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4ƚɯżƚȘɾ

�ĮĆ ÷ŏȘƇȩȘ ëżǕȩȩȀ ȩǀ CȘǃǞȘƚƚɟǞȘǃࡈ Úɟȩǀࡏ +ǕɟǞɯɾȩɔǕƚɟ �ʕɯżȩ
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θξΎ̥ͩ̐ϑ

ࡄ +Ǖȩȩɯƚ ʿȩʕɟ ɔŏɟɾȘƚɟ ŏȘƇ ƚȒŏǞȀ Ȓƚ ųʿ Șƚʾɾ ĦƚƇȘƚɯƇŏ ʿࡈ
ࡏߠߝࡕߜߝ

ࡄ ÷ȩɔǞż ŏȘƇ ߝ ɔŏǃƚ ɔɟȩɔȩɯŏȀ Ƈʕƚ ࡏߠߜࡕߝߝ
ࡄ ëƚƚ ɔɟȩǲƚżɾ ǃʕǞƇƚȀǞȘƚɯ ȩȘ żȩʕɟɯƚ ʶƚųɔŏǃƚ ǀȩɟ ƇƚɾŏǞȀɯࡏ

ߞ



ξ˨;̙Ύͻ͖В̥̙ ˨ͱ͇Ύξ͖ϑ͑ͻχ ξ̥̐˨θ

ĦǕŏɾ ɾƚżǕȘǞɛʕƚɯ ƇǞƇ ʶƚ ȀƚŏɟȘࡐ

ߟ
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;̥Ͼ ϟ;͖ϑࡇ ̐Ύ;ϑ͖;ϟΎϟχ Ύθϑ͖ͻ͖В˨ϑ͖Ύ;

mŏʲƚ ɯȩȒƚ ǀʕȘżɾǞȩȘ ƿ : RƆ → Rࡏ ĦŏȘɾ ɾȩ ˙ȘƇ ʾ∗ ɯʕżǕ ɾǕŏɾࡇ

ƿ(ʾ∗) = ȒǞȘ
ʾ
ƿ(ʾ).

°ɟ ŏɾ Ȁƚŏɯɾ ˆʾ ʶǕǞżǕ Ǟɯ żȀȩɯƚ ɾȩ ŏ ȒǞȘǞȒʕȒࡏ Cࡏǃࡏ
ƿ(ˆʾ) ≤ ȒǞȘʾ ƿ(ʾ) + ε

°ǀɾƚȘ ʶƚ Ǖŏʲƚ ɯȩȒƚ ŏƇƇǞɾǞȩȘŏȀ żȩȘɯɾɟŏǞȘɾɯࡇ

ࡄ ʾ > ࡏߜ
ࡄ ‖ʾ‖ߞ ≤ Úࡈ ‖ʾ‖ߝ ≤ Úࡏ
ࡄ ŏîʾ > żࡏ

ߠ

=

•

=
[ = text) + a



̐Ύ;ϑ͖;ϟΎϟχ Ύθϑ͖ͻ͖В˨ϑ͖Ύ;

4ǞȒƚȘɯǞȩȘ Ɔ = ࡇߝ

4ǞȒƚȘɯǞȩȘ Ɔ = ࡇߞ

ߡ

• • a

×



Ύθϑ͖ͻ͖В˨ϑ͖Ύ; ͖; ͻ˨͖̐͑;̥ ͱ̥˨ξ;͖;͇

+ȩȘɾǞȘʕȩʕȩɯ ȩɔɾǞȒǞˌŏɾǞȩȘ Ǟɯ ɾǕƚ ǀȩʕȘƇŏɾǞȩȘ ȩǀ ȒȩƇƚɟȘ
ȒŏżǕǞȘƚ ȀƚŏɟȘǞȘǃࡏ

ëʕɔƚɟʲǞɯƚƇ ȀƚŏɟȘǞȘǃࡇ ĦŏȘɾ ɾȩ ȀƚŏɟȘ ŏ ȒȩƇƚȀ ɾǕŏɾ Ȓŏɔɯ ǞȘɔʕɾɯ

ࡄ ȘʕȒƚɟǞżŏȀ Ƈŏɾŏ ʲƚżɾȩɟɯ
ࡄ ǞȒŏǃƚɯࡈ ʲǞƇƚȩ
ࡄ ɾƚʾɾ ƇȩżʕȒƚȘɾɯ

ɾȩ ɔɟƚƇǞżɾǞȩȘɯ

ࡄ ȘʕȒƚɟǞżŏȀ ʲŏȀʕƚ ɔɟȩųŏųǞȀǞɾʿ ɯɾȩżǺ ɔɟǞżƚ ǞȘżɟƚŏɯƚɯ
ࡄ ȀŏųƚȀ Ǟɯ ɾǕƚ ǞȒŏǃƚ ŏ żŏɾࡐ Ƈȩƚɯ ɾǕƚ ǞȒŏǃƚ żȩȘɾŏǞȘ ŏ żŏɟࡐ
ࡄ ƇƚżǞɯǞȩȘ ɾʕɟȘ żŏɟ Ȁƚǀɾࡈ ɟȩɾŏɾƚ ɟȩųȩɾǞż ŏɟȒ

ߢ



ͻ˨͖̐͑;̥ ͱ̥˨ξ;͖;͇ ͻΎ̙̥ͱ

�ƚɾ �ʾ ųƚ ŏ ȒȩƇƚȀ ʶǞɾǕ ɔŏɟŏȒƚɾƚɟɯ ʾ = ,ߝʺ} . . . , ʺǹ}ࡈ ʶǕǞżǕ
ɾŏǺƚɯ ŏɯ ǞȘɔʕɾ ŏ Ƈŏɾŏ ʲƚżɾȩɟ ŏ ŏȘƇ ȩʕɾɔʕɾɯ ŏ ɔɟƚƇǞżɾǞȩȘࡏ

CʾŏȒɔȀƚࡇ

�ʾ(ŏ) = ɯǞǃȘ(ŏîʾ)

ߣ

O

-

-

-

= =



ͻ˨͖̐͑;̥ ͱ̥˨ξ;͖;͇ ͻΎ̙̥ͱ

CʾŏȒɔȀƚࡇ

ʾ ∈ Rࡍ ȩǀ żȩȘȘƚżɾǞȩȘɯ Ǟɯ ɾǕƚ ɔŏɟŏȒƚɾƚɟ ʲƚżɾȩɟ żȩȘɾŏǞȘǞȘǃ ŏȀȀ ɾǕƚ
ȘƚɾʶȩɟǺ ʶƚǞǃǕɾɯࡏ

ߤ

oo
a , o

°a n go
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χϟθ̥ξϻ͖χ̥̙ ͱ̥˨ξ;͖;͇

+ȀŏɯɯǞż ŏɔɔɟȩŏżǕ ǞȘ ɯʕɔƚɟʲǞɯƚƇ ȀƚŏɟȘǞȘǃࡇ _ǞȘƇ ŏ ȒȩƇƚȀ ɾǕŏɾ
ʶȩɟǺɯ ʶƚȀȀ ȩȘ Ƈŏɾŏ ɾǕŏɾ ʿȩʕ ŏȀɟƚŏƇʿ Ǖŏʲƚ ɾǕƚ ŏȘɯʶƚɟ ǀȩɟ
ࡈȀŏųƚȀɯ ʲŏȀʕƚɯࡈ żȀŏɯɯƚɯࡈ ƚɾżࡏࡏ

ࡄ �ȩƇƚȀ �ʾ ɔŏɟŏȒƚɾƚɟǞˌƚƇ ųʿ ŏ ʲƚżɾȩɟ ȩǀ ȘʕȒųƚɟɯ ʾࡏ
ࡄ 4ŏɾŏɯƚɾ ŏ(ߝ), . . . , ŏ(ȗ) ʶǞɾǕ ȩʕɾɔʕɾɯ ʻ(ߝ), . . . , ʻ(ȗ)ࡏ

ĦŏȘɾ ɾȩ ˙ȘƇ ˆʾ ɯȩ ɾǕŏɾ �ˆʾ(ŏ(ǝ)) ≈ ʻ(ǝ) ǀȩɟ ǝ ∈ ,ߝ . . . ,ȗࡏ

mȩʶ Ƈȩ ʶƚ ɾʕɟȘ ɾǕǞɯ ǞȘɾȩ ŏ ǀʕȘżɾǞȩȘ ȒǞȘǞȒǞˌŏɾǞȩȘ ɔɟȩųȀƚȒࡐ

ߥ

Q
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ͱΎχχ ͂ϟ;̐ϑ͖Ύ;

�ȩɯɯ ǀʕȘżɾǞȩȘ � (�ʾ(ŏ), ʻ)ࡇ ëȩȒƚ Ȓƚŏɯʕɟƚ ȩǀ ƇǞɯɾŏȘżƚ ųƚɾʶƚƚȘ
ɔɟƚƇǞżɾǞȩȘ �ʾ(ŏ) ŏȘƇ ɾŏɟǃƚɾ ȩʕɾɔʕɾ ʻࡏ vȘżɟƚŏɯƚɯ Ǟǀ ɾǕƚʿ ŏɟƚ
ǀʕɟɾǕƚɟ ŏɔŏɟɾࡏ

ࡄ ëɛʕŏɟƚƇ ߞ" Ȁȩɯɯࡇ |�ʾ(ŏ)− ʻ|ߞ

ࡄ �ųɯȩȀʕɾƚ ƇƚʲǞŏɾǞȩȘ ߝ" Ȁȩɯɯࡇ |�ʾ(ŏ)− ʻ|
ࡄ mǞȘǃƚ Ȁȩɯɯࡇ ߝ ࡷ ʻ ·�ʾ(ŏ)
ࡄ +ɟȩɯɯࡷƚȘɾɟȩɔʿ Ȁȩɯɯ Ȁȩǃ Ȁȩɯɯࡏ
ࡄ Cɾżࡏ

ߜߝ

O o

- =



̥ͻθ͖ξ͖̐˨ͱ ξ͖χͬ ͻ͖;͖ͻ͖В˨ϑ͖Ύ;

CȒɔǞɟǞżŏȀ ɟǞɯǺ ȒǞȘǞȒǞˌŏɾǞȩȘࡇ

ƿ(ʾ) =
ȗ∑

ǝ=ߝ
�
(
�ʾ(ŏ(ǝ)), ʻ(ǝ)

)

ëȩȀʲƚ ɾǕƚ ȩɔɾǞȒǞˌŏɾǞȩȘ ɔɟȩųȀƚȒ ȒǞȘʾ ƿ(ʾ)ࡏ

ߝߝ

-
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̥Ѕ˨ͻθͱ̥ࡇ ͱ͖;̥˨ξ ξ̥͇ξ̥χχ͖Ύ;

ࡄ �ʾ(ŏ) = ʾîŏࡏ ʾ żȩȘɾŏǞȘɯ ɾǕƚ ɟƚǃɟƚɯɯǞȩȘ żȩƚǀ˙żǞƚȘɾɯࡏ
ࡄ �(ˈ, ʻ) = |ˈ− ʻ|ࡏߞ
ࡄ ƿ(ʾ) = ∑ȗ

ǝ=ߝ |ʾîŏ(ǝ) − ʻ(ǝ)|ߞ

ƿ(ʾ) = ‖�ʾ− ʿ‖ߞߞ

ʶǕƚɟƚ � Ǟɯ ŏ ȒŏɾɟǞʾ ʶǞɾǕ ŏ(ǝ) ŏɯ Ǟɾɯ ǝɾǕ ɟȩʶ ŏȘƇ ʿ Ǟɯ ŏ ʲƚżɾȩɟ ʶǞɾǕ
ʻ(ǝ) ŏɯ Ǟɾɯ ǝɾǕ ƚȘɾɟ ʿࡏ

ߞߝ

-

-
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˨ͱ͇Ύξ͖ϑ͑ͻχ ͂Ύξ ̐Ύ;ϑ͖;ϟΎϟχ Ύθϑ͖ͻ͖В˨ϑ͖Ύ;

÷Ǖƚ żǕȩǞżƚ ȩǀ ŏȀǃȩɟǞɾǕȒ ɾȩ ȒǞȘǞȒǞˌƚ ƿ(ʾ) ʶǞȀȀ ƇƚɔƚȘƇ ȩȘࡇ

ࡄ ÷Ǖƚ ǀȩɟȒ ȩǀ ƿ(ʾ) Ǟɯ Ǟɾ ȀǞȘƚŏɟࡈ Ǟɯ Ǟɾ ɛʕŏƇɟŏɾǞżࡈ Ƈȩƚɯ Ǟɾ Ǖŏʲƚ
˙ȘǞɾƚ ɯʕȒ ɯɾɟʕżɾʕɟƚࡈ ƚɾżࡏ

ࡄ vǀ ɾǕƚɟƚ ŏɟƚ ŏȘʿ ŏƇƇǞɾǞȩȘŏȀ żȩȘɯɾɟŏǞȘɾɯ ǞȒɔȩɯƚƇ ȩȘ ʾࡏ Cࡏǃࡏ
‖ʾ‖ߞ ≤ żࡏ

ĦǕŏɾ ŏɟƚ ɯȩȒƚ ƚʾŏȒɔȀƚ ŏȀǃȩɟǞɾǕȒɯ ǀȩɟ żȩȘɾǞȘʕȩʕɯ
ȩɔɾǞȒǞˌŏɾǞȩȘࡐ

ߟߝ

Momentum t Accelerated GradientDescent

Linear Program.

aww.tl?opigfYtI&.-

Gradient Descent.
S t o i a # G .⇒ a t ¥ 1 1 4 Descent



͇ξ˨̙͖̥;ϑ ̙̥χ̥̐;ϑ

bɟŏƇǞƚȘɾ ƇƚɯżƚȘɾࡇ � ǃɟƚƚƇʿ ŏȀǃȩɟǞɾǕȒ ǀȩɟ ȒǞȘǞȒǞˌǞȘǃ ǀʕȘżɾǞȩȘɯ
ȩǀ ȒʕȀɾǞɔȀƚ ʲŏɟǞŏųȀƚɯ ɾǕŏɾ ȩǀɾƚȘ ʶȩɟǺɯ ŏȒŏˌǞȘǃȀʿ ʶƚȀȀࡏ

ߠߝ

•
$0)
• ×c"
• ×a t



̐˨ͱ̐ϟͱϟχ ξ̥ϻ͖̥Ͼ

_ȩɟ ǝ = ,ߝ . . . ,Ɔࡈ Ȁƚɾ ʺǝ ųƚ ɾǕƚ ǝɾǕ ƚȘɾɟʿ ȩǀ ʾࡏ �ƚɾ ƚ(ǝ) ųƚ ɾǕƚ ǝɾǕ
ɯɾŏȘƇŏɟƇ ųŏɯǞɯ ʲƚżɾȩɟࡏ

ÚŏɟɾǞŏȀ ƇƚɟǞʲŏɾǞʲƚࡇ

∂ƿ
∂ʺǝ

(ʾ) = ȀǞȒ
ɺ→ߜ

ƿ(ʾ+ ɺƚ(ǝ))− ƿ(ʾ)
ɺ

4ǞɟƚżɾǞȩȘŏȀ ƇƚɟǞʲŏɾǞʲƚࡇ

2ʲƿ(ʾ) = ȀǞȒ
ɺ→ߜ

ƿ(ʾ+ ɺʲ)− ƿ(ʾ)
ɺ

ߡߝ

⇒ -

[OOo o g o o o ] = e " '

- 0

=



̐˨ͱ̐ϟͱϟχ ξ̥ϻ͖̥Ͼ

bɟŏƇǞƚȘɾࡇ

∇ƿ(ʾ) =





∂ƿ
ߝʺ∂ (ʾ)
∂ƿ
ߞʺ∂ (ʾ)ࡏࡏࡏ
∂ƿ
∂ʺƆ (ʾ)





4ǞɟƚżɾǞȩȘŏȀ ƇƚɟǞʲŏɾǞʲƚࡇ

2ʲƿ(ʾ) = ȀǞȒ
ɺ→ߜ

ƿ(ʾ+ ɺʲ)− ƿ(ʾ)
ɺ = ∇ƿ(ʾ)îʲ.

ߢߝ

=
=

-

pflex).✓

( pf(x),v )



͖͂ξχϑ Ύξ̙̥ξ Ύθϑ͖ͻ͖В˨ϑ͖Ύ;

bǞʲƚȘ ŏ ǀʕȘżɾǞȩȘ ƿ ɾȩ ȒǞȘǞȒǞˌƚࡈ ŏɯɯʕȒƚ ʶƚ Ǖŏʲƚࡇ

ࡄ _ʕȘżɾǞȩȘ ȩɟŏżȀƚࡇ CʲŏȀʕŏɾƚ ƿ(ʾ) ǀȩɟ ŏȘʿ ʾࡏ
ࡄ bɟŏƇǞƚȘɾ ȩɟŏżȀƚࡇ CʲŏȀʕŏɾƚ ∇ƿ(ʾ) ǀȩɟ ŏȘʿ ʾࡏ

Ħƚ ʲǞƚʶ ɾǕƚ ǞȒɔȀƚȒƚȘɾŏɾǞȩȘ ȩǀ ɾǕƚɯƚ ȩɟŏżȀƚɯ ŏɯ ųȀŏżǺࡷųȩʾƚɯࡈ
ųʕɾ ɾǕƚʿ żŏȘ ȩǀɾƚȘ ɟƚɛʕǞɟƚ ŏ ǀŏǞɟ ųǞɾ ȩǀ żȩȒɔʕɾŏɾǞȩȘࡏ

ߣߝ



̥Ѕ˨ͻθͱ̥ ͇ξ˨̙͖̥;ϑ ̥ϻ˨ͱϟ˨ϑ͖Ύ;

�ǞȘƚŏɟ Ȁƚŏɯɾࡷɯɛʕŏɟƚɯ ɟƚǃɟƚɯɯǞȩȘࡇ

ࡄ bǞʲƚȘ ŏ(ߝ), . . . ŏ(ȗ) ∈ RƆࡈ ʻ(ߝ), . . . ʻ(ȗ) ∈ Rࡏ
ࡄ ĦŏȘɾ ɾȩ ȒǞȘǞȒǞˌƚࡇ

ƿ(ʾ) =
ȗ∑

ǝ=ߝ

(
ʾîŏ(ǝ) − ʻ(ǝ)

ߞ(
= ‖�ʾ− ʿ‖ߞߞ.

∂ƿ
∂ʺǱ

=
ȗ∑

ǝ=ߝ
ߞ
(
ʾîŏ(ǝ) − ʻ(ǝ)

)
· ŏ(ǝ)Ǳ = −�ʾߞ) ʿ)îα(Ǳ)

ʶǕƚɟƚ α(Ǳ) Ǟɯ ɾǕƚ ǝɾǕ żȩȀʕȒȘ ȩǀ ࡏ�

∇ƿ(ʾ) = �îߞ (�ʾ− ʿ)

ĦǕŏɾ Ǟɯ ɾǕƚ ɾǞȒƚ żȩȒɔȀƚʾǞɾʿ ȩǀ ŏ ǃɟŏƇǞƚȘɾ ȩɟŏżȀƚ ǀȩɟ ∇ƿ(ʾ)ࡐ

ߤߝ

-

I"'"→ c a n computei n
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̙̥̥̐;ϑ ͻ̥ϑ͑Ύ̙χ

bɟƚƚƇʿ ŏɔɔɟȩŏżǕࡇ bǞʲƚȘ ŏ ɯɾŏɟɾǞȘǃ ɔȩǞȘɾ ʾࡈ ȒŏǺƚ ŏ ɯȒŏȀȀ
ŏƇǲʕɯɾȒƚȘɾ ɾǕŏɾ Ƈƚżɟƚŏɯƚɯ ƿ(ʾ)ࡏ vȘ ɔŏɟɾǞżʕȀŏɟࡈ ʾ← ʾ+ ηʲ ŏȘƇ
ƿ(ʾ)← ƿ(ʾ+ ηʲ)ࡏ

ĦǕŏɾ ɔɟȩɔƚɟɾʿ Ƈȩ v ʶŏȘɾ ǞȘ ʲࡐ

�ƚŏƇǞȘǃ ɛʕƚɯɾǞȩȘࡇ ĦǕƚȘ η Ǟɯ ɯȒŏȀȀࡈ ʶǕŏɾ࢈ɯ ŏȘ ŏɔɔɟȩʾǞȒŏɾǞȩȘ
ǀȩɟ ƿ(ʾ+ ηʲ)− ƿ(ʾ)ࡐ

ƿ(ʾ+ ηʲ)− ƿ(ʾ) ≈

ߥߝ

1 8 6
-

O flxtmv) c f (x)

%

-
n DrfCx)

= n . (✓T vth ) )



̙͖ξ̥̐ϑ͖Ύ;˨ͱ ̙̥ξ͖ϻ˨ϑ͖ϻ̥χ

2ʲƿ(ʾ) = ȀǞȒ
ɺ→ߜ

ƿ(ʾ+ ɺʲ)− ƿ(ʾ)
ɺ = ∇ƿ(ʾ)îʲ.

ëȩࡇ

ƿ(ʾ+ ηʲ)− ƿ(ʾ) ≈

mȩʶ ɯǕȩʕȀƇ ʶƚ żǕȩȩɯƚ ʲ ɯȩ ɾǕŏɾ ƿ(ʾ+ ηʲ) < ƿ(ʾ)ࡐ

ߜߞ

.IE#v=-YfCx)vIfCxd=-
xfCx)tvfCx)

=-1115¥21}



͇ξ˨̙͖̥;ϑ ̙̥χ̥̐;ϑ

Úɟȩɾȩɾʿɔƚ ŏȀǃȩɟǞɾǕȒࡇ

ࡄ _ȩɟ ǝ = ,ߜ . . . , îࡇ
ࡄ ʾ(ǝ+ߝ) = ʾ(ǝ) − η∇ƿ(ʾ(ǝ))

ࡄ áƚɾʕɟȘ ʾ(î)ࡏ

η Ǟɯ ŏ ɯɾƚɔࡷɯǞˌƚ ɔŏɟŏȒƚɾƚɟࡈ ʶǕǞżǕ Ǟɯ ȩǀɾƚȘ ŏƇŏɔɾƚƇ ȩȘ ɾǕƚ ǃȩࡏ
_ȩɟ Șȩʶࡈ ŏɯɯʕȒƚ Ǟɾ Ǟɯ ˙ʾƚƇ ŏǕƚŏƇ ȩǀ ɾǞȒƚࡏ

ߝߞ

x co)

" a -
-



͇ξ˨̙͖̥;ϑ ̙̥χ̥̐;ϑ ͖;ϑϟ͖ϑ͖Ύ;

ߝ ƇǞȒƚȘɯǞȩȘŏȀ ƚʾŏȒɔȀƚࡇ

ߞߞ
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←
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͇ξ˨̙͖̥;ϑ ̙̥χ̥̐;ϑ ͖;ϑϟ͖ϑ͖Ύ;

ߞ ƇǞȒƚȘɯǞȩȘŏȀ ƚʾŏȒɔȀƚࡇ

ߟߞ

→ levelset,
- an.÷÷....f (x )=

2

•



̥ͬІ ξ̥χϟͱϑχ

_ȩɟ ŏ żȩȘʲƚʾ ǀʕȘżɾǞȩȘ ƿ(ʾ)ࡇ _ȩɟ ɯʕǀ˙żǞƚȘɾȀʿ ɯȒŏȀȀ η ŏȘƇ ŏ
ɯʕǀ˙żǞƚȘɾȀʿ Ȁŏɟǃƚ ȘʕȒųƚɟ ȩǀ ǞɾƚɟŏɾǞȩȘɯ îࡈ ǃɟŏƇǞƚȘɾ ƇƚɯżƚȘɾ ʶǞȀȀ
żȩȘʲƚɟǃƚ ɾȩ ŏ Șƚŏɟ ǃȀȩųŏȀ ȒǞȘǞȒʕȒࡇ

ƿ(ʾ(î)) ≤ ƿ(ʾ∗) + ε.

CʾŏȒɔȀƚɯࡇ Ȁƚŏɯɾ ɯɛʕŏɟƚɯ ɟƚǃɟƚɯɯǞȩȘࡈ ȀȩǃǞɯɾǞż ɟƚǃɟƚɯɯǞȩȘࡈ ǺƚɟȘƚȀ
ɟƚǃɟƚɯɯǞȩȘࡈ ëģ�ɯࡏ

_ȩɟ ŏ ȘȩȘࡷżȩȘʲƚʾ ǀʕȘżɾǞȩȘ ƿ(ʾ)ࡇ _ȩɟ ɯʕǀ˙żǞƚȘɾȀʿ ɯȒŏȀȀ η ŏȘƇ ŏ
ɯʕǀ˙żǞƚȘɾȀʿ Ȁŏɟǃƚ ȘʕȒųƚɟ ȩǀ ǞɾƚɟŏɾǞȩȘɯ îࡈ ǃɟŏƇǞƚȘɾ ƇƚɯżƚȘɾ ʶǞȀȀ
żȩȘʲƚɟǃƚ ɾȩ ŏ Șƚŏɟ ɯɾŏɾǞȩȘŏɟʿ ɔȩǞȘɾࡇ

‖∇ƿ(ʾ(î))‖ߞ ≤ ε.

CʾŏȒɔȀƚɯࡇ ȘƚʕɟŏȀ ȘƚɾʶȩɟǺɯࡈ ȒŏɾɟǞʾ żȩȒɔȀƚɾǞȩȘ ɔɟȩųȀƚȒɯࡈ
ȒǞʾɾʕɟƚ ȒȩƇƚȀɯࡏ

ߠߞ

0



̐Ύ;ϻ̥Ѕ ϻχࡏ ;Ύ;̐ࡷΎ;ϻ̥Ѕ

°Șƚ Ǟɯɯʕƚ ʶǞɾǕ ȘȩȘࡷżȩȘʲƚʾ ǀʕȘżɾǞȩȘɯ Ǟɯ ɾǕŏɾ ɾǕƚʿ żŏȘ Ǖŏʲƚ
ȀȩżŏȀ ȒǞȘǞȒŏࡏ CʲƚȘ ʶǕƚȘ ɾǕƚʿ ƇȩȘ࢈ɾࡈ żȩȘʲƚɟǃƚȘżƚ ŏȘŏȀʿɯǞɯ
ɟƚɛʕǞɟƚɯ ƇǞǀǀƚɟƚȘɾ ŏɯɯʕȒɔɾǞȩȘɯ ɾǕŏȘ żȩȘʲƚʾ ǀʕȘżɾǞȩȘɯࡏ

ߡߞ

x w
wx w/a d
1.

• e



˨θθξΎ˨̐͑ ͂Ύξ ϑ͖͑χ ϟ;͖ϑ

Ħƚ żŏɟƚ ŏųȩʕɾ Ǖȩʶ ǀŏɯɾ ǃɟŏƇǞƚȘɾ ƇƚɯżƚȘɾ ŏȘƇ ɟƚȀŏɾƚƇ ȒƚɾǕȩƇɯ
żȩȘʲƚɟǃƚࡈ Șȩɾ ǲʕɯɾ ɾǕŏɾ ɾǕƚʿ Ƈȩ żȩȘʲƚɟǃƚࡏ

ࡄ $ȩʕȘƇǞȘǃ ǞɾƚɟŏɾǞȩȘ żȩȒɔȀƚʾǞɾʿ ɟƚɛʕǞɟƚɯ ɔȀŏżǞȘǃ ɯȩȒƚ
ŏɯɯʕȒɔɾǞȩȘɯ ȩȘ ƿ(ʾ)ࡏ

ࡄ ëɾɟȩȘǃƚɟ ŏɯɯʕȒɔɾǞȩȘɯ ȀƚŏƇ ɾȩ ųƚɾɾƚɟ ųȩʕȘƇɯ ȩȘ ɾǕƚ
żȩȘʲƚɟǃƚȘżƚࡏ

ĆȘƇƚɟɯɾŏȘƇǞȘǃ ɾǕƚɯƚ ŏɯɯʕȒɔɾǞȩȘɯ żŏȘ ǕƚȀɔ ʕɯ ƇƚɯǞǃȘ ǀŏɯɾƚɟ
ʲŏɟǞŏȘɾɯ ȩǀ ǃɟŏƇǞƚȘɾ ƇƚɯżƚȘɾ ɾǕƚɟƚ ŏɟƚ ȒŏȘʿࡏࡋ

÷ȩƇŏ ʿࡈ ʶƚ ʶǞȀȀ ɯɾŏɟɾ ʶǞɾǕ żȩȘʲƚʾ ǀʕȘżɾǞȩȘɯ ȩȘȀ ʿࡏ

ߢߞ



̐Ύ;ϻ̥Ѕ͖ϑІ

4ƚ˙ȘǞɾǞȩȘ ȩȘʲƚʾ+
� ǀʕȘżɾǞȩȘ ƿ Ǟɯ żȩȘʲƚʾ Ǟǀǀ ǀȩɟ ŏȘʿ ʾ, ʿ,λ ∈ ,ߜ] ࡇ[ߝ

−ߝ) λ) · ƿ(ʾ) + λ · ƿ(ʿ) ≥ ƿ −ߝ)) λ) · ʾ+ λ · ʿ)

ߣߞ
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͇ξ˨̙͖̥;ϑ ̙̥χ̥̐;ϑ

4ƚ˙ȘǞɾǞȩȘ ȩȘʲƚʾ+
� ǀʕȘżɾǞȩȘ ƿ Ǟɯ żȩȘʲƚʾ Ǟǀ ŏȘƇ ȩȘȀʿ Ǟǀ ǀȩɟ ŏȘʿ ʾ, ʿࡇ

ƿ(ʾ+ ˌ) ≥ ƿ(ʾ) +∇ƿ(ʾ)îˌ

CɛʕǞʲŏȀƚȘɾȀʿࡇ
ƿ(ʾ)− ƿ(ʿ) ≤ ∇ƿ(ʾ)î(ʾ− ʿ)

ߤߞ
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͇ξ˨̙͖̥;ϑ ̙̥χ̥̐;ϑ ˨;˨ͱІχ͖χ

�ɯɯʕȒƚࡇ

ࡄ ƿ Ǟɯ żȩȘʲƚʾࡏ
ࡄ �ǞɔɯżǕǞɾˌ ǀʕȘżɾǞȩȘࡇ ǀȩɟ ŏȀȀ ʾࡈ ‖∇ƿ(ʾ)‖ߞ ≤ ࡏ`
ࡄ ëɾŏɟɾǞȘǃ ɟŏƇǞʕɯࡇ ‖ʾ∗ − ʾ(ߜ)‖ߞ ≤ Úࡏ

bɟŏƇǞƚȘɾ ƇƚɯżƚȘɾࡇ

ࡄ +Ǖȩȩɯƚ ȘʕȒųƚɟ ȩǀ ɯɾƚɔɯ îࡏ
ࡄ η = Ú

`
√
î

ࡄ _ȩɟ ǝ = ,ߜ . . . , îࡇ
ࡄ ʾ(ǝ+ߝ) = ʾ(ǝ) − η∇ƿ(ʾ(ǝ))

ࡄ áƚɾʕɟȘ ˆʾ = ŏɟǃȒǞȘǝ ƿ(ʾ(ǝ))ࡏ

ߥߞ

-
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O
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=
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͇ξ˨̙͖̥;ϑ ̙̥χ̥̐;ϑ ˨;˨ͱІχ͖χ

+ȀŏǞȒ b4 +ȩȘʲƚɟǃƚȘżƚ $ȩʕȘƇ
sƿ î ≥ Úߞ`ߞ

εߞ ࡌ ɺǔƙȗ ƿ(ˆʾ) ≤ ƿ(ʾ∗) + εࡒ

Úɟȩȩǀ Ǟɯ ȒŏƇƚ ɾɟǞżǺʿ ųʿ ɾǕƚ ǀŏżɾ ɾǕŏɾ ƿ(ʾ(ǝ)) Ƈȩƚɯ Șȩɾ ǞȒɔɟȩʲƚ
ȒȩȘȩɾȩȘǞżŏȀȀ ʿࡏ Ħƚ żŏȘ ࢆȩʲƚɟɯǕȩȩɾࢅ ɾǕƚ ȒǞȘǞȒʕȒࡏ

ߜߟ

-
←
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͇ξ˨̙͖̥;ϑ ̙̥χ̥̐;ϑ ˨;˨ͱІχ͖χ

+ȀŏǞȒ b4 +ȩȘʲƚɟǃƚȘżƚ $ȩʕȘƇ
sƿ î ≥ Úߞ`ߞ

εߞ ŏȗƆ η = Ú
`
√
î ࡌ ɺǔƙȗ ƿ(ˆʾ) ≤ ƿ(ʾ

∗) + εࡒ

+ȀŏǞȒ ࡇߝ _ȩɟ ŏȀȀ ǝ = ,ߜ . . . , îࡈ

ƿ(ʾ(ǝ))− ƿ(ʾ∗) ≤ ‖ʾ
(ǝ) − ʾ∗‖ߞߞ − ‖ʾ(ǝ+ߝ) − ʾ∗‖ߞߞ

ηߞ +
η`ߞ
ߞ

ߝߟ

Z = x l i )-nf f
( xo))

i
11x Citi)-×''ll,' = 11× l i l - nptCxcis) - × 'I l i

I i i - × ' l l i t 11no tCx"')11?-znpfcxciytfxcilxaypfcxciytcxcil-
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͇ξ˨̙͖̥;ϑ ̙̥χ̥̐;ϑ ˨;˨ͱІχ͖χ

+ȀŏǞȒ b4 +ȩȘʲƚɟǃƚȘżƚ $ȩʕȘƇ
sƿ î ≥ Úߞ`ߞ

εߞ ŏȗƆ η = Ú
`
√
î = ε

ߞ` ࡌ ɺǔƙȗ ƿ(ˆʾ) ≤ ƿ(ʾ∗) + εࡒ

+ȀŏǞȒ ࡇߝ _ȩɟ ŏȀȀ ǝ = ,ߜ . . . , îࡈ

ƿ(ʾ(ǝ))− ƿ(ʾ∗) ≤ ‖ʾ
(ǝ) − ʾ∗‖ߞߞ − ‖ʾ(ǝ+ߝ) − ʾ∗‖ߞߞ

ηߞ +
η`ߞ
ߞ

÷ƚȀƚɯżȩɔǞȘǃ ɯʕȒࡇ
î−ߝ∑

ǝ=ߜ

[
ƿ(ʾ(ǝ))− ƿ(ʾ∗)

]
≤ ‖ʾ

(ߜ) − ʾ∗‖ߞߞ − ‖ʾ(î) − ʾ∗‖ߞߞ
ηߞ +

îη`ߞ
ߞ

ߝ
î

î−ߝ∑

ǝ=ߜ

[
ƿ(ʾ(ǝ))− ƿ(ʾ∗)

]
≤ Úߞ
îηߞ +

η`ߞ
ߞ

ߞߟ
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͇ξ˨̙͖̥;ϑ ̙̥χ̥̐;ϑ ˨;˨ͱІχ͖χ

+ȀŏǞȒ b4 +ȩȘʲƚɟǃƚȘżƚ $ȩʕȘƇ
sƿ î ≥ Úߞ`ߞ

εߞ ŏȗƆ η = Ú
`
√
î = ε

ߞ` ࡌ ɺǔƙȗ ƿ(ˆʾ) ≤ ƿ(ʾ∗) + εࡒ

_ǞȘŏȀ ɯɾƚɔࡇ

ߝ
î

î−ߝ∑

ǝ=ߜ

[
ƿ(ʾ(ǝ))− ƿ(ʾ∗)

]
≤ ε

[
ߝ
î

î−ߝ∑

ǝ=ߜ
ƿ(ʾ(ǝ))

]
− ƿ(ʾ∗) ≤ ε

Ħƚ ŏȀʶŏʿɯ Ǖŏʲƚ ɾǕŏɾ ȒǞȘǝ ƿ(ʾ(ǝ)) ≤ ߝ
î
∑î−ߝ

ǝ=ߜ ƿ(ʾ(ǝ))ࡈ ɯȩ ɾǕǞɯ Ǟɯ ʶǕŏɾ
ʶƚ ɟƚɾʕɟȘࡇ

ƿ(ˆʾ) = ȒǞȘ
ǝ∈ߝ,...,î

ƿ(ʾ(ǝ)) ≤ ƿ(ʾ∗) + ε.

ߟߟ

#"" t o
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̐Ύ;χϑξ˨͖;̥̙ ̐Ύ;ϻ̥Ѕ Ύθϑ͖ͻ͖В˨ϑ͖Ύ;

÷ʿɔǞżŏȀ ǃȩŏȀࡇ ëȩȀʲƚ ŏ żȩȘʲƚʾ ȒǞȘǞȒǞˌŏɾǞȩȘ ɔɟȩųȀƚȒ ʶǞɾǕ
ŏƇƇǞɾǞȩȘŏȀ żȩȘʲƚʾ żȩȘɯɾɟŏǞȘɾɯࡏ

ȒǞȘ
ʾ∈S

ƿ(ʾ)

ʶǕƚɟƚ S Ǟɯ ŏ żȩȘʲƚʾ ɯƚɾࡏ

ĦǕǞżǕ ȩǀ ɾǕƚɯƚ Ǟɯ żȩȘʲƚʾࡐ

ߠߟ
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-



̐Ύ;χϑξ˨͖;̥̙ ̐Ύ;ϻ̥Ѕ Ύθϑ͖ͻ͖В˨ϑ͖Ύ;

4ƚ˙ȘǞɾǞȩȘ ȩȘʲƚʾ+ ɯƚɾ
� ɯƚɾ S Ǟɯ żȩȘʲƚʾ Ǟǀ ǀȩɟ ŏȘʿ ʾ, ʿ ∈ S,λ ∈ ,ߜ] ࡇ[ߝ

−ߝ) λ)ʾ+ λʿ ∈ S.

ߡߟ

-
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θξΎ̊ͱ̥ͻ Ͼ͖ϑ͑ ͇ξ˨̙͖̥;ϑ ̙̥χ̥̐;ϑ

bɟŏƇǞƚȘɾ ƇƚɯżƚȘɾࡇ

ࡄ _ȩɟ ǝ = ,ߜ . . . , îࡇ
ࡄ ʾ(ǝ+ߝ) = ʾ(ǝ) − η∇ƿ(ʾ(ǝ))

ࡄ áƚɾʕɟȘ ˆʾ = ŏɟǃȒǞȘǝ ƿ(ʾ(ǝ))ࡏ

CʲƚȘ Ǟǀ ʶƚ ɯɾŏɟɾ ʶǞɾǕ ʾ(ߜ) ∈ S ࡈ ɾǕƚɟƚ Ǟɯ Șȩ ǃʕŏɟŏȘɾƚƚ ɾǕŏɾ
ʾ(ߜ) − η∇ƿ(ʾ(ߜ)) ʶǞȀȀ ɟƚȒŏǞȘ ǞȘ ȩʕɟ ɯƚɾࡏ

CʾɾɟƚȒƚȀʿ ɯǞȒɔȀƚ ȒȩƇǞ˙żŏɾǞȩȘࡇ _ȩɟżƚ ʾ(ǝ) ɾȩ ųƚ ǞȘ S ųʿ
ɔɟȩǲƚżɾǞȘǃ ȩȘɾȩ ɾǕƚ ɯƚɾࡏ

ߢߟ

µ
-



̐Ύ;χϑξ˨͖;̥̙ ͖͂ξχϑ Ύξ̙̥ξ Ύθϑ͖ͻ͖В˨ϑ͖Ύ;

bǞʲƚȘ ŏ ǀʕȘżɾǞȩȘ ƿ ɾȩ ȒǞȘǞȒǞˌƚ ŏȘƇ ŏ żȩȘʲƚʾ żȩȘɯɾɟŏǞȘɾ ɯƚɾ S ࡈ
ŏɯɯʕȒƚ ʶƚ Ǖŏʲƚࡇ

ࡄ _ʕȘżɾǞȩȘ ȩɟŏżȀƚࡇ CʲŏȀʕŏɾƚ ƿ(ʾ) ǀȩɟ ŏȘʿ ʾࡏ
ࡄ bɟŏƇǞƚȘɾ ȩɟŏżȀƚࡇ CʲŏȀʕŏɾƚ ∇ƿ(ʾ) ǀȩɟ ŏȘʿ ʾࡏ
ࡄ ÚɟȩǲƚżɾǞȩȘ ȩɟŏżȀƚࡇ CʲŏȀʕŏɾƚ ÓS(ʾ) ǀȩɟ ŏȘʿ ʾࡏ

ÓS(ʾ) = ŏɟǃȒǞȘ
ʿ∈S

‖ʾ− ʿ‖ߞ

ߣߟ

÷
d .t

=
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θξΎ̥ͩ̐ϑ͖Ύ; Ύξ˨̐ͱ̥χ

ࡄ mȩʶ ʶȩʕȀƇ ʿȩʕ ǞȒɔȀƚȒƚȘɾ ÓS ǀȩɟ S = {ʿ : ‖ʿ‖ߞ ≤ .{ߝ
ࡄ mȩʶ ʶȩʕȀƇ ʿȩʕ ǞȒɔȀƚȒƚȘɾ ÓS ǀȩɟ S = {ʿ : ʿ = ßˌ}.

ߤߟ

- -
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θξΎ̥ͩ̐ϑ̥̙ ͇ξ˨̙͖̥;ϑ ̙̥χ̥̐;ϑ

bǞʲƚȘ ǀʕȘżɾǞȩȘ ƿ(ʾ) ŏȘƇ ɯƚɾ S ࡈ ɯʕżǕ ɾǕŏɾ ‖∇ƿ(ʾ)‖ߞ ≤ ` ǀȩɟ ŏȀȀ
ʾ ∈ S ŏȘƇ ɯɾŏɟɾǞȘǃ ɔȩǞȘɾ ʾ(ߜ) ʶǞɾǕ ‖ʾ(ߜ) − ʾ∗‖ߞ ≤ Úࡏ

ÚɟȩǲƚżɾƚƇ ǃɟŏƇǞƚȘɾ ƇƚɯżƚȘɾࡇ

ࡄ ëƚȀƚżɾ ɯɾŏɟɾǞȘǃ ɔȩǞȘɾ ʾ(ߜ)ࡈ η = Ú
`
√
î ࡏ

ࡄ _ȩɟ ǝ = ,ߜ . . . , îࡇ
ࡄ ˌ = ʾ(ǝ) − η∇ƿ(ʾ(ǝ))
ࡄ ʾ(ǝ+ߝ) = ÓS(ˌ)

ࡄ áƚɾʕɟȘ ˆʾ = ŏɟǃȒǞȘǝ ƿ(ʾ(ǝ))ࡏ

+ȀŏǞȒ Úb4 +ȩȘʲƚɟǃƚȘżƚ $ȩʕȘƇ
sƿ ƿ,S ŏɛƙ żȧȗʮƙʺ ŏȗƆ î ≥ Úߞ`ߞ

εߞ ࡌ ɺǔƙȗ ƿ(ˆʾ) ≤ ƿ(ʾ∗) + εࡒ

ߥߟ

-
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θξΎ̥ͩ̐ϑ̥̙ ͇ξ˨̙͖̥;ϑ ̙̥χ̥̐;ϑ ˨;˨ͱІχ͖χ

�ȘŏȀʿɯǞɯ Ǟɯ ŏȀȒȩɯɾ ǞƇƚȘɾǞżŏȀ ɾȩ ɯɾŏȘƇŏɟƇ ǃɟŏƇǞƚȘɾ ƇƚɯżƚȘɾࡋ Ħƚ
ǲʕɯɾ ȘƚƚƇ ȩȘƚ ŏƇƇǞɾǞȩȘŏȀ żȀŏǞȒࡇ
+ȀŏǞȒ ȩȘɾɟŏżɾǞȩȘ+ Úɟȩɔƚɟɾʿ ȩǀ +ȩȘʲƚʾ ÚɟȩǲƚżɾǞȩȘ
sƿ S ǝɫ żȧȗʮƙʺࡌ ɺǔƙȗ ƿȧɛ ŏȗʻ ʿ ∈ S ࡌ

‖ʿ− ÓS(ʾ)‖ߞ ≤ ‖ʿ− ʾ‖ߞ.

ߜߠ

-
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͇ξ˨̙͖̥;ϑ ̙̥χ̥̐;ϑ ˨;˨ͱІχ͖χ

+ȀŏǞȒ Úb4 +ȩȘʲƚɟǃƚȘżƚ $ȩʕȘƇ
sƿ ƿ,S ŏɛƙ żȧȗʮƙʺ ŏȗƆ î ≥ Úߞ`ߞ

εߞ ࡌ ɺǔƙȗ ƿ(ˆʾ) ≤ ƿ(ʾ∗) + εࡒ

+ȀŏǞȒ ࡇߝ _ȩɟ ŏȀȀ ǝ = ,ߜ . . . , îࡈ

ƿ(ʾ(ǝ))− ƿ(ʾ∗) ≤ ‖ʾ
(ǝ) − ʾ∗‖ߞߞ − ‖ˌ− ʾ∗‖ߞߞ

ηߞ +
η`ߞ
ߞ

≤ ‖ʾ
(ǝ) − ʾ∗‖ߞߞ − ‖ʾ(ǝ+ߝ) − ʾ∗‖ߞߞ

ηߞ +
η`ߞ
ߞ

ëŏȒƚ ɾƚȀƚɯżȩɔǞȘǃ ɯʕȒ ŏɟǃʕȒƚȘɾࡇ[
ߝ
î

î−ߝ∑

ǝ=ߜ
ƿ(ʾ(ǝ))

]
− ƿ(ʾ∗) ≤ Úߞ

îηߞ +
η`ߞ
ߞ .
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