛʑȗ ȧȗ
ƿ(ʾ) = ‖�ʾ− ų‖ࡌߞߞ ʲƙ ǔŏʮƙࡋ

E[ƿ(ʾ(ɺ))− ƿ(ʾ∗)] ≤
(
−ߝ λȒǞȘ(�î�)

[ߞ‖�‖

)ɺ
[ƿ(ʾ(ߜ))− ƿ(ʾ∗)]

+ȩɟȩȀȀŏɟʿࡇ �ǀɾƚɟ î = ª( [ߞ‖�‖
λȒǞȘ(�î�) Ȁȩǃ

ߝ
ε) ʶƚ ȩųɾŏǞȘ ƚɟɟȩɟ ε‖ų‖ࡏߞߞ

vɯ ɾǕǞɯ Ȓȩɟƚ ȩɟ Ȁƚɯɯ ǞɾƚɟŏɾǞȩȘɯ ɾǕŏȘ ɾǕƚ î = ª(λȒŏʾ(�
î�)

λȒǞȘ(�î�) Ȁȩǃ
ߝ
ε)

ɟƚɛʕǞɟƚƇ ǀȩɟ ǃɟŏƇǞƚȘɾ ƇƚɯżƚȘɾ ɾȩ żȩȘʲƚɟǃƚࡐ ߣߞ

= Ye log% )

E t = "'I:#arm

-



̐Ύͻθ˨ξ͖χΎ;

áƚżŏȀȀ ʕɯƚǀʕȀ ȀǞȘƚŏɟ ŏȀǃƚųɟŏǞż ǀŏżɾࡇ

[ߞ‖�‖ = ɾɟ(�î�) =
Ɔ∑

ǝ=ߝ
λǝ(�î�)

λȒŏʾ(�î�) ≤ [ߞ‖�‖ ≤ Ɔ · λȒŏʾ(�î�)

_ȩɟ ɯȩȀʲǞȘǃ ‖�ʾ− ų‖ࡈߞߞ

# b4 vɾƚɟŏɾǞȩȘɯ ≤ # á+4 vɾƚɟŏɾǞȩȘɯ ≤ Ɔ · # b4 vɾƚɟŏɾǞȩȘɯ

$ʕɾ á+4 ǞɾƚɟŏɾǞȩȘɯ ŏɟƚ żǕƚŏɔƚɟ ųʿ ŏ ǀŏżɾȩɟ ȩǀ Ɔࡏ

ߤߞ

P 7 Amax(ATA)

= @ s d Amex(Atl)

= L



̐Ύͻθ˨ξ͖χΎ;

ĦǕƚȘ Ƈȩƚɯ [ߞ‖�‖ = ɾɟ(�î�) = Ɔ · λȒŏʾ(�î�)ࡐ

ĦǕƚȘ Ƈȩƚɯ [ߞ‖�‖ = ɾɟ(�î�) = ߝ · λȒŏʾ(�î�)ࡐ

ߥߞ

A. 17¥
""" F - d ATA.-I

eigenvalu
es

a l l 1
Amex= 1

§::::'
- ' " ' " ' " '"' " d
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̐Ύͻθ˨ξ͖χΎ;

áȩʕǃǕȀʿࡇ

ëɾȩżǕŏɯɾǞż bɟŏƇǞƚȘɾ 4ƚɯżƚȘɾ ɔƚɟǀȩɟȒɯ ʶƚȀȀ ʶǕƚȘ Ƈŏɾŏ ɔȩǞȘɾɯ
ɟȩʶɯ ŏɟƚ ɟƚɔƚɾǞɾǞʲƚࡏ

ëɾȩżǕŏɯɾǞż +ȩȩɟƇǞȘŏɾƚ 4ƚɯżƚȘɾ ɔƚɟǀȩɟȒɯ ʶƚȀȀ ʶǕƚȘ Ƈŏɾŏ
ǀƚŏɾʕɟƚɯ żȩȀʕȒȘɯ ŏɟƚ ɟƚɔƚɾǞɾǞʲƚࡏ

ߜߟ

IF



;Ύ;̐ࡷΎ;ϻ̥Ѕ Ύθϑ͖ͻ͖В˨ϑ͖Ύ;
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χϑ˨ϑ͖Ύ;˨ξІ θΎ͖;ϑχ

Ħƚ ʕȘƇƚɟɯɾŏȘƇ ȒʕżǕ Ȁƚɯɯ ŏųȩʕɾ ȩɔɾǞȒǞˌǞȘǃ ȘȩȘࡷżȩȘʲƚʾ
ǀʕȘżɾǞȩȘɯ ǞȘ żȩȒɔŏɟǞɯȩȘ ɾȩ żȩȘʲƚʾ ǀʕȘżɾǞȩȘɯࡈ ųʕɾ Șȩɾ ȘȩɾǕǞȘǃࡏ
vȘ ȒŏȘʿ żŏɯƚɯࡈ ʶƚ࢈ɟƚ ɯɾǞȀȀ ˙ǃʕɟǞȘǃ ȩʕɾ ɾǕƚ ɟǞǃǕɾ ɛʕƚɯɾǞȩȘɯ ɾȩ ŏɯǺ

4ƚ˙ȘǞɾǞȩȘ ëɾŏɾǞȩȘŏɟʿ ɔȩǞȘɾ
_ȩɟ ŏ ƇǞǀǀƚɟƚȘɾǞŏųȀƚ ǀʕȘżɾǞȩȘ ƿࡈ ŏ ɯɾŏɾǞȩȘŏɟʿ ɔȩǞȘɾ Ǟɯ ŏȘʿ ʾ ʶǞɾǕࡇ

∇ƿ(ʾ) = ߜ

ȀȩżŏȀࡕǃȀȩųŏȀ ȒǞȘǞȒŏ ࡷ ȀȩżŏȀࡕǃȀȩųŏȀ ȒŏʾǞȒŏ ࡷ ɯŏƇƇȀƚ ɔȩǞȘɾɯ

ߝߟ

HotCx)115=0

"How
• .
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χϑ˨ϑ͖Ύ;˨ξІ θΎ͖;ϑχ

áƚŏɯȩȘŏųȀƚ ǃȩŏȀࡇ _ǞȘƇ ŏȘ ŏɔɔɟȩʾǞȒŏɾƚ ɯɾŏɾǞȩȘŏɟʿ ɔȩǞȘɾ ˆʾ ʶǞɾǕ

‖∇ƿ(ˆʾ)‖ߞߞ ≤ ε.

ߞߟ

- 0 = 0



χͻΎΎϑ͑;̥χχ ͂Ύξ ;Ύ;̐ࡷΎ;ϻ̥Ѕ ͂ϟ;ϑ͖Ύ;χ

4ƚ˙ȘǞɾǞȩȘ
� ƇǞǀǀƚɟƚȘɾǞŏųȀƚ ɔȩɾƚȘɾǞŏȀȀʿ ȘȩȘࡷżȩȘʲƚʾ ǀʕȘżɾǞȩȘ ƿ Ǟɯ β
ɯȒȩȩɾǕ Ǟǀ ǀȩɟ ŏȀȀ ʾ, ʿࡈ

‖∇ƿ(ʾ)−∇ƿ(ʿ)‖ߞ ≤ β‖ʾ− ʿ‖ߞ

+ȩɟȩȀȀŏɟʿࡇ _ȩɟ ŏȀȀ ʾ, ʿ
∣∣∇ƿ(ʾ)î(ʾ− ʿ)− [ƿ(ʾ)− ƿ(ʿ)]

∣∣ ≤ β

ߞ ‖ʾ− ʿ‖
ߞ
.ߞ

ߟߟ

- o f



͇ξ˨̙͖̥;ϑ ̙̥χ̥̐;ϑ ͖͂;̙χ ˨θθξΎЅ͖ͻ˨ϑ̥ χϑ˨ϑ͖Ύ;˨ξІ θΎ͖;ϑχ

÷ǕƚȩɟƚȒ
sƿ `2 ǝɫ ɛʑȗ ʲǝɺǔ ɫɺƙɑ ɫǝˈƙ η = ߝ

β ȧȗ ŏ Ɔǝƿƿƙɛƙȗɺǝŏųǿƙ ƿʑȗżɺǝȧȗ ƿ
ʲǝɺǔ ǂǿȧųŏǿ ȑǝȗǝȑʑȑ ʾ∗ ɺǔƙȗ ŏƿɺƙɛ î = ª(β[ƿ(ʾ

[ƿ(ʾ∗)−((ߝ)
ε ) ʲƙ ʲǝǿǿ

˛ȗƆ ŏȗ εࡹŏɑɑɛȧʺǝȑŏɺƙ ɫɺŏɺǝȧȗŏɛʻ ɑȧǝȗɺ ˆʾࡒ

ࡄ ∇ƿ(ʾ(ɺ))î(ʾ(ɺ) − ʾ(ɺ+ߝ))− ƿ(ʾ(ɺ)) + ƿ(ʾ(ɺ+ߝ)) ≤ β
ߞ ‖ʾ(ɺ) − ʾ(ɺ+ߝ)‖ߞߞ.

ࡄ ƿ(ʾ(ɺ+ߝ]))− ƿ(ʾ(ɺ)) ≤ β
ߞ η

ߞߞ‖ƿ(ʾ(ɺ))∇‖ߞ − η‖∇ƿ(ʾ(ɺ))‖ߞߞ
ࡄ ƿ(ʾ(ɺ+ߝ]))− ƿ(ʾ(ɺ)) ≤ −η

ߞ ‖∇ƿ(ʾ(ɺ))‖ߞߞ
ࡄ ߝ
î
∑î

ɺ=ߝ
η
ߞߞ‖ƿ(ʾ(ɺ))‖ߞ ≤ ߝ

î
∑î

ɺ=ߝ ƿ(ʾ(ɺ))− ƿ(ʾ(ɺ+ߝ))
ࡄ η
ߞ ȒǞȘɺ ‖ƿ(ʾ(ɺ))‖ߞߞ ≤ ߝ

î
[
ƿ(ʾ)(ߝ) − ƿ(ʾ)(î))

]

ߠߟ

= -



μϟ̥χϑ͖Ύ;χ ͖; ;Ύ;̐ࡷΎ;ϻ̥Ѕ Ύθϑ͖ͻ͖В˨ϑ͖Ύ;

vǀ b4 żŏȘ ˙ȘƇ ŏ ɯɾŏɾǞȩȘŏɟʿ ɔȩǞȘɾࡈ ŏɟƚ ɾǕƚɟƚ ŏȀǃȩɟǞɾǕȒɯ ʶǕǞżǕ
˙ȘƇ ŏ ɯɾŏɾǞȩȘŏɟʿ ɔȩǞȘɾ ǀŏɯɾƚɟ ʕɯǞȘǃ ɔɟƚżȩȘƇǞɾǞȩȘǞȘǃࡈ
ŏżżƚȀƚɟŏɾǞȩȘࡈ ɯɾȩżŏɯɾǞż ȒƚɾǕȩƇɯࡈ ƚɾżࡐࡏ

ߡߟ



μϟ̥χϑ͖Ύ;χ ͖; ;Ύ;̐ࡷΎ;ϻ̥Ѕ Ύθϑ͖ͻ͖В˨ϑ͖Ύ;

ĦǕŏɾ Ǟǀ Ȓʿ ǀʕȘżɾǞȩȘ ȩȘȀʿ Ǖŏɯ ǃȀȩųŏȀ ȒǞȘǞȒŏ ŏȘƇ ɯɾŏɾǞȩȘŏɟʿ
ɔȩǞȘɾɯࡐ áŏȘƇȩȒǞˌƚƇ ȒƚɾǕȩƇɯ ࡈëb4 ɔƚɟɾʕɟųƚƇ ǃɟŏƇǞƚȘɾ
ȒƚɾǕȩƇɯࡈ ƚɾżࡏ żŏȘ ࢆƚɯżŏɔƚࢅ ɯɾŏɾǞȩȘŏɟʿ ɔȩǞȘɾɯ ʕȘƇƚɟ ɯȩȒƚ
ȒǞȘȩɟ ŏɯɯʕȒɔɾǞȩȘɯࡏ

CʾŏȒɔȀƚࡇ ȒǞȘʾ −ʾî�î�ʾ
ʾîʾ

ࡄ bȀȩųŏȀ ȒǞȘǞȒʕȒࡇ ÷ȩɔ ƚǞǃƚȘʲƚżɾȩɟ ȩǀ �î� ࡈࡏƚࡏǞ ɾȩɔ ɔɟǞȘżǞɔŏȀ
żȩȒɔȩȘƚȘɾ ȩǀ ࡏ�

ࡄ ëɾŏɾǞȩȘŏɟʿ ɔȩǞȘɾɯࡇ �ȀȀ ȩɾǕƚɟ ƚǞǃƚȘʲƚżɾȩɟɯ ȩǀ ࡏ�

ĆɯƚǀʕȀ ǀȩɟ Ȁȩɾɯ ȩǀ ȩɾǕƚɟ ȒŏɾɟǞʾ ǀŏżɾȩɟǞˌŏɾǞȩȘ ɔɟȩųȀƚȒɯ ųƚʿȩȘƇ
ʲŏȘǞȀȀŏ Ú+ࡏ�
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