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LOGISTICS

- Self-proctored, 2-hour midterm to be taken anytime next
week.

- No Collaboration allowed at all. Or outside resources. Just
use your own notes and material from the class.

- Sample problems are available on course website. We can
review during office hours tomorrow or next week.

- You should have received an invite to Gradescope.
Hopefully tonight/tomorrow | can upload a "practice test”
to make sure their system works.
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GRADIENT DESCENT

Conditions:

- Convexity: fis a convex function, S is a convex set.
- Bounded initial distant:

X x|z <

- Bounded gradients (Lipschitz function):

IVF(X)])2 g@or allx e S.

GD Convergence Bound] (Projected) Gradient Descent returns
X with f(X) < minges f(X) + € after

Theorem

= REG? iterations



ONLINE GRADIENT DESCENT

x* = ming I, fi(x*) (the offline optimum)
Conditions:

* f1,...,fr are all convex.
- Each is G-Lipschitz: for all x, i, || Vfi(X)|l> <
- Starting radius: ||x* — x|, <

Theorem (OGD Regret Bound)
After T steps, [ZL ﬁ(x(’))} =L f00) )gR VT le. the

average regret 1 [Zi;f,-(x(”))} is < e after:

R2G? . _
T= — Iterations.
€



STOCHASTIC GRADIENT DESCENT

.. g
Conditions:

- Finite sum structure: f(x) = S, fi(x), with f1, ..., fn all
—_—

convex.
- Lipschitz functions: for all x, j,

+ Starting radius: ||x* — x| <R
Theorem (SGD Regret Bound)
Stochastic Gradient Descent returns X with
E[f(X)] < minkes f(X) +’e/after

2212

T= 2/ iterations.
€

We always have tha@@but iterations are typically
cheaper by a factor of n.



BEYOND THE BASIC BOUNDS

Can our convergence bounds be tightened for certain
functions? Can they guide us towards faster algorithms?

Goals:

- Improve e dependence below 1/¢€.
- Ideally 1/€ or log(1/e).
- Reduce or eliminate dependence on G and R.

- Further take advantage of structure in the data (e.g.
repetition in features in addition to data points).



SMOOTHNESS

Getriton (5 smooisae?) \/
A function fis g smooth if, for all x, y

I

IVAX) = Vi) ll2 < Blix =yl

——

After some calculus (see Lem—24inBubeck’s book), this

MPIES i) — fo0) - V0 v ) < 2 ey
A N .
3 c\?&&é
X()) ‘Hb) _5,04) % \Lﬁa‘ev]
) Ve ") f) 59

y)
roY e
For a scalar valued function f, equivalent to f(x) < 8. ¢&' (D-K)
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https://arxiv.org/pdf/1405.4980.pdf

SMOOTHNESS

Recall from definition of convexity that:

f(y) = f(x) = VAX) (y — x)

-, T

So now we have an upper and lower bound.

0 < [fty)  F00] - VF)(y —x) < 2~ yI3

— -



GUARANTEED PROGRESS

Ve
Previously learning rate/step size n depended on G. Now

choose it based on g:

Xt x® _ Lgqxy
A B/

how oF &

fiw “
Progress per step of gradient descent: /7 de s

D) — )| = TRO)T D - x9) < 5ux © —xt+)3

—
\/ b TR e
e D
[f(x“*”)—f(x“’)}+;||Vf(x<°>|% 5||1 Vi) 3

) = 0) 2 V)T 9




CONVERGENCE GUARANTEE

Theorem (GD convergence for 3-smooth functions.)

Let fBe-a—~smooth convex function and assume we have
If we run GD for T steps with n = % we have:
D) — ity < 228

=TT

Corollary: If we have f(x(N) — f(x*) < e.

—_— -

~—

& ———
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STRONG CONVEXITY

Definition (a-strongly convex)
A convex function fis a-strongly convex if, for all x, y

2 IV Q@) — 700 - 97097ty — = lix v

7 O

« is a parameter that will depend on our function.
-

For atwice-differentiable scalar valued function f, equivalent



GD FOR STRONGLY CONVEX FUNCTION

Gradient descent for strongly convex functions:

- Choose number of steps T.

- Fori=1,...,T
T -(i2+1 4 '
< x(+) = x0) — an(x(’))

+ Return X = arg min,q f(x().

12



CONVERGENCE GUARANTEE

Theorem (GD convergence for a-strongly convex functions.)

Let f be an «-strangly convex function and assume we have
that, for all x, we run GD for T steps (with

adaptive step sizes) we have:

Corollary: If @ we have f(R) — f(x*) < ¢ R | R

— = /)(‘1
\\I} g nd - 3 A (A UV;E))
AoV N

o v 13
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CONVERGENCE GUARANTEE

What if f is both g-smooth and a-strongly convex?

¥~ -(y-2)

% x—yiB < VAx) )] < fux—yuz
- {#p qt(x)%{) F' (y

14



CONVERGENCE GUARANTEE

Ix = yllz < VAX) (x = y) = [f(x) = fy)] < lIx = yl3.

—_— —————

Theorem (GD for 3-smooth, a-strongly convex.)
Let f be a 3-smooth and a-strongly convex function. If we run
GD for T steps (with step size n = %) we have:

XD — x*|12 < e|x“> —x|3
7—4

is called the “condition number” of f.

Is it better if « is large or small? )
] _ (QGCVQ,D _ \u&(i B
T3 oo Ll@)) e - <
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SMOOTH AND STRONGLY CONVEX

Converting to more familiar form: Using that fact the
Vf(x*) = 0 along with

%~ yI < V)T (x ) ~ 09 — )] < 5 Ik~ vIE,

we have:
o 2 4
e® =3 < = [fe®) — )]

D 3 > 2 o) )]

N

(&g P
x/) x 2
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CONVERGENCE GUARANTEE

Corollary (GD for 3-smooth, a-strongly convex.)
Let f be a s-smooth and a-strongly convex function. If we run

GD for T steps (with step size n = B)E/e havw - 2 MYU)—%(“”
= &% 2 = v

O =1 g %”“

Corollary: If 7 we have:



THE LINEAR ALGEBRA OF CONDITIONING

Let f be a twice differentiable function from Qgia R, Letthe
Hessian H = V2f(x) contain all of its second derivatives at a
point x. So H € R9*4. We have:

9Uv«w-d""<-* e £ X
- v if _ gtk
Hij =V f(x)}” X~ mX‘
o, ax) )y

For vector X, y:

18



THE LINEAR ALGEBRA OF CONDITIONING

Let f be a twice differentiable function from R? — R. Let the
H = V?f(x) contain all of its second derivatives at a

point x. So H € R¥*?_ We have: > i,
Y o2 of &/JX,
{ Ij - [ ( )]!,j = aX;X/-'
37‘) aﬁ (H’/A'K.L

Example: Let f(x) = [|Ax — b||3. Recall that Vf(x) = 2AT(Ax — b).
V() = 2474

CV’{(K)S; '- 2 lQ:T(ﬁf_)_S'-\o>

a,|a,
éj_) - Yo 2&;fa'x-\=) = QQ;"(MXH-z.;).\.)
o8:9%; +—0 + 5
'w 2—(\‘ A’ /4/9-

A b = j/ 1Q7T‘Qj 19



HESSIAN MATRICES AND POSITIVE SEMIDEFINITENESS

Claim: If f is twieedifferentiable, then it is convex if and only if
the matri @ positive semidefinite for all x.

Definition (Positive Semidefinite (PSD))

A square, symmetric matrix H € R9*9 is positive semidefinite
d \T |
(PSD) for any vector y € R?, y'Hy > 0. [y I \311

“D “;L

- ‘r =
This is a natural notion of “positivity” for symmetric matr?ceg. >0
/4

To denote that H is PSD we will typically use “Loewner order”

notation (\succeg in LaTex):

(@]

H >

1 N\

<

We write B = A or equivalently AZ¢ B to denote that (B — A) is
positive semidefinite. This gives a partial ordering on matrices.

R I I 20




HESSIAN MATRICES AND POSITIVE SEMIDEFINITENESS

Claim: If fis twice differentiable, then it is convex if and only if
the matrix H = V2f(x) is positive semidefinite for all x.

Definition (Positive Semidefinite (PSD))

A square, symmetric matrix H € R9%? s positive semidefinite
(PSD) for any vector y € RY, y"Hy > 0.

For the least squares regressionlass function:
f(x) = [|Ax = b||3, H = V*f(x) or all x. Is H PSD?
WPy = 2y M Ay L by

=0 s
7o 21




THE LINEAR ALGEBRA OF CONDITIONING

If fis B-smooth and a-strongly convex then at any point x,
H = V?f(x) satisfies: (fb ‘T - H)’/ ©
(W -= 1.:) Y 0
algyg = H = Blgxd,
ZT I‘)’z - ]_T o L 2
where lyyq is a d x d identity matrix. =tz — v 2K e

fpe i —

This is the natural matrix generalization of the statement for

scalar valued functions:
a < f'(x) < B.
i p— h— o

—_—
-

_Zfé_ﬁz ’ZTH—Z 20

e 2012 —27 Y2 2 O
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SMOOTH AND STRONGLY CONVEX HESSIAN

S LX) i (k)220 B) 615" (x) = e (0

-

algyg = H = Blgyq. — A >
Equivalently for any z, W

-aljz|3 < z'Hz < B|z]3.

Exercise: Show that for f(x) = [|Ax — b||3,

f
189 — A9 - 700"y ) € (x— )" (247 (<)

This would imply:
2:=X-F

o A 8
Zlix = I3 < [0k, — f9)] = TNy = %) < S Ix — VI3




SIMPLE EXAMPLE

Let f(x) =(||Dx — b||3 her a diagaonl matrix. For now

. . ; - . . X1 d1 0
Imagine were in two dimensions: x = ,D=
X2 0 CI

What are «, 3 for this problem?

ollzl3 Bzl
o~ (4, 40) z: 50 )]

%_
G) = Y'A&x Cd J ’y) [ T v z T
= 2203 2'(2D"D)= =ZA,, Nzl

— 2: (11 200 0)2- 5 d> \z -

20"D

24



GEOMETRIC VIEW

Level sets of ||Dx — b2 when d? =1,d5 = 1. /

[

== “‘L“o“: - (& K - % ’/],




GEOMETRIC VIEW

x

Level sets of |Dx — b||3 when d? = 1, d3 = 2.

= —
—

oy B2 k= o2

26



EIGENDECOMPOSITION VIEW

Any symmetric matrix H has an orthogonal, real valued

eigendecomposition.
8 P R ye o\ \ R
O 0( 7 {\LU
d eigetivect eigenvalues /gigenvectors
4 / A 0 O
A S 2
d| H v /N [ =5
Ao |lo g
/ A 3 >
Vol v, !
d \I‘

Here V is square and orthogonal, so V'V = W' = I. And for
each v;, we have:

HV,’ = )\,‘V,’.
=

That's what makes v, ..., vy eigenvectors.
27



EIGENDECOMPOSITION VIEW

r on, .
recall W =viv—1. 1\ = 8 A T e
wht L™
Af
d eigenvectors eigenvalues eigenve—c't;rs -
RS THy
d H = v A VT a
Agq = VA-a \\’)’
A
ViV, Vg
N e
Claim: H& Ay ey Ag = 0.
2
V’f W, = V. A, Voo = A, N, I

_

28



EIGENDECOMPOSITION VIEW

Recall WT = VTV = 1I.

d eigenvectors eigenvalue: eigenvectors

~
A,

d H = ') A VT

ALY

Claim: al < H=< Bl a < A, ... Ay < 8.
——

A Vg

by «1 B -oZT %o

S VAVT ~e VW T = y(A-eDDVT
k’Y‘/_ 29



EIGENDECOMPOSITION VIEW

Recall WT = VTV = 1I.

d eigenvectors eigenvalues eigenvectors
M
A
d H = Vv A vr
Mg
Ay

ViV, Vg

In other words, if we let Anax(H) and Anin(H) be the smallest
and largest eigenvalues of H, then for all z we have:

2'Hz > Ain(H) - [|2]?

30



EIGENDECOMPOSITION VIEW

If f(x) is B-smooth and «a-strongly convex, then for any x we
have the the maximum eigenvalue of H = V?f(x) = 3 and the
minimum eigenvalue of H = V?f(x) = a.

31



POLYNOMIAL VIEW POINT

Theorem (GD for 3-smooth, a-strongly convex.)
Let f be a 3-smooth and a-strongly convex function. If we run

GD for T steps (with step size n = g=) we have:
f p psize = g5 2 . ey
XD —x* ||, < e”%|x(M —x*|| 1 _ L
— — =

ZAweryn) (>
i; /\\Mx (’} /-Ir/’})

% - /\lnc.’(. (,ﬁTA>
v{_’_’,‘—“g— = 7
>

.
(’L /\w»z A )

vaﬁ v/\\[T . I_‘— N VT

/ " tX

32



ALTERNATIVE VIEW OF GRADIENT DESCENT

Ae /\"“°‘>< LA /)V) ) é-’— Nacex
Richardson Iteratlo%wew r-/"_' -

(xT+) — x*) = (I N ATA>( x® x4

<

(XLTH)__X /X(T ) ‘, ,V{(Xh)) —X’}
-
L/‘W'Xm’m e

) Loy o L AT x*

X - /’\uc)c/-l' A /\w.w( b
Al = ATAXT L (Fhae AR )20

What is the maximum eigenvalue of the symmetric matrix

(I — WATA) in terms of the eigenvalues

_ /];
Amax = M > .. > Ag = Aqin Of ATA? ! =
| -4 o - A 3
Asse T



UNROLLED GRADIENT DESCENT

\Luxu.w oF 1!r‘mh‘1>

~ 7
xT+) —xy = f1 = 1 ara) (x( — x*)
)\max - —
Nw
W~ {m

What is the maximum eigenvalue of the symmetric matrix

(1 ZQaXATA)T Ci - )*ﬂ ( /- ;w o T

(A Jpray DA AT (0-8)")
S0 we have [x() — x*, < Ve

CYG)T/K = O—T/k 34



IMPROVING GRADIENT DESCENT

| . 2 Q(“)’ x") F -8 ot dedeuo
[1- & K) &
/ - }\V‘Jb% AIJ ,&\3 ‘\JD ... -\

(&4

W We now have a really good understanding of gradientq'd)rescent.

Number of iterations for € error:

‘ G-Lipschitz B-smooth

o) o(%)

0(£) o(Zlg(/0)

R bounded start

a-strong convex

How do we us§this understanding to design faster algorithms?
2. (-x*” DL L2 c 0 Wyt

——

“ruyn: = 21" \_/.)'L&Z‘ P /)h%[upr> HZ)]P‘I. ;
‘ = L e (WP ) x I




IMPORTANCE SAMPLING

Often it doesn’t make sense to sample i uniformly at random:

00 1 0O00O0 10
00 2 0O00O0 42
00 -1 0 0O -1
A = b =
0 0 -5 000 =51
00 3 000 34
00 -2 0 0 0] | —22]
Select indices i proportional to ||a;||%:
lails — _ llaill3

Pr[select index i to update] = =
d 2
i llagllz 1A
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