
+ëࡷbĮ ߟߞߞߥ ࡇ4 �ƚżɾʕɟƚ ߢ
°ȘȀǞȘƚ ŏȘƇ ëɾȩżǕŏɯɾǞż bɟŏƇǞƚȘɾ 4ƚżƚȘɾ

�ĮĆ ÷ŏȘƇȩȘ ëżǕȩȩȀ ȩǀ CȘǃǞȘƚƚɟǞȘǃࡈ Úɟȩǀࡏ +ǕɟǞɯɾȩɔǕƚɟ �ʕɯżȩ

ߝ



θξΎ̥ͩ̐ϑ

ࡄ vǀ ʿȩʕ ƇȩȘ࢈ɾ Ǖŏʲƚ ŏ ɔɟȩǲƚżɾ ɔŏɟɾȘƚɟ ųʿ ɾǕƚ ƚȘƇ ȩǀ ɾȩƇŏ ʿࡈ
ɔȀƚŏɯƚ ƚȒŏǞȀ Ȓƚࡏ

ࡄ ÷ŏǺƚ ǕȩȒƚ ȒǞƇɾƚɟȒ ʶƚƚǺ ȩǀ °żɾȩųƚɟ ࡏɾǕߢߞ
ࡄ ߞ Ǖȩʕɟɯࡈ ɯƚȀǀࡷɔɟȩżɾȩɟƚƇࡏ 4ƚɯǞǃȘ ǀȩɟ ߡߞࡏߝ Ǖȩʕɟɯࡏ
ࡄ +ŏȘ ɾŏǺƚ ŏȘʿɾǞȒƚ ƇʕɟǞȘǃ ɾǕŏɾ ʶƚƚǺࡏ
ࡄ �ƇȒǞȘǞɯɾƚɟƚƇ ƚǞɾǕƚɟ ʲǞŏ ƚȒŏǞȀ ȩɟ ŏȘȩɾǕƚɟ ȩɔɾǞȩȘࡏ
ࡄ ëȩȀʕɾǞȩȘɯ żŏȘ ųƚ ǕŏȘƇࡷʶɟǞɾɾƚȘ ŏȘƇ ɯżŏȘȘƚƇࡏ
ࡄ v ʶǞȀȀ ɔȩɯɾ ɯȩȒƚ ɟƚʲǞƚʶ ɛʕƚɯɾǞȩȘɯࡏ

ࡄ �ƚƚƇ ʲȩȀʕȘɾƚƚɟɯ ɾȩ ɔɟƚɯƚȘɾ ŏɾ ߢߞࡕߜߝ ɟƚŏƇǞȘǃ ǃɟȩʕɔ ǞȘ ߞ
ʶƚƚǺɯࡏ ëǞǃȘࡷʕɔ ɯǕƚƚɾ ȩȘ żȩʕɟɯƚ ʶƚųɔŏǃƚࡏ

ߞ



͇ξ˨̙͖̥;ϑ ̙̥χ̥̐;ϑ ξ̥̐˨θ

_Ǟɟɯɾ °ɟƇƚɟ °ɔɾǞȒǞˌŏɾǞȩȘࡇ bǞʲƚȘ ŏ ǀʕȘżɾǞȩȘ ƿ ŏȘƇ ŏ żȩȘɯɾɟŏǞȘɾ
ɯƚɾ S ࡈ ŏɯɯʕȒƚ ʶƚ Ǖŏʲƚࡇ

ࡄ _ʕȘżɾǞȩȘ ȩɟŏżȀƚࡇ CʲŏȀʕŏɾƚ ƿ(ʾ) ǀȩɟ ŏȘʿ ʾࡏ
ࡄ bɟŏƇǞƚȘɾ ȩɟŏżȀƚࡇ CʲŏȀʕŏɾƚ ∇ƿ(ʾ) ǀȩɟ ŏȘʿ ʾࡏ
ࡄ ÚɟȩǲƚżɾǞȩȘ ȩɟŏżȀƚࡇ CʲŏȀʕŏɾƚ ÓS(ʾ) ǀȩɟ ŏȘʿ ʾࡏ

bȩŏȀࡇ _ǞȘƇ ˆʾ ∈ S ɯʕżǕ ɾǕŏɾ ƿ(ˆʾ) ≤ ȒǞȘʾ∈S ƿ(ʾ) + εࡏ
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͇ξ˨̙͖̥;ϑ ̙̥χ̥̐;ϑ ξ̥̐˨θ

ÚɟȩǲƚżɾƚƇ ǃɟŏƇǞƚȘɾ ƇƚɯżƚȘɾࡇ

ࡄ ëƚȀƚżɾ ɯɾŏɟɾǞȘǃ ɔȩǞȘɾ ʾ(ߜ)ࡈ ȀƚŏɟȘǞȘǃ ɟŏɾƚ ηࡏ
ࡄ _ȩɟ ǝ = ,ߜ . . . , îࡇ

ࡄ ˌ = ʾ(ǝ) − η∇ƿ(ʾ(ǝ))
ࡄ ʾ(ǝ+ߝ) = ÓS(ˌ)

ࡄ áƚɾʕɟȘ ˆʾ = ŏɟǃȒǞȘǝ ƿ(ʾ(ǝ))ࡏ

ߠ

-
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͇ξ˨̙͖̥;ϑ ̙̥χ̥̐;ϑ ξ̥̐˨θ

+ȩȘƇǞɾǞȩȘɯ ǀȩɟ żȩȘʲƚɟǃƚȘżƚࡇ

ࡄ +ȩȘʲƚʾǞɾʿࡇ ƿ Ǟɯ ŏ żȩȘʲƚʾ ǀʕȘżɾǞȩȘࡈ S Ǟɯ ŏ żȩȘʲƚʾ ɯƚɾࡏ
ࡄ $ȩʕȘƇƚƇ ǞȘǞɾǞŏȀ ƇǞɯɾŏȘɾࡇ

‖ʾ(ߜ) − ʾ∗‖ߞ ≤ Ú

ࡄ $ȩʕȘƇƚƇ ǃɟŏƇǞƚȘɾɯ ˌ�ǞɔɯżǕǞɾ ǀʕȘżɾǞȩȘࡇ

‖∇ƿ(ʾ)‖ߞ ≤ ` ǀȩɟ ŏȀȀ ʾ ∈ S.

÷ǕƚȩɟƚȒࡇ ÚɟȩǲƚżɾƚƇ bɟŏƇǞƚȘɾ 4ƚɯżƚȘɾ ɟƚɾʕɟȘɯ ˆʾ ʶǞɾǕ
ƿ(ˆʾ) ≤ ȒǞȘʾ∈S ƿ(ʾ) + ε ŏǀɾƚɟ

î =

ǞɾƚɟŏɾǞȩȘɯࡏ
ߡ

O
=

PIE



Ύ;ͱ͖;̥ ˨;̙ χϑΎ̐͑˨χϑ͖̐ ͇ξ˨̙͖̥;ϑ ̙̥χ̥̐;ϑ

÷ȩƇŏʿࡇ

ࡄ $ŏɯǞżɯ ȩǀ °ȘȀǞȘƚ �ƚŏɟȘǞȘǃ ࣹ °ɔɾǞȒǞˌŏɾǞȩȘࡏ
ࡄ vȘɾɟȩƇʕżɾǞȩȘ ɾȩ áƚǃɟƚɾ �ȘŏȀʿɯǞɯࡏ
ࡄ �ɔɔȀǞżŏɾǞȩȘ ɾȩ ŏȘŏȀʿˌǞȘǃ ëɾȩżǕŏɯɾǞż bɟŏƇǞƚȘɾ 4ƚɯżƚȘɾࡏ

ߢ



Ύ;ͱ͖;̥ ͱ̥˨ξ;͖;͇

�ŏȘʿ ȒŏżǕǞȘƚ ȀƚŏɟȘǞȘǃ ɔɟȩųȀƚȒɯ ŏɟƚ ɯȩȀʲƚƇ ǞȘ ŏȘ ȩȘȀǞȘƚ
ɯƚɾɾǞȘǃ ʶǞɾǕ żȩȘɯɾŏȘɾȀʿ żǕŏȘǃǞȘǃ Ƈŏɾŏࡏ

ࡄ ëɔŏȒ ˙Ȁɾƚɟɯ ŏɟƚ ǞȘżɟƚȒƚȘɾŏȀȀʿ ʕɔƇŏɾƚƇ ŏȘƇ ŏƇŏɔɾ ŏɯ ɾǕƚʿ
ɯƚƚ Ȓȩɟƚ ƚʾŏȒɔȀƚɯ ȩǀ ɯɔŏȒ ȩʲƚɟ ɾǞȒƚࡏ

ࡄ vȒŏǃƚ żȀŏɯɯǞ˙żŏɾǞȩȘ ɯʿɯɾƚȒɯ ȀƚŏɟȘ ǀɟȩȒ ȒǞɯɾŏǺƚɯ ȩʲƚɟ
ɾǞȒƚ ȩǀɾƚȘ ųŏɯƚƇ ȩȘ ʕɯƚɟ ǀƚƚƇųŏżǺࡏ

ࡄ +ȩȘɾƚȘɾ ɟƚżȩȒȒƚȘƇŏɾǞȩȘ ɯʿɯɾƚȒɯ ŏƇŏɔɾ ɾȩ ʕɯƚɟ ųƚǕŏʲǞȩɟ
ŏȘƇ żȀǞżǺɯ ʶǕǞżǕ Ȓŏʿ Șȩɾ ųƚ ŏ ǃȩȩƇ ɾǕǞȘǃࡏࡏࡏ

ߣ



̥Ѕ˨ͻθͱ̥

ÚȀŏȘɾ ǞƇƚȘɾǞ˙żŏɾǞȩȘ ʲǞŏ Ǟ�ŏɾʕɟŏȀǞɯɾ ŏɔɔࡏ

ŏȀǞǀȩɟȘǞŏ+ �żŏƇƚȒʿ ȩǀ ëżǞƚȘżƚ ࣹ �ŏɾǞȩȘŏȀ bƚȩǃɟŏɔǕǞż

ࡄ ĦǕƚȘ ɾǕƚ ŏɔɔ ǀŏǞȀɯࡈ ǞȒŏǃƚ
Ǟɯ żȀŏɯɯǞ˙ƚƇ ʲǞŏ
żɟȩʶƇɯȩʕɟżǞȘǃ ųŏżǺƚƇ ųʿ
Ǖʕǃƚ ȘƚɾʶȩɟǺ ȩǀ ŏȒŏɾƚʕɟɯ
ŏȘƇ ƚʾɔƚɟɾɯࡏ

ࡄ ëǞȘǃȀƚ ȒȩƇƚȀ ɾǕŏɾ Ǟɯ
ʕɔƇŏɾƚƇ żȩȘɯɾŏȘɾȀ ʿࡈ Șȩɾ
ɟƚɾɟŏǞȘƚƇ ǞȘ ųŏɾżǕƚɯࡏ

ߤ



̥Ѕ˨ͻθͱ̥

�� ųŏɯƚƇ ƚȒŏǞȀ ɯɔŏȒࡕɯżŏȒ ˙ȀɾƚɟǞȘǃࡏ

�ŏɟǺƚɟɯ ǀȩɟ ɯɔŏȒ żǕŏȘǃƚ ȩʲƚɟɾǞȒƚࡈ ɯȩ ȒȩƇƚȀ ȒǞǃǕɾ żǕŏȘǃƚࡏ

ߥ



̥Ѕ˨ͻθͱ̥

�� ųŏɯƚƇ ƚȒŏǞȀ ɯɔŏȒࡕɯżŏȒ ˙ȀɾƚɟǞȘǃࡏ

�ŏɟǺƚɟɯ ǀȩɟ ɯɔŏȒ żǕŏȘǃƚ ȩʲƚɟɾǞȒƚࡈ ɯȩ ȒȩƇƚȀ ȒǞǃǕɾ żǕŏȘǃƚࡏ

ߜߝ



Ύ;ͱ͖;̥ ͱ̥˨ξ;͖;͇ ͂ξ˨ͻ̥ϾΎξͬ

+Ǖȩȩɯƚ ɯȩȒƚ ȒȩƇƚȀ �ʾ ɔŏɟŏȒƚɾƚɟǞˌƚƇ ųʿ ɔŏɟŏȒƚɾƚɟɯ ʾ ŏȘƇ
ɯȩȒƚ Ȁȩɯɯ ǀʕȘżɾǞȩȘ ࡏ# �ɾ ɾǞȒƚ ɯɾƚɔɯ ,ߝ . . . , îࡈ ɟƚżƚǞʲƚ Ƈŏɾŏ
ʲƚżɾȩɟɯ ŏ(ߝ), . . . , ŏ(î)ࡏ

ࡄ �ɾ ƚŏżǕ ɾǞȒƚ ɯɾƚɔࡈ ʶƚ ɔǞżǺ ࢆɔȀŏʿࢅ ŏ ɔŏɟŏȒƚɾƚɟ ʲƚżɾȩɟ ʾ(ǝ)ࡏ
ࡄ �ŏǺƚ ɔɟƚƇǞżɾǞȩȘ ˜̒(ǝ) = �ʾ(ǝ)(ŏǝ)ࡏ
ࡄ ÷ǕƚȘ ɾȩȀƇ ɾɟʕƚ ʲŏȀʕƚ ȩɟ ȀŏųƚȀ ʻ(ǝ)ࡏ
ࡄ bȩŏȀ Ǟɯ ɾȩ ȒǞȘǞȒǞˌƚ żʕȒʕȀŏɾǞʲƚ Ȁȩɯɯࡇ

� =
ȗ∑

ǝ=ߝ
#(ʾ(ǝ), ŏ(ǝ), ʻ(ǝ))

_ȩɟ ƚʾŏȒɔȀƚࡈ ǀȩɟ ŏ ɟƚǃɟƚɯɯǞȩȘ ɔɟȩųȀƚȒ ʶƚ ȒǞǃǕɾ ʕɯƚ ɾǕƚ ߞ# Ȁȩɯɯࡇ

#(ʾ(ǝ), ŏ(ǝ), ʻ(ǝ)) =
∣∣∣〈ʾ(ǝ), ŏ(ǝ)〉 − ʻ(ǝ)

∣∣∣
ߞ
.

_ȩɟ żȀŏɯɯǞ˙żŏɾǞȩȘࡈ ʶƚ żȩʕȀƇ ʕɯƚ ȀȩǃǞɯɾǞżࡕżɟȩɯɯࡷƚȘɾɟȩɔʿ Ȁȩɯɯࡏ
ߝߝ
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Ύ;ͱ͖;̥ Ύθϑ͖ͻ͖В˨ϑ͖Ύ;

�ųɯɾɟŏżɾǞȩȘ ŏɯ ȩɔɾǞȒǞˌŏɾǞȩȘ ɔɟȩųȀƚȒࡇ vȘɯɾƚŏƇ ȩǀ ŏ ɯǞȘǃȀƚ
ȩųǲƚżɾǞʲƚ ǀʕȘżɾǞȩȘ ƿࡈ ʶƚ Ǖŏʲƚ ŏ ɯǞȘǃȀƚ ǞȘǞɾǞŏȀȀʿ ʕȘǺȘȩʶȘ
ǀʕȘżɾǞȩȘ ƿǝ, . . . , ƿî : RƆ → R ǀȩɟ ƚŏżǕ ɾǞȒƚ ɯɾƚɔࡏ

ࡄ _ȩɟ ɾǞȒƚ ɯɾƚɔ ǝ ∈ ,ߝ . . . , îࡈ ɯƚȀƚżɾ ʲƚżɾȩɟ ʾ(ǝ)ࡏ
ࡄ °ųɯƚɟʲƚ ƿǝ ŏȘƇ ɔŏʿ żȩɯɾ ƿǝ(ʾ(ǝ))
ࡄ bȩŏȀ Ǟɯ ɾȩ ȒǞȘǞȒǞˌƚ

∑î
ǝ=ߝ ƿǝ(ʾ(ǝ))ࡏ

Ħƚ ȒŏǺƚ Șȩ ŏɯɯʕȒɔɾǞȩȘɯ ɾǕŏɾ ƿߝ, . . . , ƿî ŏɟƚ ɟƚȀŏɾƚƇ ɾȩ ƚŏżǕ
ȩɾǕƚɟ ŏɾ ŏȀȀࡋ

ߞߝ

O
①
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Ύ;ͱ͖;̥ ͇ξ˨̙͖̥;ϑ ̙̥χ̥̐;ϑ

°ȘȀǞȘƚ bɟŏƇǞƚȘɾ ƇƚɯżƚȘɾࡇ

ࡄ +Ǖȩȩɯƚ ʾ(ߝ) ŏȘƇ η = Ú
`
√
î ࡏ

ࡄ _ȩɟ ǝ = ,ߝ . . . , îࡇ
ࡄ ÚȀŏʿ ʾ(ǝ)ࡏ
ࡄ °ųɯƚɟʲƚ ƿǝ ŏȘƇ ǞȘżʕɟ żȩɯɾ ƿǝ(ʾ(ǝ))ࡏ
ࡄ ʾ(ǝ+ߝ) = ʾ(ǝ) − η∇ƿǝ(ʾ(ǝ))

vǀ ƿߝ, . . . , ƿî = ƿ ŏɟƚ ŏȀȀ ɾǕƚ ɯŏȒƚࡈ ɾǕǞɯ ȀȩȩǺɯ ŏ Ȁȩɾ ȀǞǺƚ ɟƚǃʕȀŏɟ
ǃɟŏƇǞƚȘɾ ƇƚɯżƚȘɾࡏ Ħƚ ʕɔƇŏɾƚ ɔŏɟŏȒƚɾƚɟɯ ʕɯǞȘǃ ɾǕƚ ǃɟŏƇǞƚȘɾ ∇ƿ
ŏɾ ƚŏżǕ ɯɾƚɔࡏ

vǀ ƿߝ, . . . , ƿî ŏɟƚ ʲƚɟʿ ƇǞǀǀƚɟƚȘɾ Ǟɾ ȒǞǃǕɾ ɯƚƚȒ ȀǞǺƚ ȘȩȘɯƚȘɯƚ ɟǞǃǕɾ
Șȩʶࡏࡏࡏ

ߟߝ

-
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ξ̥͇ξ̥ϑ ̊Ύϟ;̙

vȘ ȩǀ˚ǞȘƚ ȩɔɾǞȒǞˌŏɾǞȩȘࡈ ʶƚ ʶŏȘɾƚƇ ɾȩ ˙ȘƇ ˆʾ ɯŏɾǞɯǀʿǞȘǃ
ƿ(ˆʾ) ≤ ȒǞȘʾ ƿ(ʾ)ࡏ �ɯǺ ǀȩɟ ŏ ɯǞȒǞȀŏɟ ɾǕǞȘǃ Ǖƚɟƚࡏ

°ųǲƚżɾǞʲƚࡇ +Ǖȩȩɯƚ ʾ(ߝ), . . . , ʾ(î) ɯȩ ɾǕŏɾࡇ

î∑

ǝ=ߝ
ƿǝ(ʾ(ǝ)) ≤

[
ȒǞȘ
ʾ

î∑

ǝ=ߝ
ƿǝ(ʾ)

]
+ ε.

mƚɟƚ ε Ǟɯ żŏȀȀƚƇ ɾǕƚ ɟƚǃɟƚɾ ȩǀ ȩʕɟ ɯȩȀʕɾǞȩȘ ɯƚɛʕƚȘżƚ
ʾ(ߝ), . . . , ʾ(î)ࡏ

÷ǕǞɯ ǃʕŏɟŏȘɾƚƚ ȒǞǃǕɾ ɯƚƚȒ ŏ ųǞɾ ʕȘǀŏǞɟࡏ ĦǕʿࡐ

ߠߝ

+,
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ξ̥͇ξ̥ϑ ̊Ύϟ;̙

áƚǃɟƚɾ żȩȒɔŏɟƚɯ ɾȩ ɾǕƚ ųƚɯɾ ˙ʾƚƇ ɯȩȀʕɾǞȩȘ ǞȘ ǕǞȘƇɯǞǃǕɾࡏ

î∑

ǝ=ߝ
ƿǝ(ʾ(ǝ)) ≤

[
ȒǞȘ
ʾ

î∑

ǝ=ߝ
ƿǝ(ʾ)

]
+ ε.

vɾ࢈ɯ ʲƚɟʿ ɔȩɯɯǞųȀƚ ɾǕŏɾ
∑î

ǝ=ߝ ƿǝ(ʾ(ǝ)) <
[
ȒǞȘʾ

∑î
ǝ=ߝ ƿǝ(ʾ)

]
ࡏ +ȩʕȀƇ

ʶƚ Ǖȩɔƚ ǀȩɟ ɯȩȒƚɾǕǞȘǃ ɯɾɟȩȘǃࡐ

CʾƚɟżǞɯƚࡇ �ɟǃʕƚ ɾǕŏɾ ɾǕƚ ǀȩȀȀȩʶǞȘǃ Ǟɯ ǞȒɔȩɯɯǞųȀƚ ɾȩ ŏżǕǞƚʲƚࡇ
î∑

ǝ=ߝ
ƿǝ(ʾ(ǝ)) ≤

[ î∑

ǝ=ߝ
ȒǞȘ
ʾ
ƿǝ(ʾ)

]
+ ε.

ߡߝ

_÷÷.-
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͑˨ξ̙ ̥Ѕ˨ͻθͱ̥ ͂Ύξ Ύ;ͱ͖;̥ Ύθϑ͖ͻ͖В˨ϑ͖Ύ;

ߢߝ
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4 probY ,
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ξ̥͇ξ̥ϑ ̊Ύϟ;̙χ

î∑

ǝ=ߝ
ƿǝ(ʾ(ǝ)) ≤

[
ȒǞȘ
ʾ

î∑

ǝ=ߝ
ƿǝ(ʾ)

]
+ ε.

$ƚŏʕɾǞǀʕȀ ųŏȀŏȘżƚࡇ

ࡄ CǞɾǕƚɟ ƿߝ, . . . , ƿî ŏɟƚ ɯǞȒǞȀŏɟࡈ ɯȩ ŏȘ ȒƚɾǕȩƇ ȀǞǺƚ °ȘȀǞȘƚ
bɟŏƇǞƚȘɾ 4ƚɯżƚȘɾ ʶǞȀȀ ƚǀǀƚżɾǞʲƚȀʿ ȒǞȘǞȒǞˌƚ

∑î
ǝ=ߝ ƿǝ(ʾ(ǝ))ࡏ

ࡄ °ɟ ƿߝ, . . . , ƿî ŏɟƚ ʲƚɟʿ ƇǞǀǀƚɟƚȘɾࡈ ǞȘ ʶǕǞżǕ żŏɯƚ ȒǞȘʾ
∑î

ǝ=ߝ ƿǝ(ʾ)
Ǟɯ Ȁŏɟǃƚࡈ ɯȩ ɟƚǃɟƚɾ ųȩʕȘƇ Ǟɯ ƚŏɯʿ ɾȩ ŏżǕǞƚʲƚࡏ

ࡄ °ɟ ʶƚ ȀǞʲƚ ɯȩȒƚʶǕƚɟƚ ǞȘ ɾǕƚ ȒǞƇƇȀƚࡏ

ߣߝ

0



Ύ;ͱ͖;̥ ͇ξ˨̙͖̥;ϑ ̙̥χ̥̐;ϑ Ύ͇̙

ʾ∗ = ȒǞȘʾ
∑î

ǝ=ߝ ƿǝ(ʾ∗) ɾǕƚ ȩǀ˚ǞȘƚ ȩɔɾǞȒʕȒ

�ɯɯʕȒƚࡇ

ࡄ ƿߝ, . . . , ƿî ŏɟƚ ŏȀȀ żȩȘʲƚʾࡏ
ࡄ CŏżǕ Ǟɯ ࡇˌ�ǞɔɯżǕǞɾࡷ` ǀȩɟ ŏȀȀ ʾࡈ ǝࡈ ‖∇ƿǝ(ʾ)‖ߞ ≤ ࡏ`
ࡄ ëɾŏɟɾǞȘǃ ɟŏƇǞʕɯࡇ ‖ʾ∗ − ʾ(ߝ)‖ߞ ≤ Úࡏ

°ȘȀǞȘƚ bɟŏƇǞƚȘɾ ƇƚɯżƚȘɾࡇ

ࡄ +Ǖȩȩɯƚ ʾ(ߝ) ŏȘƇ η = Ú
`
√
î ࡏ

ࡄ _ȩɟ ǝ = ,ߝ . . . , îࡇ
ࡄ ÚȀŏʿ ʾ(ǝ)ࡏ
ࡄ °ųɯƚɟʲƚ ƿǝ ŏȘƇ ǞȘżʕɟ żȩɯɾ ƿǝ(ʾ(ǝ))ࡏ
ࡄ ʾ(ǝ+ߝ) = ʾ(ǝ) − η∇ƿǝ(ʾ(ǝ))

ߤߝ

÷
⇒ -

= -

I"'... XI) X I

\

,

Effi.Cx"') = objective
f o r on l i ne
optimization

- -
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Ύ;ͱ͖;̥ ͇ξ˨̙͖̥;ϑ ̙̥χ̥̐;ϑ ˨;˨ͱІχ͖χ

�ƚɾ ʾ∗ = ȒǞȘʾ
∑î

ǝ=ߝ ƿǝ(ʾ∗) ɾǕƚ ȩǀ˚ǞȘƚ ȩɔɾǞȒʕȒࡏ

÷ǕƚȩɟƚȒ b4° áƚǃɟƚɾ $ȩʕȘƇ

�ƿɺƙɛ î ɫɺƙɑɫࡌ ε =
[∑î

ǝ=ߝ ƿǝ(ʾ(ǝ))
]
−

[∑î
ǝ=ߝ ƿǝ(ʾ∗)

]
≤ Ú`

√
îࡒ

�ʲƚɟŏǃƚ ɟƚǃɟƚɾ ȩʲƚɟɾǞȒƚ Ǟɯ ųȩʕȘƇƚƇ ųʿ ε
î ≤

Ú√̀
î ࡏ

bȩƚɯ→ ߜ ŏɯ î→∞ࡏ

�ȀȀ ɾǕǞɯ ʶǞɾǕ Șȩ ŏɯɯʕȒɔɾǞȩȘɯ ȩȘ Ǖȩʶ ƿߝ, . . . , ƿî ɟƚȀŏɾƚ ɾȩ ƚŏżǕ
ȩɾǕƚɟࡋ ÷Ǖƚʿ żȩʕȀƇ Ǖŏʲƚ ƚʲƚȘ ųƚƚȘ żǕȩɯƚȘ ŏƇʲƚɟɯŏɟǞŏȀȀʿ ࡵ ƚࡏǃࡏ
ʶǞɾǕ ƿǝ ƇƚɔƚȘƇǞȘǃ ȩȘ ȩʕɟ żǕȩǞżƚ ȩǀ ʾǝ ŏȘƇ ŏȀȀ ɔɟƚʲǞȩʕɯ żǕȩǞżƚɯࡏ

ߥߝ

arg

0 0 0 0T



Ύ;ͱ͖;̥ ͇ξ˨̙͖̥;ϑ ̙̥χ̥̐;ϑ ˨;˨ͱІχ͖χ

÷ǕƚȩɟƚȒ b4° áƚǃɟƚɾ $ȩʕȘƇ

�ƿɺƙɛ î ɫɺƙɑɫࡌ ε =
[∑î

ǝ=ߝ ƿǝ(ʾ(ǝ))
]
−

[∑î
ǝ=ߝ ƿǝ(ʾ∗)

]
≤ Ú`

√
îࡒ

+ȀŏǞȒ ࡇߝ _ȩɟ ŏȀȀ ǝ = ,ߝ . . . , îࡈ

ƿǝ(ʾ(ǝ))− ƿǝ(ʾ∗) ≤
‖ʾ(ǝ) − ʾ∗‖ߞߞ − ‖ʾ(ǝ+ߝ) − ʾ∗‖ߞߞ

ηߞ +
η`ߞ
ߞ

ëŏȒƚ ɔɟȩȩǀ ŏɯ Ȁŏɯɾ żȀŏɯɯࡏ °ȘȀʿ ʕɯƚɯ żȩȘʲƚʾǞɾʿ ȩǀ ƿǝࡏ

ߜߞ

-

-



Ύ;ͱ͖;̥ ͇ξ˨̙͖̥;ϑ ̙̥χ̥̐;ϑ ˨;˨ͱІχ͖χ

÷ǕƚȩɟƚȒ b4° áƚǃɟƚɾ $ȩʕȘƇ

�ƿɺƙɛ î ɫɺƙɑɫࡌ ε =
[∑î

ǝ=ߝ ƿǝ(ʾ(ǝ))
]
−

[∑î
ǝ=ߝ ƿǝ(ʾ∗)

]
≤ Ú`

√
îࡒ

+ȀŏǞȒ ࡇߝ _ȩɟ ŏȀȀ ǝ = ,ߝ . . . , îࡈ

ƿǝ(ʾ(ǝ))− ƿǝ(ʾ∗) ≤
‖ʾ(ǝ) − ʾ∗‖ߞߞ − ‖ʾ(ǝ+ߝ) − ʾ∗‖ߞߞ

ηߞ +
η`ߞ
ߞ

÷ƚȀƚɯżȩɔǞȘǃ ëʕȒࡇ
î∑

ǝ=ߝ

[
ƿǝ(ʾ(ǝ))− ƿǝ(ʾ∗)

]
≤ ‖ʾ(ߝ) − ʾ∗‖ߞߞ − ‖ʾ(î) − ʾ∗‖ߞߞ +

îη`ߞ
ߞ

≤ Úߞ
ηߞ +

îη`ߞ
ߞ

ߝߞ

× § § is.±ex,

÷÷÷÷÷÷¥
⇐÷÷÷÷÷



χϑΎ̐͑˨χϑ͖̐ ͇ξ˨̙͖̥;ϑ ̙̥χ̥̐;ϑ χ͇̙

Cǀ˙żǞƚȘɾ ȩǀ˚ǞȘƚ ȩɔɾǞȒǞˌŏɾǞȩȘ ȒƚɾǕȩƇ ǀȩɟ ǀʕȘżɾǞȩȘɯ ƿ ʶǞɾǕ ˙ȘǞɾƚ
ɯʕȒ ɯɾɟʕżɾʕɟƚࡇ

ƿ(ʾ) =
ȗ∑

ǝ=ߝ
ƿǝ(ʾ).

bȩŏȀ Ǟɯ ɾȩ ˙ȘƇ ˆʾ ɯʕżǕ ɾǕŏɾ ƿ(ˆʾ) ≤ ƿ(ʾ∗) + εࡏ

ࡄ ÷Ǖƚ Ȓȩɯɾ ʶǞƇƚȀʿ ʕɯƚ ȩɔɾǞȒǞˌŏɾǞȩȘ ŏȀǃȩɟǞɾǕȒ ǞȘ ȒȩƇƚɟȘ
ȒŏżǕǞȘƚ ȀƚŏɟȘǞȘǃࡏ

ࡄ CŏɯǞȀʿ ŏȘŏȀʿˌƚƇ ŏɯ ŏ ɯɔƚżǞŏȀ żŏɯƚ ȩǀ ȩȘȀǞȘƚ ǃɟŏƇǞƚȘɾ
ƇƚɯżƚȘɾࡋ

ߞߞ

C
] th) = tax-blk

= FE,(Lai,x)-bi)'
=

-



χϑΎ̐͑˨χϑ͖̐ ͇ξ˨̙͖̥;ϑ ̙̥χ̥̐;ϑ

áƚżŏȀȀ ɾǕƚ ȒŏżǕǞȘƚ ȀƚŏɟȘǞȘǃ ɯƚɾʕɔࡏ vȘ ƚȒɔǞɟǞżŏȀ ɟǞɯǺ
ȒǞȘǞȒǞˌŏɾǞȩȘࡈ ʶƚ żŏȘ ɾʿɔǞżŏȀȀʿ ʶɟǞɾƚࡇ

ƿ(ʾ) =
ȗ∑

ǝ=ߝ
ƿǝ(ʾ)

ʶǕƚɟƚ ƿǝ Ǟɯ ɾǕƚ Ȁȩɯɯ ǀʕȘżɾǞȩȘ ǀȩɟ ŏ ɔŏɟɾǞżʕȀŏɟ Ƈŏɾŏ ƚʾŏȒɔȀƚ
(ŏ(ǝ), ʻ(ǝ))ࡏ

CʾŏȒɔȀƚࡇ Ȁƚŏɯɾ ɯɛʕŏɟƚɯ ȀǞȘƚŏɟ ɟƚǃɟƚɯɯǞȩȘࡏ

ƿ(ʾ) =
ȗ∑

ǝ=ߝ
(ʾîŏ(ǝ) − ʻ(ǝ))ߞ

�ȩɾƚ ɾǕŏɾ ųʿ ȀǞȘƚŏɟǞɾ ʿࡈ ∇ƿ(ʾ) = ∑ȗ
ǝ=ߝ∇ƿǝ(ʾ)ࡏ

ߟߞ

-
-

p (§..f i(x))=i§0f¥



χϑΎ̐͑˨χϑ͖̐ ͇ξ˨̙͖̥;ϑ ̙̥χ̥̐;ϑ

�ŏǞȘ ǞƇƚŏࡇ Ćɯƚ ɟŏȘƇȩȒ ŏɔɔɟȩʾǞȒŏɾƚ ǃɟŏƇǞƚȘɾ ǞȘ ɔȀŏżƚ ȩǀ
ŏżɾʕŏȀ ǃɟŏƇǞƚȘɾࡏ

ÚǞżǺ ɟŏȘƇȩȒ Ǳ ∈ ,ߝ . . . ,ȗ ŏȘƇ ʕɔƇŏɾƚ ʾ ʕɯǞȘǃ ∇ƿǱ(ʾ)ࡏ

E
[
∇ƿǱ(ʾ)

]
=
ߝ
ȗ∇ƿ(ʾ).

ȗ∇ƿǱ(ʾ) Ǟɯ ŏȘ ʕȘųǞŏɯƚƇ ƚɯɾǞȒŏɾƚ ǀȩɟ ɾǕƚ ɾɟʕƚ ǃɟŏƇǞƚȘɾ ∇ƿ(ʾ)ࡈ
ųʕɾ żŏȘ ȩǀɾƚȘ ųƚ żȩȒɔʕɾƚƇ ǞȘ ŏ ȗ/ߝ ǀɟŏżɾǞȩȘ ȩǀ ɾǕƚ ɾǞȒƚࡋ

÷ɟŏƇƚ ɯȀȩʶƚɟ żȩȘʲƚɟǃƚȘżƚ ǀȩɟ żǕƚŏɔƚɟ ǞɾƚɟŏɾǞȩȘɯࡏ

ߠߞ

t
/

w -
uui¥¥]Y

C y Effix)€fx)J r

flex):§,f ;Cx) ¥,...#x))=;}'T fish)
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χϑΎ̐͑˨χϑ͖̐ ͇ξ˨̙͖̥;ϑ ̙̥χ̥̐;ϑ

ëɾȩżǕŏɯɾǞż ˙ɟɯɾࡷȩɟƇƚɟ ȩɟŏżȀƚ ǀȩɟ ƿ(ʾ) = ∑ȗ
ǝ=ߝ ƿǝ(ʾ)ࡏ

ࡄ _ʕȘżɾǞȩȘ ßʕƚɟʿࡇ _ȩɟ ŏȘʿ żǕȩɯƚȘ Ǳ, ʾࡈ ɟƚɾʕɟȘ ƿǱ(ʾ)
ࡄ bɟŏƇǞƚȘɾ ßʕƚɟʿࡇ _ȩɟ ŏȘʿ żǕȩɯƚȘ Ǳ, ʾࡈ ɟƚɾʕɟȘ ∇ƿǱ(ʾ)

+ȩȒɔʕɾǞȘǃ ƿ(ʾ) ʶȩʕȀƇ ɾŏǺƚ ȗ ɯƚɔŏɟŏɾƚ ǀʕȘżɾǞȩȘ ɛʕƚɟǞƚɯࡏ

ëɾȩżǕŏɯɾǞż bɟŏƇǞƚȘɾ ƇƚɯżƚȘɾࡇ

ࡄ +Ǖȩȩɯƚ ɯɾŏɟɾǞȘǃ ʲƚżɾȩɟ ʾ(ߝ)ࡈ ȀƚŏɟȘǞȘǃ ɟŏɾƚ η

ࡄ _ȩɟ ǝ = ,ߝ . . . , îࡇ
ࡄ ÚǞżǺ ɟŏȘƇȩȒ Ǳǝ ∈ ,ߝ . . . ,ȗࡏ
ࡄ ʾ(ǝ+ߝ) = ʾ(ǝ) − η∇ƿǱǝ(ʾ(ǝ))

ࡄ áƚɾʕɟȘ ˆʾ = ߝ
î
∑î

ǝ=ߝ ʾ(ǝ)

ߡߞ

f (x)
-l -

-
-¥1

-

a -

I ' '... j , E l,... n
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χϑΎ̐͑˨χϑ͖̐ ͇ξ˨̙͖̥;ϑ ̙̥χ̥̐;ϑ

�ɯɯʕȒƚࡇ
ࡄ _ǞȘǞɾƚ ɯʕȒ ɯɾɟʕżɾʕɟƚࡇ ƿ(ʾ) = ∑ȗ

ǝ=ߝ ƿǝ(ʾ)ࡈ ʶǞɾǕ ƿߝ, . . . , ƿȗ ŏȀȀ żȩȘʲƚʾࡏ
ࡄ �ǞɔɯżǕǞɾˌ ǀʕȘżɾǞȩȘɯࡇ ǀȩɟ ŏȀȀ ʾࡈ Ǳࡈ ‖∇ƿǱ(ʾ)‖ߞ ≤ `′

ȗ ࡏ
ࡄ ĦǕŏɾ Ƈȩƚɯ ɾǕǞɯ ǞȒɔȀʿ ŏųȩʕɾ �ǞɔɯżǕǞɾˌ żȩȘɯɾŏȘɾ ȩǀ ƿࡐ

ࡄ ëɾŏɟɾǞȘǃ ɟŏƇǞʕɯࡇ ‖ʾ∗ − ʾ(ߝ)‖ߞ ≤ Úࡏ

ëɾȩżǕŏɯɾǞż bɟŏƇǞƚȘɾ ƇƚɯżƚȘɾࡇ
ࡄ +Ǖȩȩɯƚ ʾ(ߝ)ࡈ ɯɾƚɔɯ îࡈ ȀƚŏɟȘǞȘǃ ɟŏɾƚ η = 2

`′
√
î ࡏ

ࡄ _ȩɟ ǝ = ,ߝ . . . , îࡇ
ࡄ ÚǞżǺ ɟŏȘƇȩȒ Ǳǝ ∈ ,ߝ . . . ,ȗࡏ
ࡄ ʾ(ǝ+ߝ) = ʾ(ǝ) − η∇ƿǱǝ(ʾ(ǝ))

ࡄ áƚɾʕɟȘ ˆʾ = ߝ
î
∑î

ǝ=ߝ ʾ(ǝ)

�ɔɔɟȩŏżǕࡇ ģǞƚʶ ŏɯ ȩȘȀǞȘƚ ǃɟŏƇǞƚȘɾ ƇƚɯżƚȘɾ ɟʕȘ ȩȘ ǀʕȘżɾǞȩȘ
ɯƚɛʕƚȘżƚ ƿǱߝ , . . . , ƿǱî ࡏ ߣߞ

1105-(x )112E G f o r a l e x

o
a

-
-
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χϑΎ̐͑˨χϑ͖̐ ͇ξ˨̙͖̥;ϑ ̙̥χ̥̐;ϑ ˨;˨ͱІχ͖χ

+ȀŏǞȒ ëb4 +ȩȘʲƚɟǃƚȘżƚ
�ƿɺƙɛ î = Úߞ′`ߞ

εߞ ǝɺƙɛŏɺǝȧȗɫࡋ

E [ƿ(ˆʾ)− ƿ(ʾ∗)] ≤ ε.

ʲǔƙɛƙ ˆʾ = ߝ
î
∑î

ǝ=ߝ ʾ(ǝ)ࡒ

+ȀŏǞȒ ࡇߝ

ƿ(ˆʾ)− ƿ(ʾ∗) ≤ ߝ
î

î∑

ǝ=ߝ

[
ƿ(ʾ(ǝ))− ƿ(ʾ∗)

]

ߤߞ

Via 1µs:w i t h prob 9/10
f-(K)-fate)s l o e-

-
YET,ais le

-
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χϑΎ̐͑˨χϑ͖̐ ͇ξ˨̙͖̥;ϑ ̙̥χ̥̐;ϑ ˨;˨ͱІχ͖χ

+ȀŏǞȒ ëb4 +ȩȘʲƚɟǃƚȘżƚ
�ƿɺƙɛ î = Úߞ′`ߞ

εߞ ǝɺƙɛŏɺǝȧȗɫࡋ
E [ƿ(ˆʾ)− ƿ(ʾ∗)] ≤ ε.

ʲǔƙɛƙ ˆʾ = ߝ
î
∑î

ǝ=ߝ ʾ(ǝ)ࡒ

E[ƿ(ˆʾ)− ƿ(ʾ∗)] ≤ ߝ
î

î∑

ǝ=ߝ
E
[
ƿ(ʾ(ǝ))− ƿ(ʾ∗)

]

=
ߝ
î

î∑

ǝ=ߝ
ȗE

[
ƿǱǝ(ʾ(ǝ))− ƿǱǝ(ʾ∗)

]

=
ȗ
î · E

[ î∑

ǝ=ߝ
ƿǱǝ(ʾ(ǝ))− ƿǱǝ(ʾ∗)

]

≤ ȗ
î ·

(
Ú · `

′

ȗ ·
√
î
)

ųʿ °b4 ǃʕŏɟŏȘɾƚƚࡏ

ߥߞ

O

-
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@
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χϑΎ̐͑˨χϑ͖̐ ϻχࡏ ͂ϟͱͱ ̊˨ϑ̐͑ ͇ξ˨̙͖̥;ϑ ̙̥χ̥̐;ϑ

�ʕȒųƚɟ ȩǀ ǞɾƚɟŏɾǞȩȘɯ ǀȩɟ ƚɟɟȩɟ εࡇ

ࡄ bɟŏƇǞƚȘɾ 4ƚɯżƚȘɾࡇ î = Úߞ`ߞ
εߞ ࡏ

ࡄ ëɾȩżǕŏɯɾǞż bɟŏƇǞƚȘɾ 4ƚɯżƚȘɾࡇ î = Úߞ′`ߞ
εߞ ࡏ

�Ȁʶŏʿɯ Ǖŏʲƚ ` ≤ ࡇ′`

‖∇ƿ(ʾ)‖ߞ ≤ ‖∇ƿߝ(ʾ)‖ߞ + . . .+ ‖∇ƿȗ(ʾ)‖ߞ ≤ ȗ · `
′

ȗ = `′.

ëȩ b4 żȩȘʲƚɟǃƚɯ ɯɾɟǞżɾȀʿ ǀŏɯɾƚɟ ɾǕŏȘ ã`2ࡏ

$ʕɾ ǀȩɟ ŏ ǀŏǞɟ żȩȒɔŏɟǞɯȩȘࡇ

ࡄ ëb4 żȩɯɾ ࣌ (# ȩǀ ǞɾƚɟŏɾǞȩȘɯ) · ª(ߝ)
ࡄ b4 żȩɯɾ ࣌ (# ȩǀ ǞɾƚɟŏɾǞȩȘɯ) · ª(ȗ)

ߜߟ

Ei.
triangle

inequality

Maxx ①
pfc ,= Of,c×) t..-totulx)

G E G '
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χϑΎ̐͑˨χϑ͖̐ ϻχࡏ ͂ϟͱͱ ̊˨ϑ̐͑ ͇ξ˨̙͖̥;ϑ ̙̥χ̥̐;ϑ

Ħƚ ŏȀʶŏʿɯ Ǖŏʲƚ ‖∇ƿ(ʾ)‖ߞ ≤ ࡏ′` ĦǕƚȘ Ǟɾ Ǟɯ ȒʕżǕ ɯȒŏȀȀƚɟ ɾǕƚȘ
b4 ʶǞȀȀ ɔƚɟǀȩɟȒ ųƚɾɾƚɟࡏ ĦǕƚȘ Ǟɾ Ǟɯ żȀȩɯƚɟ ɾȩ ɾǕǞɯ ʕɔɔƚɟ ųȩʕȘƇࡈ
ëb4 ʶǞȀȀ ɔƚɟǀȩɟȒ ųƚɾɾƚɟࡏ

ĦǕŏɾ Ǟɯ ŏȘ ƚʾɾɟƚȒƚ żŏɯƚ ʶǕƚɟƚ ‖∇ƿ(ʾ)‖ߞ = ࡐ′`

ߝߟ

E n s
G s - c '
oak

o f,Cx)..F fs(x ) a . . . . o f ,Cx)

I t a l i c = G '



χϑΎ̐͑˨χϑ͖̐ ϻχࡏ ͂ϟͱͱ ̊˨ϑ̐͑ ͇ξ˨̙͖̥;ϑ ̙̥χ̥̐;ϑ

ĦǕŏɾ Ǟǀ ƚŏżǕ ǃɟŏƇǞƚȘɾ ∇ƿǝ(ʾ) ȀȩȩǺɯ ȀǞǺƚ ɟŏȘƇȩȒ ʲƚżɾȩɟɯ ǞȘ RƆࡐ
Cࡏǃࡏ ʶǞɾǕ N ,ߜ) (ߝ ƚȘɾɟǞƚɯࡐ

E
[
‖∇ƿǝ(ʾ)‖ߞߞ

]
=

E
[
‖∇ƿ(ʾ)‖ߞߞ

]
= E

[
‖

ȗ∑

ǝ=ߝ
∇ƿǝ(ʾ)‖ߞߞ

]
=

ߞߟ

d

§,2 ; ' where z~Hlo,)=@
;§,s;2 where s;nHl%)

= @
Eachentry o f E.,Pfilx) i s thes u n o f n guassians,s o
distributed a s Nco,n ) .

complexity.
so, G '2 h .r d a n d G r e g . #

roush's s a m e

sci-takes 011322¥) iterations, C D takes 003¥!).



χϑΎ̐͑˨χϑ͖̐ ϻχࡏ ͂ϟͱͱ ̊˨ϑ̐͑ ͇ξ˨̙͖̥;ϑ ̙̥χ̥̐;ϑ

÷ŏǺƚŏʶŏʿࡇ ëb4 ɔƚɟǀȩɟȒɯ ųƚɾɾƚɟ ʶǕƚȘ ɾǕƚɟƚ Ǟɯ Ȓȩɟƚ ɯɾɟʕżɾʕɟƚ
ȩɟ ɟƚɔƚɾǞɾǞȩȘ ǞȘ ɾǕƚ Ƈŏɾŏ ɯƚɾࡏ

ߟߟ



̥̊ІΎ;̙ ϑ̥͑ ̊˨χ͖̐ ̊Ύϟ;̙χ

+ŏȘ ȩʕɟ żȩȘʲƚɟǃƚȘżƚ ųȩʕȘƇɯ ųƚ ɾǞǃǕɾƚȘƚƇ ǀȩɟ żƚɟɾŏǞȘ
ǀʕȘżɾǞȩȘɯࡐ +ŏȘ ɾǕƚʿ ǃʕǞƇƚ ʕɯ ɾȩʶŏɟƇɯ ǀŏɯɾƚɟ ŏȀǃȩɟǞɾǕȒɯࡐ

bȩŏȀɯࡇ

ࡄ vȒɔɟȩʲƚ ε ƇƚɔƚȘƇƚȘżƚ ųƚȀȩʶ ࡏߞε/ߝ
ࡄ vƇƚŏȀȀʿ ε/ߝ ȩɟ Ȁȩǃ(ߝ/ε)ࡏ

ࡄ áƚƇʕżƚ ȩɟ ƚȀǞȒǞȘŏɾƚ ƇƚɔƚȘƇƚȘżƚ ȩȘ ` ŏȘƇ Úࡏ
ࡄ _ʕɟɾǕƚɟ ɾŏǺƚ ŏƇʲŏȘɾŏǃƚ ȩǀ ɯɾɟʕżɾʕɟƚ ǞȘ ɾǕƚ Ƈŏɾŏ ࡏǃࡏƚ
ɟƚɔƚɾǞɾǞȩȘ ǞȘ ǀƚŏɾʕɟƚɯ ǞȘ ŏƇƇǞɾǞȩȘ ɾȩ Ƈŏɾŏ ɔȩǞȘɾɯࡏ

ߠߟ



χͻΎΎϑ͑;̥χχ

4ƚ˙ȘǞɾǞȩȘ ɯȒȩȩɾǕȘƚɯɯࡷβ
� ǀʕȘżɾǞȩȘ ƿ Ǟɯ β ɯȒȩȩɾǕ Ǟǀࡈ ǀȩɟ ŏȀȀ ʾࡈ ʿ

‖∇ƿ(ʾ)−∇ƿ(ʿ)‖ߞ ≤ β‖ʾ− ʿ‖ߞ

�ǀɾƚɟ ɯȩȒƚ żŏȀżʕȀʕɯ ɯƚƚ �ƚȒȒŏ ߠࡏߟ ǞȘ $ʕųƚżǺ࢈ɯ ųȩȩǺࡈ ɾǕǞɯ
ǞȒɔȀǞƚɯࡇ

∇ƿ(ʾ)î(ʾ− ʿ)− [ƿ(ʾ)− ƿ(ʿ)] ≤ β

ߞ ‖ʾ− ʿ‖
ߞ
ߞ ߡߟ

https://arxiv.org/pdf/1405.4980.pdf


χͻΎΎϑ͑;̥χχ

áƚżŏȀȀ ǀɟȩȒ Ƈƚ˙ȘǞɾǞȩȘ ȩǀ żȩȘʲƚʾǞɾʿ ɾǕŏɾࡇ

ƿ(ʾ)− ƿ(ʿ) ≤ ∇ƿ(ʾ)î(ʾ− ʿ)

ëȩ Șȩʶ ʶƚ Ǖŏʲƚ ŏȘ ʕɔɔƚɟ ŏȘƇ Ȁȩʶƚɟ ųȩʕȘƇࡏ

ߜ ≤ ∇ƿ(ʾ)î(ʾ− ʿ)− [ƿ(ʾ)− ƿ(ʿ)] ≤ β

ߞ ‖ʾ− ʿ‖
ߞ
ߞ

ߢߟ



͇ϟ˨ξ˨;ϑ̥̥̙ θξΎ͇ξ̥χχ

ÚɟƚʲǞȩʕɯȀʿ ȀƚŏɟȘǞȘǃ ɟŏɾƚࡕɯɾƚɔ ɯǞˌƚ η ƇƚɔƚȘƇƚƇ ȩȘ ࡏ` �ȩʶ
żǕȩȩɯƚ Ǟɾ ųŏɯƚƇ ȩȘ βࡇ

ʾ(ɺ+ߝ) ← ʾ(ɺ) − ߝ
β
∇ƿ(ʾ(ɺ))

Úɟȩǃɟƚɯɯ ɔƚɟ ɯɾƚɔ ȩǀ ǃɟŏƇǞƚȘɾ ƇƚɯżƚȘɾࡇ

∇ƿ(ʾ(ɺ))î(ʾ(ɺ) − ʾ(ɺ+ߝ))−
[
ƿ(ʾ(ɺ))− ƿ(ʾ(ɺ+ߝ))

]
≤ β

ߞ ‖ʾ
(ɺ) − ʾ(ɺ+ߝ)‖ߞߞ

ߝ
β
‖∇ƿ(ʾ(ɺ))‖ߞߞ −

[
ƿ(ʾ(ɺ))− ƿ(ʾ(ɺ+ߝ))

]
≤ β

ߞ ‖
ߝ
β
∇ƿ(ʾ(ɺ))‖ߞߞ

ƿ(ʾ(ɺ))− ƿ(ʾ(ɺ+ߝ)) ≥ ߝ
βߞ ‖∇ƿ(ʾ

(ɺ))‖ߞߞ

ߣߟ



̐Ύ;ϻ̥ξ͇̥;̥̐ ͇ϟ˨ξ˨;ϑ̥̥

÷ǕƚȩɟƚȒ b4 żȩȘʲƚɟǃƚȘżƚ ǀȩɟ βࡷɯȒȩȩɾǕ ǀʕȘżɾǞȩȘɯࡏ
�ƙɺ ƿ ųƙ ŏ β ɫȑȧȧɺǔ żȧȗʮƙʺ ƿʑȗżɺǝȧȗ ŏȗƆ ŏɫɫʑȑƙ ʲƙ ǔŏʮƙ
‖ʾ∗ − ʾ(ߝ)‖ߞ ≤ Úࡒ sƿ ʲƙ ɛʑȗ `2 ƿȧɛ î ɫɺƙɑɫ ʲǝɺǔ η = ߝ

β ʲƙ ǔŏʮƙࡋ

ƿ(ʾ(î))− ƿ(ʾ∗) ≤ ߞβÚߞ
î− ߝ

+ȩɟȩȀȀŏɟʿࡇ vǀ î = ª
(
βÚߞ
ε

)
ʶƚ Ǖŏʲƚ ƿ(ʾ(î))− ƿ(ʾ∗) ≤ εࡏ

ߤߟ



χϑξΎ;͇ ̐Ύ;ϻ̥Ѕ͖ϑІ

4ƚ˙ȘǞɾǞȩȘ ɯɾɟȩȘǃȀʿࡷα żȩȘʲƚʾ
� żȩȘʲƚʾ ǀʕȘżɾǞȩȘ ƿ Ǟɯ αࡷɯɾɟȩȘǃȀʿ żȩȘʲƚʾ Ǟǀࡈ ǀȩɟ ŏȀȀ ʾࡈ ʿ

∇ƿ(ʾ)î(ʾ− ʿ)− [ƿ(ʾ)− ƿ(ʿ)] ≥ α

ߞ ‖ʾ− ʿ‖
ߞ
ߞ

α Ǟɯ ŏ ɔŏɟŏȒƚɾƚɟ ɾǕŏɾ ʶǞȀȀ ƇƚɔƚȘƇ ȩȘ ȩʕɟ ǀʕȘżɾǞȩȘࡏ

ߥߟ



χϑξΎ;͇ ̐Ύ;ϻ̥Ѕ͖ϑІ

+ȩȒɔȀƚɾǞȘǃ ɾǕƚ ɔǞżɾʕɟƚࡇ vǀ ƿ Ǟɯ α ɯɾɟȩȘǃȀʿ żȩȘʲƚʾ ŏȘƇ β ɯȒȩȩɾǕࡈ

α

ߞ ‖ʾ− ʿ‖
ߞ
ߞ ≤ ∇ƿ(ʾ)î(ʾ− ʿ)− [ƿ(ʾ)− ƿ(ʿ)] ≤ β

ߞ ‖ʾ− ʿ‖
ߞ
.ߞ

ߜߠ



͇̙ ͂Ύξ χϑξΎ;͇ͱІ ̐Ύ;ϻ̥Ѕ ͂ϟ;̐ϑ͖Ύ;

bɟŏƇǞƚȘɾ ƇƚɯżƚȘɾ ǀȩɟ ɯɾɟȩȘǃȀʿ żȩȘʲƚʾ ǀʕȘżɾǞȩȘɯࡇ

ࡄ +Ǖȩȩɯƚ ȘʕȒųƚɟ ȩǀ ɯɾƚɔɯ îࡏ
ࡄ _ȩɟ ǝ = ,ߝ . . . , îࡇ

ࡄ η = ߞ
α·(ǝ+ߝ)

ࡄ ʾ(ǝ+ߝ) = ʾ(ǝ) − η∇ƿ(ʾ(ǝ))
ࡄ áƚɾʕɟȘ ˆʾ = ŏɟǃȒǞȘʾ(ǝ) ƿ(ʾ(ǝ))ࡏ

ߝߠ



̐Ύ;ϻ̥ξ͇̥;̥̐ ͇ϟ˨ξ˨;ϑ̥̥

÷ǕƚȩɟƚȒ b4 żȩȘʲƚɟǃƚȘżƚ ǀȩɟ αࡷɯɾɟȩȘǃȀʿ żȩȘʲƚʾ ǀʕȘżɾǞȩȘɯࡏ
�ƙɺ ƿ ųƙ ŏȗ αࡹɫɺɛȧȗǂǿʻ żȧȗʮƙʺ ƿʑȗżɺǝȧȗ ŏȗƆ ŏɫɫʑȑƙ ʲƙ ǔŏʮƙ
ɺǔŏɺࡌ ƿȧɛ ŏǿǿ ʾࡌ ‖∇ƿ(ʾ)‖ߞ ≤ ࡒ` sƿ ʲƙ ɛʑȗ `2 ƿȧɛ î ɫɺƙɑɫ ʲǝɺǔࡧ
ŏƆŏɑɺǝʮƙ ɫɺƙɑ ɫǝˈƙɫࡨ ʲƙ ǔŏʮƙࡋ

ƿ(ˆʾ)− ƿ(ʾ∗) ≤ ߞ`ߞ
α(î− (ߝ

+ȩɟȩȀȀŏɟʿࡇ vǀ î = ª
(
ߞ`
αε

)
ʶƚ Ǖŏʲƚ ƿ(ˆʾ)− ƿ(ʾ∗) ≤ ε

ߞߠ



χͻΎΎϑ͑ ˨;̙ χϑξΎ;͇ͱІ ̐Ύ;ϻ̥Ѕ

ĦǕŏɾ Ǟǀ ƿ Ǟɯ ųȩɾǕ βࡷɯȒȩȩɾǕ ŏȘƇ αࡷɯɾɟȩȘǃȀʿ żȩȘʲƚʾࡐ

α

ߞ ‖ʾ− ʿ‖
ߞ
ߞ ≤ ∇ƿ(ʾ)î(ʾ− ʿ)− [ƿ(ʾ)− ƿ(ʿ)] ≤ β

ߞ ‖ʾ− ʿ‖
ߞ
.ߞ

ߟߠ



̐Ύ;ϻ̥ξ͇̥;̥̐ ͇ϟ˨ξ˨;ϑ̥̥

÷ǕƚȩɟƚȒ b4 ǀȩɟ βࡷɯȒȩȩɾǕࡈ αࡷɯɾɟȩȘǃȀʿ żȩȘʲƚʾࡏ
�ƙɺ ƿ ųƙ ŏ βࡹɫȑȧȧɺǔ ŏȗƆ αࡹɫɺɛȧȗǂǿʻ żȧȗʮƙʺ ƿʑȗżɺǝȧȗࡒ sƿ ʲƙ ɛʑȗ
`2 ƿȧɛ î ɫɺƙɑɫ ʲǝɺǔࡧ ɫɺƙɑ ɫǝˈƙ η = ߝ

β ࡨ ʲƙ ǔŏʮƙࡋ

‖ʾ(î) − ʾ∗‖ߞߞ ≤ ƙ−(î−ߝ)αβ ‖ʾ(ߝ) − ʾ∗‖ߞߞ

κ = β
α Ǟɯ żŏȀȀƚƇ ɾǕƚ żȩȘƇǞɾǞȩȘࢅ ȘʕȒųƚɟࢆ ȩǀ ƿࡏ

vɯ Ǟɾ ųƚɾɾƚɟ Ǟǀ κ Ǟɯ Ȁŏɟǃƚ ȩɟ ɯȒŏȀȀࡐ

ߠߠ



χͻΎΎϑ͑ ˨;̙ χϑξΎ;͇ͱІ ̐Ύ;ϻ̥Ѕ

+ȩȘʲƚɟɾǞȘǃ ɾȩ Ȓȩɟƚ ǀŏȒǞȀǞŏɟ ǀȩɟȒࡇ ĆɯǞȘǃ ɾǕŏɾ ǀŏżɾ ɾǕƚ
∇ƿ(ʾ∗) = ߜ ŏȀȩȘǃ ʶǞɾǕ

α

ߞ ‖ʾ− ʿ‖
ߞ
ߞ ≤ ∇ƿ(ʾ)î(ʾ− ʿ)− [ƿ(ʾ)− ƿ(ʿ)] ≤ β

ߞ ‖ʾ− ʿ‖
ߞ
,ߞ

ʶƚ Ǖŏʲƚࡇ

‖ʾ(ߝ) − ʾ∗‖ߞߞ ≤
ߞ
α

[
ƿ(ʾ(ߝ))− ƿ(ʾ∗)

]

‖ʾ(î) − ʾ∗‖ߞߞ ≥
ߞ
β

[
ƿ(ʾ(î))− ƿ(ʾ∗)

]

ߡߠ



̐Ύ;ϻ̥ξ͇̥;̥̐ ͇ϟ˨ξ˨;ϑ̥̥

+ȩɟȩȀȀŏɟʿ b4 ǀȩɟ βࡷɯȒȩȩɾǕࡈ αࡷɯɾɟȩȘǃȀʿ żȩȘʲƚʾࡏ
�ƙɺ ƿ ųƙ ŏ βࡹɫȑȧȧɺǔ ŏȗƆ αࡹɫɺɛȧȗǂǿʻ żȧȗʮƙʺ ƿʑȗżɺǝȧȗࡒ sƿ ʲƙ ɛʑȗ
`2 ƿȧɛ î ɫɺƙɑɫ ʲǝɺǔࡧ ɫɺƙɑ ɫǝˈƙ η = ߝ

β ࡨ ʲƙ ǔŏʮƙࡋ

ƿ(ʾ(î))− ƿ(ʾ∗) ≤ β

α
ƙ−(î−ߝ)αβ ·

[
ƿ(ʾ(ߝ))− ƿ(ʾ∗)

]

+ȩɟȩȀȀŏɟʿࡇ vǀ î = ª
(
β
α Ȁȩǃ(β/αε)

)
ʶƚ Ǖŏʲƚࡇ

ƿ(ʾ(î))− ƿ(ʾ∗) ≤ ε
[
ƿ(ʾ(ߝ))− ƿ(ʾ∗)

]

ߢߠ



ϟ;̙̥ξχϑ˨;̙͖;͇ ̐Ύ;̙͖ϑ͖Ύ;͖;͇

�ƚɾ ƿ(ʾ) = ‖4ʾ− ų‖ߞߞ ʶǕƚɟƚ 4 Ǟɯ ŏ ƇǞŏǃŏȩȘȀ ȒŏɾɟǞʾࡏ _ȩɟ Șȩʶ

ǞȒŏǃǞȘƚ ʶƚ࢈ɟƚ ǞȘ ɾʶȩ ƇǞȒƚȘɯǞȩȘɯࡇ ʾ =
[
ߝʺ
ߞʺ

]
ࡈ 4 =

[
Ɔߝ ߜ
ߜ Ɔߞ

]
ࡏ

ĦǕŏɾ ŏɟƚ α,β ǀȩɟ ɾǕǞɯ ɔɟȩųȀƚȒࡐ

α

ߞ ‖ʾ− ʿ‖
ߞ
ߞ ≤ ∇ƿ(ʾ)î(ʾ− ʿ)− [ƿ(ʾ)− ƿ(ʿ)] ≤ β

ߞ ‖ʾ− ʿ‖
ߞ
ߞ

CʾƚɟżǞɯƚࡇ ëǕȩʶ ɾǕŏɾࡇ

∇ƿ(ʾ)î(ʾ− ʿ)− [ƿ(ʾ)− ƿ(ʿ)] = (ʾ− ʿ)î4ߞ(ʾ− ʿ)
= ‖4(ʾ− ʿ)‖ߞߞ

ߣߠ



ϟ;̙̥ξχϑ˨;̙͖;͇ ̐Ύ;̙͖ϑ͖Ύ;͖;͇

�ƚʲƚȀ ɯƚɾɯ ȩǀ ‖4ʾ− ų‖ߞߞ ʶǕƚȘ Ɔߝ = ߞƆ,ߝ = ࡏߝ

ߤߠ



ϟ;̙̥ξχϑ˨;̙͖;͇ ̐Ύ;̙͖ϑ͖Ύ;͖;͇

�ƚʲƚȀ ɯƚɾɯ ȩǀ ‖4ʾ− ų‖ߞߞ ʶǕƚȘ Ɔߝ = ߝ
ߟ ,Ɔߞ = ࡏߞ

ߥߠ



ϟ;̙̥ξχϑ˨;̙͖;͇ ̐Ύ;̙͖ϑ͖Ύ;͖;͇

ëɾƚɔɯ ɾȩ żȩȘʲƚɟǃƚȘżƚ ≈ ª (κ Ȁȩǃ(ߝ/ε)) = ª
(
Ȓŏʾ(4ߞ)
ȒǞȘ(4ߞ) Ȁȩǃ(ߝ/ε)

)
ࡏ

_ȩɟ ǃƚȘƚɟŏȀ ɟƚǃɟƚɯɯǞȩȘ ɔɟȩųȀƚȒɯ ‖�ʾ− ų‖ࡈߞߞ

β = λȑŏʺ(�î�)
α = λȑǝȗ(�î�)

ߜߡ


