
+ëࡷbĮ ߟߞߞߥ ࡇ4 �ƚżɾʕɟƚ ߞ ëʕɔɔȀƚȒƚȘɾŏȀ
_ǞȘǞɯǕ �ǞȘmŏɯǕࡈ CʾɔȩȘƚȘɾǞŏȀ ÷ŏǞȀ $ȩʕȘƇɯ

�ĮĆ ÷ŏȘƇȩȘ ëżǕȩȩȀ ȩǀ CȘǃǞȘƚƚɟǞȘǃࡈ Úɟȩǀࡏ +ǕɟǞɯɾȩɔǕƚɟ �ʕɯżȩ

ߝ



χ̥ͬϑ͖̐͑;͇ ˨ͱ͇Ύξ͖ϑ͑ͻχ

�ųɯɾɟŏżɾ ŏɟżǕǞɾƚżɾʕɟƚ ȩǀ ŏ ɯǺƚɾżǕǞȘǃ ŏȀǃȩɟǞɾǕȒࡇ

ࡄ bǞʲƚȘ ŏ ǕǞǃǕ ƇǞȒƚȘɯǞȩȘŏȀ Ƈŏɾŏɯƚɾ 2 = Ɔߝ, . . . ,Ɔȗ ʶǞɾǕ ȗ
ɔǞƚżƚɯ ȩǀ Ƈŏɾŏ ƚŏżǕ ǞȘ RƆࡏ

ࡄ ëǺƚɾżǕ ɔǕŏɯƚࡇ _ȩɟ ƚŏżǕ ǝ ∈ ,ߝ . . . ,ȗࡈ żȩȒɔʕɾƚ ɫǝ = *(Ɔǝ)ࡈ
ʶǕƚɟƚ * Ǟɯ ɯȩȒƚ żȩȒɔɟƚɯɯǞȩȘ ǀʕȘżɾǞȩȘ ŏȘƇ ɫǝ ∈ Rǹ ǀȩɟ
ǹ" Ɔࡏ

ࡄ Úɟȩżƚɯɯ ɔǕŏɯƚࡇ Ćɯƚ Ȓȩɟƚ żȩȒɔŏżɾ Ƈŏɾŏɯƚɾ ɫߝ, . . . , ɫȗ ɾȩ
ŏɔɔɟȩʾǞȒŏɾƚȀʿ żȩȒɔʕɾƚ ɯȩȒƚɾǕǞȘǃ ŏųȩʕɾ ࡏ2

ëǺƚɾżǕǞȘǃ ɔǕŏɯƚ Ǟɯ ƚŏɯǞȀʿ
ƇǞɯɾɟǞųʕɾƚƇࡈ ɔŏɟŏȀȀƚȀǞˌƚƇࡈ ƚɾżࡏ
$ƚɾɾƚɟ ɯɔŏżƚ żȩȒɔȀƚʾǞɾ ʿࡈ
żȩȒȒʕȘǞżŏɾǞȩȘ żȩȒɔȀƚʾǞɾ ʿࡈ
ɟʕȘɾǞȒƚࡈ ŏȀȀ ŏɾ ȩȘżƚࡏ
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χ͖ͻ͖ͱ˨ξ͖ϑІ ̥χϑ͖ͻ˨ϑ͖Ύ;

mȩʶ Ƈȩƚɯ ëǕŏˌŏȒ ȒŏɾżǕ ŏ ɯȩȘǃ żȀǞɔ ŏǃŏǞȘɯɾ ŏ ȀǞųɟŏɟʿ ȩǀ ߤ
ȒǞȀȀǞȩȘ ɯȩȘǃɯ ߞߟ ÷$ ȩǀ Ƈŏɾŏ ǞȘ ŏ ǀɟŏżɾǞȩȘ ȩǀ ŏ ɯƚżȩȘƇࡐ

ëɔƚżɾɟȩǃɟŏȒ ƚʾɾɟŏżɾƚƇ
ǀɟȩȒ ŏʕƇǞȩ żȀǞɔࡏ

ÚɟȩżƚɯɯƚƇ ɯɔƚżɾɟȩǃɟŏȒࡇ
ʕɯƚƇ ɾȩ żȩȘɯɾɟʕżɾ ŏʕƇǞȩ
ࢆȘǃƚɟɔɟǞȘɾ˙ࢅ ɛ ∈ ,ߜ} ࡏƆ{ߝ

CŏżǕ żȀǞɔ Ǟɯ ɟƚɔɟƚɯƚȘɾƚƇ ųʿ ŏ ǕǞǃǕ ƇǞȒƚȘɯǞȩȘŏȀ ųǞȘŏɟʿ ʲƚżɾȩɟ ɛࡏ

wߟ



χ͖ͻ͖ͱ˨ξ͖ϑІ ̥χϑ͖ͻ˨ϑ͖Ύ;

bǞʲƚȘ ɛࡈ ˙ȘƇ ŏȘʿ Șƚŏɟųʿ ࢆȘǃƚɟɔɟǞȘɾ˙ࢅ ʿ ǞȘ ŏ Ƈŏɾŏųŏɯƚ ࡵ Ǟࡏƚࡏ ŏȘʿ
ʿ ʶǞɾǕ ƇǞɯɾ(ʿ,ɛ) ɯȒŏȀȀࡏ

+ǕŏȀȀƚȘǃƚɯࡇ

ࡄ 4ŏɾŏųŏɯƚ Ǟɯ ɔȩɯɯǞųȀʿ Ǖʕǃƚࡇ ª(ȗƆ) ųǞɾɯࡏ
ࡄ CʾɔƚȘɯǞʲƚ ɾȩ żȩȒɔʕɾƚ ƇǞɯɾ(ʿ,ɛ)ࡇ ª(Ɔ) ɾǞȒƚࡏ

ߠ



χ͖ͻ͖ͱ˨ξ͖ϑІ ̥χϑ͖ͻ˨ϑ͖Ύ;

bȩŏȀࡇ 4ƚɯǞǃȘ ŏ Ȓȩɟƚ żȩȒɔŏżɾ ɯǺƚɾżǕ ǀȩɟ żȩȒɔŏɟǞȘǃ
ɛ, ʿ ∈ ,ߜ} ࡏƆ{ߝ vƇƚŏȀȀʿ" Ɔ ɯɔŏżƚࡕɾǞȒƚ żȩȒɔȀƚʾǞɾ ʿࡏ

*(ɛ) ∈ Rǹ

*(ʿ) ∈ Rǹ

mȩȒȩȒȩɟɔǕǞż +ȩȒɔɟƚɯɯǞȩȘࡇ

*(ɛ) ɯǕȩʕȀƇ ųƚ ɯǞȒǞȀŏɟ ɾȩ *(ʿ) Ǟǀ ɛ Ǟɯ ɯǞȒǞȀŏɟ ɾȩ ʿࡏ
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ͩ˨̐̐˨ξ̙ χ͖ͻ͖ͱ˨ξ͖ϑІ

4ƚ˙ȘǞɾǞȩȘ �ŏżżŏɟƇ ëǞȒǞȀŏɟǞɾʿ

�(ɛ, ʿ) = |ɛ ∩ ʿ|
|ɛ ∪ ʿ| =

ࡍ ȩǀ ȘȩȘࡷˌƚɟȩ ƚȘɾɟǞƚɯ ǞȘ żȩȒȒȩȘ
ɾȩɾŏȀ ࡍ ȩǀ ȘȩȘࡷˌƚɟȩ ƚȘɾɟǞƚɯ

�ŏɾʕɟŏȀ ɯǞȒǞȀŏɟǞɾʿ Ȓƚŏɯʕɟƚ ǀȩɟ ųǞȘŏɟʿ ʲƚżɾȩɟɯࡏ ߜ ≤ �(ɛ, ʿ) ≤ ࡏߝ

+ŏȘ ųƚ ŏɔɔȀǞƚƇ ɾȩ ŏȘʿ Ƈŏɾŏ ʶǕǞżǕ Ǖŏɯ ŏ ȘŏɾʕɟŏȀ ųǞȘŏɟʿ
ɟƚɔɟƚɯƚȘɾŏɾǞȩȘ Ȓȩɟƚ ɾǕŏȘ ʿȩʕ ȒǞǃǕɾ ɾǕǞȘǺࡏ
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ͩ˨̐̐˨ξ̙ χ͖ͻ͖ͱ˨ξ͖ϑІ ͂Ύξ ̙Ύ̐ϟͻ̥;ϑ ̐Ύͻθ˨ξ͖χΎ;

ࢆʶȩɟƇɯࡷȩǀࡷŏǃ$ࢅ ȒȩƇƚȀࡇ

mȩʶ ȒŏȘʿ ʶȩɟƇɯ Ƈȩ ŏ ɔŏǞɟ ȩǀ ƇȩżʕȒƚȘɾɯ Ǖŏʲƚ ǞȘ żȩȒȒȩȘࡐ
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ͩ˨̐̐˨ξ̙ χ͖ͻ͖ͱ˨ξ͖ϑІ ͂Ύξ ̙Ύ̐ϟͻ̥;ϑ ̐Ύͻθ˨ξ͖χΎ;

ࢆʶȩɟƇɯࡷȩǀࡷŏǃ$ࢅ ȒȩƇƚȀࡇ

mȩʶ ȒŏȘʿ ųǞǃɟŏȒɯ Ƈȩ ŏ ɔŏǞɟ ȩǀ ƇȩżʕȒƚȘɾɯ Ǖŏʲƚ ǞȘ żȩȒȒȩȘࡐ

ߤ



˨θθͱ͖̐˨ϑ͖Ύ;χࡇ ̙Ύ̐ϟͻ̥;ϑ χ͖ͻ͖ͱ˨ξ͖ϑІ

ࡄ _ǞȘƇǞȘǃ ƇʕɔȀǞżŏɾƚ ȩɟ Șƚʶ ƇʕɔȀǞżŏɾƚ ƇȩżʕȒƚȘɾɯ ȩɟ
ʶƚųɔŏǃƚɯࡏ

ࡄ +ǕŏȘǃƚ ƇƚɾƚżɾǞȩȘ ǀȩɟ ǕǞǃǕࡷɯɔƚƚƇ ʶƚų żŏżǕƚɯࡏ
ࡄ _ǞȘƇǞȘǃ ȘƚŏɟࡷƇʕɔȀǞżŏɾƚ ƚȒŏǞȀɯ ȩɟ żʕɯɾȩȒƚɟ ɟƚʲǞƚʶɯ ʶǕǞżǕ
żȩʕȀƇ ǞȘƇǞżŏɾƚ ɯɔŏȒࡏ

°ɾǕƚɟ ɾʿɔƚɯ ȩǀ Ƈŏɾŏ ʶǞɾǕ ŏ ȘŏɾʕɟŏȀ ųǞȘŏɟʿ ɟƚɔɟƚɯƚȘɾŏɾǞȩȘࡐ

ߥ



χ͖ͻ͖ͱ˨ξ͖ϑІ ̥χϑ͖ͻ˨ϑ͖Ύ;

bȩŏȀࡇ 4ƚɯǞǃȘ ŏ żȩȒɔŏżɾ ɯǺƚɾżǕ * : ,ߜ} {ߝ → Rǹࡇ

mȩȒȩȒȩɟɔǕǞż +ȩȒɔɟƚɯɯǞȩȘࡇ ĦŏȘɾ ɾȩ ʕɯƚ *(ɛ), *(ʿ) ɾȩ
ŏɔɔɟȩʾǞȒŏɾƚȀʿ żȩȒɔʕɾƚ ɾǕƚ �ŏżżŏɟƇ ɯǞȒǞȀŏɟǞɾʿ �(ɛ, ʿ)ࡏ

ߜߝ
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ͻ͖;͑˨χ͑

�ǞȘmŏɯǕ ࡈɟȩƇƚɟ$ ࡇߣߥ࢈

ࡄ +Ǖȩȩɯƚ ǹ ɟŏȘƇȩȒ ǕŏɯǕ ǀʕȘżɾǞȩȘɯ
ǔߝ, . . . ,ǔǹ : ,ߝ} . . . ,ȗ} → ,ߜ] ࡏ[ߝ

ࡄ _ȩɟ ǝ ∈ ,ߝ . . . , ǹࡈ Ȁƚɾ żǝ = ȒǞȘǱ,ɛǱ=ߝ ǔǝ(Ǳ)ࡏ
ࡄ *(ɛ) = [żߝ, . . . , żǹ]ࡏ
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ͻ͖;͑˨χ͑

ࡄ +Ǖȩȩɯƚ ǹ ɟŏȘƇȩȒ ǕŏɯǕ ǀʕȘżɾǞȩȘɯ
ǔߝ, . . . ,ǔǹ : ,ߝ} . . . ,ȗ} → ,ߜ] ࡏ[ߝ

ࡄ _ȩɟ ǝ ∈ ,ߝ . . . , ǹࡈ Ȁƚɾ żǝ = ȒǞȘǱ,ɛǱ=ߝ ǔǝ(Ǳ)ࡏ
ࡄ *(ɛ) = [żߝ, . . . , żǹ]ࡏ

ߞߝ
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ͻ͖;͑˨χ͑ ˨;˨ͱІχ͖χ

+ȀŏǞȒࡇ Úɟ[żǝ(ɛ) = żǝ(ʿ)] = �(ɛ, ʿ)ࡏ
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ͻ͖;͑˨χ͑ ˨;˨ͱІχ͖χ

+ȀŏǞȒࡇ Úɟ[żǝ(ɛ) = żǝ(ʿ)] = �(ɛ, ʿ)ࡏ

Cʲƚɟʿ ȘȩȘࡷˌƚɟȩ ǞȘƇƚʾ ǞȘ ɛ ∪ ʿ Ǟɯ ƚɛʕŏȀȀʿ ȀǞǺƚȀʿ ɾȩ ɔɟȩƇʕżƚ ɾǕƚ
Ȁȩʶƚɯɾ ǕŏɯǕ ʲŏȀʕƚࡏ żǝ(ɛ) = żǝ(ʿ) ȩȘȀʿ Ǟǀ ɾǕǞɯ ǞȘƇƚʾ Ǟɯ ߝ ǞȘ ųȩɾǕ ɛ
ŏȘƇ ʿࡏ ÷Ǖƚɟƚ ŏɟƚ ɛ ∩ ʿ ɯʕżǕ ǞȘƇǞżƚɯࡏ ëȩࡇ

Úɟ[żǝ(ɛ) = żǝ(ʿ)] =
ɛ ∩ ʿ
ɛ ∪ ʿ = �(ɛ, ʿ)

ߠߝ
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ͻ͖;͑˨χ͑ ˨;˨ͱІχ͖χ

áƚɾʕɟȘࡇ �̃ = ߝ
ǹ
∑ǹ

ǝ=ߝ [żǝ(ɛ) = żǝ(ʿ)]ࡏ

ĆȘųǞŏɯƚƇ ƚɯɾǞȒŏɾƚ ǀȩɟ �ŏżżŏɟƇ ɯǞȒǞȀŏɟǞɾʿࡇ

Ẽ� =

÷Ǖƚ Ȓȩɟƚ ɟƚɔƚɾǞɾǞȩȘɯࡈ ɾǕƚ Ȁȩʶƚɟ ɾǕƚ ʲŏɟǞŏȘżƚࡏ
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ͻ͖;͑˨χ͑ ˨;˨ͱІχ͖χ

�ƚɾ � = �(ɛ, ʿ) ƇƚȘȩɾƚ ɾǕƚ ɾɟʕƚ �ŏżżŏɟƇ ɯǞȒǞȀŏɟǞɾ ʿࡏ

CɯɾǞȒŏɾȩɟࡇ �̃ = ߝ
ǹ
∑ǹ

ǝ=ߝ [żǝ(ɛ) = żǝ(ʿ)]ࡏ

ģŏɟ[̃�] =

ÚȀʕǃ ǞȘɾȩ +ǕƚųʿɯǕƚʲ ǞȘƚɛʕŏȀǞɾ ʿࡏ mȩʶ Ȁŏɟǃƚ Ƈȩƚɯ ǹ ȘƚƚƇ ɾȩ ųƚ
ɯȩ ɾǕŏɾ ʶǞɾǕ ɔɟȩųŏųǞȀǞɾʿ > −ߝ δࡇ

|�− �̃| ≤ ε?

ߢߝ
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ͻ͖;͑˨χ͑ ˨;˨ͱІχ͖χ

+ǕƚųʿɯǕƚʲ ǞȘƚɛʕŏȀǞɾʿࡇ �ɯ ȀȩȘǃ ŏɯ ǹ = ª
( ߝ
εߞδ

)
ࡈ ɾǕƚȘ ʶǞɾǕ ɔɟȩųࡏ

−ߝ δࡈ

�(ɛ, ʿ)− ε ≤ �̃ (*(ɛ), *(ʿ)) ≤ �(ɛ, ʿ) + ε.

�ȘƇ �̃ ȩȘȀʿ ɾŏǺƚɯ ª(ǹ) ɾǞȒƚ ɾȩ żȩȒɔʕɾƚࡋ vȘƇƚɔƚȘƇƚȘɾ ȩǀ
ȩɟǞǃǞȘŏȀ ˙ȘǃƚɟɔɟǞȘɾ ƇǞȒƚȘɯǞȩȘ Ɔࡏ

mȩʶƚʲƚɟࡈ ŏ ȀǞȘƚŏɟ ƇƚɔƚȘƇƚȘżƚ ȩȘ ߝ
δ Ǟɯ Șȩɾ ǃȩȩƇࡋ ëʕɔɔȩɯƚ ʶƚ

Ǖŏʲƚ ŏ Ƈŏɾŏųŏɯƚ ȩǀ ȗ ɯȩȘǃɯ ɯȀǞɔɯࡈ ŏȘƇ ëǕŏˌŏȒ ʶŏȘɾɯ ɾȩ ƚȘɯʕɟƚ
ɾǕƚ ɯǞȒǞȀŏɟǞɾʿ ųƚɾʶƚƚȘ ŏ ɛʕƚɟʿ ɛ ŏȘƇ ƚʲƚɟʿ ɯȩȘǃ żȀǞɔ ʿ Ǟɯ
ŏɔɔɟȩʾǞȒŏɾƚƇ ʶƚȀȀࡏ

Ħƚ ʶȩʕȀƇ ȘƚƚƇ δ ≈ ࡏȗ/ߝ vࡏƚࡏ ȩʕɟ żȩȒɔɟƚɯɯǞȩȘ ȘƚƚƇ ɾȩ ʕɯƚ
ǹ = ª(ȗ/εߞ) ƇǞȒƚȘɯǞȩȘɯࡈ ʶǕǞżǕ Ǟɯ ǀŏɟ ɾȩȩ Ȁŏɟǃƚࡋ
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̥̊ІΎ;̙ ̥̐͑̊Іχ̥͑ϻ

�ȩɾǞʲŏɾǞȘǃ ɛʕƚɯɾǞȩȘࡇ vɯ +ǕƚųʿɯǕƚʲ࢈ɯ vȘƚɛʕŏȀǞɾʿ ɾǞǃǕɾࡐ

ߥߥࡷߡߥࡷߤߢ ɟʕȀƚ ǀȩɟ bŏʕɯɯǞŏȘ ųƚȀȀࡷżʕɟʲƚࡏ ĭ ∼ (ߞσ,ߜ)�

+ǕƚųʿɯǕƚʲ࢈ɯ vȘƚɛʕŏȀǞɾʿࡇ
Úɟ (|Ĥ− E[Ĥ]| ≥ (σߝ ≤ %ߜߜߝ
Úɟ (|Ĥ− E[Ĥ]| ≥ (σߞ ≤ %ߡߞ
Úɟ (|Ĥ− E[Ĥ]| ≥ (σߟ ≤ %ߝߝ
Úɟ (|Ĥ− E[Ĥ]| ≥ (σߠ ≤ .%ߢ

÷ɟʕɾǕࡇ
Úɟ (|Ĥ− E[Ĥ]| ≥ (σߝ ≈ %ߞߟ
Úɟ (|Ĥ− E[Ĥ]| ≥ (σߞ ≈ %ߡ
Úɟ (|Ĥ− E[Ĥ]| ≥ (σߟ ≈ %ߝ
Úɟ (|Ĥ− E[Ĥ]| ≥ (σߠ ≈ %ߝߜ. ߤߝ
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͇˨ϟχχ͖˨; ̐Ύ;̥̐;ϑξ˨ϑ͖Ύ;

_ȩɟ Ĥ ∼ N (µ,σߞ)ࡇ

Úɟ[Ĥ = µ± ʺ] = ߝ
σ
√
πߞ
ƚ−ʾߞ/ߞσߞ

�ƚȒȒŏ bʕŏɯɯǞŏȘ ÷ŏǞȀ $ȩʕȘƇ
]ȧɛ Ĥ ∼ N (µ,σߞ)ࡋ

Úɟ[|Ĥ− EĤ| ≥ α · σ] ≤ ª(ƙ−αߞ/ߞ).

ëɾŏȘƇŏɟƇ ʻࡷɯżŏȀƚࡏ �ȩǃŏɟǞɾǕȒǞż ʻࡷɯżŏȀƚࡏ ߥߝ
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͇˨ϟχχ͖˨; ̐Ύ;̥̐;ϑξ˨ϑ͖Ύ;

÷ŏǺƚŏʶŏʿࡇ bŏʕɯɯǞŏȘ ɟŏȘƇȩȒ ʲŏɟǞŏųȀƚɯ żȩȘżƚȘɾɟŏɾƚ ȒʕżǕ
ɾǞǃǕɾƚɟ ŏɟȩʕȘƇ ɾǕƚǞɟ ƚʾɔƚżɾŏɾǞȩȘ ɾǕŏȘ ʲŏɟǞŏȘżƚ ŏȀȩȘƚ ɔɟƚƇǞżɾɯࡏ

ĦǕʿ Ƈȩƚɯ ɾǕǞɯ Ȓŏɾɾƚɟ ǀȩɟ ŏȀǃȩɟǞɾǕȒ ƇƚɯǞǃȘࡐ

ߜߞ



̥̐;ϑξ˨ͱ ͱ͖ͻ͖ϑ ϑ̥͑Ύξ̥ͻ

÷ǕƚȩɟƚȒ ÷�+ ࡵ vȘǀȩɟȒŏȀ
�ȗʻ ɫʑȑ ȧƿ ǝȗƆƙɑƙȗƆƙȗɺࡌ ǝƆƙȗɺǝżŏǿǿʻࡧ ƆǝɫɺɛǝųʑɺƙƆࡨ ɛࡒʮࢊࡒɫ
Ĥߝ, . . . , Ĥǹ ʲǝɺǔ ȑƙŏȗ µ ŏȗƆ ˛ȗǝɺƙ ʮŏɛǝŏȗżƙ σߞ żȧȗʮƙɛǂƙɫ ɺȧ ŏ
`ŏʑɫɫǝŏȗ ɛࡒʮࡒ ʲǝɺǔ ȑƙŏȗ ǹ · µ ŏȗƆ ʮŏɛǝŏȗżƙ ǹ · σࡌߞ ŏɫ ǹ→ ࡒ∞

ã =
ȗ∑

ǝ=ߝ
Ĥǝ =⇒ N (ǹ · µ, ǹ · σߞ).

ߝߞ

-

a

h



͖;̙̥θ̥;̙̥;̥̐

4ƚ˙ȘǞɾǞȩȘ �ʕɾʕŏȀ vȘƇƚɔƚȘƇƚȘżƚ
áŏȘƇȩȒ ʲŏɟǞŏųȀƚɯ Ĥߝ, . . . , Ĥǹ ŏɟƚ ȒʕɾʕŏȀȀʿ ǞȘƇƚɔƚȘƇƚȘɾ Ǟǀࡈ ǀȩɟ
ŏȀȀ ɔȩɯɯǞųȀƚ ʲŏȀʕƚɯ ʮߝ, . . . , ʮǹࡈ

Úɟ[Ĥߝ = ʮߝ, . . . , Ĥǹ = ʮǹ] = Úɟ[Ĥߝ = ʮߝ] · . . . · Úɟ[Ĥǹ = ʮǹ]

ëɾɟǞżɾȀʿ ɯɾɟȩȘǃƚɟ ɾǕŏȘ ɔŏǞɟʶǞɯƚ ǞȘƇƚɔƚȘƇƚȘżƚࡏ

ߞߞ



̥Ѕ̥ξ͖̐χ̥

Įȩʕ Ǖŏʲƚ ŏżżƚɯɯ ɾȩ ŏ żȩǞȘ ŏȘƇ ʶŏȘɾ ɾȩ ƇƚɾƚɟȒǞȘƚ Ǟǀ Ǟɾ࢈ɯ εࡷżȀȩɯƚ ɾȩ
ʕȘųǞŏɯƚƇࡏ ÷ȩ Ƈȩ ɯȩࡈ ʿȩʕ ˚Ǟɔ ɾǕƚ żȩǞȘ ɟƚɔƚŏɾƚƇȀʿ ŏȘƇ żǕƚżǺ ɾǕŏɾ ɾǕƚ
ɟŏɾǞȩ ȩǀ ǕƚŏƇɯ ˚Ǟɔɯ Ǟɯ ųƚɾʶƚƚȘ −ߞ/ߝ ε ŏȘƇ +ߞ/ߝ εࡏ vǀ Ǟɾ Ǟɯ Șȩɾࡈ ʿȩʕ
ɟƚǲƚżɾ ɾǕƚ żȩǞȘ ŏɯ ȩʲƚɟȀʿ ųǞŏɯƚƇࡏ

ŏ mȩʶ ȒŏȘʿ ˚Ǟɔɯ ǹ ŏɟƚ ɟƚɛʕǞɟƚƇ ɯȩ ɾǕŏɾࡈ ʶǞɾǕ ɔɟȩųŏųǞȀǞɾʿ −ߝ) δ)ࡈ
ʿȩʕ Ƈȩ Șȩɾ ŏżżǞƇƚȘɾŏȀȀʿ ɟƚǲƚżɾ ŏ ɾɟʕȀʿ ʕȘųǞŏɯƚƇ żȩǞȘࡐ ÷Ǖƚ
ɯȩȀʕɾǞȩȘ ʶǞɾǕ ƇƚɔƚȘƇ ȩȘ ε ŏȘƇ δࡏ

_ȩɟ ɾǕǞɯ ɔɟȩųȀƚȒࡈ ʶƚ ʶǞȀȀ ŏɯɯʕȒƚ ɾǕƚ +�÷ ǕȩȀƇɯ ƚʾŏżɾȀʿ ǀȩɟ ŏ ɯʕȒ ȩǀ
ǞȘƇƚɔƚȘƇƚȘɾ ɟŏȘƇȩȒ ʲŏɟǞŏųȀƚɯ ࡵ Ǟࡏƚࡈࡏ ɾǕŏɾ ɾǕǞɯ ɯʕȒ ȀȩȩǺɯ ƚʾŏżɾȀʿ ȀǞǺƚ
ŏ bŏʕɯɯǞŏȘ ɟŏȘƇȩȒ ʲŏɟǞŏųȀƚࡏ
�ƚȒȒŏ bʕŏɯɯǞŏȘ ÷ŏǞȀ $ȩʕȘƇ
]ȧɛ Ĥ ∼ N (µ,σߞ)ࡋ

Úɟ[|Ĥ− EĤ| ≥ α · σ] ≤ ª(ƙ−αߞ/ߞ).
ߟߞ

- . . .

a
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μϟ˨;ϑ͖ϑ˨ϑ͖ϻ̥ ϻ̥ξχ͖Ύ;χ Ύ͂ ϑ̥͑ ̐ͱϑ

÷Ǖƚɯƚ ųŏżǺࡷȩǀࡷɾǕƚࡷƚȘʲƚȀȩɔ żŏȀżʕȀŏɾǞȩȘɯ żŏȘ ųƚ ȒŏƇƚ
ɟǞǃȩɟȩʕɯࡋ �ȩɾɯ ȩǀ ƇǞǀǀƚɟƚȘɾ ࢆʲƚɟɯǞȩȘɯࢅ ȩǀ ųȩʕȘƇ ʶǕǞżǕ Ƈȩ ɯȩࡏ

ࡄ +ǕƚɟȘȩǀǀ ųȩʕȘƇ
ࡄ $ƚɟȘɯɾƚǞȘ ųȩʕȘƇ
ࡄ mȩƚǀǀƇǞȘǃ ųȩʕȘƇ
ࡄ . . .

4ǞǀǀƚɟƚȘɾ ŏɯɯʕȒɔɾǞȩȘɯ ȩȘ ɟŏȘƇȩȒ ʲŏɟǞųȀƚɯ ࡏǃࡏƚ ųǞȘŏɟ ʿࡈ
ųȩʕȘƇƚƇࡈ ǞࡏǞࡏƇࡈ ƇǞǀǀƚɟƚȘɾ ǀȩɟȒɯ ŏƇƇǞɾǞʲƚ ʲɯࡏ ȒʕȀɾǞɔȀǞżŏɾǞʲƚ

ƚɟɟȩɟࡈ ƚɾżࡏ ĦǞǺǞɔƚƇǞŏ Ǟɯ ʿȩʕɟ ǀɟǞƚȘƇࡏ

ߡߞ

=

-



μϟ˨;ϑ͖ϑ˨ϑ͖ϻ̥ ϻ̥ξχ͖Ύ;χ Ύ͂ ϑ̥͑ ̐ͱϑ

÷ǕƚȩɟƚȒ ǕƚɟȘȩǀǀ+ $ȩʕȘƇ
�ƙɺ Ĥߝ, Ĥߞ, . . . , Ĥǹ ųƙ ǝȗƆƙɑƙȗƆƙȗɺ ,ߜ} ʮŏǿʑƙƆࡹ{ߝ ɛŏȗƆȧȑ
ʮŏɛǝŏųǿƙɫ ŏȗƆ ǿƙɺ ɑǝ = E[Ĥǝ]ࡌ ʲǔƙɛƙ ߜ < ɑǝ < ࡒߝ îǔƙȗ ɺǔƙ ɫʑȑ
ã =

∑ǹ
ǝ=ߝ Ĥǝࡌ ʲǔǝżǔ ǔŏɫ ȑƙŏȗ µ =

∑ǹ
ǝ=ߝ ɑǝࡌ ɫŏɺǝɫ˛ƙɫ

Úɟ[ã ≥ +ߝ) ε)µ] ≤ ƙ
−εߞµ
ε+ߞ .

ŏȗƆ ƿȧɛ ߜ < ε < ߝ

Úɟ[ã ≤ −ߝ) ε)µ] ≤ ƙ
−εߞµ
ߞ .

ߢߞ

=
- -

a s -

µ = ECs]
- - -

-



μϟ˨;ϑ͖ϑ˨ϑ͖ϻ̥ ϻ̥ξχ͖Ύ;χ Ύ͂ ϑ̥͑ ̐ͱϑ

÷ǕƚȩɟƚȒ ƚɟȘɯɾƚǞȘ$ vȘƚɛʕŏȀǞɾʿ
�ƙɺ Ĥߝ, Ĥߞ, . . . , Ĥǹ ųƙ ǝȗƆƙɑƙȗƆƙȗɺ ɛŏȗƆȧȑ ʮŏɛǝŏųǿƙɫ ʲǝɺǔ ƙŏżǔ
Ĥǝ ∈ ,ߝ−] ࡒ[ߝ �ƙɺ µǝ = E[Ĥǝ] ŏȗƆ σߞǝ = ģŏɟ[Ĥǝ]ࡒ �ƙɺ µ =

∑
ǝ µǝ ŏȗƆ

σߞ =
∑

ǝ σ
ߞ
ǝ ࡒ îǔƙȗࡌ ƿȧɛ α ≤ ߝ

ࡌσߞ ã =
∑

ǝ Ĥǝ ɫŏɺǝɫ˛ƙɫ

Úɟ[|ã− µ| > α · σ] ≤ ߞ ƚʾɔ(−αߞ

ߠ ).

ߣߞ

- I - I

6 ? V c r( s )



μϟ˨;ϑ͖ϑ˨ϑ͖ϻ̥ ϻ̥ξχ͖Ύ;χ Ύ͂ ϑ̥͑ ̐ͱϑ

÷ǕƚȩɟƚȒ mȩƚǀǀƇǞȘǃ vȘƚɛʕŏȀǞɾʿ
�ƙɺ Ĥߝ, Ĥߞ, . . . , Ĥǹ ųƙ ǝȗƆƙɑƙȗƆƙȗɺ ɛŏȗƆȧȑ ʮŏɛǝŏųǿƙɫ ʲǝɺǔ ƙŏżǔ
Ĥǝ ∈ [ŏǝ,ųǝ]ࡒ �ƙɺ µǝ = E[Ĥǝ] ŏȗƆ µ =

∑
ǝ µǝࡒ îǔƙȗࡌ ƿȧɛ ŏȗʻ α > ࡌߜ

ã =
∑

ǝ Ĥǝ ɫŏɺǝɫ˛ƙɫࡋ

Úɟ[|ã− µ| > α] ≤ ߞ ƚʾɔ(− αߞ
∑ǹ

ǝ=ߝ(ųǝ − ŏǝ)ߞ
).

ߤߞ

-



͑ΎϾ ˨ξ̥ ϑ̥͑χ̥ ̊Ύϟ;̙χ θξΎϻ̥;ࡐ

ģŏɟǞŏȘżƚ Ǟɯ ŏ ȘŏɾʕɟŏȀ Ȓƚŏɯʕɟƚ ȩǀ żƚȘɾɟŏȀ ɾƚȘƇƚȘżʿࡈ ųʕɾ ɾǕƚɟƚ
ŏɟƚ ȩɾǕƚɟɯࡏ

ɗɾǕ żƚȘɾɟŏȀ ȒȩȒƚȘɾࡇ E[(Ĥ− EĤ)ɗ]

ǹ = ߞ ǃǞʲƚɯ ɾǕƚ ʲŏɟǞŏȘżƚࡏ Úɟȩȩǀ ȩǀ +ǕƚųʿɯǕƚʲ࢈ɯ ŏɔɔȀǞƚɯ
�ŏɟǺȩʲ࢈ɯ ǞȘƚɛʕŏȀǞɾʿ ɾȩ ɾǕƚ ɟŏȘƇȩȒ ʲŏɟǞŏųȀƚ (Ĥ− EĤ)ࡏ(ߞ

vƇƚŏ ǞȘ ųɟǞƚǀࡇ �ɔɔȀʿ �ŏɟǺȩʲ࢈ɯ ǞȘƚɛʕŏȀǞɾʿ ɾȩ E[(Ĥ− EĤ)ɗ ǀȩɟ
Ȁŏɟǃƚɟ ɗࡈ ȩɟ Ȓȩɟƚ ǃƚȘƚɟŏȀȀʿ ɾȩ ƿ(Ĥ− EĤ) ǀȩɟ ɯȩȒƚ ȩɾǕƚɟ
ȘȩȘࡷȘƚǃŏɾǞʲƚ ǀʕȘżɾǞȩȘ ƿࡏ Cࡏǃࡈࡏ ɾȩ ƚʾɔ(Ĥ− EĤ)ࡏ

Ħƚ ʶǞȀȀ ƚʾɔȀȩɟƚ ɾǕǞɯ ŏɔɔɟȩŏżǕ ǞȘ ɾǕƚ Șƚʾɾ ɔɟȩųȀƚȒ ɯƚɾࡏ

ߥߞ

EI E E E

= &

~



̥̐͑ξ;Ύ͂͂ ̊Ύϟ;̙ ˨θθͱ͖̐˨ϑ͖Ύ;

ëŏȒɔȀƚ �ɔɔȀǞżŏɾǞȩȘࡇ _ȀǞɔ ųǞŏɯƚƇ żȩǞȘ ǹ ɾǞȒƚɯࡇ Ǟࡏƚࡏ ɾǕƚ żȩǞȘ Ǟɯ ǕƚŏƇɯ
ʶǞɾǕ ɔɟȩųŏųǞȀǞɾʿ ųࡏ �ɯ ȀȩȘǃ ŏɯ ǹ ≥ ª

(
Ȁȩǃ(ߝ/δ)

εߞ

)
ࡈ

Úɟ[|ࡍ ǕƚŏƇɯ− ų · ǹ| ≥ εǹ] ≤ δ

ëƚɾʕɔࡇ �ƚɾ Ĥǝ = [ǝɾǕ ˚Ǟɔ Ǟɯ ǕƚŏƇɯ]ࡏ ĦŏȘɾ ųȩʕȘƇ ɔɟȩųŏųǞȀǞɾʿ ɾǕŏɾ∑ǹ
ǝ=ߝ Ĥǝ ƇƚʲǞŏɾƚɯ ǀɟȩȒ Ǟɾ࢈ɯ ƚʾɔƚżɾŏɾǞȩȘࡏ

+ȩɟȩȀȀŏɟʿ ȩǀ +ǕƚɟȘȩǀǀ ųȩʕȘƇࡇ �ƚɾ ã =
∑ǹ

ǝ=ߝ Ĥǝ ŏȘƇ µ = E[ã]ࡏ _ȩɟ
ߜ < ∆ < ࡈߝ

Úɟ[|ã− µ| ≥ ∆µ] ≤ ߟ/µߞ∆−ƙߞ

ߜߟ

=

-

t h
O c t ,

s =

D - u = 0110=048
4=011%194

1 = 0F t Preis-n'125%3=3 ⇐ s

u : b " ¥2b¥z{¥±¥, K:b'-01¥



̥̐͑ξ;Ύ͂͂ ̊Ύϟ;̙ ˨θθͱ͖̐˨ϑ͖Ύ;

ëŏȒɔȀƚ �ɔɔȀǞżŏɾǞȩȘࡇ _ȀǞɔ ųǞŏɯƚƇ żȩǞȘ ǹ ɾǞȒƚɯࡇ Ǟࡏƚࡏ ɾǕƚ żȩǞȘ Ǟɯ
ǕƚŏƇɯ ʶǞɾǕ ɔɟȩųŏųǞȀǞɾʿ ųࡏ �ɯ ȀȩȘǃ ŏɯ ǹ ≥ ª

(
Ȁȩǃ(ߝ/δ)

εߞ

)
ࡈ

Úɟ[|ࡍ ǕƚŏƇɯ− ų · ǹ| ≥ εǹ] ≤ δ

Úŏʿ ʲƚɟʿ ȀǞɾɾȀƚ ǀȩɟ ǕǞǃǕƚɟ ɔɟȩųŏųǞȀǞɾʿ ࡵ Ǟǀ ʿȩʕ ǞȘżɟƚŏɯƚ ɾǕƚ
ȘʕȒųƚɟ ȩǀ żȩǞȘ ˚Ǟɔɯ ųʿ ࡈʾߞ δ ǃȩƚɯ ǀɟȩȒ
→ߜߝ/ߝ →ߜߜߝ/ߝ ߜߜߜߜߝ/ߝ

ߝߟ

- - -

°



˨θθͱ͖̐˨ϑ͖Ύ; ϑΎ ͻ͖;͑˨χ͑

�ƚɾ � = �(ɛ, ʿ) ƇƚȘȩɾƚ ɾǕƚ ɾɟʕƚ �ŏżżŏɟƇ ɯǞȒǞȀŏɟǞɾ ʿࡏ

CɯɾǞȒŏɾȩɟࡇ �̃ = ߝ
ǹ
∑ǹ

ǝ=ߝ [żǝ(ɛ) = żǝ(ʿ)]ࡏ

$ʿ ɾǕƚ ŏȘŏȀʿɯǞɯ ŏųȩʲƚࡈ

Úɟ[|̃�− �| ≥ ε] = Úɟ[|̃� · ǹ− � · ǹ| ≥ εǹ] ≤ δ

ŏɯ ȀȩȘǃ ŏɯ ǹ = ª
(
Ȁȩǃ(ߝ/δ)

εߞ

)
ࡏ

�ʕżǕ ųƚɾɾƚɟ ɾǕŏȘ ɾǕƚ ǹ = ª
( ߝ
δεߞ

)
ࡏ

_ȩɟ ƚʾŏȒɔȀƚࡈ Ǟǀ ʶƚ ǕŏƇ ŏ Ƈŏɾŏ ųŏɯƚ ȩǀ ȗ = ,ߝ ,ߜߜߜ ߜߜߜ ɯȩȘǃɯࡈ
ɯƚɾɾǞȘǃ δ = ߝ

ȗ ʶȩʕȀƇ ȩȘȀʿ ɟƚɛʕǞɟƚ ɯɔŏżƚ ƇƚɔƚȘƇǞȘǃ ȩȘ
Ȁȩǃ(ȗ) ≈ ࡈߠߝ ǞȘɯɾƚŏƇ ȩǀ ȩȘ ȗ = ,ߝ ,ߜߜߜ ࡏߜߜߜ

ߞߟ

= ⇒ → so,i f
" "III,

O . O ± " ÷ s
-



ͱΎ˨̙ ̊˨ͱ˨;͖̐;͇

�ɯ ǞȘ ɾǕƚ ˙ɟɯɾ ʲǞƇƚȩ Ȁƚżɾʕɟƚࡈ ʶƚ ʶŏȘɾ ɾȩ ʕɯƚ żȩȘżƚȘɾɟŏɾǞȩȘ ųȩʕȘƇɯ ɾȩ
ɯɾʕƇʿ ɾǕƚ ɟŏȘƇȩȒǞˌƚƇ ȀȩŏƇ ųŏȀŏȘżǞȘǃ ɔɟȩųȀƚȒࡏ ȗ ǲȩųɯ ŏɟƚ ƇǞɯɾɟǞųʕɾƚƇ
ɟŏȘƇȩȒȀʿ ɾȩ ȗ ɯƚɟʲƚɟɯ ʕɯǞȘǃ ŏ ǕŏɯǕ ǀʕȘżɾǞȩȘࡏ �ƚɾ ãǝ ųƚ ɾǕƚ ȘʕȒųƚɟ ȩǀ
ǲȩųɯ ɯƚȘɾ ɾȩ ɯƚɟʲƚɟ ǝࡏ ĦǕŏɾ࢈ɯ ɾǕƚ ɯȒŏȀȀƚɯɾ $ ǀȩɟ ʶǕǞżǕ ʶƚ żŏȘ ɔɟȩʲƚࡇ

Úɟ[ȑŏʺǝãǝ ≥ $] ≤ ߜߝ/ߝ

áƚżŏȀȀࡇ ëʕǀ˙żƚɯ ɾȩ ɔɟȩʲƚ ɾǕŏɾࡈ ǀȩɟ ŏȘʿ ǝࡈ Úɟ[ãǝ ≥ $] ≤ ࡇȗߜߝ/ߝ

Úɟ[ȑŏʺǝãǝ ≥ $] = Úɟ[ãߝ ≥ $ ȩɟ . . . ȩɟ ãߝ ≥ $]
≤ Úɟ[ãߝ ≥ $] + . . .+ Úɟ[ãȗ ≥ $] ʕȘǞȩȘ ųȩʕȘƇ.

ߟߟ

-

- y 0 B e 0 1¥

⇐



ͱΎ˨̙ ̊˨ͱ˨;͖̐;͇

÷ǕƚȩɟƚȒ ǕƚɟȘȩǀǀ+ $ȩʕȘƇ
�ƙɺ Ĥߝ, Ĥߞ, . . . , Ĥȗ ųƙ ǝȗƆƙɑƙȗƆƙȗɺ ,ߜ} ʮŏǿʑƙƆࡹ{ߝ ɛŏȗƆȧȑ
ʮŏɛǝŏųǿƙɫ ŏȗƆ ǿƙɺ ɑǝ = E[Ĥǝ]ࡌ ʲǔƙɛƙ ߜ < ɑǝ < ࡒߝ îǔƙȗ ɺǔƙ ɫʑȑ
ã =

∑ȗ
Ǳ=ߝ Ĥǝࡌ ʲǔǝżǔ ǔŏɫ ȑƙŏȗ µ =

∑ȗ
Ǳ=ߝ ɑǝࡌ ɫŏɺǝɫ˛ƙɫ

Úɟ[Ĥ ≥ +ߝ) ε)µ] ≤ ƙ
−εߞµ
εߟ+ߟ .

+ȩȘɯǞƇƚɟ ŏ ɯǞȘǃȀƚ ųǞȘࡏ �ƚɾ ĤǱ = [ųŏȀȀ Ǳ ȀŏȘƇɯ ǞȘ ɾǕŏɾ ųǞȘ]ࡏ
E[ĤǱ] = ߝ

ȗ ࡈ ɯȩ µ = ࡏߝ

Úɟ[ã ≥ +ߝ) ż Ȁȩǃȗ)µ] ≤ ƙ
−żߞ Ȁȩǃߞ ȗ
ż+ż Ȁȩǃ ȗ ≤ ƙ

−ż Ȁȩǃߞ ȗ
ߞ Ȁȩǃ ȗ ≤ ƙ−.ߡż Ȁȩǃ ȗ ≤ ߝ

ȗߜߝ ,

ǀȩɟ ɯʕǀ˙żǞƚȘɾȀʿ Ȁŏɟǃƚ ż

ߠߟ
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ëȩ Ȓŏʾ ȀȩŏƇ ǀȩɟ ɟŏȘƇȩȒǞˌƚƇ ȀȩŏƇ ųŏȀŏȘżǞȘǃ Ǟɯ ª(Ȁȩǃȗ)ࡋ $ƚɯɾ
ʶƚ żȩʕȀƇ ɔɟȩʲƚ ʶǞɾǕ +ǕƚųʿɯǕƚʲ࢈ɯ ʶŏɯ ª(

√
ȗ)ࡏ

Úȩʶƚɟ ȩǀ ߞ +ǕȩǞżƚɯࡇ vȘɯɾƚŏƇ ȩǀ ŏɯɯǞǃȘǞȘǃ ǲȩų ɾȩ ɟŏȘƇȩȒ ɯƚɟʲƚɟࡈ
żǕȩȩɯƚ ߞ ɟŏȘƇȩȒ ɯƚɟʲƚɟɯ ŏȘƇ ŏɯɯǞǃȘ ɾȩ ɾǕƚ Ȁƚŏɯɾ ȀȩŏƇƚƇࡏ ĦǞɾǕ
ɔɟȩųŏųǞȀǞɾʿ ߜߝ/ߝ ɾǕƚ ȒŏʾǞȒʕȒ ȀȩŏƇ Ǟɯ ųȩʕȘƇƚƇ ųʿࡇ

ŏ ª(Ȁȩǃȗ)
ų ª(

√
Ȁȩǃȗ)

ż ª(Ȁȩǃ ǿȧǂȗ)
Ƈ ª(ߝ)

ߡߟ

@

108(loyal)

Power o f 3 2 4 0 ¥

logtook)f l - s( 3 )


