
+ëࡷbĮ ߟߞߞߥ vࡇ �ƚżɾʕɟƚ ߣ
ÚɟƚżȩȘƇǞɾǞȩȘǞȘǃࡈ ŏżżƚȀƚɟŏɾǞȩȘࡈ żȩȩɟƇǞȘŏɾƚ
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ͱΎ͇͖χϑ͖̐χ

ࡄ ëƚȀǀࡷɔɟȩżɾȩɟƚƇࡈ Ǖȩʕɟࡷߞ ȒǞƇɾƚɟȒ ɾȩ ųƚ ɾŏǺƚȘ ŏȘʿɾǞȒƚ Șƚʾɾ
ʶƚƚǺࡏ

ࡄ �ȩ +ȩȀȀŏųȩɟŏɾǞȩȘ ŏȀȀȩʶƚƇ ŏɾ ŏȀȀࡏ °ɟ ȩʕɾɯǞƇƚ ɟƚɯȩʕɟżƚɯࡏ �ʕɯɾ
ʕɯƚ ʿȩʕɟ ȩʶȘ Șȩɾƚɯ ŏȘƇ ȒŏɾƚɟǞŏȀ ǀɟȩȒ ɾǕƚ żȀŏɯɯࡏ

ࡄ ëŏȒɔȀƚ ɔɟȩųȀƚȒɯ ŏɟƚ ŏʲŏǞȀŏųȀƚ ȩȘ żȩʕɟɯƚ ʶƚųɯǞɾƚࡏ Ħƚ żŏȘ
ɟƚʲǞƚʶ ƇʕɟǞȘǃ ȩǀ˙żƚ Ǖȩʕɟɯ ɾȩȒȩɟɟȩʶ ȩɟ Șƚʾɾ ʶƚƚǺࡏ

ࡄ Įȩʕ ɯǕȩʕȀƇ Ǖŏʲƚ ɟƚżƚǞʲƚƇ ŏȘ ǞȘʲǞɾƚ ɾȩ bɟŏƇƚɯżȩɔƚࡏ
mȩɔƚǀʕȀȀʿ ɾȩȘǞǃǕɾࡕɾȩȒȩɟɟȩʶ v żŏȘ ʕɔȀȩŏƇ ŏ ɔɟŏżɾǞżƚࢆ ɾƚɯɾࢆ
ɾȩ ȒŏǺƚ ɯʕɟƚ ɾǕƚǞɟ ɯʿɯɾƚȒ ʶȩɟǺɯࡏ

ߞ

• Demos + Calculator + Coding i s allowed
+ Wolfrom Alpha



͇ξ˨̙͖̥;ϑ ̙̥χ̥̐;ϑ

+ȩȘƇǞɾǞȩȘɯࡇ

ࡄ +ȩȘʲƚʾǞɾʿࡇ ƿ Ǟɯ ŏ żȩȘʲƚʾ ǀʕȘżɾǞȩȘࡈ S Ǟɯ ŏ żȩȘʲƚʾ ɯƚɾࡏ
ࡄ $ȩʕȘƇƚƇ ǞȘǞɾǞŏȀ ƇǞɯɾŏȘɾࡇ

‖ʾ(ߜ) − ʾ∗‖ߞ ≤ Ú
ࡄ $ȩʕȘƇƚƇ ǃɟŏƇǞƚȘɾɯ ˌ�ǞɔɯżǕǞɾ ǀʕȘżɾǞȩȘࡇ

‖∇ƿ(ʾ)‖ߞ ≤ ` ǀȩɟ ŏȀȀ ʾ ∈ S.

÷ǕƚȩɟƚȒ
`2 *ȧȗʮƙɛǂƙȗżƙ $ȧʑȗƆࡦ ࡨÓɛȧǱƙżɺƙƆࡧ `ɛŏƆǝƙȗɺ 2ƙɫżƙȗɺ ɛƙɺʑɛȗɫ
ˆʾ ʲǝɺǔ ƿ(ˆʾ) ≤ ȒǞȘʾ∈S ƿ(ʾ) + ε ŏƿɺƙɛ

î = Úߞ`ߞ
εߞ

ǝɺƙɛŏɺǝȧȗɫࡒ

ߟ

•
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Ύ;ͱ͖;̥ ͇ξ˨̙͖̥;ϑ ̙̥χ̥̐;ϑ

ʾ∗ = ȒǞȘʾ
∑î

ǝ=ߝ ƿǝ(ʾ∗) ɾǕƚ ȩǀ˚ǞȘƚ ȩɔɾǞȒʕȒ

+ȩȘƇǞɾǞȩȘɯࡇ

ࡄ ƿߝ, . . . , ƿî ŏɟƚ ŏȀȀ żȩȘʲƚʾࡏ
ࡄ CŏżǕ Ǟɯ ࡇˌ�ǞɔɯżǕǞɾࡷ` ǀȩɟ ŏȀȀ ʾࡈ ǝࡈ ‖∇ƿǝ(ʾ)‖ߞ ≤ ࡏ`
ࡄ ëɾŏɟɾǞȘǃ ɟŏƇǞʕɯࡇ ‖ʾ∗ − ʾ(ߝ)‖ߞ ≤ Úࡏ

÷ǕƚȩɟƚȒ b4° áƚǃɟƚɾ $ȩʕȘƇ

�ƿɺƙɛ î ɫɺƙɑɫࡌ
[∑î

ǝ=ߝ ƿǝ(ʾ(ǝ))
]
−

[∑î
ǝ=ߝ ƿǝ(ʾ∗)

]
≤ Ú`

√
îࡒ sࡒƙࡒ ɺǔƙ

ŏʮƙɛŏǂƙ ɛƙǂɛƙɺ îߝ
[∑î

ǝ=ߝ ƿǝ(ʾ(ǝ))
]
ǝɫ ≤ ε ŏƿɺƙɛࡋ

î = Úߞ`ߞ
εߞ

ǝɺƙɛŏɺǝȧȗɫࡒ

ߠ

O -



χϑΎ̐͑˨χϑ͖̐ ͇ξ˨̙͖̥;ϑ ̙̥χ̥̐;ϑ

+ȩȘƇǞɾǞȩȘɯࡇ

ࡄ _ǞȘǞɾƚ ɯʕȒ ɯɾɟʕżɾʕɟƚࡇ ƿ(ʾ) = ∑ȗ
ǝ=ߝ ƿǝ(ʾ)ࡈ ʶǞɾǕ ƿߝ, . . . , ƿȗ ŏȀȀ

żȩȘʲƚʾࡏ
ࡄ �ǞɔɯżǕǞɾˌ ǀʕȘżɾǞȩȘɯࡇ ǀȩɟ ŏȀȀ ʾࡈ Ǳࡈ ‖∇ƿǱ(ʾ)‖ߞ ≤ `′

ȗ ࡏ
ࡄ ëɾŏɟɾǞȘǃ ɟŏƇǞʕɯࡇ ‖ʾ∗ − ʾ(ߝ)‖ߞ ≤ Úࡏ

÷ǕƚȩɟƚȒ ëb4 áƚǃɟƚɾ $ȩʕȘƇ
ãɺȧżǔŏɫɺǝż `ɛŏƆǝƙȗɺ 2ƙɫżƙȗɺ ɛƙɺʑɛȗɫ ˆʾ ʲǝɺǔ
E[ƿ(ˆʾ)] ≤ ȒǞȘʾ∈S ƿ(ʾ) + ε ŏƿɺƙɛ

î = Úߞ′`ߞ
εߞ

ǝɺƙɛŏɺǝȧȗɫࡒ

ĝƙ ŏǿʲŏʻɫ ǔŏʮƙ ɺǔŏɺ `′ > ࡌ` ųʑɺ ǝɺƙɛŏɺǝȧȗɫ ŏɛƙ ɺʻɑǝżŏǿǿʻ
żǔƙŏɑƙɛ ųʻ ŏ ƿŏżɺȧɛ ȧƿ ȗࡒ
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̥̊ІΎ;̙ ϑ̥͑ ̊˨χ͖̐ ̊Ύϟ;̙χ

+ŏȘ ȩʕɟ żȩȘʲƚɟǃƚȘżƚ ųȩʕȘƇɯ ųƚ ɾǞǃǕɾƚȘƚƇ ǀȩɟ żƚɟɾŏǞȘ
ǀʕȘżɾǞȩȘɯࡐ +ŏȘ ɾǕƚʿ ǃʕǞƇƚ ʕɯ ɾȩʶŏɟƇɯ ǀŏɯɾƚɟ ŏȀǃȩɟǞɾǕȒɯࡐ

bȩŏȀɯࡇ

ࡄ vȒɔɟȩʲƚ ε ƇƚɔƚȘƇƚȘżƚ ųƚȀȩʶ ࡏߞε/ߝ
ࡄ vƇƚŏȀȀʿ ε/ߝ ȩɟ Ȁȩǃ(ߝ/ε)ࡏ

ࡄ áƚƇʕżƚ ȩɟ ƚȀǞȒǞȘŏɾƚ ƇƚɔƚȘƇƚȘżƚ ȩȘ ` ŏȘƇ Úࡏ
ࡄ _ʕɟɾǕƚɟ ɾŏǺƚ ŏƇʲŏȘɾŏǃƚ ȩǀ ɯɾɟʕżɾʕɟƚ ǞȘ ɾǕƚ Ƈŏɾŏ ࡏǃࡏƚ
ɟƚɔƚɾǞɾǞȩȘ ǞȘ ǀƚŏɾʕɟƚɯ ǞȘ ŏƇƇǞɾǞȩȘ ɾȩ Ƈŏɾŏ ɔȩǞȘɾɯࡏ

ߢ



χͻΎΎϑ͑;̥χχ

4ƚ˙ȘǞɾǞȩȘ ɯȒȩȩɾǕȘƚɯɯࡷβ
� ǀʕȘżɾǞȩȘ ƿ Ǟɯ β ɯȒȩȩɾǕ Ǟǀࡈ ǀȩɟ ŏȀȀ ʾࡈ ʿ

‖∇ƿ(ʾ)−∇ƿ(ʿ)‖ߞ ≤ β‖ʾ− ʿ‖ߞ

�ǀɾƚɟ ɯȩȒƚ żŏȀżʕȀʕɯ ɯƚƚ �ƚȒࡏ ߠࡏߟ ǞȘ $ʕųƚżǺ࢈ɯ ųȩȩǺࡈ ɾǕǞɯ
ǞȒɔȀǞƚɯࡇ

[ƿ(ʿ)− ƿ(ʾ)]−∇ƿ(ʾ)î(ʿ− ʾ) ≤ β

ߞ ‖ʾ− ʿ‖
ߞ
ߞ

_ȩɟ ŏ ɯżŏȀŏɟ ʲŏȀʕƚƇ ǀʕȘżɾǞȩȘ ƿࡈ ƚɛʕǞʲŏȀƚȘɾ ɾȩ ƿ′′(ʺ) ≤ βࡏ
ߣ
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χͻΎΎϑ͑;̥χχ

áƚżŏȀȀ ǀɟȩȒ Ƈƚ˙ȘǞɾǞȩȘ ȩǀ żȩȘʲƚʾǞɾʿ ɾǕŏɾࡇ

ƿ(ʿ)− ƿ(ʾ) ≥ ∇ƿ(ʾ)î(ʿ− ʾ)

ëȩ Șȩʶ ʶƚ Ǖŏʲƚ ŏȘ ʕɔɔƚɟ ŏȘƇ Ȁȩʶƚɟ ųȩʕȘƇࡏ

ߜ ≤ [ƿ(ʿ)− ƿ(ʾ)]−∇ƿ(ʾ)î(ʿ− ʾ) ≤ β

ߞ ‖ʾ− ʿ‖
ߞ
ߞ

ߤ



͇ϟ˨ξ˨;ϑ̥̥̙ θξΎ͇ξ̥χχ

ÚɟƚʲǞȩʕɯȀʿ ȀƚŏɟȘǞȘǃ ɟŏɾƚࡕɯɾƚɔ ɯǞˌƚ η ƇƚɔƚȘƇƚƇ ȩȘ ࡏ` �ȩʶ
żǕȩȩɯƚ Ǟɾ ųŏɯƚƇ ȩȘ βࡇ

ʾ(ɺ+ߝ) ← ʾ(ɺ) − ߝ
β
∇ƿ(ʾ(ɺ))

Úɟȩǃɟƚɯɯ ɔƚɟ ɯɾƚɔ ȩǀ ǃɟŏƇǞƚȘɾ ƇƚɯżƚȘɾࡇ
[
ƿ(ʾ(ɺ+ߝ))− ƿ(ʾ(ɺ))

]
−∇ƿ(ʾ(ɺ))î(ʾ(ɺ+ߝ) − ʾ(ɺ)) ≤ β

ߞ ‖ʾ
(ɺ) − ʾ(ɺ+ߝ)‖ߞߞ

[
ƿ(ʾ(ɺ+ߝ))− ƿ(ʾ(ɺ))

]
+
ߝ
β
‖∇ƿ(ʾ(ɺ))‖ߞߞ ≤

β

ߞ ‖
ߝ
β
∇ƿ(ʾ(ɺ))‖ߞߞ

ƿ(ʾ(ɺ))− ƿ(ʾ(ɺ+ߝ)) ≥ ߝ
βߞ ‖∇ƿ(ʾ

(ɺ))‖ߞߞ ߥ

=Y B
-
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̐Ύ;ϻ̥ξ͇̥;̥̐ ͇ϟ˨ξ˨;ϑ̥̥

÷ǕƚȩɟƚȒ b4 żȩȘʲƚɟǃƚȘżƚ ǀȩɟ βࡷɯȒȩȩɾǕ ǀʕȘżɾǞȩȘɯࡏ
�ƙɺ ƿ ųƙ ŏ β ɫȑȧȧɺǔ żȧȗʮƙʺ ƿʑȗżɺǝȧȗ ŏȗƆ ŏɫɫʑȑƙ ʲƙ ǔŏʮƙ
‖ʾ∗ − ʾ(ߝ)‖ߞ ≤ Úࡒ sƿ ʲƙ ɛʑȗ `2 ƿȧɛ î ɫɺƙɑɫ ʲǝɺǔ η = ߝ

β ʲƙ ǔŏʮƙࡋ

ƿ(ʾ(î))− ƿ(ʾ∗) ≤ ߞβÚߞ
î− ߝ

+ȩɟȩȀȀŏɟʿࡇ vǀ î = ª
(
βÚߞ
ε

)
ʶƚ Ǖŏʲƚ ƿ(ʾ(î))− ƿ(ʾ∗) ≤ εࡏ

ߜߝ

O
-

- - - -
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χϑξΎ;͇ ̐Ύ;ϻ̥Ѕ͖ϑІ

4ƚ˙ȘǞɾǞȩȘ ɯɾɟȩȘǃȀʿࡷα żȩȘʲƚʾ
� żȩȘʲƚʾ ǀʕȘżɾǞȩȘ ƿ Ǟɯ αࡷɯɾɟȩȘǃȀʿ żȩȘʲƚʾ Ǟǀࡈ ǀȩɟ ŏȀȀ ʾࡈ ʿ

[ƿ(ʿ)− ƿ(ʾ)]−∇ƿ(ʾ)î(ʿ− ʾ) ≥ α

ߞ ‖ʾ− ʿ‖
ߞ
ߞ

α Ǟɯ ŏ ɔŏɟŏȒƚɾƚɟ ɾǕŏɾ ʶǞȀȀ ƇƚɔƚȘƇ ȩȘ ȩʕɟ ǀʕȘżɾǞȩȘࡏ

_ȩɟ ŏ ɾʶǞżƚࡷƇǞǀǀƚɟƚȘɾǞŏųȀƚ ɯżŏȀŏɟ ʲŏȀʕƚƇ ǀʕȘżɾǞȩȘ ƿࡈ ƚɛʕǞʲŏȀƚȘɾ
ɾȩ ƿ′′(ʺ) ≥ αࡏ

ߝߝ

{11×-0":#y O
' ¥ 1 1
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͇̙ ͂Ύξ χϑξΎ;͇ͱІ ̐Ύ;ϻ̥Ѕ ͂ϟ;̐ϑ͖Ύ;

bɟŏƇǞƚȘɾ ƇƚɯżƚȘɾ ǀȩɟ ɯɾɟȩȘǃȀʿ żȩȘʲƚʾ ǀʕȘżɾǞȩȘɯࡇ

ࡄ +Ǖȩȩɯƚ ȘʕȒųƚɟ ȩǀ ɯɾƚɔɯ îࡏ
ࡄ _ȩɟ ǝ = ,ߝ . . . , îࡇ

ࡄ η = ߞ
α·(ǝ+ߝ)

ࡄ ʾ(ǝ+ߝ) = ʾ(ǝ) − η∇ƿ(ʾ(ǝ))
ࡄ áƚɾʕɟȘ ˆʾ = ŏɟǃȒǞȘʾ(ǝ) ƿ(ʾ(ǝ))ࡏ

ߞߝ

0



̐Ύ;ϻ̥ξ͇̥;̥̐ ͇ϟ˨ξ˨;ϑ̥̥

÷ǕƚȩɟƚȒ b4 żȩȘʲƚɟǃƚȘżƚ ǀȩɟ αࡷɯɾɟȩȘǃȀʿ żȩȘʲƚʾ ǀʕȘżɾǞȩȘɯࡏ
�ƙɺ ƿ ųƙ ŏȗ αࡹɫɺɛȧȗǂǿʻ żȧȗʮƙʺ ƿʑȗżɺǝȧȗ ŏȗƆ ŏɫɫʑȑƙ ʲƙ ǔŏʮƙ
ɺǔŏɺࡌ ƿȧɛ ŏǿǿ ʾࡌ ‖∇ƿ(ʾ)‖ߞ ≤ ࡒ` sƿ ʲƙ ɛʑȗ `2 ƿȧɛ î ɫɺƙɑɫ ʲǝɺǔࡧ
ŏƆŏɑɺǝʮƙ ɫɺƙɑ ɫǝˈƙɫࡨ ʲƙ ǔŏʮƙࡋ

ƿ(ˆʾ)− ƿ(ʾ∗) ≤ ߞ`ߞ
α(î− (ߝ

+ȩɟȩȀȀŏɟʿࡇ vǀ î = ª
(
ߞ`
αε

)
ʶƚ Ǖŏʲƚ ƿ(ˆʾ)− ƿ(ʾ∗) ≤ ε

ߟߝ

0
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̐Ύ;ϻ̥ξ͇̥;̥̐ ͇ϟ˨ξ˨;ϑ̥̥

ĦǕŏɾ Ǟǀ ƿ Ǟɯ ųȩɾǕ βࡷɯȒȩȩɾǕ ŏȘƇ αࡷɯɾɟȩȘǃȀʿ żȩȘʲƚʾࡐ

α

ߞ ‖ʾ− ʿ‖
ߞ
ߞ ≤ ∇ƿ(ʾ)î(ʾ− ʿ)− [ƿ(ʾ)− ƿ(ʿ)] ≤ β

ߞ ‖ʾ− ʿ‖
ߞ
.ߞ

ߠߝ

X-y.. -(Y-x)

=
[ftp.tcx/TFbfCx)t(y-x)



̐Ύ;ϻ̥ξ͇̥;̥̐ ͇ϟ˨ξ˨;ϑ̥̥

α

ߞ ‖ʾ− ʿ‖
ߞ
ߞ ≤ ∇ƿ(ʾ)î(ʾ− ʿ)− [ƿ(ʾ)− ƿ(ʿ)] ≤ β

ߞ ‖ʾ− ʿ‖
ߞ
.ߞ

÷ǕƚȩɟƚȒ b4 ǀȩɟ βࡷɯȒȩȩɾǕࡈ αࡷɯɾɟȩȘǃȀʿ żȩȘʲƚʾࡏ
�ƙɺ ƿ ųƙ ŏ βࡹɫȑȧȧɺǔ ŏȗƆ αࡹɫɺɛȧȗǂǿʻ żȧȗʮƙʺ ƿʑȗżɺǝȧȗࡒ sƿ ʲƙ ɛʑȗ
`2 ƿȧɛ î ɫɺƙɑɫ ʲǝɺǔࡧ ɫɺƙɑ ɫǝˈƙ η = ߝ

β ࡨ ʲƙ ǔŏʮƙࡋ

‖ʾ(î) − ʾ∗‖ߞߞ ≤ ƙ−(î−ߝ)αβ ‖ʾ(ߝ) − ʾ∗‖ߞߞ

κ = β
α Ǟɯ żŏȀȀƚƇ ɾǕƚ żȩȘƇǞɾǞȩȘࢅ ȘʕȒųƚɟࢆ ȩǀ ƿࡏ

vɯ Ǟɾ ųƚɾɾƚɟ Ǟǀ κ Ǟɯ Ȁŏɟǃƚ ȩɟ ɯȒŏȀȀࡐ

ߡߝ

I -
- -

=
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χͻΎΎϑ͑ ˨;̙ χϑξΎ;͇ͱІ ̐Ύ;ϻ̥Ѕ

+ȩȘʲƚɟɾǞȘǃ ɾȩ Ȓȩɟƚ ǀŏȒǞȀǞŏɟ ǀȩɟȒࡇ ĆɯǞȘǃ ɾǕŏɾ ǀŏżɾ ɾǕƚ
∇ƿ(ʾ∗) = ߜ ŏȀȩȘǃ ʶǞɾǕ

α

ߞ ‖ʾ− ʿ‖
ߞ
ߞ ≤ ∇ƿ(ʾ)î(ʾ− ʿ)− [ƿ(ʾ)− ƿ(ʿ)] ≤ β

ߞ ‖ʾ− ʿ‖
ߞ
,ߞ

ʶƚ Ǖŏʲƚࡇ

‖ʾ(ߝ) − ʾ∗‖ߞߞ ≤
ߞ
α

[
ƿ(ʾ(ߝ))− ƿ(ʾ∗)

]

‖ʾ(î) − ʾ∗‖ߞߞ ≥
ߞ
β

[
ƿ(ʾ(î))− ƿ(ʾ∗)

]

ߢߝ

- I÷÷t÷÷T
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̐Ύ;ϻ̥ξ͇̥;̥̐ ͇ϟ˨ξ˨;ϑ̥̥

+ȩɟȩȀȀŏɟʿ b4 ǀȩɟ βࡷɯȒȩȩɾǕࡈ αࡷɯɾɟȩȘǃȀʿ żȩȘʲƚʾࡏ
�ƙɺ ƿ ųƙ ŏ βࡹɫȑȧȧɺǔ ŏȗƆ αࡹɫɺɛȧȗǂǿʻ żȧȗʮƙʺ ƿʑȗżɺǝȧȗࡒ sƿ ʲƙ ɛʑȗ
`2 ƿȧɛ î ɫɺƙɑɫ ʲǝɺǔࡧ ɫɺƙɑ ɫǝˈƙ η = ߝ

β ࡨ ʲƙ ǔŏʮƙࡋ

ƿ(ʾ(î))− ƿ(ʾ∗) ≤ β

α
ƙ−(î−ߝ)αβ ·

[
ƿ(ʾ(ߝ))− ƿ(ʾ∗)

]

+ȩɟȩȀȀŏɟʿࡇ vǀ î = ª
(
β
α Ȁȩǃ(β/αε)

)
= ª(κ Ȁȩǃ(κ/ε)) ʶƚ Ǖŏʲƚࡇ

ƿ(ʾ(î))− ƿ(ʾ∗) ≤ ε
[
ƿ(ʾ(ߝ))− ƿ(ʾ∗)

]

�ȀɾƚɟȘŏɾǞʲƚ +ȩɟȩȀȀŏɟʿࡇ vǀ î = ª
(
β
α Ȁȩǃ(Úβ/ε)

)
ʶƚ Ǖŏʲƚࡇ

ƿ(ʾ(î))− ƿ(ʾ∗) ≤ ε

ߣߝ
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ϑ̥͑ ͱ͖;̥˨ξ ˨ͱ͇̥̊ξ˨ Ύ͂ ̐Ύ;̙͖ϑ͖Ύ;͖;͇

�ƚɾ ƿ ųƚ ŏ ɾʶǞżƚ ƇǞǀǀƚɟƚȘɾǞŏųȀƚ ǀʕȘżɾǞȩȘ ǀɟȩȒ RƆ → Rࡏ �ƚɾ ɾǕƚ
mƚɯɯǞŏȘ m = ƿ(ʾ)ߞ∇ żȩȘɾŏǞȘ ŏȀȀ ȩǀ Ǟɾɯ ɯƚżȩȘƇ ƇƚɟǞʲŏɾǞʲƚɯ ŏɾ ŏ
ɔȩǞȘɾ ʾࡏ ëȩ m ∈ RƆ×Ɔࡏ Ħƚ Ǖŏʲƚࡇ

mǝ,Ǳ =
[
ƿ(ʾ)ߞ∇

]
ǝ,Ǳ =

ƿߞ∂
∂ʺǝʺǱ

.

_ȩɟ ʲƚżɾȩɟ ʾ, ʿࡇ

∇ƿ(ʾ)−∇ƿ(ʿ) ≈
[
ƿ(ʾ)ߞ∇

]
(ʾ− ʿ).

ߤߝ

- =

→ so u rmetr ic
matrix

=I¥axi
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B d



ϑ̥͑ ͱ͖;̥˨ξ ˨ͱ͇̥̊ξ˨ Ύ͂ ̐Ύ;̙͖ϑ͖Ύ;͖;͇

�ƚɾ ƿ ųƚ ŏ ɾʶǞżƚ ƇǞǀǀƚɟƚȘɾǞŏųȀƚ ǀʕȘżɾǞȩȘ ǀɟȩȒ RƆ → Rࡏ �ƚɾ ɾǕƚ
mƚɯɯǞŏȘ m = ƿ(ʾ)ߞ∇ żȩȘɾŏǞȘ ŏȀȀ ȩǀ Ǟɾɯ ɯƚżȩȘƇ ƇƚɟǞʲŏɾǞʲƚɯ ŏɾ ŏ
ɔȩǞȘɾ ʾࡏ ëȩ m ∈ RƆ×Ɔࡏ Ħƚ Ǖŏʲƚࡇ

mǝ,Ǳ =
[
ƿ(ʾ)ߞ∇

]
ǝ,Ǳ =

ƿߞ∂
∂ʺǝʺǱ

.

CʾŏȒɔȀƚࡇ �ƚɾ ƿ(ʾ) = ‖�ʾ− ų‖ࡏߞߞ áƚżŏȀȀ ɾǕŏɾ ∇ƿ(ʾ) = −�î(�ʾߞ ų).

ߥߝ

'an
d

I
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̥͑χχ͖˨; ͻ˨ϑξ͖̥̐χ ˨;̙ θΎχ͖ϑ͖ϻ̥ χ̥ͻ͖̙̥͖͂;͖ϑ̥;̥χχ

+ȀŏǞȒࡇ vǀ ƿ Ǟɯ ɾʶǞżƚ ƇǞǀǀƚɟƚȘɾǞŏųȀƚࡈ ɾǕƚȘ Ǟɾ Ǟɯ żȩȘʲƚʾ Ǟǀ ŏȘƇ ȩȘȀʿ Ǟǀ
ɾǕƚ ȒŏɾɟǞʾ m = ƿ(ʾ)ߞ∇ Ǟɯ ɔȩɯǞɾǞʲƚ ɯƚȒǞƇƚ˙ȘǞɾƚ ǀȩɟ ŏȀȀ ʾࡏ
4ƚ˙ȘǞɾǞȩȘ ÚȩɯǞɾǞʲƚ ëƚȒǞƇƚ˙ȘǞɾƚ Úë4
� ɯɛʕŏɟƚࡈ ɯʿȒȒƚɾɟǞż ȒŏɾɟǞʾ m ∈ RƆ×Ɔ Ǟɯ ɔȩɯǞɾǞʲƚ ɯƚȒǞƇƚ˙ȘǞɾƚ
Úë4 ǀȩɟ ŏȘʿ ʲƚżɾȩɟ ʿ ∈ RƆࡈ ʿîmʿ ≥ ࡏߜ

÷ǕǞɯ Ǟɯ ŏ ȘŏɾʕɟŏȀ ȘȩɾǞȩȘ ȩǀ ࢆɔȩɯǞɾǞʲǞɾʿࢅ ǀȩɟ ɯʿȒȒƚɾɟǞż ȒŏɾɟǞżƚɯࡏ
÷ȩ ƇƚȘȩɾƚ ɾǕŏɾ m Ǟɯ Úë4 ʶƚ ʶǞȀȀ ɾʿɔǞżŏȀȀʿ ʕɯƚ �ȩƚʶȘƚɟࢅ ȩɟƇƚɟࢆ
ȘȩɾŏɾǞȩȘ ϐãï���Þ ǞȘ �ŏ÷ƚʾࡇ

m + .ߜ

Ħƚ ʶɟǞɾƚ $ + � ȩɟ ƚɛʕǞʲŏȀƚȘɾȀʿ � + $ ɾȩ ƇƚȘȩɾƚ ɾǕŏɾ ($− �) Ǟɯ
ɔȩɯǞɾǞʲƚ ɯƚȒǞƇƚ˙ȘǞɾƚࡏ ÷ǕǞɯ ǃǞʲƚɯ ŏ ɔŏɟɾǞŏȀ ȩɟƇƚɟǞȘǃ ȩȘ ȒŏɾɟǞżƚɯࡏ

ߜߞ
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̥͑χχ͖˨; ͻ˨ϑξ͖̥̐χ ˨;̙ θΎχ͖ϑ͖ϻ̥ χ̥ͻ͖̙̥͖͂;͖ϑ̥;̥χχ

+ȀŏǞȒࡇ vǀ ƿ Ǟɯ ɾʶǞżƚ ƇǞǀǀƚɟƚȘɾǞŏųȀƚࡈ ɾǕƚȘ Ǟɾ Ǟɯ żȩȘʲƚʾ Ǟǀ ŏȘƇ ȩȘȀʿ Ǟǀ
ɾǕƚ ȒŏɾɟǞʾ m = ƿ(ʾ)ߞ∇ Ǟɯ ɔȩɯǞɾǞʲƚ ɯƚȒǞƇƚ˙ȘǞɾƚ ǀȩɟ ŏȀȀ ʾࡏ

4ƚ˙ȘǞɾǞȩȘ ÚȩɯǞɾǞʲƚ ëƚȒǞƇƚ˙ȘǞɾƚ Úë4
� ɯɛʕŏɟƚࡈ ɯʿȒȒƚɾɟǞż ȒŏɾɟǞʾ m ∈ RƆ×Ɔ Ǟɯ ɔȩɯǞɾǞʲƚ ɯƚȒǞƇƚ˙ȘǞɾƚ
Úë4 ǀȩɟ ŏȘʿ ʲƚżɾȩɟ ʿ ∈ RƆࡈ ʿîmʿ ≥ ࡏߜ

_ȩɟ ɾǕƚ Ȁƚŏɯɾ ɯɛʕŏɟƚɯ ɟƚǃɟƚɯɯǞȩȘ Ȁȩɯɯ ǀʕȘżɾǞȩȘࡇ
ƿ(ʾ) = ‖�ʾ− ų‖ࡈߞߞ m = ƿ(ʾ)ߞ∇ = ��îߞ ǀȩɟ ŏȀȀ ʾࡏ vɯ m Úë4ࡐ

ߝߞ

D
y'-2A'-Az = 2 getA ''A z ' - 2(Aptly

= 21140115
2 0



ϑ̥͑ ͱ͖;̥˨ξ ˨ͱ͇̥̊ξ˨ Ύ͂ ̐Ύ;̙͖ϑ͖Ύ;͖;͇

vǀ ƿ Ǟɯ βࡷɯȒȩȩɾǕ ŏȘƇ αࡷɯɾɟȩȘǃȀʿ żȩȘʲƚʾ ɾǕƚȘ ŏɾ ŏȘʿ ɔȩǞȘɾ ʾࡈ
m = ƿ(ʾ)ߞ∇ ɯŏɾǞɯ˙ƚɯࡇ

αvƆ×Ɔ , m , βvƆ×Ɔ,

ʶǕƚɟƚ vƆ×Ɔ Ǟɯ ŏ Ɔ× Ɔ ǞƇƚȘɾǞɾʿ ȒŏɾɟǞʾࡏ

÷ǕǞɯ Ǟɯ ɾǕƚ ȘŏɾʕɟŏȀ ȒŏɾɟǞʾ ǃƚȘƚɟŏȀǞˌŏɾǞȩȘ ȩǀ ɾǕƚ ɯɾŏɾƚȒƚȘɾ ǀȩɟ
ɯżŏȀŏɟ ʲŏȀʕƚƇ ǀʕȘżɾǞȩȘɯࡇ

α ≤ ƿ′′(ʺ) ≤ β.

ߞߞ
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(H-otto
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χͻΎΎϑ͑ ˨;̙ χϑξΎ;͇ͱІ ̐Ύ;ϻ̥Ѕ ̥͑χχ͖˨;

αvƆ×Ɔ , m , βvƆ×Ɔ.

CɛʕǞʲŏȀƚȘɾȀʿ ǀȩɟ ŏȘʿ ࡈˌ

α‖ˌ‖ߞߞ ≤ ˌîmˌ ≤ β‖ˌ‖ߞߞ.

CʾƚɟżǞɯƚࡇ ëǕȩʶ ɾǕŏɾ ǀȩɟ ƿ(ʾ) = ‖�ʾ− ų‖ࡈߞߞ

[ƿ(ʾ)− ƿ(ʿ)]−∇ƿ(ʾ)î(ʿ− ʾ) = (ʾ− ʿ)î
[
��îߞ

]
(ʾ− ʿ).

÷ǕǞɯ ʶȩʕȀƇ ǞȒɔȀʿࡇ

α

ߞ ‖ʾ− ʿ‖
ߞ
ߞ ≤ [ƿ(ʾ)− ƿ(ʿ)]−∇ƿ(ʾ)î(ʿ− ʾ) ≤ β

ߞ ‖ʾ− ʿ‖
ߞ
ߞ

ߟߞ

" '

"÷÷÷÷÷÷
÷÷±±in in

←



χ͖ͻθͱ̥ ̥Ѕ˨ͻθͱ̥

�ƚɾ ƿ(ʾ) = ‖4ʾ− ų‖ߞߞ ʶǕƚɟƚ 4 Ǟɯ ŏ ƇǞŏǃŏȩȘȀ ȒŏɾɟǞʾࡏ _ȩɟ Șȩʶ

ǞȒŏǃǞȘƚ ʶƚ࢈ɟƚ ǞȘ ɾʶȩ ƇǞȒƚȘɯǞȩȘɯࡇ ʾ =
[
ߝʺ
ߞʺ

]
ࡈ 4 =

[
Ɔߝ ߜ
ߜ Ɔߞ

]
ࡏ

ĦǕŏɾ ŏɟƚ α,β ǀȩɟ ɾǕǞɯ ɔɟȩųȀƚȒࡐ

α‖ˌ‖ߞߞ ≤ ˌîmˌ ≤ β‖ˌ‖ߞߞ

ߠߞ

O _ 0
- -

- 2 DTD
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͇̥Ύͻ̥ϑξ͖̐ ϻ͖̥Ͼ

�ƚʲƚȀ ɯƚɾɯ ȩǀ ‖4ʾ− ų‖ߞߞ ʶǕƚȘ Ɔߝߞ = ߞߞƆ,ߝ = ࡏߝ

ߡߞ

T"
Y

"
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¥

- x .
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͇̥Ύͻ̥ϑξ͖̐ ϻ͖̥Ͼ

�ƚʲƚȀ ɯƚɾɯ ȩǀ ‖4ʾ− ų‖ߞߞ ʶǕƚȘ Ɔߝߞ = ߝ
ߟ ,Ɔߞߞ = ࡏߞ

ߢߞ

µ'
÷i÷÷i÷÷⇒.



̥͖͇̥;̙̥̐ΎͻθΎχ͖ϑ͖Ύ; ϻ͖̥Ͼ

�Șʿ ɯʿȒȒƚɾɟǞż ȒŏɾɟǞʾ m Ǖŏɯ ŏȘ ȩɟɾǕȩǃȩȘŏȀࡈ ɟƚŏȀ ʲŏȀʕƚƇ
ƚǞǃƚȘƇƚżȩȒɔȩɯǞɾǞȩȘࡏ

mƚɟƚ ģ Ǟɯ ɯɛʕŏɟƚ ŏȘƇ ȩɟɾǕȩǃȩȘŏȀࡈ ɯȩ ģîģ = ģģî = vࡏ �ȘƇ ǀȩɟ
ƚŏżǕ ʲǝࡈ ʶƚ Ǖŏʲƚࡇ

mʲǝ = λǝʲǝ.
÷Ǖŏɾ࢈ɯ ʶǕŏɾ ȒŏǺƚɯ ʲߝ, . . . , ʲƆ ƚǞǃƚȘʲƚżɾȩɟɯࡏ

ߣߞ

µ
orthogonal

✓
realnumbers

1
1

&
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̥͖͇̥;̙̥̐ΎͻθΎχ͖ϑ͖Ύ; ϻ͖̥Ͼ

áƚżŏȀȀ ģģî = ģîģ = vࡏ

+ȀŏǞȒࡇ m⇔ λߝ, ...,λƆ ≥ ࡏߜ

ߤߞ

I T - Tj . A r r a . r a r t7¥ ¥
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̥͖͇̥;̙̥̐ΎͻθΎχ͖ϑ͖Ύ; ϻ͖̥Ͼ

áƚżŏȀȀ ģģî = ģîģ = vࡏ

+ȀŏǞȒࡇ αv , m , βv⇔ α ≤ λߝ, ...,λƆ ≤ βࡏ

ߥߞ



̥͖͇̥;̙̥̐ΎͻθΎχ͖ϑ͖Ύ; ϻ͖̥Ͼ

áƚżŏȀȀ ģģî = ģîģ = vࡏ

vȘ ȩɾǕƚɟ ʶȩɟƇɯࡈ Ǟǀ ʶƚ Ȁƚɾ λȒŏʾ(m) ŏȘƇ λȒǞȘ(m) ųƚ ɾǕƚ ɯȒŏȀȀƚɯɾ
ŏȘƇ Ȁŏɟǃƚɯɾ ƚǞǃƚȘʲŏȀʕƚɯ ȩǀ mࡈ ɾǕƚȘ ǀȩɟ ŏȀȀ ˌ ʶƚ Ǖŏʲƚࡇ

ˌîmˌ ≤ λȒŏʾ(m) · ߞ‖ˌ‖

ˌîmˌ ≥ λȒǞȘ(m) · ߞ‖ˌ‖

ߜߟ



̥͖͇̥;̙̥̐ΎͻθΎχ͖ϑ͖Ύ; ϻ͖̥Ͼ

vǀ ƿ(ʾ) Ǟɯ βࡷɯȒȩȩɾǕ ŏȘƇ αࡷɯɾɟȩȘǃȀʿ żȩȘʲƚʾࡈ ɾǕƚȘ ǀȩɟ ŏȘʿ ʾ ʶƚ
Ǖŏʲƚ ɾǕƚ ɾǕƚ ȒŏʾǞȒʕȒ ƚǞǃƚȘʲŏȀʕƚ ȩǀ m = ƿ(ʾ)ߞ∇ = β ŏȘƇ ɾǕƚ
ȒǞȘǞȒʕȒ ƚǞǃƚȘʲŏȀʕƚ ȩǀ m = ƿ(ʾ)ߞ∇ = αࡏ

λȒŏʾ(m) = β

λȒǞȘ(m) = α

ߝߟ

-
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θΎͱІ;Ύͻ͖˨ͱ ϻ͖̥Ͼ θΎ͖;ϑ

÷ǕƚȩɟƚȒ b4 ǀȩɟ βࡷɯȒȩȩɾǕࡈ αࡷɯɾɟȩȘǃȀʿ żȩȘʲƚʾࡏ
�ƙɺ ƿ ųƙ ŏ βࡹɫȑȧȧɺǔ ŏȗƆ αࡹɫɺɛȧȗǂǿʻ żȧȗʮƙʺ ƿʑȗżɺǝȧȗࡒ sƿ ʲƙ ɛʑȗ
`2 ƿȧɛ î ɫɺƙɑɫ ʲǝɺǔࡧ ɫɺƙɑ ɫǝˈƙ η = ߝ

βߞ ࡨ ʲƙ ǔŏʮƙࡋ

‖ʾ(î) − ʾ∗‖ߞ ≤ ƙ−î/κ‖ʾ(ߝ) − ʾ∗‖ߞ

bȩŏȀࡇ Úɟȩʲƚ ǀȩɟ ƿ(ʾ) = ‖�ʾ− ų‖ࡏߞߞ

ߞߟ

% : Amex#t)
-
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˨ͱϑ̥ξ;˨ϑ͖ϻ̥ ϻ͖̥Ͼ Ύ͂ ͇ξ˨̙͖̥;ϑ ̙̥χ̥̐;ϑ

áǞżǕŏɟƇɯȩȘ vɾƚɟŏɾǞȩȘ ʲǞƚʶࡇ

(ʾ(î+ߝ) − ʾ∗) =
(
v− ߝ

λȒŏʾ
�î�

)
(ʾ(ɺ) − ʾ∗)

ĦǕŏɾ Ǟɯ ɾǕƚ ȒŏʾǞȒʕȒ ƚǞǃƚȘʲŏȀʕƚ ȩǀ ɾǕƚ ɯʿȒȒƚɾɟǞż ȒŏɾɟǞʾ(
v− ߝ

λȒŏʾ
�î�

)
ǞȘ ɾƚɟȒɯ ȩǀ ɾǕƚ ƚǞǃƚȘʲŏȀʕƚɯ

λȒŏʾ = λߝ ≥ . . . ≥ λƆ = λȒǞȘ ȩǀ �îࡐ�
ߟߟ

LEGATH = IEAmax
-

(x't't-×')= (x't)-¥×§f¥')_x§
zA¥x%ttb

a±i⇐÷÷¥÷"
÷÷;÷÷a¥
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ϟ;ξΎͱͱ̥̙ ͇ξ˨̙͖̥;ϑ ̙̥χ̥̐;ϑ

(ʾ(î+ߝ) − ʾ∗) =
(
v− ߝ

λȒŏʾ
�î�

)î
(ʾ(ߝ) − ʾ∗)

ĦǕŏɾ Ǟɯ ɾǕƚ ȒŏʾǞȒʕȒ ƚǞǃƚȘʲŏȀʕƚ ȩǀ ɾǕƚ ɯʿȒȒƚɾɟǞż ȒŏɾɟǞʾ(
v− ߝ

λȒŏʾ
�î�

)î
ࡐ

ëȩ ʶƚ Ǖŏʲƚ ‖ʾ(î) − ʾ∗‖ߞ ≤

ߠߟ

§ [
" t r o t " t o o t h ,

a - ''¥ . .

+ I-I,÷*)'t (1-tufa,)'t
d(rn.ir#rxvDi..Cvrrtj(Cl-%))")%'

'
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͖ͻθξΎϻ͖;͇ ͇ξ˨̙͖̥;ϑ ̙̥χ̥̐;ϑ

Ħƚ Șȩʶ Ǖŏʲƚ ŏ ɟƚŏȀȀʿ ǃȩȩƇ ʕȘƇƚɟɯɾŏȘƇǞȘǃ ȩǀ ǃɟŏƇǞƚȘɾ ƇƚɯżƚȘɾࡏ

�ʕȒųƚɟ ȩǀ ǞɾƚɟŏɾǞȩȘɯ ǀȩɟ ε ƚɟɟȩɟࡇ

ˌ�ǞɔɯżǕǞɾࡷ` βࡷɯȒȩȩɾǕ
Ú ųȩʕȘƇƚƇ ɯɾŏɟɾ ª

(
ߞÚߞ`
εߞ

)
ª
(
βÚߞ
ε

)

αࡷɯɾɟȩȘǃ żȩȘʲƚʾ ª
(
ߞ`
αε

)
ª
(
β
α Ȁȩǃ(ߝ/ε)

)

mȩʶ Ƈȩ ʶƚ ʕɯƚ ɾǕǞɯ ʕȘƇƚɟɯɾŏȘƇǞȘǃ ɾȩ ƇƚɯǞǃȘ ǀŏɯɾƚɟ ŏȀǃȩɟǞɾǕȒɯࡐ

ߡߟ

+ = # o f i .t r o t -→
( I - ¥w×A711pmH " ' - x , w . W - W .W . . . .ww" -

⇐ * i x .s r a n . w e

T
r a t s × i t ' -×*

I Ir ' *' I I .' = 2Tw"zz- s d u* (wht) 112115
= Amex(wa) 11x ' ' 2×41?



͖ͻθΎξϑ˨;̥̐ χ˨ͻθͱ͖;͇

°ǀɾƚȘ Ǟɾ ƇȩƚɯȘ࢈ɾ ȒŏǺƚ ɯƚȘɯƚ ɾȩ ɯŏȒɔȀƚ ǝ ʕȘǞǀȩɟȒȀʿ ŏɾ ɟŏȘƇȩȒࡇ

� =





ߜ ߜ ߝ ߜ ߜ ߜ
ߜ ߜ ߞ ߜ ߜ ߜ
ߜ ߜ ߝ− ߜ ߜ ߜ
ߜ ߜ ߡ.− ߜ ߜ ߜ
ߜ ߜ ߟ ߜ ߜ ߜ
ߜ ߜ ߞ− ߜ ߜ ߜ





ų =





ߜߝ
ߞߠ
ߝߝ−
ߝߡ−
ߠߟ
ߞߞ−





ëƚȀƚżɾ ǞȘƇǞżƚɯ ǝ ɔɟȩɔȩɟɾǞȩȘŏȀ ɾȩ ‖ŏǝ‖ࡇߞߞ

Úɟ[ɯƚȀƚżɾ ǞȘƇƚʾ ǝ ɾȩ ʕɔƇŏɾƚ] = ‖ŏǝ‖ߞߞ∑Ɔ
Ǳ=ߝ ‖ŏǱ‖ߞߞ

=
‖ŏǝ‖ߞߞ
ߞߞ‖�‖

ߜߡ


