
+ëࡷbĮ ߟߞߞߥ ࡇ4 �ƚżɾʕɟƚ ߟ
ëʕɟɔɟǞɯƚɯ ǞȘ mǞǃǕ 4ǞȒƚȘɯǞȩȘŏȀ bƚȩȒƚɾɟʿ

�ĮĆ ÷ŏȘƇȩȘ ëżǕȩȩȀ ȩǀ CȘǃǞȘƚƚɟǞȘǃࡈ Úɟȩǀࡏ +ǕɟǞɯɾȩɔǕƚɟ �ʕɯżȩ
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ϟ;͖͂І͖;͇ ϑ̥͑ͻ̥ Ύ͂ ϑ̥͑ ̐Ύϟξχ̥

mȩʶ Ƈȩ ʶƚ ƇƚŏȀ ʶǞɾǕ Ƈŏɾŏ ʲƚżɾȩɟɯ ǞȘ ǕǞǃǕ ƇǞȒƚȘɯǞȩȘɯࡐ

ࡄ áŏȘƇȩȒǞˌƚƇ ɯǺƚɾżǕǞȘǃ ࣹ ƇǞȒƚȘɯǞȩȘŏȀǞɾʿ ɟƚƇʕżɾǞȩȘࡏ
ࡄ �ȩżŏȀǞɾʿ ɯƚȘɯǞɾǞʲƚ ǕŏɯǕǞȘǃ ǀȩɟ ɯǞȒǞȀŏɟǞɾʿ ɯƚŏɟżǕࡏ
ࡄ vɾƚɟŏɾǞʲƚ ȒƚɾǕȩƇɯ ǀȩɟ ȩɔɾǞȒǞˌǞȘǃ ǀʕȘżɾǞȩȘɯ ɾǕŏɾ ƇƚɔƚȘƇ ȩȘ
ȒŏȘʿ ʲŏɟǞŏųȀƚɯࡏ

ࡄ ëģ4 ࣹ ȀȩʶࡷɟŏȘǺ ŏɔɔɟȩʾǞȒŏɾǞȩȘ ɾȩ ˙ȘƇ ŏȘƇ ʲǞɯʕŏȀǞˌƚ
ȀȩʶࡷƇǞȒƚȘɯǞȩȘŏȀ ɯɾɟʕżɾʕɟƚࡏ

ࡄ +ȩȘʲƚɟɾ Ȁŏɟǃƚ ǃɟŏɔǕɯ ɾȩ ǕǞǃǕ ƇǞȒƚȘɯǞȩȘŏȀ ʲƚżɾȩɟ Ƈŏɾŏࡏ

ߞ



ϻ͖χϟ˨ͱ͖В͖;͇ ͖͇͑͑ ̙͖ͻ̥;χ͖Ύ;˨ͱ ̙˨ϑ˨

°ǀɾƚȘ ʲǞɯʕŏȀǞˌƚ Ƈŏɾŏ ŏȘƇ ŏȀǃȩɟǞɾǕȒɯ ǞȘ ࡈߞࡈߝ ȩɟ ߟ ƇǞȒƚȘɯǞȩȘɯࡏ

ĦŏɟȘǞȘǃ ǀȩɟ ɾǕƚ ɟƚɯɾ ȩǀ ɾǕƚ ɯƚȒƚɯɾƚɟࡇ ɾǕƚɯƚ ǞȒŏǃƚɯ ŏɟƚ ɟŏɟƚȀʿ
ʲƚɟʿ ǞȘǀȩɟȒŏɾǞʲƚࡋ mǞǃǕࡷƇǞȒƚȘɯǞȩȘŏȀ ɯɔŏżƚ ȀȩȩǺɯ ʲƚɟʿ ƇǞǀǀƚɟƚȘɾ

ǀɟȩȒ ȀȩʶࡷƇǞȒƚȘɯǞȩȘŏȀ ɯɔŏżƚࡏ ߟ



Ύξϑ͑Ύ͇Ύ;˨ͱ ϻ̥̐ϑΎξχ

áƚżŏȀȀ ɾǕƚ ǞȘȘƚɟ ɔɟȩƇʕżɾ ųƚɾʶƚƚȘ ɾʶȩ Ɔ ƇǞȒƚȘɯǞȩȘŏȀ ʲƚżɾȩɟɯࡇ

〈ʺ, ʻ〉 = ʺîʻ = ʻîʺ =
Ɔ∑

ǝ=ߝ
ʺǝʻǝ

〈ʺ, ʻ〉 = żȩɯ(θ) · ߞ‖ʺ‖ · ‖ʻ‖࡙ߞ

ߠ

* f) s:/)
I

- -



Ύξϑ͑Ύ͇Ύ;˨ͱ ϻ̥̐ϑΎξχ

ĦǕŏɾ Ǟɯ ɾǕƚ Ȁŏɟǃƚɯɾ ɯƚɾ ȩǀ ȒʕɾʕŏȀȀʿ ȩɟɾǕȩǃȩȘŏȀ ʕȘǞɾ ʲƚżɾȩɟɯ
ʾߝ, . . . , ʾɺ ǞȘ ƆࡷƇǞȒƚȘɯǞȩȘŏȀ ɯɔŏżƚࡐ vࡏƚࡏ ʶǞɾǕ ǞȘȘƚɟ ɔɟȩƇʕżɾ

|ʾîǝ ʾǱ| = ߜ ǀȩɟ ŏȀȀ ǝࡈ Ǳࡏ

ߡ

d i s damns i o -

pt.EE ' ta .
Exactly D=.



Ύξϑ͑Ύ͇Ύ;˨ͱ ϻ̥̐ϑΎξχ

ĦǕŏɾ Ǟɯ ɾǕƚ Ȁŏɟǃƚɯɾ ɯƚɾ ȘƚŏɟȀʿ ȩɟɾǕȩǃȩȘŏȀ ʕȘǞɾ ʲƚżɾȩɟɯ ʾߝ, . . . , ʾɺ
ǞȘ ƆࡷƇǞȒƚȘɯǞȩȘŏȀ ɯɔŏżƚࡏ vࡏƚࡈࡏ ʶǞɾǕ ǞȘȘƚɟ ɔɟȩƇʕżɾ |ʾîǝ ʾǱ| ≤ ε ǀȩɟ

ŏȀȀ ǝࡈ Ǳࡏ

ߢ

q-. .
O '

a te.
T



Ύξϑ͑Ύ͇Ύ;˨ͱ ϻ̥̐ϑΎξχ

ĦǕŏɾ Ǟɯ ɾǕƚ Ȁŏɟǃƚɯɾ ɯƚɾ ȘƚŏɟȀʿ ȩɟɾǕȩǃȩȘŏȀ ʕȘǞɾ ʲƚżɾȩɟɯ ʾߝ, . . . , ʾɺ
ǞȘ ƆࡷƇǞȒƚȘɯǞȩȘŏȀ ɯɔŏżƚࡏ vࡏƚࡈࡏ ʶǞɾǕ ǞȘȘƚɟ ɔɟȩƇʕżɾ |ʾîǝ ʾǱ| ≤ ε ǀȩɟ

ŏȀȀ ǝࡈ Ǳࡏ

ࡏߝ Ɔ ࡏߞ Θ(Ɔ) ࡏߟ Θ(Ɔߞ) ࡏߠ Θ(Ɔ)ߞ

ߣ

E = . 0 1

O



Ύξϑ͑Ύ͇Ύ;˨ͱ ϻ̥̐ϑΎξχ

+ȀŏǞȒࡇ ÷Ǖƚɟƚ Ǟɯ ŏȘ ƚʾɔȩȘƚȘɾǞŏȀ ȘʕȒųƚɟ ࡈࡏƚࡏǞ ∼ Ɔߞ ȩǀ ȘƚŏɟȀʿ
ȩɟɾǕȩǃȩȘŏȀ ʕȘǞɾ ʲƚżɾȩɟɯ ǞȘ Ɔ ƇǞȒƚȘɯǞȩȘŏȀ ɯɔŏżƚࡏ

Úɟȩȩǀ ɯɾɟŏɾƚǃʿࡇ Ćɯƚ ɾǕƚ ÚɟȩųŏųǞȀǞɯɾǞż �ƚɾǕȩƇࡋ _ȩɟ ɺ = ª(ߞƆ)ࡈ
Ƈƚ˙Șƚ ŏ ɟŏȘƇȩȒ ɔɟȩżƚɯɯ ʶǕǞżǕ ǃƚȘƚɟŏɾƚɯ ɟŏȘƇȩȒ ʲƚżɾȩɟɯ
ʾߝ, . . . , ʾɺ ɾǕŏɾ ŏɟƚ ʕȘȀǞǺƚȀʿ ɾȩ Ǖŏʲƚ Ȁŏɟǃƚ ǞȘȘƚɟ ɔɟȩƇʕżɾࡏ

ࡏߝ +ȀŏǞȒ ɾǕŏɾࡈ ʶǞɾǕ ȘȩȘࡷˌƚɟȩ ɔɟȩųŏųǞȀǞɾ ʿࡈ |ʾîǝ ʾǱ| ≤ ε ǀȩɟ ŏȀȀ ǝࡈ Ǳࡏ
ࡏߞ +ȩȘżȀʕƇƚ ɾǕŏɾࡈ ɾǕƚɟƚ Ȓʕɯɾ ƚʾǞɯɾɯ ɯȩȒƚ ɯƚɾ ȩǀ ȘƚŏɟȀʿ
ȩɟɾǕȩǃȩȘŏȀ ʕȘǞɾ ʲƚżɾȩɟɯ ʶǞɾǕ ɾǕǞɯ ɔɟȩɔƚɟɾ ʿࡏ

ߤ



θξΎ̊˨͖̊ͱ͖χϑ͖̐ ͻ̥ϑ͑Ύ̙

+ȀŏǞȒࡇ ÷Ǖƚɟƚ Ǟɯ ŏȘ ƚʾɔȩȘƚȘɾǞŏȀ ȘʕȒųƚɟ ࡈࡏƚࡏǞ ∼ Ɔߞ ȩǀ ȘƚŏɟȀʿ
ȩɟɾǕȩǃȩȘŏȀ ʕȘǞɾ ʲƚżɾȩɟɯ ǞȘ Ɔ ƇǞȒƚȘɯǞȩȘŏȀ ɯɔŏżƚࡏ

Úɟȩȩǀࡇ �ƚɾ ʾߝ, . . . , ʾɺ ŏȀȀ Ǖŏʲƚ ǞȘƇƚɔƚȘƇƚȘɾ ɟŏȘƇȩȒ ƚȘɾɟǞƚɯࡈ ƚŏżǕ
ɯƚɾ ɾȩ ± √ߝ

Ɔ ʶǞɾǕ ƚɛʕŏȀ ɔɟȩųŏųǞȀǞɾ ʿࡏ

ࡄ ‖ʾǝ‖ߞ =

ࡄ E[ʾîǝ ʾǱ] =

ࡄ ģŏɟ[ʾîǝ ʾǱ] =

ߥ

←
(Ed.xilet)"-= (&..f )

" ' = 1 .
¥2,xile)x ; # O
T o p Yd 'Yd

4
Varlet,X i6 )x ;leg}= ¥,Varfxile)x ;le)]
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θξΎ̊˨͖̊ͱ͖χϑ͖̐ ͻ̥ϑ͑Ύ̙

�ƚɾ Ĳ = ʾîǝ ʾǱ =
∑Ɔ

ǝ=ߝ *ǝ ʶǕƚɟƚ ƚŏżǕ *ǝ Ǟɯ + ߝ
Ɔ ȩɟ −

ߝ
Ɔ ʶǞɾǕ ƚɛʕŏȀ

ɔɟȩųŏųǞȀǞɾ ʿࡏ

Ĳ Ǟɯ ŏ ɯʕȒ ȩǀ ȒŏȘʿ ǞࡏǞࡏƇࡏ ɟŏȘƇȩȒ ʲŏɟǞŏųȀƚɯࡈ ɯȩ ȀȩȩǺɯ
ŏɔɔɟȩʾǞȒŏɾƚȀʿ bŏʕɯɯǞŏȘࡏ áȩʕǃǕȀ ʿࡈ ʶƚ ƚʾɔƚżɾ ɾǕŏɾࡇ

Úɟ[|Ĳ− EĲ| ≥ α · σ] ≤ ª(ƙ−αߞ)

�ȩɾƚ ɾǕŏɾ ʶƚ żŏȘ ɾɟŏȘɯǀȩɟȒ ɾȩ ųǞȘŏɟʿ ɟŏȘƇȩȒ ʲŏɟǞŏųȀƚࡇ

Ĳ =
Ɔ∑

ǝ=ߝ
*ǝ =

ߞ
Ɔ

Ɔ∑

ǝ=ߝ

Ɔ
ߞ · *ǝ

=
ߞ
Ɔ ·
(
−Ɔߞ +

Ɔ∑

ǝ=ߝ
$ǝ

)

ʶǕƚɟƚ ƚŏżǕ $ǝ Ǟɯ ʕȘǞǀȩɟȒ ǞȘ ,ߜ} ࡏ{ߝ ߜߝ

O -

O .G= E y ,

' = E t d

- 1 1 0 (e-a-d)



θξΎ̊˨͖̊ͱ͖χϑ͖̐ ͻ̥ϑ͑Ύ̙

_ȩɟȒŏȀȀ ʿࡈ ʕɯǞȘǃ ŏ +ǕƚɟȘȩǀǀ ųȩʕȘƇࡇ

Úɟ[|Ĳ− EĲ| ≥ ε] ≤ ߟ/Ɔߞƙ−εߞ

_ȩɟ ŏȘʿ ǝ, Ǳ ɔŏǞɟࡈ Úɟ[|ʾîǝ ʾǱ| < ε] ≥ −ߝ .ߟ/Ɔߞƙ−εߞ

$ʿ ŏ ʕȘǞȩȘ ųȩʕȘƇࡇ

_ȩɟ ŏȀȀ ǝ, Ǳ ɔŏǞɟɯ ɯǞȒʕȀɾŏȘƚȩʕɯȀ ʿࡈ Úɟ[|ʾîǝ ʾǱ| < ε] ≥ −ߝ
(
ɺ
ߞ

)
· .ߟ/Ɔߞƙ−εߞ

ߝߝ

±
€

th. Ze-E'd1 3 z y ,

+ = I TH.FI/szz%0Et)2



Ύξϑ͑Ύ͇Ύ;˨ͱ ϻ̥̐ϑΎξχ

_ǞȘŏȀ ɟƚɯʕȀɾࡇ vȘ ƆࡷƇǞȒƚȘɯǞȩȘŏȀ ɯɔŏżƚࡈ ɾǕƚɟƚ ŏɟƚ (Ɔߞε)θߞ ʕȘǞɾ
ʲƚżɾȩɟɯ ʶǞɾǕ ŏȀȀ ɔŏǞɟʶǞɯƚ ǞȘȘƚɟ ɔɟȩƇʕżɾɯ ≤ εࡏ

+ȩɟȩȀȀŏɟʿࡇ �ȩɯɾ ɔŏǞɟɯ ȩǀ ɟŏȘƇȩȒ ʲƚżɾȩɟɯ ŏɟƚ ǀŏɟ ŏɔŏɟɾࡏ

ߞߝ

-

11×-2112<-2 llxllf.it/yllI-2Lx,y#
E

/ f t
= &



̐ϟξχ̥ Ύ͂ ̙͖ͻ̥;χ͖Ύ;˨ͱ͖ϑІ

+ʕɟɯƚ ȩǀ ƇǞȒƚȘɯǞȩȘŏȀǞɾʿࡇ ëʕɔɔȩɯƚ ʶƚ ʶŏȘɾ ɾȩ ʕɯƚ ƚࡏǃࡏ
ǹࡷȘƚŏɟƚɯɾ ȘƚǞǃǕųȩɟɯ ɾȩ ȀƚŏɟȘ ŏ ǀʕȘżɾǞȩȘ ȩɟ żȀŏɯɯǞǀʿ ɔȩǞȘɾɯ ǞȘ
RƆࡏ vǀ ȩʕɟ Ƈŏɾŏ ƇǞɯɾɟǞųʕɾǞȩȘ Ǟɯ ɾɟʕȀʿ ɟŏȘƇȩȒࡈ ʶƚ ɾʿɔǞżŏȀȀʿ ȘƚƚƇ
ŏȘ ƚʾɔȩȘƚȘɾǞŏȀ ŏȒȩʕȘɾ ȩǀ Ƈŏɾŏࡏ

÷Ǖƚ ƚʾǞɯɾƚȘżƚ ȩǀ Ȁȩʶƚɟ ƇǞȒƚȘɯǞȩȘŏȀ ɯɾɟʕżɾʕɟƚ Ǟɯ ȩʕɟ Ƈŏɾŏ Ǟɯ
ȩǀɾƚȘ ɾǕƚ ȩȘȀʿ ɟƚŏɯȩȘ ʶƚ żŏȘ Ǖȩɔƚ ɾȩ ȀƚŏɟȘࡏ

ߟߝ

• a

j
'EM, r

- o o
r



̐ϟξχ̥ Ύ͂ ̙͖ͻ̥;χ͖Ύ;˨ͱ͖ϑІ

�ȩʶࡷƇǞȒƚȘɯǞȩȘŏȀ ɯɾɟʕżɾʕɟƚࡏ

_ȩɟ ƚʾŏȒɔȀƚࡈ Ƈŏɾŏ ȀǞƚɯ ȩȘ ȀȩʶࡷƇǞȒƚȘɯǞȩȘŏȀ ɯʕųɯɔŏżƚࡈ ȩɟ Ƈȩƚɯ
ɯȩ ŏǀɾƚɟ ɾɟŏȘɯǀȩɟȒŏɾǞȩȘࡏ °ɟ ǀʕȘżɾǞȩȘ żŏȘ ųƚ ɟƚɔɟƚɯƚȘɾƚƇ ųʿ ŏ
ɟƚɯɾɟǞżɾƚƇ żȀŏɯɯ ȩǀ ǀʕȘżɾǞȩȘɯࡈ ȀǞǺƚ ȘƚʕɟŏȀ Șƚɾ ʶǞɾǕ ɯɔƚżǞ˙ż

ɯɾɟʕżɾʕɟƚࡏ

ߠߝ



ϟ;͖ϑ ̊˨ͱͱ ͖; ͖͇͑͑ ̙͖ͻ̥;χ͖Ύ;χ

�ƚɾ BƆ ųƚ ɾǕƚ ʕȘǞɾ ųŏȀȀ ǞȘ Ɔ ƇǞȒƚȘɯǞȩȘɯࡇ

BƆ = {ʾ ∈ RƆ : ‖ʾ‖ߞ ≤ .{ߝ

ĦǕŏɾ ɔƚɟżƚȘɾŏǃƚ ȩǀ ʲȩȀʕȒƚ ȩǀ BƆ ǀŏȀȀɯ ʶǞɾǕ ε ȩǀ Ǟɾɯ ɯʕɟǀŏżƚࡐ

ģȩȀʕȒƚ ȩǀ ɟŏƇǞʕɯ Ú ųŏȀȀ Ǟɯ πƆ/ߞ

(Ɔ/ߞ)! · ÚƆࡏ

ߡߝ

" '"'lik ¥i÷÷¥:"

①o
= (e)

E d



͖χΎθ̥ξ͖ͻ̥ϑξ͖̐ ͖;̥μϟ˨ͱ͖ϑІ

�ȀȀ ųʕɾ ŏȘ ƙΘ(−εƆ) ǀɟŏżɾǞȩȘ ȩǀ ŏ ʕȘǞɾ ųŏȀȀ࢈ɯ ʲȩȀʕȒƚ Ǟɯ ʶǞɾǕǞȘ ε ȩǀ
Ǟɾɯ ɯʕɟǀŏżƚࡏ

vɯȩɔƚɟǞȒƚɾɟǞż vȘƚɛʕŏȀǞɾʿࡇ ɾǕƚ ųŏȀȀ Ǖŏɯ ɾǕƚ ȒŏʾǞȒʕȒ ɯʕɟǀŏżƚ
ŏɟƚŏࡕʲȩȀʕȒƚ ɟŏɾǞȩ ȩǀ ŏȘʿ ɯǕŏɔƚࡏ

ࡄ vǀ ʶƚ ɟŏȘƇȩȒȀʿ ɯŏȒɔȀƚ ɔȩǞȘɾɯ ǀɟȩȒ ŏȘʿ ǕǞǃǕࡷƇǞȒƚȘɯǞȩȘŏȀ
ɯǕŏɔƚࡈ ȘƚŏɟȀʿ ŏȀȀ ʶǞȀȀ ǀŏȀȀ Șƚŏɟ Ǟɾɯ ɯʕɟǀŏżƚࡏ

ࡄ �ȀȀࢇ ɔȩǞȘɾɯ ŏɟƚ ȩʕɾȀǞƚɟɯ࢈ࡏ ߢߝ

-

€ 5 1
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͖;ϑϟ͖ϑ͖Ύ;

ࡇ4ߝ ɯʕɟǀŏżƚ żʕųƚɯɾȩɾŏȀ żʕųƚɯ =

ࡇ4ߞ ɯʕɟǀŏżƚ żʕųƚɯɾȩɾŏȀ żʕųƚɯ =

ࡇ4ߟ ɯʕɟǀŏżƚ żʕųƚɯɾȩɾŏȀ żʕųƚɯ =
ߣߝ

t

t €
• 2

• 3 6

10%52= . 4 9



χͱ͖̥̐χ Ύ͂ ϑ̥͑ ϟ;͖ϑ ̊˨ͱͱ

ĦǕŏɾ ɔƚɟżƚȘɾŏǃƚ ȩǀ ɾǕƚ ʲȩȀʕȒƚ ȩǀ BƆ ǀŏȀȀɯ ʶǞɾǕǞȘ ε ȩǀ Ǟɾɯ
ƚɛʕŏɾȩɟࡐ

ã = {ʾ ∈ BƆ : |ʾ(ߝ)| ≤ ε} ߤߝ

X(1) f i r s t entry

*



χͱ͖̥̐χ Ύ͂ ϑ̥͑ ϟ;͖ϑ ̊˨ͱͱ

ĦǕŏɾ ɔƚɟżƚȘɾŏǃƚ ȩǀ ɾǕƚ ʲȩȀʕȒƚ ȩǀ BƆ ǀŏȀȀɯ ʶǞɾǕǞȘ ε ȩǀ Ǟɾɯ
ƚɛʕŏɾȩɟࡐ �Șɯʶƚɟࡇ ŏȀȀ ųʕɾ ŏ (Ɔߞε−)Θߞ ǀɟŏżɾǞȩȘࡏ

$ʿ ɯʿȒȒƚɾɟ ʿࡈ ɾǕǞɯ Ǟɯ ɾɟʕƚ ǀȩɟ ŏȘʿ ƚɛʕŏɾȩɟࡇ
ãɾ = {ʾ ∈ BƆ : ʾîɾ ≤ ε}ࡏ ߥߝ

l



͖̊В˨ξξ̥ χ͑˨θ̥ Ύ͂ ϟ;͖ϑ ̊˨ͱͱ

ࡏߝ −ߝ) ƙΘ(−εƆ)) ǀɟŏżɾǞȩȘ ȩǀ ʲȩȀʕȒƚ ȀǞƚɯ ε żȀȩɯƚ ɾȩ ɯʕɟǀŏżƚࡏ
ࡏߞ −ߝ) ƙΘ(−εߞƆ)) ǀɟŏżɾǞȩȘ ȩǀ ʲȩȀʕȒƚ ȀǞƚɯ ε żȀȩɯƚ ɾȩ ŏȘʿ ƚɛʕŏɾȩɟࡏ

mǞǃǕࡷƇǞȒƚȘɯǞȩȘŏȀ ųŏȀȀ ȀȩȩǺɯ ȘȩɾǕǞȘǃ ȀǞǺƚ 4ߞ ųŏȀȀࡋ ߜߞ

•

Afl,1 1 1 A



̐Ύ;̥̐;ϑξ˨ϑ͖Ύ; ˨ϑ ̥μϟ˨ϑΎξ

+ȀŏǞȒࡇ �ȀȀ ųʕɾ ŏ ƙΘ(−εߞƆ) ǀɟŏżɾǞȩȘ ȩǀ ɾǕƚ ʲȩȀʕȒƚ ȩǀ ɾǕƚ ųŏȀȀ ǀŏȀȀɯ
ʶǞɾǕǞȘ ε ȩǀ Ǟɾɯ ƚɛʕŏɾȩɟࡏ

CɛʕǞʲŏȀƚȘɾࡇ vǀ ʶƚ Ƈɟŏʶ ŏ ɔȩǞȘɾ ʾ ɟŏȘƇȩȒȀʿ ǀɟȩȒ ɾǕƚ ʕȘǞɾ ųŏȀȀࡈ
|ʾ(ߝ)| ≤ ε ʶǞɾǕ ɔɟȩųŏųǞȀǞɾʿ ≥ −ߝ ƙΘ(−εߞƆ)ࡏ

ߝߞ

O

-
E



̐Ύ;̥̐;ϑξ˨ϑ͖Ύ; ˨ϑ ̥μϟ˨ϑΎξ

�ƚɾ ʶ = ʾ
‖ʾ‖ߞ ࡏ $ƚżŏʕɯƚ ‖ʾ‖ߞ ≤ ࡈߝ

Úɟ [|ʾ(ߝ)| ≤ ε] ≥ Úɟ [|ʶ(ߝ)| ≤ ε] .

mȩʶ żŏȘ ʶƚ ǃƚȘƚɟŏɾƚ ʶࡈ ʶǕǞżǕ Ǟɯ ŏ ɟŏȘƇȩȒ ʲƚżɾȩɟ ɾŏǺƚȘ ųʿ
ɯżŏȀǞȘǃ ŏ ɟŏȘƇȩȒ ʾ ∈ BƆࡐ vࡏƚࡈࡏ ŏ ɟŏȘƇȩȒ ʲƚżɾȩɟ ȩȘ ɾǕƚ ɯʕɟǀŏżƚ
ȩǀ ɾǕƚ ųŏȀȀࡐ

ߞߞ

t
-

- -

]X : [ w w . . . .

Unit10,1)u n i t(o,D



̐Ύ;̥̐;ϑξ˨ϑ͖Ύ; ˨ϑ ̥μϟ˨ϑΎξ

�ƚɾ ǃ ųƚ ŏ ɟŏȘƇȩȒ bŏʕɯɯǞŏȘ ʲƚżɾȩɟ ࡵ ƚŏżǕ ƚȘɾɟʿ Ǟɯ N ,ߜ) ࡏ(ߝ ëƚɾ
ʶ = ǃ/‖ǃ‖ࡏߞ

ࡄ E[‖ǃ‖ߞߞ] =

ࡄ Úɟ
[
|‖ǃ‖ߞߞ ≤ ߝ

[ߞߞ‖ǃ‖]Eߞ
]
≤ θ(Ɔ)−ߞ

ߟߞ

= O
-Eis,l a i t . . §! Effi)= d

I d
0

Rotationally Invariant



̐Ύ;̥̐;ϑξ˨ϑ͖Ύ; ˨ϑ ̥μϟ˨ϑΎξ

_ȩɟ −ߝ θ(Ɔ)−ߞ ǀɟŏżɾǞȩȘ ȩǀ ʲƚżɾȩɟɯ ǃࡈ ‖ǃ‖ߞ ≥
√
Ɔ/ࡏߞ +ȩȘƇǞɾǞȩȘ ȩȘ

ƚʲƚȘ ɾǕŏɾ ʶƚ ǃƚɾ ŏ ɟŏȘƇȩȒ ʲƚżɾȩɟ ǞȘ ɾǕǞɯ ɯƚɾࡏ

Úɟ [|ʶ(ߝ)| ≤ ε] = Úɟ
[
|ʶ(ߝ)| ·

√
Ɔ/ߞ ≤ ε ·

√
Ɔ/ߞ
]

≥ Úɟ
[
|ǃ(ߝ)| ≤ ε ·

√
Ɔ/ߞ
]

≥ −ߝ θߞ
(
−(ε·

√
Ɔ/ߞ(ߞ

)

áƚżŏȀȀࡇ ʶ = ǃ
‖ǃ‖ߞ ࡏ ëȩ ŏǀɾƚɟ żȩȘƇǞɾǞȩȘǞȘǃࡈ ʶƚ Ǖŏʲƚ ʶ ≤ ǃ√

Ɔ/ߞ
ࡏ

ߠߞ

-

- o o

71,20662dL

- = :
i



͖̊В˨ξξ̥ χ͑˨θ̥ Ύ͂ ϟ;͖ϑ ̊˨ͱͱ

ࡏߝ −ߝ) ƙΘ(−εƆ)) ǀɟŏżɾǞȩȘ ȩǀ ʲȩȀʕȒƚ ȀǞƚɯ ε żȀȩɯƚ ɾȩ ɯʕɟǀŏżƚࡏ
ࡏߞ −ߝ) ƙΘ(−εߞƆ)) ǀɟŏżɾǞȩȘ ȩǀ ʲȩȀʕȒƚ ȀǞƚɯ ε żȀȩɯƚ ɾȩ ŏȘʿ ƚɛʕŏɾȩɟࡏ

mǞǃǕࡷƇǞȒƚȘɯǞȩȘŏȀ ųŏȀȀ ȀȩȩǺɯ ȘȩɾǕǞȘǃ ȀǞǺƚ 4ߞ ųŏȀȀࡋ ߡߞ



͖͇͑͑ ̙͖ͻ̥;χ͖Ύ;˨ͱ ̐ϟ̥̊

�ƚɾ CƆ ųƚ ɾǕƚ ƆࡷƇǞȒƚȘɯǞȩȘŏȀ żʕųƚࡇ

CƆ = {ʾ ∈ RƆ : |ʾ(ǝ)| ≤ ߝ ∀ǝ}.

vȘ ɾʶȩ ƇǞȒƚȘɯǞȩȘɯࡈ ɾǕƚ żʕųƚ Ǟɯ ɔɟƚɾɾʿ ɯǞȒǞȀŏɟ ɾȩ ɾǕƚ ųŏȀȀࡏ

$ʕɾ ʲȩȀʕȒƚ ȩǀ CƆ Ǟɯ Ɔߞ ʶǕǞȀƚ ʲȩȀʕȒƚ ȩǀ ʕȘǞɾ ųŏȀȀ Ǟɯ
√
πƆ

(Ɔ/ߞ)! .

÷ǕǞɯ Ǟɯ ŏ Ǖʕǃƚ ǃŏɔࡋ +ʕųƚ Ǖŏɯ ª(Ɔ)ª(Ɔ) Ȓȩɟƚ ʲȩȀʕȒƚࡏ ߢߞ

f M E I . '
I { zed

O



͖͇͑͑ ̙͖ͻ̥;χ͖Ύ;˨ͱ ̐ϟ̥̊

ëȩȒƚ ȩɾǕƚɟ ʶŏʿɯ ɾȩ ɯƚƚ ɾǕƚɯƚ ɯǕŏɔƚɯ ŏɟƚ ʲƚɟʿ ƇǞǀǀƚɟƚȘɾࡇ

ࡄ Ȓŏʾʾ∈BƆ ‖ʾ‖ߞߞ =
ࡄ Ȓŏʾʾ∈CƆ ‖ʾ‖ߞߞ =

ߣߞ

I
d



͖͇͑͑ ̙͖ͻ̥;χ͖Ύ;˨ͱ ̐ϟ̥̊

ëȩȒƚ ȩɾǕƚɟ ʶŏʿɯ ɾȩ ɯƚƚ ɾǕƚɯƚ ɯǕŏɔƚɯ ŏɟƚ ʲƚɟʿ ƇǞǀǀƚɟƚȘɾࡇ

ࡄ Eʾ∼BƆ‖ʾ‖ߞߞ
ࡄ Eʾ∼CƆ‖ʾ‖ߞߞ =

ߤߞ

E I
IE,I E(unitC-l,1 )2 ) = d/z

I)) x 2 = t u EsI , = Is = OCD



͖͇͑͑ ̙͖ͻ̥;χ͖Ύ;˨ͱ ̐ϟ̥̊

�ȀȒȩɯɾ ŏȀȀ ȩǀ ɾǕƚ ʲȩȀʕȒƚ ȩǀ ɾǕƚ ʕȘǞɾ żʕųƚ ǀŏȀȀɯ ǞȘ Ǟɾɯ żȩɟȘƚɟɯࡈ
ŏȘƇ ɾǕƚɯƚ żȩɟȘƚɟɯ ȀǞƚ ǀŏɟ ȩʕɾɯǞƇƚ ɾǕƚ ʕȘǞɾ ųŏȀȀࡏ

ߥߞ

0



̐Ύ;;̥̐ϑ͖Ύ; ϑΎ;̥Ѕϑ ͱ̥̐ϑϟξ̥ࡇ ϑ̥͑ ͩΎ͑;χΎ;ࡷͱ͖;̙̥;χϑξ˨ϟχχ ͱ̥ͻͻ˨

4ƚɯɔǞɾƚ ŏȀȀ ɾǕǞɯ ʶŏɟȘǞȘǃ ɾǕŏɾ ȀȩʶࡷƇǞȒƚȘɯǞȩȘŏȀ ɯɔŏżƚ ȀȩȩǺɯ
ȘȩɾǕǞȘǃ ȀǞǺƚ ǕǞǃǕࡷƇǞȒƚȘɯǞȩȘŏȀ ɯɔŏżƚࡈ Șƚʾɾ Ȁƚżɾʕɟƚ ʶƚ ŏɟƚ ǃȩǞȘǃ
ɾȩ ȀƚŏɟȘ ŏųȩʕɾ ŏȘ ŏȀǃȩɟǞɾǕȒ ɾȩ żȩȒɔɟƚɯɯ ǕǞǃǕ ƇǞȒƚȘɯǞȩȘŏȀ
ʲƚżɾȩɟɯ ɾȩ Ȁȩʶ ƇǞȒƚȘɯǞȩȘɯࡏ

Ħƚ ʶǞȀȀ ųƚ ʲƚɟʿ żŏɟƚǀʕȀ Șȩɾ ɾȩ żȩȒɔɟƚɯɯ ɾǕǞȘǃɯ ɾȩȩ ǀŏɟࡏ ĦǕǞȀƚ ŏȘ
ƚʾɾɟƚȒƚȀʿ ɯǞȒɔȀƚ ȒƚɾǕȩƇ �ȩǕȘɯȩȘࡷ�ǞȘƇƚȘɯɾɟŏʕɯɯ ɔʕɯǕƚɯ ɟǞǃǕɾ
ʕɔ ɾȩ ɾǕƚ ƚƇǃƚ ȩǀ Ǖȩʶ ȒʕżǕ żȩȒɔɟƚɯɯǞȩȘ Ǟɯ ɔȩɯɯǞųȀƚࡏ

ߜߟ



̐Ύ;;̥̐ϑ͖Ύ; ϑΎ;̥Ѕϑ ͱ̥̐ϑϟξ̥ࡇ ϑ̥͑ ͩΎ͑;χΎ;ࡷͱ͖;̙̥;χϑξ˨ϟχχ ͱ̥ͻͻ˨

4ƚɯɔǞɾƚ ŏȀȀ ɾǕǞɯ ʶŏɟȘǞȘǃ ɾǕŏɾ ȀȩʶࡷƇǞȒƚȘɯǞȩȘŏȀ ɯɔŏżƚ ȀȩȩǺɯ
ȘȩɾǕǞȘǃ ȀǞǺƚ ǕǞǃǕࡷƇǞȒƚȘɯǞȩȘŏȀ ɯɔŏżƚࡈ Șƚʾɾ Ȁƚżɾʕɟƚ ʶƚ ŏɟƚ ǃȩǞȘǃ
ɾȩ ȀƚŏɟȘ ŏųȩʕɾ ŏȘ ŏȀǃȩɟǞɾǕȒ ɾȩ żȩȒɔɟƚɯɯ ǕǞǃǕ ƇǞȒƚȘɯǞȩȘŏȀ
ʲƚżɾȩɟɯ ɾȩ Ȁȩʶ ƇǞȒƚȘɯǞȩȘɯࡏ

Ħƚ ʶǞȀȀ ųƚ ʲƚɟʿ żŏɟƚǀʕȀ Șȩɾ ɾȩ żȩȒɔɟƚɯɯ ɾǕǞȘǃɯ ɾȩȩ ǀŏɟࡏ ĦǕǞȀƚ ŏȘ
ƚʾɾɟƚȒƚȀʿ ɯǞȒɔȀƚ ȒƚɾǕȩƇ �ȩǕȘɯȩȘࡷ�ǞȘƇƚȘɯɾɟŏʕɯɯ ɔʕɯǕƚɯ ɟǞǃǕɾ
ʕɔ ɾȩ ɾǕƚ ƚƇǃƚ ȩǀ Ǖȩʶ ȒʕżǕ żȩȒɔɟƚɯɯǞȩȘ Ǟɯ ɔȩɯɯǞųȀƚࡏ

ߝߟ



˨̙ͻ͖;͖χϑξ˨ϑ͖ϻ̥ ϑ͖͑;͇χ

ࡄ ëƚżȩȘƇ ɔɟȩųȀƚȒ ɯƚɾ ɔȩɯɾƚƇࡏ v ʶǞȀȀ ɟƚȀƚŏɯƚ ɯŏȒɔȀƚ
ɯȩȀʕɾǞȩȘɯ ɾȩ ɾǕƚ ˙ɟɯɾ ɯȩ ʿȩʕ Ǖŏʲƚ ŏ ųƚɾɾƚɟ ɯƚȘɯƚ ȩǀ
ƚʾɔƚżɾƚƇ ȀƚȘǃɾǕࡕɟǞǃȩɟࡏ

ࡄ áƚȒƚȒųƚɟ ɾȩ żȩȒɔȀƚɾƚ ɔȩȀȀ ǀȩɟ ɟƚŏƇǞȘǃ ǃɟȩʕɔ ɾǞȒƚࡏ
ࡄ v ʶǞȀȀ ųƚ ɔȩɯɾǞȘǃ ŏ ƇȩżʕȒƚȘɾ ʶǞɾǕ ǃʕǞƇŏȘżƚ ȩȘ ˙ȘƇǞȘǃ ŏ
ɔɟȩǲƚżɾ ɾȩɔǞżࡈ ŏȘƇ ɯȩȒƚ ɯʕǃǃƚɯɾƚƇ ɔŏɔƚɟɯ ɯǕȩɟɾȀ ʿࡏ

ߞߟ

bafxt.IE#-IFfo/
x3)Y=ECx23=1
fiIfKilx=lxIFxaJx
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Ͼ̥̥ͬͱІ μϟ͖В χΎͱϟϑ͖Ύ;χ

ߟߟ



Ͼ̥̥ͬͱІ μϟ͖В χΎͱϟϑ͖Ύ;χ

ߠߟ



Ͼ̥̥ͬͱІ μϟ͖В χΎͱϟϑ͖Ύ;χ

ߡߟ

c -
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Ͼ̥̥ͬͱІ μϟ͖В χΎͱϟϑ͖Ύ;χ

ߢߟ



Ͼ̥̥ͬͱІ μϟ͖В χΎͱϟϑ͖Ύ;χ

ߣߟ



Ͼ̥̥ͬͱІ μϟ͖В χΎͱϟϑ͖Ύ;χ

ߤߟ



Ͼ̥̥ͬͱІ μϟ͖В χΎͱϟϑ͖Ύ;χ

ߥߟ


