
+ëࡷbĮ ߟߞߞߥ ࡇ4 �ƚżɾʕɟƚ ߠ
�ƚŏɟ ȘƚǞǃǕųȩɟ ɯƚŏɟżǕ ࣹ ȀȩżŏȀǞɾʿ ɯƚȘɯǞɾǞʲƚ
ǕŏɯǕǞȘǃ

�ĮĆ ÷ŏȘƇȩȘ ëżǕȩȩȀ ȩǀ CȘǃǞȘƚƚɟǞȘǃࡈ Úɟȩǀࡏ +ǕɟǞɯɾȩɔǕƚɟ �ʕɯżȩ

ߝ



̥ϟ̐ͱ͖̙̥˨; ̙͖ͻ̥;χ͖Ύ;˨ͱ͖ϑІ ξ̥̙ϟ̐ϑ͖Ύ;

�ƚȒȒŏ ࡈ�ǞȘƇƚȘɯɾɟŏʕɯɯࡷ�ȩǕȘɯȩȘ࡫ ࡬ߠߤߥߝ
]ȧɛ ŏȗʻ ɫƙɺ ȧƿ ȗ Ɔŏɺŏ ɑȧǝȗɺɫ ɛߝ, . . . ,ɛȗ ∈ RƆ ɺǔƙɛƙ ƙʺǝɫɺɫ ŏ
ǿǝȗƙŏɛ ȑŏɑ Π : RƆ → Rǹ ʲǔƙɛƙ ǹ = ª

(
Ȁȩǃ ȗ
εߞ

)
ɫʑżǔ ɺǔŏɺ ƿȧɛ ŏǿǿ

ǝ, Ǳࡌ

−ߝ) ε)‖ɛǝ − ɛǱ‖ߞ ≤ ‖Πɛǝ −ΠɛǱ‖ߞ ≤ +ߝ) ε)‖ɛǝ − ɛǱ‖ߞ.

ߞ
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ξ˨;̙Ύͻ͖В̥̙ ͩͱ ̐Ύ;χϑξϟ̐ϑ͖Ύ;χ

Π ∈ Rǹ×Ɔ ųƚ żǕȩɯƚȘ ɯȩ ɾǕŏɾ ƚŏżǕ ƚȘɾɟʿ ƚɛʕŏȀɯ √ߝ
ǹN ,ߜ) ࡏ(ߝ

ࡏࡏࡏ ȩɟ ƚŏżǕ ƚȘɾɟʿ ƚɛʕŏȀɯ √ߝ
ǹ ± ߝ ʶǞɾǕ ƚɛʕŏȀ ɔɟȩųŏųǞȀǞɾ ʿࡏ

°ǀɾƚȘ żŏȀȀƚƇ ɟŏȘƇȩȒࢅ ɔɟȩǲƚżɾǞȩȘɯࡏࢆ

ߟ



χ͖ͻ͖ͱ˨ξ͖ϑІ χ̥ͬϑ͖̐͑;͇

ߠ



χ͖ͻ͖ͱ˨ξ͖ϑІ χ̥ͬϑ͖̐͑;͇

4ƚ˙ȘǞɾǞȩȘ �ŏżżŏɟƇ࡫ ëǞȒǞȀŏɟǞɾʿ࡬

�(ɛ, ʿ) = |ɛ ∩ ʿ|
|ɛ ∪ ʿ| =

ࡍ ȩǀ ȘȩȘࡷˌƚɟȩ ƚȘɾɟǞƚɯ ǞȘ żȩȒȒȩȘ
ɾȩɾŏȀ ࡍ ȩǀ ȘȩȘࡷˌƚɟȩ ƚȘɾɟǞƚɯ

ߜ ≤ �(ɛ, ʿ) ≤ ࡏߝ

ëǞȒǞȀŏɟ ɟƚɯʕȀɾ ɾȩ ࡇ�� bǞʲƚȘ ŏ �ǞȘmŏɯǕ ɯǺƚɾżǕ ʶǞɾǕ ǹ = ª
(
Ȁȩǃ ȗ
εߞ

)

ƇǞȒƚȘɯǞȩȘɯࡈ ʶƚ żŏȘ ƚɯɾǞȒŏɾƚ ɾǕƚ �ŏżżŏɟƇ ɯǞȒǞȀŏɟǞɾʿ ųƚɾʶƚƚȘ ŏȀȀ
ɔŏǞɟɯ ʾߝ, . . . , ʾȗ ʶǞɾǕ ǕǞǃǕ ɔɟȩųŏųǞȀǞɾ ʿࡏ

ߡ



;̥˨ξ ;̥͖͇͑̊Ύξ χ̥˨ξ̐͑

+ȩȒȒȩȘ ǃȩŏȀࡇ _ǞȘƇ ŏȀȀ ʲƚżɾȩɟɯ ǞȘ Ƈŏɾŏųŏɯƚ ɛߝ, . . . ,ɛȗ ∈ RƆ ɾǕŏɾ
ŏɟƚ żȀȩɯƚ ɾȩ ɯȩȒƚ ǞȘɔʕɾ ɛʕƚɟʿ ʲƚżɾȩɟ ʿ ∈ RƆࡏ vࡏƚࡏ ˙ȘƇ ŏȀȀ ȩǀ ʿ࢈ɯ
Șƚŏɟƚɯɾࢅ ȘƚǞǃǕųȩɟɯࢆ ǞȘ ɾǕƚ Ƈŏɾŏųŏɯƚࡏ

ࡄ �ʕƇǞȩ ࣹ ʲǞƇƚȩ ɯƚŏɟżǕࡏ
ࡄ _ǞȘƇǞȘǃ ƇʕɔȀǞżŏɾƚ ȩɟ Șƚŏɟ ƇʕɔȀǞżŏɾƚ ƇȩżʕȒƚȘɾɯࡏ
ࡄ 4ƚɾƚżɾǞȘǃ ɯƚǞɯȒǞż ƚʲƚȘɾɯࡏ

mȩʶ Ƈȩƚɯ ɯǞȒǞȀŏɟǞɾʿ ɯǺƚɾżǕǞȘǃ ǕƚȀɔ ǞȘ ɾǕƚɯƚ ŏɔɔȀǞżŏɾǞȩȘɯࡐ

ࡄ vȒɔɟȩʲƚɯ ɟʕȘɾǞȒƚ ȩǀ ȀǞȘƚŏɟࢅ ɯżŏȘࢆ ǀɟȩȒ ª(ȗƆ) ɾȩ ª(ȗǹ)ࡏ
ࡄ vȒɔɟȩʲƚɯ ɯɔŏżƚ żȩȒɔȀƚʾǞɾʿ ǀɟȩȒ ª(ȗƆ) ɾȩ ª(ȗǹ)ࡏ ÷ǕǞɯ żŏȘ
ųƚ ɯʕɔƚɟ ǞȒɔȩɟɾŏȘɾ ࡵ ƚࡏǃࡏ Ǟǀ Ǟɾ ȒƚŏȘɯ ɾǕƚ ȀǞȘƚŏɟ ɯżŏȘ ȩȘȀʿ
ŏżżƚɯɯƚɯ ʲƚżɾȩɟɯ ǞȘ ǀŏɯɾ ȒƚȒȩɟ ʿࡏ

ߢ
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̥̊ІΎ;̙ ˨ ͱ͖;̥˨ξ χ̐˨;

�ƚʶ ǃȩŏȀࡇ ëʕųȀǞȘƚŏɟ ȧ(ȗ) ɾǞȒƚ ɾȩ ˙ȘƇ Șƚŏɟ ȘƚǞǃǕųȩɟɯࡏ

ߣ



ͱΎ̐˨ͱ͖ϑІ χ̥;χ͖ϑ͖ϻ̥ ͑˨χ͑ ͂ϟ;̐ϑ͖Ύ;χ

�ƚɾ ǔ : RƆ → ,ߝ} . . . ,ȑ} ųƚ ŏ ɟŏȘƇȩȒ ǕŏɯǕ ǀʕȘżɾǞȩȘࡏ

Ħƚ żŏȀȀ ǔ ȀȩżŏȀǞɾʿ ɯƚȘɯǞɾǞʲƚ ǀȩɟ ɯǞȒǞȀŏɟǞɾʿ ǀʕȘżɾǞȩȘ ɫ(ɛ, ʿ) Ǟǀ
Úɟ [ǔ(ɛ) == ǔ(ʿ)] Ǟɯࡇ

ࡄ mǞǃǕƚɟ ʶǕƚȘ ɛ ŏȘƇ ʿ ŏɟƚ Ȓȩɟƚ ɯǞȒǞȀŏɟࡈ Ǟࡏƚࡏ ɫ(ɛ, ʿ) Ǟɯ ǕǞǃǕƚɟࡏ
ࡄ �ȩʶƚɟ ʶǕƚȘ ɛ ŏȘƇ ʿ ŏɟƚ Ȓȩɟƚ ƇǞɯɯǞȒǞȀŏɟࡈ Ǟࡏƚࡏ ɫ(ɛ, ʿ) Ǟɯ
Ȁȩʶƚɟࡏ

ߤ
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ͱΎ̐˨ͱ͖ϑІ χ̥;χ͖ϑ͖ϻ̥ ͑˨χ͑ ͂ϟ;̐ϑ͖Ύ;χ

�ëm ǀȩɟ ɫ(ɛ, ʿ) ƚɛʕŏȀ ɾȩ �ŏżżŏɟƇ ɯǞȒǞȀŏɟǞɾʿࡇ

ࡄ �ƚɾ ż : ,ߜ} Ɔ{ߝ → ,ߜ] [ߝ ųƚ ŏ ɯǞȘǃȀƚ ǞȘɯɾŏȘɾǞŏɾǞȩȘ ȩǀ �ǞȘmŏɯǕࡏ
ࡄ �ƚɾ ǂ : ,ߜ] [ߝ → ,ߝ} . . . ,ȑ} ųƚ ŏ ǀʕȀȀʿ ɟŏȘƇȩȒ ǕŏɯǕ ǀʕȘżɾǞȩȘࡏ
ࡄ �ƚɾ ǔ(ɛ) = ǂ(ż(ɛ)).

ߥ
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ͱΎ̐˨ͱ͖ϑІ χ̥;χ͖ϑ͖ϻ̥ ͑˨χ͑ ͂ϟ;̐ϑ͖Ύ;χ

�ëm ǀȩɟ �ŏżżŏɟƇ ɯǞȒǞȀŏɟǞɾʿࡇ

ࡄ �ƚɾ ż : ,ߜ} Ɔ{ߝ → ,ߜ] [ߝ ųƚ ŏ ɯǞȘǃȀƚ ǞȘɯɾŏȘɾǞŏɾǞȩȘ ȩǀ �ǞȘmŏɯǕࡏ
ࡄ �ƚɾ ǂ : ,ߜ] [ߝ → ,ߝ} . . . ,ȑ} ųƚ ŏ ǀʕȀȀʿ ɟŏȘƇȩȒ ǕŏɯǕ ǀʕȘżɾǞȩȘࡏ
ࡄ �ƚɾ ǔ(ʾ) = ǂ(ż(ʾ)).

vǀ �(ɛ, ʿ) = ʮࡈ

Úɟ [ǔ(ɛ) == ǔ(ʿ)] =

ߜߝ

v . 1 + (tm)z ✓
I . 481=42),then Prchcq)-4813=1 '

r . Clq)# CCD, then Prchooling)):Yu



;̥˨ξ ;̥͖͇͑̊Ύξ χ̥˨ξ̐͑

$ŏɯǞż ŏɔɔɟȩŏżǕ ǀȩɟ Șƚŏɟ ȘƚǞǃǕųȩɟ ɯƚŏɟżǕ ǞȘ ŏ Ƈŏɾŏųŏɯƚࡏ

ÚɟƚࡷɔɟȩżƚɯɯǞȘǃࡇ

ࡄ ëƚȀƚżɾ ɟŏȘƇȩȒ �ëm ǀʕȘżɾǞȩȘ ǔ : ,ߜ} Ɔ{ߝ → ,ߝ . . . ,ȑࡏ
ࡄ +ɟƚŏɾƚ ɾŏųȀƚ î ʶǞɾǕ ȑ = ª(ȗ) ɯȀȩɾɯࡏ
ࡄ _ȩɟ ǝ = ,ߝ . . . ,ȗࡈ ǞȘɯƚɟɾ ɛǝ ǞȘɾȩ î(ǔ(ɛǝ))ࡏ

ßʕƚɟʿࡇ

ࡄ ĦŏȘɾ ɾȩ ˙ȘƇ Șƚŏɟ ȘƚǞǃǕųȩɟɯ ȩǀ ǞȘɔʕɾ ʿ ∈ ,ߜ} ࡏƆ{ߝ
ࡄ �ǞȘƚŏɟ ɯżŏȘ ɾǕɟȩʕǃǕ ŏȀȀ ʲƚżɾȩɟɯ ɛ ∈ î(ǔ(ʿ)) ŏȘƇ ɟƚɾʕɟȘ ŏȘʿ
ɾǕŏɾ ŏɟƚ żȀȩɯƚ ɾȩ ʿࡏ ÷ǞȒƚ ɟƚɛʕǞɟƚƇ Ǟɯ ª(Ɔ · |î(ǔ(ʿ)|)ࡏ

ߝߝ

→
O G )

s - =

=



;̥˨ξ ;̥͖͇͑̊Ύξ χ̥˨ξ̐͑

ߞߝ

y
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;̥˨ξ ;̥͖͇͑̊Ύξ χ̥˨ξ̐͑

÷ʶȩ ȒŏǞȘ żȩȘɯǞƇƚɟŏɾǞȩȘɯࡇ

ࡄ _ŏȀɯƚ �ƚǃŏɾǞʲƚ áŏɾƚࡇ ĦǕŏɾ࢈ɯ ɾǕƚ ɔɟȩųŏųǞȀǞɾʿ ʶƚ Ƈȩ Șȩɾ ˙ȘƇ
ŏ ʲƚżɾȩɟ ɾǕŏɾ Ǟɯ żȀȩɯƚ ɾȩ ʿࡐ

ࡄ _ŏȀɯƚ ÚȩɯǞɾǞʲƚ áŏɾƚࡇ ĦǕŏɾ࢈ɯ ɾǕƚ ɔɟȩųŏųǞȀǞɾʿ ɾǕŏɾ ŏ ʲƚżɾȩɟ ǞȘ
î(ǔ(ʿ)) Ǟɯ Șȩɾ żȀȩɯƚ ɾȩ ʿࡐ

� ǕǞǃǕƚɟ ǀŏȀɯƚ ȘƚǃŏɾǞʲƚ ɟŏɾƚ ȒƚŏȘɯ ʶƚ ȒǞɯɯ Șƚŏɟ ȘƚǞǃǕųȩɟɯࡏ

� ǕǞǃǕƚɟ ǀŏȀɯƚ ɔȩɯǞɾǞʲƚ ɟŏɾƚ ȒƚŏȘɯ ǞȘżɟƚŏɯƚƇ ɟʕȘɾǞȒƚ ࡵ ʶƚ
ȘƚƚƇ ɾȩ żȩȒɔʕɾƚ �(ɛ, ʿ) ǀȩɟ ƚʲƚɟʿ ɛ ∈ î(ǔ(ʿ)) ɾȩ żǕƚżǺ Ǟǀ Ǟɾ࢈ɯ
ŏżɾʕŏȀȀʿ żȀȩɯƚ ɾȩ ʿࡏ

ߟߝ



ξ̥̙ϟ͖̐;͇ ͂˨ͱχ̥ ;̥͇˨ϑ͖ϻ̥ ξ˨ϑ̥

ëʕɔɔȩɯƚ ɾǕƚ Șƚŏɟƚɯɾ Ƈŏɾŏųŏɯƚ ɔȩǞȘɾ ɛ Ǖŏɯ �(ʿ,ɛ) = ࡏߠ.

ĦǕŏɾ࢈ɯ ɾǕƚ ɔɟȩųŏųǞȀǞɾʿ ʶƚ Ƈȩ Șȩɾ ˙ȘƇ ɛࡐ

ߠߝ
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ξ̥̙ϟ͖̐;͇ ͂˨ͱχ̥ ;̥͇˨ϑ͖ϻ̥ ξ˨ϑ̥

ÚɟƚࡷɔɟȩżƚɯɯǞȘǃࡇ

ࡄ ëƚȀƚżɾ ɺ ǞȘƇƚɔƚȘƇƚȘɾ �ëm࢈ɯ ǔߝ, . . . ,ǔɺ : ,ߜ} Ɔ{ߝ → ,ߝ . . . ,ȑࡏ
ࡄ +ɟƚŏɾƚ ɾŏųȀƚɯ îߝ, . . . , îɺࡈ ƚŏżǕ ʶǞɾǕ ȑ ɯȀȩɾɯࡏ
ࡄ _ȩɟ ǝ = ,ߝ . . . ,ȗࡈ Ǳ = ,ߝ . . . , ɺࡈ ǞȘɯƚɟɾ ɛǝ ǞȘɾȩ îǱ(ǔǱ(ɛǝ))ࡏ

ߡߝ

y

wai t in



ξ̥̙ϟ͖̐;͇ ͂˨ͱχ̥ ;̥͇˨ϑ͖ϻ̥ ξ˨ϑ̥

ßʕƚɟʿࡇ

ࡄ ĦŏȘɾ ɾȩ ˙ȘƇ Șƚŏɟ ȘƚǞǃǕųȩɟɯ ȩǀ ǞȘɔʕɾ ʿ ∈ ,ߜ} ࡏƆ{ߝ
ࡄ �ǞȘƚŏɟ ɯżŏȘ ɾǕɟȩʕǃǕ ŏȀȀ ʲƚżɾȩɟɯ ǞȘ
îߝ(ǔߝ(ʿ)) ∪ îߞ(ǔߞ(ʿ)) ∪ . . . , îɺ(ǔɺ(ʿ))ࡏ

ëʕɔɔȩɯƚ ɾǕƚ Șƚŏɟƚɯɾ Ƈŏɾŏųŏɯƚ ɔȩǞȘɾ ɛ Ǖŏɯ �(ʿ,ɛ) = ࡏߠ.

ĦǕŏɾ࢈ɯ ɾǕƚ ɔɟȩųŏųǞȀǞɾʿ ʶƚ ˙ȘƇ ɛࡐ

ߢߝ

o l d . I t lucs)) 1)
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ξ̥̙ϟ͖̐;͇ ͂˨ͱχ̥ ;̥͇˨ϑ͖ϻ̥ ξ˨ϑ̥

ßʕƚɟʿࡇ

ࡄ ĦŏȘɾ ɾȩ ˙ȘƇ Șƚŏɟ ȘƚǞǃǕųȩɟɯ ȩǀ ǞȘɔʕɾ ʿ ∈ ,ߜ} ࡏƆ{ߝ
ࡄ �ǞȘƚŏɟ ɯżŏȘ ɾǕɟȩʕǃǕ ŏȀȀ ʲƚżɾȩɟɯ ǞȘ
îߝ(ǔߝ(ʿ)) ∪ îߞ(ǔߞ(ʿ)) ∪ . . . , îɺ(ǔɺ(ʿ))ࡏ

ëʕɔɔȩɯƚ ɾǕƚ Șƚŏɟƚɯɾ Ƈŏɾŏųŏɯƚ ɔȩǞȘɾ ɛ Ǖŏɯ �(ʿ,ɛ) = ࡏߠ.

ĦǕŏɾ࢈ɯ ɾǕƚ ɔɟȩųŏųǞȀǞɾʿ ʶƚ ˙ȘƇ ɛࡐ

ߢߝ

t . i o

40¥ 99%
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Ͼ͑˨ϑ ͑˨θθ̥;χ ϑΎ ͂˨ͱχ̥ θΎχ͖ϑ͖ϻ̥χࡐ

ëʕɔɔȩɯƚ ɾǕƚɟƚ Ǟɯ ɯȩȒƚ ȩɾǕƚɟ Ƈŏɾŏųŏɯƚ ɔȩǞȘɾ ˌ ʶǞɾǕ �(ʿ, ˌ) = ࡏߞ.
ĦǕŏɾ Ǟɯ ɾǕƚ ɔɟȩųŏųǞȀǞɾʿ ʶƚ ʶǞȀȀ ȘƚƚƇ ɾȩ żȩȒɔʕɾƚ �(ˌ, ʿ) ǞȘ ȩʕɟ
ǕŏɯǕǞȘǃ ɯżǕƚȒƚ ʶǞɾǕ ȩȘƚ ɾŏųȀƚࡐ

vȘ ɾǕƚ Șƚʶ ɯżǕƚȒƚ ʶǞɾǕ ɺ = ߜߝ ɾŏųȀƚɯࡐ

ߣߝ

"joie

-

I - . G t
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ξ̥̙ϟ͖̐;͇ ͂˨ͱχ̥ θΎχ͖ϑ͖ϻ̥χ

+ǕŏȘǃƚ ȩʕɟ ȀȩżŏȀǞɾʿ ɯƚȘɯǞɾǞʲƚ ǕŏɯǕ ǀʕȘżɾǞȩȘࡏ

÷ʕȘŏųȀƚ �ëm ǀȩɟ �ŏżżŏɟƇ ɯǞȒǞȀŏɟǞɾʿࡇ
ࡄ +Ǖȩȩɯƚ ɔŏɟŏȒƚɾƚɟ ɛ ∈ Z+ࡏ
ࡄ �ƚɾ żߝ, . . . , żɫ : ,ߜ} Ɔ{ߝ → ,ߜ] [ߝ ųƚ ɟŏȘƇȩȒ �ǞȘmŏɯǕࡏ
ࡄ �ƚɾ ǂ : ,ߜ] ɫ[ߝ → ,ߝ} . . . ,ȑ} ųƚ ŏ ǀʕȀȀʿ ɟŏȘƇȩȒ ǕŏɯǕ ǀʕȘżɾǞȩȘࡏ
ࡄ �ƚɾ ǔ(ʾ) = ǂ(żߝ(ʾ), . . . , żɛ(ʾ)).

ߤߝ



ξ̥̙ϟ͖̐;͇ ͂˨ͱχ̥ θΎχ͖ϑ͖ϻ̥χ

÷ʕȘŏųȀƚ �ëm ǀȩɟ �ŏżżŏɟƇ ɯǞȒǞȀŏɟǞɾʿࡇ

ࡄ +Ǖȩȩɯƚ ɔŏɟŏȒƚɾƚɟ ɛ ∈ Z+ࡏ

ࡄ �ƚɾ żߝ, . . . , żɫ : ,ߜ} Ɔ{ߝ → ,ߜ] [ߝ ųƚ ɟŏȘƇȩȒ �ǞȘmŏɯǕࡏ

ࡄ �ƚɾ ǂ : ,ߜ] ɫ[ߝ → ,ߝ} . . . ,ȑ} ųƚ ŏ ǀʕȀȀʿ ɟŏȘƇȩȒ ǕŏɯǕ ǀʕȘżɾǞȩȘࡏ

ࡄ �ƚɾ ǔ(ʾ) = ǂ(żߝ(ʾ), . . . , żɛ(ʾ)).

vǀ �(ɛ, ʿ) = ʮࡈ ɾǕƚȘ Úɟ [ǔ(ɛ) == ǔ(ʿ)] =

ߥߝ

:

✓ r o f + l i re✓ r

- -

1 . C ;18):City) f o r ¥ i i n l,....r

z . Otherwise



ϑϟ;˨̊ͱ̥ ͱχ͑

ߜߞ

r

:÷ .



ϑϟ;˨̊ͱ̥ ͱχ͑

_ʕȀȀ �ëm żǕƚȒƚ Ǖŏɯ ɾʶȩ ɔŏɟŏȒƚɾƚɟɯ ɾȩ ɾʕȘƚࡇ

ߝߞ

a "
h t



ϑϟ;˨̊ͱ̥ ͱχ͑

Cǀǀƚżɾ ȩǀ ǞȘżɟƚŏɯǞȘǃ ȘʕȒųƚɟ ȩǀ ɾŏųȀƚɯ ɺ ȩȘࡇ

_ŏȀɯƚ �ƚǃŏɾǞʲƚɯ _ŏȀɯƚ ÚȩɯǞɾǞʲƚɯ

Cǀǀƚżɾ ȩǀ ǞȘżɟƚŏɯǞȘǃ ȘʕȒųƚɟ ȩǀ ųŏȘƇɯ ɛ ȩȘࡇ

_ŏȀɯƚ �ƚǃŏɾǞʲƚɯ _ŏȀɯƚ ÚȩɯǞɾǞʲƚɯ

ߞߞ

-

Decreeing increase

Incrge Decrease



χΎͻ̥ ̥Ѕ˨ͻθͱ̥χ

+Ǖȩȩɯƚ ɾŏųȀƚɯ ɺ Ȁŏɟǃƚ ƚȘȩʕǃǕ ɯȩ ǀŏȀɯƚ ȘƚǃŏɾǞʲƚ ɟŏɾƚ ɾȩ ࡏ%ߝ

ÚŏɟŏȒƚɾƚɟࡇ ɟ = ࡏߝ

+ǕŏȘżƚ ʶƚ ˙ȘƇ ɛ ʶǞɾǕ �(ʿ,ɛ) = ࡇߤ.

+ǕŏȘżƚ ʶƚ ȘƚƚƇ ɾȩ żǕƚżǺ ˌ ʶǞɾǕ �(ʿ, ˌ) = ࡇߠ.

ߟߞ

t : 3

>8 %

-

I - -2T t : 3 I - .z t> 9 9 %

-

I - -G t 7 7 8 %



χΎͻ̥ ̥Ѕ˨ͻθͱ̥χ

+Ǖȩȩɯƚ ɾŏųȀƚɯ ɺ Ȁŏɟǃƚ ƚȘȩʕǃǕ ɯȩ ǀŏȀɯƚ ȘƚǃŏɾǞʲƚ ɟŏɾƚ ɾȩ ࡏ%ߝ

ÚŏɟŏȒƚɾƚɟࡇ ɟ = ࡏߞ

+ǕŏȘżƚ ʶƚ ˙ȘƇ ɛ ʶǞɾǕ �(ʿ,ɛ) = ࡇߤ.

+ǕŏȘżƚ ʶƚ ȘƚƚƇ ɾȩ żǕƚżǺ ˌ ʶǞɾǕ �(ʿ, ˌ) = ࡇߠ.

ߠߞ

I - ( I - . g r ) t t : S
g-so lo

t i f

I - (f.8 )
t

z 9906
-

I - . 3 2 7

i f t = 5

I -(l..ua)'t
I - . 8 y t = 5 8 %



χΎͻ̥ ̥Ѕ˨ͻθͱ̥χ

+Ǖȩȩɯƚ ɾŏųȀƚɯ ɺ Ȁŏɟǃƚ ƚȘȩʕǃǕ ɯȩ ǀŏȀɯƚ ȘƚǃŏɾǞʲƚ ɟŏɾƚ ɾȩ ࡏ%ߝ

ÚŏɟŏȒƚɾƚɟࡇ ɟ = ࡏߡ

+ǕŏȘżƚ ʶƚ ˙ȘƇ ɛ ʶǞɾǕ �(ʿ,ɛ) = ࡇߤ.

+ǕŏȘżƚ ʶƚ ȘƚƚƇ ɾȩ żǕƚżǺ ˌ ʶǞɾǕ �(ʿ, ˌ) = ࡇߠ.

ߡߞ

x .i s
↳ %

I - ( I -.gs) t
I t f - 1 2

2 9 9 %
-

I - ( I - - y5)t s 1 2 %



ɫ̐ࡷϟξϻ̥ ϑϟ;͖;͇

ÚɟȩųŏųǞȀǞɾʿ ʶƚ żǕƚżǺ ɛ ʶǕƚȘ ɛʕƚɟʿǞȘǃ ʿ Ǟǀ �(ɛ, ʿ) = ʮࡇ

≈ −ߝ −ߝ) ʮɛ)ɺ

ɛ = ,ߡ ɺ = ߡ
ߢߞ

=



ɫ̐ࡷϟξϻ̥ ϑϟ;͖;͇

ÚɟȩųŏųǞȀǞɾʿ ʶƚ żǕƚżǺ ɛ ʶǕƚȘ ɛʕƚɟʿǞȘǃ ʿ Ǟǀ �(ɛ, ʿ) = ʮࡇ

≈ −ߝ −ߝ) ʮɛ)ɺ

ɛ = ,ߡ ɺ = ߜߠ
ߣߞ



ɫ̐ࡷϟξϻ̥ ϑϟ;͖;͇

ÚɟȩųŏųǞȀǞɾʿ ʶƚ żǕƚżǺ ɛ ʶǕƚȘ ɛʕƚɟʿǞȘǃ ʿ Ǟǀ �(ɛ, ʿ) = ʮࡇ

≈ −ߝ −ߝ) ʮɛ)ɺ

ɛ = ,ߜߠ ɺ = ߡ
ߤߞ



ɫ̐ࡷϟξϻ̥ ϑϟ;͖;͇

ÚɟȩųŏųǞȀǞɾʿ ʶƚ żǕƚżǺ ɛ ʶǕƚȘ ɛʕƚɟʿǞȘǃ ʿ Ǟǀ �(ɛ, ʿ) = ʮࡇ

−ߝ −ߝ) ʮɛ)ɺ

vȘżɟƚŏɯǞȘǃ ųȩɾǕ ɛ ŏȘƇ ɺ ǃǞʲƚɯ ŏ ɯɾƚƚɔƚɟ żʕɟʲƚࡏ

$ƚɾɾƚɟ ǀȩɟ ɯƚŏɟżǕࡈ ųʕɾ ʶȩɟɯƚ ɯɔŏżƚ żȩȒɔȀƚʾǞɾʿࡏ ߥߞ

-1¥



͖͂Ѕ̥̙ ϑ͑ξ̥χ͑Ύͱ̙

Ćɯƚ +ŏɯƚ ࡇߝ _ǞʾƚƇ ɾǕɟƚɯǕȩȀƇࡏ

ࡄ ëǕŏˌŏȒ ʶŏȘɾɯ ɾȩ ˙ȘƇ ȒŏɾżǕ ɾȩ ŏʕƇǞȩ żȀǞɔ ʿ ǞȘ ŏ Ƈŏɾŏųŏɯƚ ȩǀ ߜߝ
ȒǞȀȀǞȩȘ żȀǞɔɯࡏ

ࡄ ÷Ǖƚɟƚ ŏɟƚ ߜߝ ɾɟʕƚ ȒŏɾżǕƚɯ ʶǞɾǕ �(ʿ,ɛ) > ࡏߥ.
ࡄ ÷Ǖƚɟƚ ŏɟƚ ߜߜߜࡈߜߝ Șƚŏɟ ȒŏɾżǕƚɯ ʶǞɾǕ �(ʿ,ɛ) ∈ ,ߣ.] ࡏ[ߥ.
ࡄ �ȀȀ ȩɾǕƚɟ ǞɾƚȒɯ Ǖŏʲƚ �(ʿ,ɛ) < ࡏߣ.

ĦǞɾǕ ɫ = ߡߞ ŏȘƇ ɺ = ࡈߜߠ

ࡄ mǞɾ ɔɟȩųŏųǞȀǞɾʿ ǀȩɟ �(ʿ,ɛ) > ߥ. Ǟɯ ! −ߝ −ߝ) ߜߠ(ߡߞߥ. = ߡߥ.
ࡄ mǞɾ ɔɟȩųŏųǞȀǞɾʿ ǀȩɟ �(ʿ,ɛ) ∈ ,ߣ.] [ߥ. Ǟɯ " −ߝ −ߝ) ߜߠ(ߡߞߥ. = ߡߥ.
ࡄ mǞɾ ɔɟȩųŏųǞȀǞɾʿ ǀȩɟ �(ʿ,ɛ) < ߣ. Ǟɯ " −ߝ −ߝ) ߜߠ(ߡߞߣ. = ߡߜߜ.

CʾɔƚżɾƚƇ ɾȩɾŏȀ ȘʕȒųƚɟ ȩǀ ǞɾƚȒɯ żǕƚżǺƚƇࡇ
ߡߥ. · +ߜߝ ߡߥ. · ,ߜߝ +ߜߜߜ ߡߜߜ. · ,ߥ ,ߥߤߥ ߜߥߥ ≈ ,ߜߢ (ߜߜߜ ,ߜߝ ,ߜߜߜ .ߜߜߜ ߜߟ

0 6 ) t F o 0 4 ) F-Oa;

-

r
= a

= . - 7 £
0 0 0



͖͂Ѕ̥̙ ϑ͑ξ̥χ͑Ύͱ̙

ëɔŏżƚ żȩȒɔȀƚʾǞɾʿࡇ ߜߠ ǕŏɯǕ ɾŏųȀƚɯ ≈ ߜߠ · ª(ȗ)ࡏ

4ǞɟƚżɾȀʿ ɾɟŏƇƚ ɯɔŏżƚ ǀȩɟ ǀŏɯɾ ɯƚŏɟżǕࡏ

ߝߟ



͖͂Ѕ̥̙ ϑ͑ξ̥χ͑Ύͱ̙ ξ

+ȩȘżɟƚɾƚ ʶȩɟɯɾ żŏɯƚ ɟƚɯʕȀɾࡇ
÷ǕƚȩɟƚȒ ࡈvȘƇʿǺ࡫ �ȩɾʶŏȘǞࡈ ࡬ߤߥߥߝ
sƿ ɺǔƙɛƙ ƙʺǝɫɺɫ ɫȧȑƙ ɗ ʲǝɺǔ ‖ɛ− ʿ‖ߜ ≤ Úࡌ ɛƙɺʑɛȗ ŏ ʮƙżɺȧɛ ɛ̃
ʲǝɺǔ ‖ɛ̃− ʿ‖ߜ ≤ * · Ú ǝȗࡋ

ࡄ îǝȑƙࡋ ª
(
ȗߝ/*

)
ࡒ

ࡄ ãɑŏżƙࡋ ª
(
ȗߝ+ߝ/*

)
ࡒ

‖ɛ− ʿ‖ߜ = ǕŏȒȒǞȘǃࢆ ƇǞɯɾŏȘżƚࢆ ࣌ ȘʕȒųƚɟ ȩǀ ƚȀƚȒƚȘɾɯ ɾǕŏɾ
ƇǞǀǀƚɟ ųƚɾʶƚƚȘ ɛ ŏȘƇ ʿࡏ

ߞߟ

Hearestheighborsm

-

=

- -



˨θθξΎЅ͖ͻ˨ϑ̥ ;̥˨ξ̥χϑ ;̥͖͇͑̊Ύξ χ̥˨ξ̐͑

÷ǕƚȩɟƚȒ ࡈvȘƇʿǺ࡫ �ȩɾʶŏȘǞࡈ ࡬ߤߥߥߝ
�ƙɺ ɗ ųƙ ɺǔƙ żǿȧɫƙɫɺ Ɔŏɺŏųŏɫƙ ʮƙżɺȧɛ ɺȧ ʿࡒ Úƙɺʑɛȗ ŏ ʮƙżɺȧɛ ɛ̃
ʲǝɺǔ ‖ɛ̃− ʿ‖ߜ ≤ * · ‖ɛ− ʿ‖ߜ ǝȗࡋ

ࡄ îǝȑƙࡋ ª̃
(
ȗߝ/*

)
ࡒ

ࡄ ãɑŏżƙࡋ ª̃
(
ȗߝ+ߝ/*

)
ࡒ

�Șʿ ǞƇƚŏɯ ǀȩɟ Ǖȩʶ ɾǕǞɯ Ǟɯ ƇȩȘƚࡐ

ߟߟ

@



Ύϑ̥͑ξ ͱχ͑ ͂ϟ;̐ϑ͖Ύ;χ

bȩȩƇ ȀȩżŏȀǞɾʿ ɯƚȘɯǞɾǞʲƚ ǕŏɯǕ ǀʕȘżɾǞȩȘɯ ƚʾǞɯɾɯ ǀȩɟ ȒŏȘʿ ȩɾǕƚɟ
ɯǞȒǞȀŏɟǞɾʿ Ȓƚŏɯʕɟƚɯࡏ

+ȩɯǞȘƚ ɯǞȒǞȀŏɟǞɾʿ żȩɯ (θ(ʾ, ʿ)) = 〈ʾ,ʿ〉
‖ʾ‖ߞ‖ʿ‖ߞ ࡇ

ߝ− ≤ żȩɯ (θ(ʾ, ʿ)) ≤ ࡏߝ

ߠߟ

G E TI A 0 B l



̐Ύχ͖;̥ χ͖ͻ͖ͱ˨ξ͖ϑІ

+ȩɯǞȘƚ ɯǞȒǞȀŏɟǞɾʿ Ǟɯ ȘŏɾʕɟŏȀ ࢅ ǞȘʲƚɟɯƚࢆ ǀȩɟ CʕżȀǞƇƚŏȘ ƇǞɯɾŏȘżƚࡏ

CʕżȀǞƇƚŏȘ ƇǞɯɾŏȘżƚ ‖ʾ− ʿ‖ࡇߞߞ

ࡄ ëʕɔɔȩɯƚ ǀȩɟ ɯǞȒɔȀǞżǞɾʿ ɾǕŏɾ ‖ʾ‖ߞߞ = ‖ʿ‖ߞߞ = ࡏߝ

ߡߟ

= (x-g)''LX-O) =XtXt5y-2kg

," " '" i t " O " : *
=p,;.my#i-zxto2-2cosC0Cx,y))



χ͖ͻ͑˨χ͑

�ȩżŏȀǞɾʿ ɯƚȘɯǞɾǞʲƚ ǕŏɯǕ ǀȩɟ żȩɯǞȘƚ ɯǞȒǞȀŏɟǞɾʿࡇ

ࡄ �ƚɾ ǃ ∈ RƆ ųƚ ɟŏȘƇȩȒȀʿ żǕȩɯƚȘ ʶǞɾǕ ƚŏżǕ ƚȘɾɟʿ N ,ߜ) ࡏ(ߝ
ࡄ �ƚɾ ƿ : ,ߝ−} {ߝ → ,ߝ} . . . ,ȑ} ųƚ ŏ ʕȘǞǀȩɟȒȀʿ ɟŏȘƇȩȒ ǕŏɯǕ
ǀʕȘżɾǞȩȘࡏ

ࡄ ǔ : RƆ → ,ߝ} . . . ,ȑ} Ǟɯ Ƈƚ˙ȘǞƚƇ ǔ(ʾ) = ƿ (ɯǞǃȘ(〈ǃ, ʾ〉))ࡏ

vǀ żȩɯ(θ(ʾ, ʿ)) = ʮࡈ ʶǕŏɾ Ǟɯ Úɟ[ǔ(ʾ) == ǔ(ʿ)]ࡐ

ߢߟ

X : # Coo(x,g )= L s i g n(Cx , y >)
-signky,g> )
= s i gn( c l a p )

= '

= - =

c o s(x,y)-1 i f x - D PrfhCx#y)) =

I f sigsC6gx7Jisigu@g.y>)



χ͖ͻ͑˨χ͑ ˨;˨ͱІχ͖χ

÷ǕƚȩɟƚȒࡇ vǀ żȩɯ(θ(ʾ, ʿ)) = ʮࡈ ɾǕƚȘ

Úɟ[ǔ(ʾ) == ǔ(ʿ)] = −ߝ θ

π
= −ߝ żȩɯ−ߝ(ʮ)

π

ߣߟ

I



χ͖ͻ͑˨χ͑

ëǞȒmŏɯǕ żŏȘ ųƚ ɾʕȘƚƇࡈ ǲʕɯɾ ȀǞǺƚ ȩʕɟ �ǞȘmŏɯǕ ųŏɯƚƇ �ëm
ǀʕȘżɾǞȩȘ ǀȩɟ �ŏżżŏɟƇ ɯǞȒǞȀŏɟǞɾʿࡇ

ࡄ �ƚɾ ǃߝ, . . . , ǃɛ ∈ RƆ ųƚ ɟŏȘƇȩȒȀʿ żǕȩɯƚȘ ʶǞɾǕ ƚŏżǕ ƚȘɾɟʿ
N ,ߜ) ࡏ(ߝ

ࡄ �ƚɾ ƿ : ,ߝ−} ɛ{ߝ → ,ߝ} . . . ,ȑ} ųƚ ŏ ʕȘǞǀȩɟȒȀʿ ɟŏȘƇȩȒ ǕŏɯǕ
ǀʕȘżɾǞȩȘࡏ

ࡄ ǔ : RƆ → ,ߝ} . . . ,ȑ} Ǟɯ Ƈƚ˙ȘƚƇ
ǔ(ʾ) = ƿ ([ɯǞǃȘ(〈ǃߝ, ʾ〉), . . . , ɯǞǃȘ(〈ǃɛ, ʾ〉)])ࡏ

Úɟ[ǔ(ʾ) == ǔ(ʿ)] =
(
−ߝ θ

Π

)ɛ

ߤߟ

=
Bo:1=1/1



χ͖ͻ͑˨χ͑ ˨;˨ͱІχ͖χ

ǔ(ʾ) = ƿ (ɯǞǃȘ(〈ǃ, ʾ〉))

Úɟ[ǔ(ʾ) == ǔ(ʿ)] = ʮ+ −ߝ ʮ
ȑ ≈ ʮ.

ʶǕƚɟƚ ʮ = Úɟ[ɯǞǃȘ(〈ǃ, ʾ〉) == ɯǞǃȘ(〈ǃ, ʿ〉)] ߥߟ

y

' o k g .y ) )
= t l

sign(Lg,x ) )%',:*"



χ͖ͻ͑˨χ͑ ˨;˨ͱІχ͖χ

Úɟ[ǔ(ʾ) == ǔ(ʿ)] ≈ ɔɟȩųŏųǞȀǞɾʿ ʾ ŏȘƇ ʿ ŏɟƚ ȩȘ ɾǕƚ ɯŏȒƚ ɯǞƇƚ ȩǀ
ǕʿɔƚɟɔȀŏȘƚ ȩɟɾǕȩǃȩȘŏȀ ɾȩ ǃࡏ

ߜߠ

÷÷¥
¥⇒'

" ¥
= I - ¥


