


+ëࡷbĮ ߟߞߞߥ ࡇ4 �ƚżɾʕɟƚ ߟ ëʕɔɔȀƚȒƚȘɾŏȀ
÷Ǖƚ �ȩǕȘɯȩȘࡷ�ǞȘƇƚȘɯɾɟŏʕɯɯ �ƚȒȒŏ

�ĮĆ ÷ŏȘƇȩȘ ëżǕȩȩȀ ȩǀ CȘǃǞȘƚƚɟǞȘǃࡈ Úɟȩǀࡏ +ǕɟǞɯɾȩɔǕƚɟ �ʕɯżȩ

ߝ



χ̥ͬϑ͖̐͑;͇ ˨ͱ͇Ύξ͖ϑ͑ͻχ

�ųɯɾɟŏżɾ ŏɟżǕǞɾƚżɾʕɟƚ ȩǀ ŏ ɯǺƚɾżǕǞȘǃ ŏȀǃȩɟǞɾǕȒࡇ

ࡄ bǞʲƚȘ ŏ Ƈŏɾŏɯƚɾ 2 = Ɔߝ, . . . ,Ɔȗ ʶǞɾǕ ȗ ɔǞƚżƚɯ ȩǀ Ƈŏɾŏࡈ ʶƚ
ʶŏȘɾ ɾȩ ȩʕɾɔʕɾ ƿ(2) ǀȩɟ ɯȩȒƚ ǀʕȘżɾǞȩȘ ƿࡏ

ࡄ ëǺƚɾżǕ ɔǕŏɯƚࡇ _ȩɟ ƚŏżǕ ǝ ∈ ,ߝ . . . ,ȗࡈ żȩȒɔʕɾƚ ɫǝ = *(Ɔǝ)ࡈ
ʶǕƚɟƚ * Ǟɯ ɯȩȒƚ żȩȒɔɟƚɯɯǞȩȘ ǀʕȘżɾǞȩȘ ŏȘƇ |ɫǝ| " Ɔǝࡏ

ࡄ Úɟȩżƚɯɯ ɔǕŏɯƚࡇ ĆɯǞȘǃ Ȁȩʶƚɟ ƇǞȒƚȘɯǞȩȘŏȀ Ƈŏɾŏɯƚɾ
ɫߝ, . . . , ɫȗࡈ żȩȒɔʕɾƚ ŏȘ ŏɔɔɟȩʾǞȒŏɾǞȩȘ ɾȩ ƿ(2)ࡏ

$ƚɾɾƚɟ ɯɔŏżƚ żȩȒɔȀƚʾǞɾ ʿࡈ
żȩȒȒʕȘǞżŏɾǞȩȘ żȩȒɔȀƚʾǞɾ ʿࡈ
ɟʕȘɾǞȒƚࡈ ŏȀȀ ŏɾ ȩȘżƚࡏ
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͖̊;˨ξІ ϻ̥̐ϑΎξ ̐Ύͻθξ̥χχ͖Ύ;

Ħƚ ŏȀɟƚŏƇʿ ɯŏʶ ŏ ɔȩʶƚɟǀʕȀ ŏɔɔȀǞżŏɾǞȩȘ ȩǀ ɯǺƚɾżǕǞȘǃ ɾǕƚ
�ǞȘmŏɯǕ ŏȀǃȩɟǞɾǕȒ ɾȩ żȩȒɔɟƚɯɯǞȘǃ ųǞȘŏɟʿ ʲƚżɾȩɟɯࡏ

�ƚɾ ʕɯ ƚɯɾǞȒŏɾƚ ɾǕƚ �ŏżżŏɟƇ ɯǞȒǞȀŏɟǞɾʿ ųƚɾʶƚƚȘ ŏȘʿ ɾʶȩ ųǞȘŏɟʿ
ʲƚżɾȩɟɯ ɛ ŏȘƇ ʿ ʕɯǞȘǃ ɾǕƚ ǞȘǀȩɟȒŏɾǞȩȘ ǞȘ *(ɛ) ŏȘƇ *(ʿ) ŏȀȩȘƚࡏ
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ϑΎ̙˨Іࡇ ̥ϟ̐ͱ͖̙̥˨; ̙͖ͻ̥;χ͖Ύ;˨ͱ͖ϑІ ξ̥̙ϟ̐ϑ͖Ύ;

CʕżȀǞƇƚŏȘ ȘȩɟȒ ࡕ ƇǞɯɾŏȘżƚࡇ

ࡄ bǞʲƚȘ ɛ ∈ RƆࡈ ‖ɛ‖ߞ =
√∑Ɔ

ǝ=ߝ ɗ(ǝ)ࡏߞ
ࡄ bǞʲƚȘ ɛ, ʿ ∈ RƆࡈ ƇǞɯɾŏȘżƚ Ƈƚ˙ȘƚƇ ŏɯ ‖ɛ− ʿ‖ࡏߞ

+ŏȘ ʶƚ ˙ȘƇ żȩȒɔŏżɾ ɯǺƚɾżǕƚɯ ɾǕŏɾ ɔɟƚɯƚɟʲƚ CʕżȀǞƇƚŏȘ
ƇǞɯɾŏȘżƚࡈ ǲʕɯɾ ŏɯ ʶƚ ƇǞƇ ǀȩɟ �ŏżżŏɟƇ ɯǞȒǞȀŏɟǞɾʿࡐ
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̥ϟ̐ͱ͖̙̥˨; ̙͖ͻ̥;χ͖Ύ;˨ͱ͖ϑІ ξ̥̙ϟ̐ϑ͖Ύ;

�ƚȒȒŏ ࡈ�ǞȘƇƚȘɯɾɟŏʕɯɯࡷ�ȩǕȘɯȩȘ ߠߤߥߝ
]ȧɛ ŏȗʻ ɫƙɺ ȧƿ ȗ Ɔŏɺŏ ɑȧǝȗɺɫ ɛߝ, . . . ,ɛȗ ∈ RƆ ɺǔƙɛƙ ƙʺǝɫɺɫ ŏ
ǿǝȗƙŏɛ ȑŏɑ Π : RƆ → Rǹ ʲǔƙɛƙ ǹ = ª

(
Ȁȩǃ ȗ
εߞ

)
ɫʑżǔ ɺǔŏɺ ƿȧɛ ŏǿǿ

ǝ, Ǳࡌ

−ߝ) ε)‖ɛǝ − ɛǱ‖ߞ ≤ ‖Πɛǝ −ΠɛǱ‖ߞ ≤ +ߝ) ε)‖ɛǝ − ɛǱ‖ߞ.
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̥ϟ̐ͱ͖̙̥˨; ̙͖ͻ̥;χ͖Ύ;˨ͱ͖ϑІ ξ̥̙ϟ̐ϑ͖Ύ;

ÚȀƚŏɯƚ ɟƚȒƚȒųƚɟࡇ ÷ǕǞɯ Ǟɯ ƚɛʕǞʲŏȀƚȘɾ ɾȩࡇ

�ƚȒȒŏ ࡈ�ǞȘƇƚȘɯɾɟŏʕɯɯࡷ�ȩǕȘɯȩȘ ߠߤߥߝ
]ȧɛ ŏȗʻ ɫƙɺ ȧƿ ȗ Ɔŏɺŏ ɑȧǝȗɺɫ ɛߝ, . . . ,ɛȗ ∈ RƆ ɺǔƙɛƙ ƙʺǝɫɺɫ ŏ
ǿǝȗƙŏɛ ȑŏɑ Π : RƆ → Rǹ ʲǔƙɛƙ ǹ = ª

(
Ȁȩǃ ȗ
εߞ

)
ɫʑżǔ ɺǔŏɺ ƿȧɛ ŏǿǿ

ǝ, Ǳࡌ

−ߝ) ε)‖ɛǝ − ɛǱ‖ߞߞ ≤ ‖Πɛǝ −ΠɛǱ‖ߞߞ ≤ +ߝ) ε)‖ɛǝ − ɛǱ‖ߞߞ.

ųƚżŏʕɯƚ ǀȩɟ ɯȒŏȀȀ εࡈ +ߝ) ε)ߞ = +ߝ ª(ε) ŏȘƇ −ߝ) ε)ߞ = −ߝ ª(ε)ࡏ
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̥ϟ̐ͱ͖̙̥˨; ̙͖ͻ̥;χ͖Ύ;˨ͱ͖ϑІ ξ̥̙ϟ̐ϑ͖Ύ;

�ȘƇ ɾǕǞɯ Ǟɯ ƚɛʕǞʲŏȀƚȘɾ ɾȩࡇ

�ƚȒȒŏ ࡈ�ǞȘƇƚȘɯɾɟŏʕɯɯࡷ�ȩǕȘɯȩȘ ߠߤߥߝ
]ȧɛ ŏȗʻ ɫƙɺ ȧƿ ȗ Ɔŏɺŏ ɑȧǝȗɺɫ ɛߝ, . . . ,ɛȗ ∈ RƆ ɺǔƙɛƙ ƙʺǝɫɺɫ ŏ
ǿǝȗƙŏɛ ȑŏɑ Π : RƆ → Rǹ ʲǔƙɛƙ ǹ = ª

(
Ȁȩǃ ȗ
εߞ

)
ɫʑżǔ ɺǔŏɺ ƿȧɛ ŏǿǿ

ǝ, Ǳࡌ

−ߝ) ε)‖Πɛǝ −ΠɛǱ‖ߞߞ ≤ ‖ɛǝ − ɛǱ‖ߞߞ ≤ +ߝ) ε)‖Πɛǝ −ΠɛǱ‖ߞߞ.

ųƚżŏʕɯƚ ǀȩɟ ɯȒŏȀȀ εࡈ ߝ
ε+ߝ = −ߝ ª(ε) ŏȘƇ ߝ

ε−ߝ = +ߝ ª(ε)ࡏ
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̥ϟ̐ͱ͖̙̥˨; ̙͖ͻ̥;χ͖Ύ;˨ͱ͖ϑІ ξ̥̙ϟ̐ϑ͖Ύ;

áƚȒŏɟǺŏųȀ ʿࡈ Π żŏȘ ųƚ żǕȩɯƚȘ żȩȒɔȀƚɾƚȀʿ ŏɾ ɟŏȘƇȩȒࡋ

°Șƚ ɔȩɯɯǞųȀƚ żȩȘɯɾɟʕżɾǞȩȘࡇ áŏȘƇȩȒ bŏʕɯɯǞŏȘࡏ

Πǝ,Ǳ =
√ߝ
ǹ
N ,ߜ) (ߝ

÷Ǖƚ Ȓŏɔ Π Ǟɯ ȩųȀǞʲǞȩʕɯ ɾȩ ɾǕƚ Ƈŏɾŏ ɯƚɾࡏ ÷ǕǞɯ ɯɾŏȘƇɯ ǞȘ żȩȘɾɟŏɯɾ
ɾȩ ƚࡏǃࡏ Ú+ࡈ� ŏȒȩʕȘǃ ȩɾǕƚɟ ƇǞǀǀƚɟƚȘżƚɯࡏ

ࡈvȘƇʿǺ �ȩɾʶŏȘǞ ࡠߤߥߥߝ ࡈ�ɟɟǞŏǃƚ ģƚȒɔŏȀŏ ࡠߥߥߥߝ �żǕȀǞȩɔɾŏɯ ࡠߝߜߜߞ
ࡈ4ŏɯǃʕɔɾŏ bʕɔɾŏ ࡏࡠߟߜߜߞ

�ŏȘʿ ȩɾǕƚɟ ɔȩɯɯǞųȀƚ żǕȩǞżƚɯ ɯʕǀ˙żƚ ࡵ ʿȩʕ żŏȘ ʕɯƚ ɟŏȘƇȩȒ
{ߝ−,ߝ+} ʲŏɟǞŏųȀƚɯࡈ ɯɔŏɟɯƚ ɟŏȘƇȩȒ ȒŏɾɟǞżƚɯࡈ ɔɯƚʕƇȩɟŏȘƇȩȒ Πࡏ
CŏżǕ ʶǞɾǕ ƇǞǀǀƚɟƚȘɾ ŏƇʲŏȘɾŏǃƚɯࡏ
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ξ˨;̙Ύͻ͖В̥̙ ͩͱ ̐Ύ;χϑξϟ̐ϑ͖Ύ;χ

�ƚɾ Π ∈ Rǹ×Ɔ ųƚ żǕȩɯƚȘ ɯȩ ɾǕŏɾ ƚŏżǕ ƚȘɾɟʿ ƚɛʕŏȀɯ √ߝ
ǹN ,ߜ) ࡏ(ߝ

ࡏࡏࡏ ȩɟ ƚŏżǕ ƚȘɾɟʿ ƚɛʕŏȀɯ √ߝ
ǹ ± ߝ ʶǞɾǕ ƚɛʕŏȀ ɔɟȩųŏųǞȀǞɾ ʿࡏ

� ɟŏȘƇȩȒ ȩɟɾǕȩǃȩȘŏȀ ȒŏɾɟǞʾ ŏȀɯȩ ʶȩɟǺɯࡏ vࡏƚࡏ ʶǞɾǕ ΠΠî = vǹ×ǹࡏ
_ȩɟ ɾǕǞɯ ɟƚŏɯȩȘࡈ ɾǕƚ �� ȩɔƚɟŏɾǞȩȘ Ǟɯ ȩǀɾƚȘ żŏȀȀƚƇ ŏ ɟŏȘƇȩȒࢅ

ɔɟȩǲƚżɾǞȩȘࡈࢆ ƚʲƚȘ ɾǕȩʕǃǕ Ǟɾ ɾƚżǕȘǞżŏȀȀʿ ǞɯȘ࢈ɾ ŏ ɔɟȩǲƚżɾǞȩȘ ʶǕƚȘ
ƚȘɾɟǞƚɯ ŏɟƚ ǞࡏǞࡏƇࡏ
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ξ˨;̙Ύͻ θξΎ̥ͩ̐ϑ͖Ύ;

vȘɾʕǞɾǞʲƚȀ ʿࡈ żȀȩɯƚ ɔȩǞȘɾɯ ʶǞȀȀ ɟƚȒŏǞȘ żȀȩɯƚ ŏǀɾƚɟ ɔɟȩǲƚżɾǞȩȘࡈ ŏȘƇ
ǀŏɟ ɔȩǞȘɾɯ ʶǞȀȀ ɟƚȒŏǞȘ ǀŏɟࡏ

ߜߝ



̥ϟ̐ͱ͖̙̥˨; ̙͖ͻ̥;χ͖Ύ;˨ͱ͖ϑІ ξ̥̙ϟ̐ϑ͖Ύ;

vȘɾƚɟȒƚƇǞŏɾƚ ɟƚɯʕȀɾࡇ
�ƚȒȒŏ 4ǞɯɾɟǞųʕɾǞȩȘŏȀ �� �ƚȒȒŏ
�ƙɺ Π ∈ Rǹ×Ɔ ųƙ żǔȧɫƙȗ ɫȧ ɺǔŏɺ ƙŏżǔ ƙȗɺɛʻ ƙɗʑŏǿɫ √ߝ

ǹN ,ߜ) ࡌ(ߝ
ʲǔƙɛƙ N ,ߜ) (ߝ Ɔƙȗȧɺƙɫ ŏ ɫɺŏȗƆŏɛƆ `ŏʑɫɫǝŏȗ ɛŏȗƆȧȑ ʮŏɛǝŏųǿƙࡒ

sƿ ʲƙ żǔȧȧɫƙ ǹ = ª
(
Ȁȩǃ(ߝ/δ)

εߞ

)
ࡌ ɺǔƙȗ ƿȧɛ ŏȗʻ ʮƙżɺȧɛ ʾࡌ ʲǝɺǔ

ɑɛȧųŏųǝǿǝɺʻ −ߝ) δ)ࡋ

−ߝ) ε)‖ʾ‖ߞߞ ≤ ‖Πʾ‖ߞߞ ≤ +ߝ) ε)‖ʾ‖ߞߞ

bǞʲƚȘ ɾǕǞɯ ȀƚȒȒŏࡈ Ǖȩʶ Ƈȩ ʶƚ ɔɟȩʲƚ ɾǕƚ ɾɟŏƇǞɾǞȩȘŏȀ
�ȩǕȘɯȩȘࡷ�ǞȘƇƚȘɯɾɟŏʕɯɯ ȀƚȒȒŏࡐ

ߝߝ
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ͩͱ ͂ξΎͻ ̙͖χϑξ͖̊ϟϑ͖Ύ;˨ͱ ͩͱ

Ħƚ Ǖŏʲƚ ŏ ɯƚɾ ȩǀ ʲƚżɾȩɟɯ ɛߝ, . . . ,ɛȗࡏ _Ǟʾ ǝ, Ǳ ∈ ,ߝ . . . ,ȗࡏ

�ƚɾ ʾ = ɛǝ − ɛǱࡏ $ʿ ȀǞȘƚŏɟǞɾ ʿࡈ Πʾ = Π(ɛǝ − ɛǱ) = Πɛǝ −ΠɛǱࡏ

$ʿ ɾǕƚ 4ǞɯɾɟǞųʕɾǞȩȘŏȀ �� �ƚȒȒŏࡈ ʶǞɾǕ ɔɟȩųŏųǞȀǞɾʿ −ߝ δࡈ

−ߝ) ε)‖ɛǝ − ɛǱ‖ߞ ≤ ‖Πɛǝ −ΠɛǱ‖ߞ ≤ +ߝ) ε)‖ɛǝ − ɛǱ‖ߞ.

_ǞȘŏȀȀ ʿࡈ ɯƚɾ δ = ߝ
ȗߞ ࡏ ëǞȘżƚ ɾǕƚɟƚ ŏɟƚ < ȗߞ ɾȩɾŏȀ ǝ, Ǳ ɔŏǞɟɯࡈ ųʿ ŏ

ʕȘǞȩȘ ųȩʕȘƇ ʶƚ Ǖŏʲƚ ɾǕŏɾ ʶǞɾǕ ɔɟȩųŏųǞȀǞɾʿ ࡈߜߝ/ߥ ɾǕƚ ŏųȩʲƚ ʶǞȀȀ
ǕȩȀƇ ǀȩɟ ŏȀȀ ǝ, Ǳࡈ ŏɯ ȀȩȘǃ ŏɯ ʶƚ żȩȒɔɟƚɯɯ ɾȩࡇ

ǹ = ª
( Ȁȩǃ(ߝ/(ߝ/ȗߞ))

εߞ

)
= ª

( Ȁȩǃȗ
εߞ

)
ƇǞȒƚȘɯǞȩȘɯࡏ

ߞߝ
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θξΎΎ͂ Ύ͂ ̙͖χϑξ͖̊ϟϑ͖Ύ;˨ͱ ͩͱ

ĦŏȘɾ ɾȩ ŏɟǃʕƚ ɾǕŏɾࡈ ʶǞɾǕ ɔɟȩųŏųǞȀǞɾʿ −ߝ) δ)ࡈ

−ߝ) ε)‖ʾ‖ߞߞ ≤ |Πʾ‖ߞߞ ≤ +ߝ) ε)‖ʾ‖ߞߞ

+ȀŏǞȒࡇ E‖Πʾ‖ߞߞ = ‖ʾ‖ߞߞ.
ëȩȒƚ ȘȩɾŏɾǞȩȘࡇ

ëȩ ƚŏżǕ πǝ żȩȘɾŏǞȘɯ N ,ߜ) (ߝ ƚȘɾɟǞƚɯࡏ ߟߝ
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θξΎΎ͂ Ύ͂ ̙͖χϑξ͖̊ϟϑ͖Ύ;˨ͱ ͩͱ

‖Πʾ‖ߞߞ =
ǹ∑

ǝ
ɯ(ǝ)ߞ =

ǹ∑

ǝ

( √ߝ
ǹ
〈πǝ, ʾ〉

ߞ(
=
ߝ
ǹ

ǹ∑

ǝ
(〈πǝ, ʾ〉)ߞ

E
[
‖Πʾ‖ߞߞ

]
=
ߝ
ǹ

ǹ∑

ǝ
E
[
(〈πǝ, ʾ〉)ߞ

]

= E
[
(〈πǝ, ʾ〉)ߞ

]

bȩŏȀࡇ Úɟȩʲƚ E‖Πʾ‖ߞߞ = ‖ʾ‖ࡏߞߞ
ߠߝ
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θξΎΎ͂ Ύ͂ ̙͖χϑξ͖̊ϟϑ͖Ύ;˨ͱ ͩͱ

〈πǝ, ʾ〉 = Ĳߝ · ʾ(ߝ) + Ĳߞ · ʾ(ߞ) + . . .+ ĲƆ · ʾ(Ɔ)
ʶǕƚɟƚ ƚŏżǕ Ĳߝ, . . . , ĲƆ Ǟɯ ŏ ɯɾŏȘƇŏɟƇ ȘȩɟȒŏȀ N ,ߜ) (ߝ ɟŏȘƇȩȒ
ʲŏɟǞŏųȀƚࡏ

÷ǕǞɯ ǞȒɔȀǞƚɯ ɾǕŏɾ Ĳǝ · ʾ(ǝ) Ǟɯ ŏ ȘȩɟȒŏȀ N ,ߜ) ʾ(ǝ)ߞ) ɟŏȘƇȩȒ
ʲŏɟǞŏųȀƚࡏ

bȩŏȀࡇ Úɟȩʲƚ E‖Πʾ‖ߞߞ = ‖ʾ‖ࡏߞߞ CɯɾŏųȀǞɯǕƚƇࡇ E‖Πʾ‖ߞߞ = E
[
(〈πǝ, ʾ〉)ߞ

]

ߡߝ
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χϑ˨̊ͱ̥ ξ˨;̙Ύͻ ϻ˨ξ͖˨̊ͱ̥χ

ĦǕŏɾ ɾʿɔƚ ȩǀ ɟŏȘƇȩȒ ʲŏɟǞŏųȀƚ Ǟɯ 〈πǝ, ʾ〉ࡐ

_ŏżɾ ëɾŏųǞȀǞɾʿ ȩǀ bŏʕɯɯǞŏȘ ɟŏȘƇȩȒ ʲŏɟǞŏųȀƚɯ

N (µߝ,σ
ߞ
ߝ ) +N (µߞ,σ

ߞ
(ߞ = N (µߝ + µߞ,σ

ߞ
ߝ + σߞߞ)

〈πǝ, ʾ〉 = N ,ߜ) ʾ(ߝ)ߞ) +N ,ߜ) ʾ(ߞ)ߞ) + . . .+N ,ߜ) ʾ(Ɔ)ߞ)
= N ,ߜ) ‖ʾ‖ߞߞ).

ëȩ E‖Πʾ‖ߞߞ = E
[
(〈πǝ, ʾ〉)ߞ

]
= ‖ʾ‖ࡈߞߞ ŏɯ ƇƚɯǞɟƚƇࡏ

ߢߝ

I -

€ "

i§, x l i )2 I l lx " I
oi÷÷E



θξΎΎ͂ Ύ͂ ̙͖χϑξ͖̊ϟϑ͖Ύ;˨ͱ ͩͱ

ĦŏȘɾ ɾȩ ŏɟǃʕƚ ɾǕŏɾࡈ ʶǞɾǕ ɔɟȩųŏųǞȀǞɾʿ −ߝ) δ)ࡈ

−ߝ) ε)‖ʾ‖ߞߞ ≤ ‖Πʾ‖ߞߞ ≤ +ߝ) ε)‖ʾ‖ߞߞ

ࡏߝ E‖Πʾ‖ߞߞ = ‖ʾ‖ࡏߞߞ
ࡏߞ �ƚƚƇ ɾȩ ʕɯƚ ŏ żȩȘżƚȘɾɟŏɾǞȩȘ ųȩʕȘƇࡏ

‖Πʾ‖ߞߞ =
ߝ
ǹ

ǹ∑

ǝ=ߝ
(〈πǝ, ʾ〉)ߞ =

ߝ
ǹ

ǹ∑

ǝ=ߝ
N ,ߜ) ‖ʾ‖ߞߞ)

ɯɛʕŏɟƚƇࡷǕǞ+ࢅ ɟŏȘƇȩȒ ʲŏɟǞŏųȀƚ ʶǞɾǕ ǹ Ƈƚǃɟƚƚɯ ȩǀ ǀɟƚƚƇȩȒࢆࡏ

ߣߝ

-
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̐Ύ;̥̐;ϑξ˨ϑ͖Ύ; Ύ͂ χμϟ˨ξ̥̙ࡷ͖͑̐ ξ˨;̙Ύͻ ϻ˨ξ͖˨̊ͱ̥χ

�ƚȒȒŏ
�ƙɺ Ĳ ųƙ ŏ *ǔǝࡹɫɗʑŏɛƙƆ ɛŏȗƆȧȑ ʮŏɛǝŏųǿƙ ʲǝɺǔ ǹ Ɔƙǂɛƙƙɫ ȧƿ
ƿɛƙƙƆȧȑࡒ

Úɟ[|EĲ− Ĳ| ≥ εEĲ] ≤ ߤ/ߞƙ−ǹεߞ

bȩŏȀࡇ Úɟȩʲƚ ‖Πʾ‖ߞߞ żȩȘżƚȘɾɟŏɾƚɯ ʶǞɾǕǞȘ ±ߝ ε ȩǀ Ǟɾɯ ƚʾɔƚżɾŏɾǞȩȘࡈ
ʶǕǞżǕ ƚɛʕŏȀɯ ‖ʾ‖ࡏߞߞ ߤߝ

- y '
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χ˨ͻθͱ̥ ˨θθͱ͖̐˨ϑ͖Ύ;

ǺࡷȒƚŏȘɯ żȀʕɯɾƚɟǞȘǃࡇ bǞʲƚ Ƈŏɾŏ ɔȩǞȘɾɯ ŏߝ, . . . , ŏȗ ∈ RƆࡈ ˙ȘƇ
żƚȘɾƚɟɯ µߝ, . . . ,µǹ ∈ RƆ ɾȩ ȒǞȘǞȒǞˌƚࡇ

*ȧɫɺ(µߝ, . . . ,µǹ) =
ȗ∑

ǝ=ߝ
ȒǞȘ
Ǳ=ߝ,...,ǹ

‖µǱ − ĭǝ‖ߞߞ

ߥߝ



χ˨ͻθͱ̥ ˨θθͱ͖̐˨ϑ͖Ύ;

ǺࡷȒƚŏȘɯ żȀʕɯɾƚɟǞȘǃࡇ bǞʲƚ Ƈŏɾŏ ɔȩǞȘɾɯ ŏߝ, . . . , ŏȗ ∈ RƆࡈ ˙ȘƇ
żƚȘɾƚɟɯ µߝ, . . . ,µǹ ∈ RƆ ɾȩ ȒǞȘǞȒǞˌƚࡇ

*ȧɫɺ(µߝ, . . . ,µǹ) =
ȗ∑

ǝ=ߝ
ȒǞȘ
Ǳ=ߝ,...,ǹ

‖µǱ − ĭǝ‖ߞߞ

ߜߞ

.

%



χ˨ͻθͱ̥ ˨θθͱ͖̐˨ϑ͖Ύ;

ǺࡷȒƚŏȘɯ żȀʕɯɾƚɟǞȘǃࡇ bǞʲƚ Ƈŏɾŏ ɔȩǞȘɾɯ ŏߝ, . . . , ŏȗ ∈ RƆࡈ ˙ȘƇ
żƚȘɾƚɟɯ µߝ, . . . ,µǹ ∈ RƆ ɾȩ ȒǞȘǞȒǞˌƚࡇ

*ȧɫɺ(µߝ, . . . ,µǹ) =
ȗ∑

ǝ=ߝ
ȒǞȘ
Ǳ=ߝ,...,ǹ

‖µǱ − ŏǝ‖ߞߞ

ߝߞ

:



ͻ̥˨;χࡷͬ ̐ͱϟχϑ̥ξ͖;͇

�Ú ǕŏɟƇ ɾȩ ɯȩȀʲƚ ƚʾŏżɾȀ ʿࡈ ųʕɾ ɾǕƚɟƚ ŏɟƚ ȒŏȘʿ ǃȩȩƇ
ŏɔɔɟȩʾǞȒŏɾǞȩȘ ŏȀǃȩɟǞɾǕȒɯࡏ �ȀȀ ƇƚɔƚȘƇ ŏɾ Ȁƚŏɯɾ ȀǞȘƚŏɟȀʿ ȩȘ ɾǕƚ
ƇǞȒƚȘɯǞȩȘ Ɔࡏ

�ɔɔɟȩʾǞȒŏɾǞȩȘ ɯżǕƚȒƚࡇ _ǞȘƇ żȀʕɯɾƚɟɯ ,ߝ̃* . . . , *̃ǹ ǀȩɟ ɾǕƚ
ǹ = ª

(
Ȁȩǃ ȗ
εߞ

)
ƇǞȒƚȘɯǞȩȘ Ƈŏɾŏ ɯƚɾ Πŏߝ, . . . ,Πŏȗ.

�ɟǃʕƚ ɾǕƚɯƚ żȀʕɯɾƚɟɯ ŏɟƚ Șƚŏɟ ȩɔɾǞȒŏȀ ǀȩɟ ŏߝ, . . . , ŏȗࡏ
ߞߞ

Q. , . . .a n E 113'd
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ͻ̥˨;χࡷͬ ̐ͱϟχϑ̥ξ͖;͇

CɛʕǞʲŏȀƚȘɾ ǀȩɟȒʕȀŏɾǞȩȘࡇ _ǞȘƇ żȀʕɯɾƚɟɯ ,ߝ* . . . , *ǹ ⊆ ,ߝ} . . . ,ȗ} ɾȩ
ȒǞȘǞȒǞˌƚࡇ

*ȧɫɺ(*ߝ, . . . , *ǹ) =
ǹ∑

Ǳ=ߝ

ߝ
|Ǳ*|ߞ

∑

ʑ,ʮ∈*Ǳ

‖ŏʑ − ŏʮ‖ߞߞ.

ߟߞ

, ,

4 0 4 " ' - 'Ya,...,n3



ͻ̥˨;χࡷͬ ̐ͱϟχϑ̥ξ͖;͇

CɛʕǞʲŏȀƚȘɾ ǀȩɟȒʕȀŏɾǞȩȘࡇ _ǞȘƇ żȀʕɯɾƚɟɯ ,ߝ* . . . , *ǹ ⊆ ,ߝ} . . . ,ȗ} ɾȩ
ȒǞȘǞȒǞˌƚࡇ

*ȧɫɺ(*ߝ, . . . , *ǹ) =
ǹ∑

Ǳ=ߝ

ߝ
|Ǳ*|ߞ

∑

ʑ,ʮ∈*Ǳ

‖ŏʑ − ŏʮ‖ߞߞ.

CʾƚɟżǞɯƚࡇ Úɟȩʲƚ ɾǕǞɯ ɾȩ ʿȩʕɟ ɯƚȀǀࡏ

ߠߞ

08."



ͻ̥˨;χࡷͬ ̐ͱϟχϑ̥ξ͖;͇

*ȧɫɺ(*ߝ, . . . , *ǹ) =
ǹ∑

Ǳ=ߝ

ߝ
|Ǳ*|ߞ

∑

ʑ,ʮ∈*Ǳ

‖ŏʑ − ŏʮ‖ߞߞ

*̃ȧɫɺ(*ߝ, . . . , *ǹ) =
ǹ∑

Ǳ=ߝ

ߝ
|Ǳ*|ߞ

∑

ʑ,ʮ∈*Ǳ

‖Πŏʑ − Πŏʮ‖ߞߞ

ߡߞ

E
-

q , a y

,,µ,,...§
( l i k e , Cu) e cost(4, . .Cu)E (Lte )

Cost(c....-Cu)

= Eric;1 free; llltau-t.IT#aauvhi



ͻ̥˨;χࡷͬ ̐ͱϟχϑ̥ξ͖;͇

�ƚɾ *ȧɫɺ∗ = ȒǞȘ *ȧɫɺ(*ߝ, . . . , *ǹ) ŏȘƇ
*̃ȧɫɺ∗ = ȒǞȘ *̃ȧɫɺ(*ߝ, . . . , *ǹ)ࡏ

+ȀŏǞȒࡇ −ߝ) ε)*ȧɫɺ∗ ≤ *̃ȧɫɺ∗ ≤ +ߝ) ε)*ȧɫɺ∗ࡏ

ߢߞ

BI.TT#pi clusters f o r
o n s i t e a , , . . . ,a n

constte
s const (B.,... Bn) s (Ita)Cost(Bi..-Bu)

= ( I t a ) Cost'



ͻ̥˨;χࡷͬ ̐ͱϟχϑ̥ξ͖;͇

ëʕɔɔȩɯƚ ʶƚ ʕɯƚ ŏȘ ŏɔɔɟȩʾǞȒŏɾǞȩȘ ŏȀǃȩɟǞɾǕȒ ɾȩ ˙ȘƇ żȀʕɯɾƚɟɯ
,ߝ$ . . . ,$ǹ ɯʕżǕ ɾǕŏɾࡇ

*̃ȧɫɺ($ߝ, . . . ,$ǹ) ≤ +ߝ) α)*̃ȧɫɺ∗

÷ǕƚȘࡇ

*ȧɫɺ($ߝ, . . . ,$ǹ) ≤
ߝ

−ߝ ε
*̃ȧɫɺ($ߝ, . . . ,$ǹ)

≤ +ߝ) α)(ߝ+ ª(ε))*̃ȧɫɺ∗

≤ +ߝ) α)(ߝ+ ª(ε))(ߝ+ ε)*ȧɫɺ∗

= +ߝ ª(α+ ε)*ȧɫɺ∗

ߣߞ
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̐Ύ;;̥̐ϑ͖Ύ; ϑΎ ͱ˨χϑ ͱ̥̐ϑϟξ̥

vǀ ǕǞǃǕ ƇǞȒƚȘɯǞȩȘŏȀ ǃƚȩȒƚɾɟʿ Ǟɯ ɯȩ ƇǞǀǀƚɟƚȘɾ ǀɟȩȒ
ȀȩʶࡷƇǞȒƚȘɯǞȩȘŏȀ ǃƚȩȒƚɾɟ ʿࡈ ʶǕʿ Ǟɯ ƇǞȒƚȘɯǞȩȘŏȀǞɾʿ ɟƚƇʕżɾǞȩȘ
ɔȩɯɯǞųȀƚࡐ 4ȩƚɯȘ࢈ɾ �ȩǕȘɯȩȘࡷ�ǞȘƇƚȘɯɾɟŏʕɯɯ ɾƚȀȀ ʕɯ ɾǕŏɾ
ǕǞǃǕࡷƇǞȒƚȘɯǞȩȘŏȀ ǃƚȩȒƚɾɟʿ żŏȘ ųƚ ŏɔɔɟȩʾǞȒŏɾƚƇ ǞȘ Ȁȩʶ
ƇǞȒƚȘɯǞȩȘɯࡐ

ߤߞ



̐Ύ;;̥̐ϑ͖Ύ; ϑΎ ̙͖ͻ̥;χ͖Ύ;˨ͱ͖ϑІ ξ̥̙ϟ̐ϑ͖Ύ;

mŏɟƇ żŏɯƚࡇ ʾߝ, . . . , ʾȗ ∈ RƆ ŏɟƚ ŏȀȀ ȒʕɾʕŏȀȀʿ ȩɟɾǕȩǃȩȘŏȀ ʕȘǞɾ
ʲƚżɾȩɟɯࡇ

‖ʾǝ − ʾǱ‖ߞߞ = ߞ ǀȩɟ ŏȀȀ ǝ, Ǳࡏ

_ɟȩȒ ȩʕɟ ɟƚɯʕȀɾ ƚŏɟȀǞƚɟࡈ ǞȘ ª(Ȁȩǃȗ/εߞ) ƇǞȒƚȘɯǞȩȘɯࡈ ɾǕƚɟƚ ƚʾǞɯɾɯ
Ȁȩǃ·ߞª(εߞ ȗ/εߞ) ≥ ȗ ʕȘǞɾ ʲƚżɾȩɟɯ ɾǕŏɾ ŏɟƚ żȀȩɯƚ ɾȩ ȒʕɾʕŏȀȀʿ
ȩɟɾǕȩǃȩȘŏȀࡏ

ª(Ȁȩǃȗ/εߞ) ࣌ ǲʕɯɾ ƚȘȩʕǃǕ ƇǞȒƚȘɯǞȩȘɯࡏ

ߥߞ
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