


+ëࡷbĮ ߟߞߞߥ ࡇ4 �ƚżɾʕɟƚ ߞ
ëɾɟƚŏȒǞȘǃ ŏȘƇ ëǺƚɾżǕǞȘǃ �ȀǃȩɟǞɾǕȒɯ ʲǞŏ
mŏɯǕǞȘǃ

�ĮĆ ÷ŏȘƇȩȘ ëżǕȩȩȀ ȩǀ CȘǃǞȘƚƚɟǞȘǃࡈ Úɟȩǀࡏ +ǕɟǞɯɾȩɔǕƚɟ �ʕɯżȩ

ߝ



θξΎ̊ͱ̥ͻ χ̥ϑ

v ɟƚŏȀȀʿ ŏɔɔɟƚżǞŏɾƚ ƚʲƚɟʿȩȘƚ࢈ɯ ǕǞǃǕ ŏżɾǞʲǞɾʿ ȩȘ ÚǞŏˌˌŏ ŏȘƇ ǞȘ
ȩǀ˙żƚ Ǖȩʕɟɯࡋ

ࡄ �ʿ +ŏȩ ɯƚɾ ʕɔ ŏ ɯɾʕƇƚȘɾ ëȀŏżǺ żǕŏȘȘƚȀࡏ Įȩʕ żŏȘ ǲȩǞȘ ʲǞŏ
ȀǞȘǺ ȩȘ ɾǕƚ żȩʕɟɯƚ ʶƚųɯǞɾƚࡏ

ࡄ 4ʕƚ ɾǕǞɯ _ɟǞƇŏʿ ߤߝࡕߥ ŏɾ ȒǞƇȘǞǃǕɾ C÷ࡏ 4ʕƚ ɾȩ ʶƚǞɟƇȘƚɯɯ ǞȘ
�ĮĆ +Ȁŏɯɯƚɯࡈ ƇƚŏƇȀǞȘƚ ŏɔɔƚŏɟɯ ɾȩ ųƚ ࡏɔȒߡߡࡇߝߝ 4ȩȘ࢈ɾ ʶȩɟɟʿ
Ǟǀ ʿȩʕ ɯʕųȒǞɾ ŏǀɾƚɟࡏ

ࡄ áƚȒƚȒųƚɟ ɾȩ ȀǞɯɾ ŏȘʿ żȩȀȀŏųȩɟŏɾȩɟɯࡏ �ȘƇ ɟƚȒƚȒųƚɟ ɾȩ
ʶɟǞɾƚ ʕɔ ŏȀȀ ɯȩȀʕɾǞȩȘɯ ȩȘ ʿȩʕɟ ȩʶȘࡏ

ߞ



;Ύϑ̥ Ύ; ͻ˨ϑ̥͑ͻ˨ϑ͖̐˨ͱ θξΎΎ͂χ

vɾ żŏȘ ųƚ ǕŏɟƇ ɾȩ ǺȘȩʶ Ǖȩʶ ǀȩɟȒŏȀ ɾȩ ųƚࡏ v ʶǞȀȀ ɾɟʿ ɾȩ ɔɟȩʲǞƇƚ
ǀƚƚƇųŏżǺ ȩȘ ˙ɟɯɾ ɔɟȩųȀƚȒ ɯƚɾ ǀȩɟ ŏȘʿȩȘƚ ʶǕȩ Ǟɯ ƚǞɾǕƚɟ ɾȩȩ ɟǞǃȩɟȩʕɯ
ȩɟ ɾȩȩ Ȁȩȩɯƚࡏ vɾ࢈ɯ ŏ ȀƚŏɟȘǞȘǃ ɔɟȩżƚɯɯࡏ

÷ǕǞȘǃɯ ɾǕŏɾ ŏɟƚ ǃƚȘƚɟŏȀȀʿ ˙Șƚࡇ

ࡄ +ŏȘ ŏɯɯʕȒƚ ǞȘɔʕɾ ɯǞˌƚ ȗ Ǟɯ > * ǀȩɟ ɯȩȒƚ żȩȘɯɾŏȘɾ żࡏ Cࡏǃࡏ
ȗ > ȗ,ߞ > ࡏߜߝ

ࡄ ëǞȒǞȀŏɟȀʿ żŏȘ ŏɯɯʕȒƚ ε < ż ǀȩɟ żȩȘɯɾŏȘɾ żࡏ Cࡏǃࡏ ε < ࡈߝ. ε < ࡏߝߜ.
ࡄ vǀ v ʶɟǞɾƚ ª(ˈ)ࡈ ʿȩʕ ŏɟƚ ǀɟƚƚ ɾȩ żǕȩȩɯƚ ɾǕƚ żȩȘɯɾŏȘɾࡏ Cࡏǃࡈࡏ Ǟɾ࢈ɯ ˙Șƚ
Ǟǀ ʿȩʕɟ ȒƚɾǕȩƇ ȩȘȀʿ ʶȩɟǺɯ ǀȩɟ ɾŏųȀƚɯ ȩǀ ɯǞˌƚ ߜߜߜߝ ·ȑࡏߡ.ߝ

ࡄ 4ƚɟǞʲŏɾǞʲƚɯࡈ ǞȘɾƚǃɟŏȀɯࡈ ƚɾżࡏ żŏȘ ųƚ ɾŏǺƚȘ ǀɟȩȒ ƚࡏǃࡏ ĦȩȀǀɟŏȒ�ȀɔǕŏ
ʶǞɾǕȩʕɾ ʶȩɟǺǞȘǃ ɾǕɟȩʕǃǕ ɯɾƚɔɯࡏ

ࡄ $ŏɯǞż ǞȘƚɛʕŏȀǞɾǞƚɯ żŏȘ ųƚ ʕɯƚƇ ʶǞɾǕȩʕɾ ɔɟȩȩǀࡈ ŏɯ ȀȩȘǃ ŏɯ ʿȩʕ
ʲƚɟǞǀʿ ȘʕȒƚɟǞżŏȀȀ ʿࡏ 4ȩȘ࢈ɾ ȘƚƚƇ ɾȩ ǞȘżȀʕƇƚ ɔȀȩɾ ȩȘ ɔɟȩųȀƚȒ ɯƚɾࡏ

ߟ



̥Ѕ˨ͻθͱ̥ ͖;̥μϟ˨ͱ͖ϑІ

+ߝ ε ≤ ߝ
−ߝ ε

≤ +ߝ εߞ ǀȩɟ ε ∈ ,ߜ] .[ߡ.

Úɟȩȩǀ ųʿ ɔȀȩɾɾǞȘǃࡇ

ߠ



̥Ѕ˨ͻθͱ̥ ͖;̥μϟ˨ͱ͖ϑІ

−ߝ ε ≤ ߝ
+ߝ ε

≤ −ߝ εߡ. ǀȩɟ ε ∈ ,ߜ] .[ߝ

Úɟȩȩǀ ųʿ ɔȀȩɾɾǞȘǃࡇ

ߡ



͇̥;̥ξ˨ͱ ˨̙ϻ͖̥̐

÷Ǟɔࡇ ĦǕƚȘ żȩȘǀɟȩȘɾƚƇ ʶǞɾǕ ŏ żȩȒɔȀƚʾ ƚʾɔɟƚɯɯǞȩȘࡈ ɾɟʿ ɾȩ ɯǞȒɔȀǞǀʿ ųʿ
ʕɯǞȘǃ ųǞǃࡷ°Ǖ ȘȩɾŏɾǞȩȘࡈ ȩɟ ǲʕɯɾ ɟȩʕȘƇǞȘǃ ɾǕǞȘǃɯ ȩǀǀࡏ ÷ǕƚȘ żȀƚŏȘࡷʕɔ
ʿȩʕɟ ɔɟȩȩǀ ŏǀɾƚɟ ʿȩʕ ǃƚɾ ɾȩ ŏ ɯȩȀʕɾǞȩȘࡏ

CʾŏȒɔȀƚɯࡇ

ࡄ (ȑ− (ߝ ≈ ȑ

ࡄ ߝ
ȗ −

ߝ
ȗߞ ≈

ߝ
ȗ

ࡄ
( ȑ−ߝ
żȑߡ.ߝ

ߞ( ≈ ª
( ߝ
ȑ
)
ࡏ

ࡄ Ȁȩǃ(ȗ/ߞ) ≈ Ȁȩǃ(ȗ)

ߢ



μϟ͖В ξ̥ϻ͖̥Ͼ
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μϟ͖В ξ̥ϻ͖̥Ͼ
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μϟ͖В ξ̥ϻ͖̥Ͼ

ߥ



μϟ͖В ξ̥ϻ͖̥Ͼ
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ͱ˨χϑ Ͼ̥̥ͬ

+ƚȘɾɟŏȀ ɛʕƚɯɾǞȩȘ ǞȘ ɟŏȘƇȩȒǞˌƚƇ ŏȀǃȩɟǞɾǕȒɯࡇ mȩʶ ʶƚȀȀ Ƈȩƚɯ ŏ
ɟŏȘƇȩȒ ʲŏɟǞŏųȀƚ Ĥ żȩȘżƚȘɾɟŏɾƚ ŏɟȩʕȘƇ Ǟɾ࢈ɯ ƚʾɔƚżɾŏɾǞȩȘ E[Ĥ]ࡐ

÷Ǖɟƚƚ +ȩȘżƚȘɾɟŏɾǞȩȘ ųȩʕȘƇɯࡏ

�ŏɟǺȩʲ࢈ɯ vȘƚɛʕŏȀǞɾ ʿࡏ Úɟ[Ĥ > ǹE[Ĥ]] ≤ ߝ
ǹ

ࡄ áƚɛʕǞɟƚɯ ɾǕŏɾ Ĥ > ߜ ŏȀʶŏʿɯࡏ
+ǕƚųʿɯǕƚʲ࢈ɯ vȘƚɛʕŏȀǞɾ ʿࡏ Úɟ[|Ĥ− E[Ĥ]| > ǹσ] ≤ ߝ

ǹߞ
ࡄ mƚɟƚ σߞ = ģŏɟ[Ĥ] = E[(Ĥ− E[Ĥ])ࡏ[ߞ

CʾɔȩȘƚȘɾǞŏȀ ÷ŏǞȀ $ȩʕȘƇɯ ࡏƚɟȘɯɾƚǞȘ$ࡕǕƚɟȘȩǀǀ+
ࡄ ĦǞȀȀ ųƚ żȩʲƚɟƚƇ ǞȘ ʲǞƇƚȩ Ȁƚżɾʕɟƚࡏ

÷Ǖƚɯƚ ųȩʕȘƇɯ ŏɟƚ Șȩɾ ɔɟƚżǞɯƚࡋ ÷Ǖƚʿ ʕɯƚ ȩȘȀʿ ǃǞʲƚ ŏ żȩŏɟɯƚ ǞƇƚŏ
ȩǀ ɔɟȩųŏųǞȀǞɾʿ ɟŏȘƇȩȒ ʲŏɟǞŏųȀƚ ƇƚʲǞŏɾƚɯ ǀɟȩȒ Ǟɾ࢈ɯ ƚʾɔƚżɾŏɾǞȩȘࡏ

ߝߝ



θξ̥ϻ͖̥Ͼ ͂Ύξ ϻ͖̙̥Ύ ͱ̥̐ϑϟξ̥

�ȩɾǞʲŏɾǞȘǃ ɛʕƚɯɾǞȩȘࡇ vɯ +ǕƚųʿɯǕƚʲ࢈ɯ vȘƚɛʕŏȀǞɾʿ ɾǞǃǕɾࡐ

ߥߥࡷߡߥࡷߤߢ ɟʕȀƚ ǀȩɟ bŏʕɯɯǞŏȘ ųƚȀȀࡷżʕɟʲƚࡏ ĭ ∼ (ߞσ,ߜ)�

+ǕƚųʿɯǕƚʲ࢈ɯ vȘƚɛʕŏȀǞɾʿࡇ
Úɟ (|Ĥ− E[Ĥ]| ≥ (σߝ ≤ %ߜߜߝ
Úɟ (|Ĥ− E[Ĥ]| ≥ (σߞ ≤ %ߡߞ
Úɟ (|Ĥ− E[Ĥ]| ≥ (σߟ ≤ %ߝߝ
Úɟ (|Ĥ− E[Ĥ]| ≥ (σߠ ≤ .%ߢ

÷ɟʕɾǕࡇ
Úɟ (|Ĥ− E[Ĥ]| ≥ (σߝ ≈ %ߞߟ
Úɟ (|Ĥ− E[Ĥ]| ≥ (σߞ ≈ %ߡ
Úɟ (|Ĥ− E[Ĥ]| ≥ (σߟ ≈ %ߝ
Úɟ (|Ĥ− E[Ĥ]| ≥ (σߠ ≈ %ߝߜ. ߞߝ



ϑ͖͑χ ͱ̥̐ϑϟξ̥

ࡄ vȘɾɟȩƇʕżƚ ɾʶȩ ɔŏɟŏƇǞǃȒɯ ǀȩɟ ŏȀǃȩɟǞɾǕȒ ƇƚɯǞǃȘࡇ ɯǺƚɾżǕǞȘǃ
ŏȘƇ ɯɾɟƚŏȒǞȘǃࡏ

ࡄ �ƚŏɟȘ ŏųȩʕɾ ŏȘ ŏɔɔȀǞżŏɾǞȩȘ ȩǀ ǕŏɯǕǞȘǃ ɾȩ ɾǕƚ ƇǞɯɾɟǞżɾ
ƚȀƚȒƚȘɾɯ ɔɟȩųȀƚȒ ŏȘƇ ƚɯɾǞȒŏɾǞȘǃ �ŏżżŏɟƇ ɯǞȒǞȀŏɟǞɾʿࡏ

ࡄ 4ʕɟǞȘǃ ˙ɟɯɾ ɔŏɟɾ ȩǀ Șƚʾɾ ʶƚƚǺɯ Ȁƚżɾʕɟƚ ߟߞࡕߥ 4ɟࡏ �ȀǞȘƚ
$ƚɯɯŏ ʶǞȀȀ ƇǞɯżʕɯɯ ŏ ɟƚżƚȘɾ ɔɟȩǲƚżɾ ɾǕŏɾ ʕɯƚɯ ɯǞȒǞȀŏɟ
ɾƚżǕȘǞɛʕƚɯ ǀȩɟ Ƈŏɾŏ ɯƚɾ ɯƚŏɟżǕ ŏȘƇ ŏʕǃȒƚȘɾŏɾǞȩȘࡏ

ߟߝ



χϑξ̥˨ͻ͖;͇ ˨ͱ͇Ύξ͖ϑ͑ͻχ

�ųɯɾɟŏżɾ ŏɟżǕǞɾƚżɾʕɟƚ ȩǀ ŏ ɯɾɟƚŏȒǞȘǃ ŏȀǃȩɟǞɾǕȒࡇ

mŏʲƚ ȒŏɯɯǞʲƚ Ƈŏɾŏɯƚɾ 2 = Ɔߝ, . . . ,Ɔȗ ʶǞɾǕ ȗ ɔǞƚżƚɯ ȩǀ Ƈŏɾŏ ɾǕŏɾ
ŏɟɟǞʲƚ ǞȘ ŏ ɯƚɛʕƚȘɾǞŏȀ ɯɾɟƚŏȒࡏ ÷Ǖƚɟƚ Ǟɯ ǀŏɟ ɾȩȩ ȒʕżǕ Ƈŏɾŏ ɾȩ
ɯɾȩɟƚ ȩɟ ɔɟȩżƚɯɯ Ǟɾ ǞȘ ŏ ɯǞȘǃȀƚ ȀȩżŏɾǞȩȘࡏ

ࡄ ëɾǞȀȀ ʶŏȘɾ ɾȩ ŏȘŏȀʿˌƚ ɾǕƚ Ƈŏɾŏࡇ Ǟࡏƚࡏ ˙ɾ ŏ ȒȩƇƚȀ ȩɟ
ŏɔɔɟȩʾǞȒŏɾƚȀʿ żȩȒɔʕɾƚ ɯȩȒƚ ǀʕȘżɾǞȩȘ ƿ(2)ࡏ

ࡄ ÷ȩ Ƈȩ ɯȩࡈ ʶƚ Ȓʕɯɾ żȩȒɔɟƚɯɯ Ƈŏɾŏ ࡈࢆʿ˚ࡷɾǕƚࡷȩȘࢅ ɯɾȩɟǞȘǃ
ɯȩȒƚ ɯȒŏȀȀƚɟ Ƈŏɾŏ ɯɾɟʕżɾʕɟƚ ʶǕǞżǕ ɯɾǞȀȀ żȩȘɾŏǞȘɯ
ǞȘɾƚɟƚɯɾǞȘǃ ǞȘǀȩɟȒŏɾǞȩȘࡏ

ࡄ °ǀɾƚȘ żŏȘ ȩȘȀʿ ɾŏǺƚ ŏ ɯǞȘǃȀƚࡷɔŏɯɯ ȩʲƚɟ ɾǕƚ Ƈŏɾŏࡏ

� ɾʿɔǞżŏȀ ǃȩŏȀ Ǟɯ ɾȩ ȒǞȘǞȒǞˌƚ ɯɔŏżƚ żȩȒɔȀƚʾǞɾʿ ȩʲƚɟ
żȩȒɔʕɾŏɾǞȩȘŏȀ żȩȒɔȀƚʾǞɾʿࡏ

ߠߝ



̥˨χІ ̥Ѕ˨ͻθͱ̥ࡇ ͻ̥˨;

4ƚɯǞǃȘ ŏ ɯǞȘǃȀƚࡷɔŏɯɯ ɯɾɟƚŏȒǞȘǃ ŏȀǃȩɟǞɾǕȒ ǀȩɟ żȩȒɔʕɾǞȘǃ ɾǕƚ
ȒƚŏȘ ȩǀ ŏ Ƈŏɾŏ ɯƚɾ Ɔߝ, . . . ,Ɔȗࡏ mȩʶ ȒʕżǕ ɯɔŏżƚ Ǟɯ ɟƚɛʕǞɟƚƇࡐ

ߡߝ

for i t . I , . - . .

S = S t d i
n = n t I

return@



͑˨ξ̙̥ξ ̥Ѕ˨ͻθͱ̥ࡇ ͻ̥̙͖˨;

4ƚɯǞǃȘ ŏ ɯǞȘǃȀƚࡷɔŏɯɯ ɯɾɟƚŏȒǞȘǃ ŏȀǃȩɟǞɾǕȒ ǀȩɟ żȩȒɔʕɾǞȘǃ ɾǕƚ
ȒƚƇǞŏȘ ȩǀ ŏ Ƈŏɾŏ ɯƚɾ Ɔߝ, . . . ,Ɔȗࡏ mȩʶ ȒʕżǕ ɯɔŏżƚ Ǟɯ ɟƚɛʕǞɟƚƇࡐ

ߢߝ
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χϑξ̥˨ͻ͖;͇ ˨ͱ͇Ύξ͖ϑ͑ͻχ ͖; θξ˨̐ϑ͖̥̐

ëƚȘɯȩɟ Ƈŏɾŏࡇ bÚë ȩɟ ɯƚǞɯȒȩȒƚɾƚɟ ɟƚŏƇǞȘǃɯ ɾȩ Ƈƚɾƚżɾ
ǃƚȩȀȩǃǞżŏȀ ŏȘȩȒŏȀǞƚɯࡈ ɾƚȀƚɯżȩɔƚ ǞȒŏǃƚɯࡈ ɯŏɾƚȀȀǞɾƚ ǞȒŏǃƚɟ ʿࡈ
ǕǞǃǕʶŏʿ ɾɟŏʲƚȀ ɾǞȒƚ ɯƚȘɯȩɟɯࡏ

Ħƚų ɾɟŏǀ˙ż ŏȘƇ Ƈŏɾŏࡇ Ćɯƚɟ Ƈŏɾŏ ǀȩɟ ʶƚųɯǞɾƚࡈ ǞȘżȀʕƇǞȘǃ ƚࡏǃࡏ żȀǞżǺ
Ƈŏɾŏࡈ ʶƚų ɯƚŏɟżǕƚɯ ŏȘƇ �Úv ɛʕƚɟǞƚɯࡈ ɔȩɯɾɯ ŏȘƇ ǞȒŏǃƚ ʕɔȀȩŏƇɯ
ȩȘ ɯȩżǞŏȀ ȒƚƇǞŏࡏ

÷ɟŏǞȘǞȘǃ ȒŏżǕǞȘƚ ȀƚŏɟȘǞȘǃ ȒȩƇƚȀɯࡇ °ǀɾƚȘ ƇȩȘƚ ǞȘ ŏ ɯɾɟƚŏȒǞȘǃ
ɯƚɾɾǞȘǃ ʶǕƚȘ ɾɟŏǞȘǞȘǃ Ƈŏɾŏɯƚɾ Ǟɯ Ǖʕǃƚࡈ ȩǀɾƚȘ ʶǞɾǕ ȒʕȀɾǞɔȀƚ
ɔŏɯɯƚɯࡏ

�ȩɾɯ ȩǀ ɯȩǀɾʶŏɟƚ ǀɟŏȒƚʶȩɟǺɯ ƚʾǞɯɾ ǀȩɟ ƚŏɯʿ ƇƚʲƚȀȩɔȒƚȘɾ ȩǀ
ɯɾɟƚŏȒǞȘǃ ŏȀǃȩɟǞɾǕȒɯࡏ ߣߝ



̙͖χϑ͖;̐ϑ ̥ͱ̥ͻ̥;ϑχ θξΎ̊ͱ̥ͻ

vȘɔʕɾࡇ Ɔߝ, . . . ,Ɔȗ ∈ U ʶǕƚɟƚ U Ǟɯ ŏ Ǖʕǃƚ ʕȘǞʲƚɟɯƚ ȩǀ ǞɾƚȒɯࡏ

°ʕɾɔʕɾࡇ �ʕȒųƚɟ ȩǀ ƇǞɯɾǞȘżɾ ǞȘɔʕɾɯࡏ

CʾŏȒɔȀƚࡇ ƿ(ߝ, ,ߜߝ ,ߞ ,ߠ ,ߥ ,ߞ ,ߜߝ →(ߠ ߡ

�ɔɔȀǞżŏɾǞȩȘɯࡇ

ࡄ 4ǞɯɾǞȘżɾ ʕɯƚɟɯ ǕǞɾɾǞȘǃ ŏ ʶƚųɔŏǃƚࡏ
ࡄ 4ǞɯɾǞȘżɾ ʲŏȀʕƚɯ ǞȘ ŏ Ƈŏɾŏųŏɯƚ żȩȀʕȒȘ ࡏǃࡏƚ ǀȩɟ ƚɯɾǞȒŏɾǞȘǃ
ɾǕƚ ɯǞˌƚ ȩǀ ǃɟȩʕɔ ųʿ ɛʕƚɟǞƚɯ

ࡄ �ʕȒųƚɟ ȩǀ ƇǞɯɾǞȘżɾ ɛʕƚɟǞƚɯ ɾȩ ŏ ɯƚŏɟżǕ ƚȘǃǞȘƚࡏ
ࡄ 4ǞɯɾǞȘżɾ ȒȩɾǞǀɯ ǞȘ 4�� ɯƚɛʕƚȘżƚࡏ

vȒɔȀƚȒƚȘɾŏɾǞȩȘɯ ʶǞƇƚȀʿ ʕɯƚƇ ŏɾ bȩȩǃȀƚ ࡈëŏʶˌŏȀȀ 4ɟƚȒƚȀࡈ
Úȩʶƚɟ4ɟǞȀȀࡈ ĮŏǕȩȩࡈ ÷ʶǞɾɾƚɟࡈ _ŏżƚųȩȩǺ Úɟƚɯɾȩࡈ ƚɾżࡏ

ߤߝ

- - - - -
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̙͖χϑ͖;̐ϑ ̥ͱ̥ͻ̥;ϑχ θξΎ̊ͱ̥ͻ

vȘɔʕɾࡇ Ɔߝ, . . . ,Ɔȗ ∈ U ʶǕƚɟƚ U Ǟɯ ŏ Ǖʕǃƚ ʕȘǞʲƚɟɯƚ ȩǀ ǞɾƚȒɯࡏ

°ʕɾɔʕɾࡇ �ʕȒųƚɟ ȩǀ ƇǞɯɾǞȘżɾ ǞȘɔʕɾɯࡏ

CʾŏȒɔȀƚࡇ ƿ(ߝ, ,ߜߝ ,ߞ ,ߠ ,ߥ ,ߞ ,ߜߝ →(ߠ ߡ

_ȀŏǲȩȀƚɾࡵ�ŏɟɾǞȘ ࡇɯǞȒɔȀǞ˙ƚƇ

ࡄ +Ǖȩȩɯƚ ɟŏȘƇȩȒ ǕŏɯǕ ǀʕȘżɾǞȩȘ ǔ : U → ,ߜ] ࡏ[ߝ
ࡄ ã =∞
ࡄ _ȩɟ ǝ = ,ߝ . . . ,ȗ

ࡄ ã← ȒǞȘ(ã,ǔ(Ɔǝ))
ࡄ áƚɾʕɟȘࡇ ãߝ − ߝ

ߥߝ

s o o o o t

O h l d.)= h Cd . )

=to............
-

mii n 4 (X i )



͑Ύͱ̙ ϟθࡏࡏࡏ

÷Ǖƚ ǕŏɯǕ ǀʕȘżɾǞȩȘ ǔ Ȓŏɔɯ ǀɟȩȒ U ɾȩ ŏ ɟŏȘƇȩȒ ɔȩǞȘɾ ǞȘ ,ߜ] ࡐ[ߝ

mŏɯǕǞȘǃ ɾȩ ɟƚŏȀ ȘʕȒųƚɟɯࡇ

ࡄ vȒɔȩɯɯǞųȀƚ ɾȩ ǞȒɔȀƚȒƚȘɾ ǔ(ʺ) ǞȘ ɟƚŏȀǞɾ ʿࡈ ųʕɾ ʿȩʕ żŏȘ
ɟƚɔȀŏżƚ Ǟɾ ʶǞɾǕ ǂ(ʺ)

ǹ ࡈ ʶǕƚɟƚ ǂ Ǟɯ ŏ ǕŏɯǕ ǀʕȘżɾǞȩȘ ɾǕŏɾ Ȓŏɔɯ
ɾȩ ,ߜ} ,ߝ . . . , ǹ} ǀȩɟ ɯʕǀ˙żǞƚȘɾȀʿ Ȁŏɟǃƚ ǹࡏ

ࡄ �ȀȀ ɟƚɯʕȀɾɯ ǕȩȀƇ Ǟǀ ɾǕǞɯ ࢆƇǞɯżɟƚɾƚࢅ ǕŏɯǕ Ǟɯ ʕɯƚƇ ǞȘɯɾƚŏƇࡈ ųʕɾ
ɾǕƚ ŏȘŏȀʿɯǞɯ Ǟɯ ɯǞȒɔȀƚɟ Ǟǀ ʶƚ ŏɯɯʕȒƚ ŏżżƚɯɯ ɾȩ ǔࡏ

ࡄ �ʕɯɾ ȀǞǺƚ ʶǕƚȘ ʶƚ ŏɯɯʕȒƚƇ ǀʕȀȀʿ ɟŏȘƇȩȒ ǕŏɯǕ ǀʕȘżɾǞȩȘɯࡈ
ɾǕǞɯ Ǟɯ ŏ ʕɯƚǀʕȀ ŏųɯɾɟŏżɾǞȩȘ ʶǕǞżǕ ȒŏǺƚɯ ʕȘƇƚɟɯɾŏȘƇǞȘǃ
ŏȘƇ ŏȘŏȀʿˌǞȘǃ ɾǕƚ ʕȘƇƚɟȀʿǞȘǃ ŏȀǃȩɟǞɾǕȒɯ ƚŏɯǞƚɟࡏ

ߜߞ

n e x t 8¥
- -



ϻ͖χϟ˨ͱ͖В˨ϑ͖Ύ;

_ȀŏǲȩȀƚɾࡵ�ŏɟɾǞȘ ࡇɯǞȒɔȀǞ˙ƚƇ
ࡄ +Ǖȩȩɯƚ ɟŏȘƇȩȒ ǕŏɯǕ ǀʕȘżɾǞȩȘ ǔ : U → ,ߜ] ࡏ[ߝ
ࡄ ã =∞
ࡄ _ȩɟ ǝ = ,ߝ . . . ,ȗ

ࡄ ã← ȒǞȘ(ã,ǔ(Ɔǝ))
ࡄ áƚɾʕɟȘࡇ 2̃ = ߝ

ã − ߝ

ߝߞ

¥¥¥ o o



͂ͻ ˨;˨ͱІχ͖χ

�ƚɾ 2 ƚɛʕŏȀ ɾǕƚ ȘʕȒųƚɟ ȩǀ ƇǞɯɾǞȘżɾ ƚȀƚȒƚȘɾɯ ǞȘ ȩʕɟ ɯɾɟƚŏȒࡏ

vȘɾʕǞɾǞȩȘࡇ ĦǕƚȘ 2 Ǟɯ Ȁŏɟǃƚɟࡈ ã ʶǞȀȀ ųƚ ɯȒŏȀȀƚɟࡏ �ŏǺƚɯ ɯƚȘɯƚ ɾȩ
ɟƚɾʕɟȘ ɾǕƚ ƚɯɾǞȒŏɾƚ 2̃ = ߝ

ã − ࡏߝ
ߞߞ

a-
- - - - -



͂ͻ ˨;˨ͱІχ͖χ

ĦǕŏɾ Ǟɯ Eãࡐ

�ƚɾ 2 ƚɛʕŏȀ ɾǕƚ ȘʕȒųƚɟ ȩǀ ƇǞɯɾǞȘżɾ ƚȀƚȒƚȘɾɯ ǞȘ ȩʕɟ ɯɾɟƚŏȒࡏ

�ƚȒȒŏ
Eã = ߝ

ߝ+2 ࡒ

ߟߞ

D r e ' s - I

7 . 1 1
I : & , Ys - I = D



ϑ̥͑ ̐˨ͱ̐ϟͱϟχ θξΎΎ͂

Úɟȩȩǀࡇ

E[ã] =
∫ ߝ

ߜ
Úɟ[ã ≥ λ]Ɔλ CʾƚɟżǞɯƚࡇ ĦǕʿࡐ

=

∫ ߝ

ߜ
−ߝ) λ)2Ɔλ

=
−ߝ)− λ)2+ߝ

2+ ߝ
∣∣∣
ߝ

λ=ߜ

=
ߝ

2+ ߝ

ߠߞ

=/,'Pls--Bon d a

#



θξΎΎ͂ ξΎͻ͂ࢅ ϑ̥͑ ̊ΎΎͬࢆ

E[ã] = Úɟ[(2+ ɯɾ(ߝ ǞɾƚȒ Ǖŏɯ ɾǕƚ ɯȒŏȀȀƚɯɾ ǕŏɯǕ ʲŏȀʕƚ]ࡏ

$ʿ ɯʿȒȒƚɾɟ ʿࡈ ɾǕǞɯ ƚɛʕŏȀɯ ߝ
ߝ+2 ɯǞȘżƚ ƚʲƚɟʿ ųŏȀȀ Ǟɯ ƚɛʕŏȀȀʿ ȀǞǺƚȀʿ

ɾȩ ųƚ ˙ɟɯɾࡏ

ߡߞ

'EE?= 1 i P r ¥ ±
→ I

= I ' P rI s : X P rCdt1 ball i s
smallest

!• f. ( s - x ]
= siPss.-i and dis'.!:i¥

,O
E I s ] = ¥1



͂ͻ ˨;˨ͱІχ͖χ

Eã = ߝ
ߝ+2 ࡏ CɯɾǞȒŏɾƚࡇ 2̃ = ߝ

ã − ࡏߝ

÷ǕǞɯ Ƈȩƚɯ Șȩɾ ǞȒɔȀʿ ɾǕŏɾ E[2̃] = ࡈ2 ųʕɾ ʶƚ Ǖŏʲƚ ǀȩɟ ε < ߝ
ߞ ࡇ

vǀ |ã− Eã| ≤ ε · Eãࡈ ɾǕƚȘࡇ

−ߝ) ε)2ߠ ≤ 2̃ ≤ +ߝ) .ε)2ߠ

CʾƚɟżǞɯƚࡇ Úɟȩʲƚ ɾǕǞɯ ɾȩ ʿȩʕɟɯƚȀǀࡏ

ëȩࡈ Ǟɾ ɯʕǀ˙żƚɯ ɾȩ ɯǕȩʶ ɾǕŏɾ ã żȩȘżƚȘɾɟŏɾƚɯ ŏɟȩʕȘƇ Ǟɾɯ ȒƚŏȘࡏ Ħƚ
ʶǞȀȀ ʕɯƚ +ǕƚųʿɯǕƚʲ࢈ɯ ǞȘƚɛʕŏȀǞɾʿ ŏɯ ȩʕɟ żȩȘżƚȘɾɟŏɾǞȩȘ ųȩʕȘƇࡏ

ߢߞ

n o
HII-I= D

- a

¥ 7 '

I I
(I-a)Elk E S E ( I tE )LEGS]



̐˨ͱ̐ϟͱϟχ θξΎΎ͂

�ƚȒȒŏ
ģŏɟ[ã] = E[ãߞ]− E[ã]ߞ = ߞ

(ߞ+2)(ߝ+2) −
ߝ

ߞ(ߝ+2) ≤
ߝ

ߞ(ߝ+2) ࡒ

Úɟȩȩǀࡇ

E[ãߞ] =
∫ ߝ

ߜ
Úɟ[ãߞ ≥ λ]Ɔλ

=

∫ ߝ

ߜ
Úɟ[ã ≥

√
λ]Ɔλ

=

∫ ߝ

ߜ
−ߝ)

√
λ)2Ɔλ

=
ߞ

(2+ +2)(ߝ (ߞ

ûûûϙûÐÂ§ß�È�ÂÜ�ϙ�ÐÈϟ°ÉÜïêϟϚ°и°Éê�¨ß�Âя§ßÐÈяяêÐяя
Ð§яэΈϾãÞßêэΈĀэΉэΉэ΅��

ߣߞ

O 0 . 0 0

.

iii.
j

=

www.wolframalpha.com/input/?i=integral+from+0+to+1+of+%25281-sqrt%2528x%2529%2529%255ED
www.wolframalpha.com/input/?i=integral+from+0+to+1+of+%25281-sqrt%2528x%2529%2529%255ED


θξΎΎ͂ ξΎͻ͂ࢅ ϑ̥͑ ̊ΎΎͬࢆ

E[ã] ࡏ??=

ߤߞ



͂ͻ ˨;˨ͱІχ͖χ

ࡄ E[ã] = ߝ
ߝ+2 = µ.

ࡄ ģŏɟ[ã] ≤ µࡏߞ ëɾŏȘƇŏɟƇ ƇƚʲǞŏɾǞȩȘࡇ σ ≤ µࡏ
ࡄ ĦŏȘɾ ɾȩ ųȩʕȘƇ Úɟ[|ã− µ| ≤ εµ] ≤ δࡏ

+ǕƚųʿɯǕƚʲ࢈ɯࡇ Úɟ[|ã− µ| ≤ εµ] = Úɟ[|ã− µ| ≤ εσ] ≤ ߝ
εߞ ࡏ

ģŏżʕȩʕɯ ųȩʕȘƇࡏ °ʕɟ ʲŏɟǞŏȘżƚ Ǟɯ ʶŏʿ ɾȩȩ ǕǞǃǕࡋ

ߥߞ

.

← =

¥15
-

mark
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-
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ϻ˨ξ͖˨;̥̐ ξ̥̙ϟ̐ϑ͖Ύ;

÷ɟǞżǺ ȩǀ ɾǕƚ ɾɟŏƇƚࡇ áƚɔƚŏɾ ȒŏȘʿ ǞȘƇƚɔƚȘƇƚȘɾ ɾɟǞŏȀɯ ŏȘƇ ɾŏǺƚ
ɾǕƚ ȒƚŏȘ ɾȩ ǃƚɾ ŏ ųƚɾɾƚɟ ƚɯɾǞȒŏɾȩɟࡏ

bǞʲƚȘ ǞࡏǞࡏƇࡏ ࡈǞȘƇƚɔƚȘƇƚȘɾ ǞƇƚȘɾǞżŏȀȀʿ ƇǞɯɾɟǞųʕɾƚƇ ɟŏȘƇȩȒ
ʲŏɟǞŏųȀƚɯ Ĥߝ, . . . , Ĥǹ ʶǞɾǕ ȒƚŏȘ µ ŏȘƇ ʲŏɟǞŏȘżƚ σࡈߞ ʶǕŏɾ Ǟɯࡇ

ࡄ E
[
ߝ
ǹ
∑ǹ

ǝ=ߝ Ĥǝ
]
=

ࡄ ģŏɟ
[
ߝ
ǹ
∑ǹ

ǝ=ߝ Ĥǝ
]
=

ߜߟ

- -

← this,#Ii]: tu'k i n = u .

-
ut,Var[§,X i ] : ut,K . 6 ¥ 6 ,



͂ͻ ˨;˨ͱІχ͖χ

ĆɯǞȘǃ ǞȘƇƚɔƚȘƇƚȘɾ ǕŏɯǕ ǀʕȘżɾǞȩȘɯࡈ ȒŏǞȘɾŏǞȘ ǹ ǞȘƇƚɔƚȘƇƚȘɾ
ɯǺƚɾżǕƚɯ ãߝ, . . . , ãǹࡏ

_ȀŏǲȩȀƚɾࡵ�ŏɟɾǞȘࡇ

ࡄ +Ǖȩȩɯƚ ǹ ɟŏȘƇȩȒ ǕŏɯǕ ǀʕȘżɾǞȩȘ ǔߝ, . . . ,ǔǹ : U → ,ߜ] ࡏ[ߝ
ࡄ ãߝ =∞, . . . , ãǹ =∞
ࡄ _ȩɟ ǝ = ,ߝ . . . ,ȗ

ࡄ ãǱ ← ȒǞȘ(ã,ǔǱ(Ɔǝ)) ǀȩɟ ŏȀȀ Ǳ ∈ ,ߝ . . . , ǹࡏ
ࡄ ã = (ãߝ + . . .+ ãǹ)/ǹ
ࡄ áƚɾʕɟȘࡇ ãߝ − ߝ ߝߟ

- -

;
=



͂ͻ ˨;˨ͱІχ͖χ

ߝ ƚɯɾǞȒŏɾȩɟࡇ

ࡄ E[ã] = ߝ
ߝ+2 = µ.

ࡄ ģŏɟ[ã] = µߞ

ǹ ƚɯɾǞȒŏɾȩɟɯࡇ

ࡄ E[ã] = ߝ
ߝ+2 = µ.

ࡄ ģŏɟ[ã] = µߞ/ǹ
ࡄ $ʿ +ǕƚųʿɯǕƚʲࡈ Úɟ[|ã− Eã| ≥ żµ/

√
ǹ] ≤ ߝ

żߞ ࡏ

ëƚɾɾǞȘǃ ż = /ߝ
√
δ ŏȘƇ ǹ = ª

( ߝ
εߞδ

)
ǃǞʲƚɯࡇ

Úɟ[|ã− µ| ≥ εµ] ≤ δ.

÷ȩɾŏȀ ɯɔŏżƚ żȩȒɔȀƚʾǞɾʿࡇ ª
( ߝ
εߞδ

)
ɾȩ ƚɯɾǞȒŏɾƚ ƇǞɯɾǞȘżɾ ƚȀƚȒƚȘɾɯ

ʕɔ ɾȩ ƚɟɟȩɟ ε ʶǞɾǕ ɯʕżżƚɯɯ ɔɟȩųŏųǞȀǞɾʿ −ߝ δࡏ

ߞߟ

E a "Gen

s 6 € l i l t

-

-



;Ύϑ̥ Ύ; ͂˨͖ͱϟξ̥ θξΎ̊˨͖̊ͱ͖ϑІ

ª
( ߝ
εߞδ

)
ɯɔŏżƚ Ǟɯ ŏȘ ǞȒɔɟƚɯɯǞʲƚ ųȩʕȘƇࡇ

ࡄ �żǕǞƚʲƚɯ ŏȘʿ ŏżżʕɟŏżʿ ƇƚɯǞɟƚƇࡏ ߞε/ߝ ƇƚɔƚȘƇƚȘżƚ żŏȘȘȩɾ
ųƚ ǞȒɔɟȩʲƚƇࡏ

ࡄ �ȩ ƇƚɔƚȘƇƚȘżƚ ȩȘ ȘʕȒųƚɟ ȩǀ ƇǞɯɾǞȘżɾ ƚȀƚȒƚȘɾɯ ࡏ2 �ŏǞʲƚ
ŏȀǃȩɟǞɾǕȒ ɾŏǺƚɯ ª(2) ɯɔŏżƚࡏ

ࡄ $ʕɾࡏࡏࡏ δ/ߝ ƇƚɔƚȘƇƚȘżƚ Ǟɯ Șȩɾ ǞƇƚŏȀࡏ _ȩɟ %ߡߥ ɯʕżżƚɯɯ ɟŏɾƚࡈ
ɔŏʿ ŏ ߝ

%ߡ = ߜߞ ǀŏżɾȩɟ ȩʲƚɟǕƚŏƇ ǞȘ ɯɔŏżƚࡏ

Ħƚ ʶǞȀȀ ƇǞɯżʕɯɯ Ǖȩʶ ɾȩ ǃƚɾ ŏ ųƚɾɾƚɟ ųȩʕȘƇ ƇƚɔƚȘƇǞȘǃ ȩȘ
ª(Ȁȩǃ(ߝ/δ)) ǞȘ ɾǕƚ ȩȘȀǞȘƚ Ȁƚżɾʕɟƚࡏ

ߟߟ

0 (Ye) o f l oyo la ) )

=

-



̙͖χϑ͖;̐ϑ ̥ͱ̥ͻ̥;ϑχ ͖; θξ˨̐ϑ͖̥̐

vȘ ɔɟŏżɾǞżƚࡈ ʶƚ żŏȘȘȩɾ ǕŏɯǕ ɾȩ ɟƚŏȀ ȘʕȒųƚɟɯ ȩȘ ,ߜ] ࡏ[ߝ vȘɯɾƚŏƇࡈ
Ȓŏɔ ɾȩ ųǞɾ ʲƚżɾȩɟɯࡏ

áƚŏȀ _ȀŏǲȩȀƚɾࡷ�ŏɟɾǞȘ ࡕ mʿɔƚɟ�ȩǃ�ȩǃࡇ

ࡄ CɯɾǞȒŏɾƚ ࡍ ƇǞɯɾǞȘżɾ ƚȀƚȒƚȘɾɯ
ųŏɯƚƇ ȩȘ ȒŏʾǞȒʕȒ ȘʕȒųƚɟ ȩǀ
ɾɟŏǞȀǞȘǃ ˌƚɟȩɯ Ȓࡏ

ࡄ ÷Ǖƚ Ȓȩɟƚ ƇǞɯɾǞȘżɾ ǕŏɯǕƚɯ ʶƚ ɯƚƚࡈ
ɾǕƚ ǕǞǃǕƚɟ ʶƚ ƚʾɔƚżɾ ɾǕǞɯ
ȒŏʾǞȒʕȒ ɾȩ ųƚࡏ

ĦǞɾǕ 2 ƇǞɯɾǞȘżɾ ƚȀƚȒƚȘɾɯ ʶǕŏɾ Ƈȩ ʶƚ ƚʾɔƚżɾ Ȓ ɾȩ ųƚࡐ

ߠߟ

Durand
-



̙͖χϑ͖;̐ϑ ̥ͱ̥ͻ̥;ϑχ ͖; θξ˨̐ϑ͖̥̐

áƚŏȀ _ȀŏǲȩȀƚɾࡷ�ŏɟɾǞȘ ࡕ mʿɔƚɟ�ȩǃ�ȩǃࡇ

ࡄ CɯɾǞȒŏɾƚ ࡍ ƇǞɯɾǞȘżɾ ƚȀƚȒƚȘɾɯ
ųŏɯƚƇ ȩȘ ȒŏʾǞȒʕȒ ȘʕȒųƚɟ ȩǀ
ɾɟŏǞȀǞȘǃ ˌƚɟȩɯ Ȓࡏ

ࡄ ÷Ǖƚ Ȓȩɟƚ ƇǞɯɾǞȘżɾ ǕŏɯǕƚɯ ʶƚ ɯƚƚࡈ
ɾǕƚ ǕǞǃǕƚɟ ʶƚ ƚʾɔƚżɾ ɾǕǞɯ
ȒŏʾǞȒʕȒ ɾȩ ųƚࡏ

Úɟ(Ǖ(ʺǝ) Ǖŏɯ Ȁȩǃ2 ɾɟŏǞȀǞȘǃ ˌƚɟȩɯ) =

ëȩ ʶǞɾǕ 2 ƇǞɯɾǞȘżɾ ǕŏɯǕƚɯࡈ ƚʾɔƚżɾ ɾȩ ɯƚƚ ߝ ʶǞɾǕ Ȁȩǃ2 ɾɟŏǞȀǞȘǃ
ˌƚɟȩɯࡏ Cʾɔƚżɾ Ȓ ≈ Ȁȩǃ2ࡏ Ȓ ɾŏǺƚɯ ª(Ȁȩǃ Ȁȩǃ2) ųǞɾɯ ɾȩ ɯɾȩɟƚࡏ

ߡߟ



ͱΎ͇ͱΎ͇ χθ˨̥̐

÷ȩɾŏȀ ëɔŏżƚࡇ ª
(
Ȁȩǃ Ȁȩǃ2

εߞ + Ȁȩǃ2
)
ǀȩɟ ŏȘ ε ŏɔɔɟȩʾǞȒŏɾƚ żȩʕȘɾࡏ

ĆɯǞȘǃࢅ ŏȘ ŏʕʾǞȀǞŏɟʿ ȒƚȒȩɟʿ ɯȒŏȀȀƚɟ ɾǕŏȘ ɾǕƚ ɯǞˌƚ ȩǀ ɾǕǞɯ ŏųɯɾɟŏżɾࡈ ɾǕƚ
�ȩǃ�ȩǃ ŏȀǃȩɟǞɾǕȒ ȒŏǺƚɯ Ǟɾ ɔȩɯɯǞųȀƚ ɾȩ ƚɯɾǞȒŏɾƚ ǞȘ ŏ ɯǞȘǃȀƚ ɔŏɯɯ ŏȘƇ
ʶǞɾǕǞȘ ŏ ǀƚʶ ɔƚɟżƚȘɾɯ ɾǕƚ ȘʕȒųƚɟ ȩǀ ƇǞǀǀƚɟƚȘɾ ʶȩɟƇɯ ǞȘ ɾǕƚ ʶǕȩȀƚ ȩǀ
ëǕŏǺƚɯɔƚŏɟƚ࢈ɯ ʶȩɟǺɯࢆࡏ ࡵ _ȀŏǲȩȀƚɾࡈ 4ʕɟŏȘƇࡏ

ĆɯǞȘǃ mʿɔƚɟ�ȩǃ�ȩǃ ɾȩ żȩʕȘɾ ߝ ųǞȀȀǞȩȘ ƇǞɯɾǞȘżɾ ǞɾƚȒɯ ʶǞɾǕ %ߞ ŏżżʕɟŏżʿࡇ

ɯɔŏżƚ ʕɯƚƇ = ª
( Ȁȩǃ Ȁȩǃ2

εߞ
+ Ȁȩǃ2

)

=
ߠߜ.ߝ · +Ȁȩǃߞ Ȁȩǃߞ 2,

εߞ
+ +Ȁȩǃߞ 2, ųǞɾɯ

=
ߠߜ.ߝ · ߡ
ߞߞߜ. + ߜߟ = ߜߟߜߟߝ ųǞɾɯ ≈ ߢ.ߝ ǹ$!

ߢߟ



̙͖χϑξ͖̊ϟϑ̥̙ ̙͖χϑ͖;̐ϑ ̥ͱ̥ͻ̥;ϑχ

�ǞȘmŏɯǕ ɯʕȒȒŏɟǞƚɯ ŏɟƚ ࡏࢆȒƚɟǃƚŏųȀƚࢅ �ȩ ȘƚƚƇ ɾȩ ɯǕŏɟƚ ȀǞɯɾɯ ȩǀ
ƇǞɯɾǞȘżɾ ƚȀƚȒƚȘɾɯ Ǟǀ ɾǕȩɯƚ ƚȀƚȒƚȘɾɯ ŏɟƚ ɯɾȩɟƚƇ ȩȘ ƇǞǀǀƚɟƚȘɾ
ȒŏżǕǞȘƚɯࡏ �ʕɯɾ ɯǕŏɟƚ ȒǞȘǞȒʕȒ ǕŏɯǕ ʲŏȀʕƚࡏ

ߣߟ

- - -
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͑Іθ̥ξͱΎ͇ͱΎ͇ ͖; θξ˨̐ϑ͖̥̐

vȒɔȀƚȒƚȘɾŏɾǞȩȘɯࡇ bȩȩǃȀƚ Úȩʶƚɟ4ɟǞȀȀࡈ _ŏżƚųȩȩǺ Úɟƚɯɾȩࡈ ÷ʶǞɾɾƚɟ
�ȀǃƚųǞɟƇࡈ �ȒŏˌȩȘ áƚƇɯǕǞǀɾࡏ

Ćɯƚ +ŏɯƚࡇ CʾɔȀȩɟŏɾȩɟʿ ëßࡷ�ȀǞǺƚ ɛʕƚɟǞƚɯ ȩȘ ɾŏųȀƚɯ ʶǞɾǕ ɯ࢈ߜߜߝ ȩǀ
ųǞȀȀǞȩȘɯ ȩǀ ɟȩʶɯࡏ

ࡄ +ȩʕȘɾ ȘʕȒųƚɟ ȩǀ ƇǞɯɾǞȘżɾ ʕɯƚɟɯ ǞȘ bƚɟȒŏȘʿ ɾǕŏɾ ȒŏƇƚ ŏɾ Ȁƚŏɯɾ
ȩȘƚ ɯƚŏɟżǕ żȩȘɾŏǞȘǞȘǃ ɾǕƚ ʶȩɟƇ ࢈ŏʕɾȩࢇ ǞȘ ɾǕƚ Ȁŏɯɾ ȒȩȘɾǕࡏ

ࡄ +ȩʕȘɾ ȘʕȒųƚɟ ȩǀ ƇǞɯɾǞȘżɾ ɯʕųǲƚżɾ ȀǞȘƚɯ ǞȘ ƚȒŏǞȀɯ ɯƚȘɾ ųʿ ʕɯƚɟɯ
ɾǕŏɾ Ǖŏʲƚ ɟƚǃǞɯɾƚɟƚƇ ǞȘ ɾǕƚ Ȁŏɯɾ ʶƚƚǺࡈ ǞȘ żȩȒɔŏɟǞɯȩȘ ɾȩ ȘʕȒųƚɟ
ȩǀ ƚȒŏǞȀɯ ɯƚȘɾ ȩʲƚɟŏȀȀ ɾȩ ƚɯɾǞȒŏɾƚ ɟŏɾƚɯ ȩǀ ɯɔŏȒ ŏżżȩʕȘɾɯࡏ

�ȘɯʶƚɟǞȘǃ ŏ ɛʕƚɟʿ ɟƚɛʕǞɟƚɯ ŏ ƇǞɯɾɟǞųʕɾƚƇ ȀǞȘƚŏɟ ɯżŏȘ ȩʲƚɟ ɾǕƚ
Ƈŏɾŏųŏɯƚࡇ ߞ ɯƚżȩȘƇɯ ǞȘ bȩȩǃȀƚ࢈ɯ ƇǞɯɾɟǞųʕɾƚƇ ǞȒɔȀƚȒƚȘɾŏɾǞȩȘࡏ

ߤߟ



͑Іθ̥ξͱΎ͇ͱΎ͇ ͖; θξ˨̐ϑ͖̥̐

Ǖƚ÷ࢅ ɯʿɯɾƚȒ Ǖŏɯ ųƚƚȘ ǞȘ ɔɟȩƇʕżɾǞȩȘ ɯǞȘżƚ ƚȘƇ ȩǀ ߤߜߜߞ ŏȘƇ ʶŏɯ
ȒŏƇƚ ŏʲŏǞȀŏųȀƚ ǀȩɟ ǞȘɾƚɟȘŏȀ ʕɯƚɟɯ ŏżɟȩɯɯ ŏȀȀ ȩǀ bȩȩǃȀƚ ȒǞƇ
ࡏߥߜߜߞ CŏżǕ ȒȩȘɾǕ Ǟɾ Ǟɯ ʕɯƚƇ ųʿ Ȓȩɟƚ ɾǕŏȘ ߜߜߤ ʕɯƚɟɯ ɯƚȘƇǞȘǃ
ȩʕɾ ŏųȩʕɾ ߠ ȒǞȀȀǞȩȘ ëß� ɛʕƚɟǞƚɯࡏ �ǀɾƚɟ ŏ ǕŏɟƇ Ƈŏʿ࢈ɯ ʶȩɟǺࡈ ȩȘƚ
ȩǀ ȩʕɟ ɾȩɔ ʕɯƚɟɯ Ǖŏɯ ɯɔƚȘɾ ȩʲƚɟ ߢ Ǖȩʕɟɯ ǞȘ ɾǕƚ Ćvࡈ ɾɟǞǃǃƚɟǞȘǃ
ʕɔ ɾȩ ߞߝ ɾǕȩʕɯŏȘƇ ɛʕƚɟǞƚɯࡏ ĦǕƚȘ ʕɯǞȘǃ ȩʕɟ żȩȀʕȒȘࡷɯɾȩɟƚ ŏɯ ŏ
ųŏżǺƚȘƇࡈ ɾǕǞɯ Ȓŏʿ ŏȒȩʕȘɾ ɾȩ ɯżŏȘȘǞȘǃ ŏɯ ȒʕżǕ ŏɯ ߡߞߡ ɾɟǞȀȀǞȩȘ
żƚȀȀɯ ǞȘ ǕʿɔȩɾǕƚɾǞżŏȀ ǀʕȀȀ ɯżŏȘɯࢆࡏ

ߥߟ



χ̥ͬϑ͖̐͑;͇ ˨ͱ͇Ύξ͖ϑ͑ͻχ

�ųɯɾɟŏżɾ ŏɟżǕǞɾƚżɾʕɟƚ ȩǀ ŏ ɯǺƚɾżǕǞȘǃ ŏȀǃȩɟǞɾǕȒࡇ

ࡄ bǞʲƚȘ ŏ ǕǞǃǕ ƇǞȒƚȘɯǞȩȘŏȀ Ƈŏɾŏɯƚɾ 2 = Ɔߝ, . . . ,Ɔȗ ʶǞɾǕ ȗ
ɔǞƚżƚɯ ȩǀ Ƈŏɾŏ ƚŏżǕ ǞȘ RƆࡏ

ࡄ ëǺƚɾżǕ ɔǕŏɯƚࡇ _ȩɟ ƚŏżǕ ǝ ∈ ,ߝ . . . ,ȗࡈ żȩȒɔʕɾƚ ɫǝ = *(Ɔǝ)ࡈ
ʶǕƚɟƚ * Ǟɯ ɯȩȒƚ żȩȒɔɟƚɯɯǞȩȘ ǀʕȘżɾǞȩȘ ŏȘƇ ɫǝ ∈ Rǹ ǀȩɟ
ǹ- Ɔࡏ

ࡄ Úɟȩżƚɯɯ ɔǕŏɯƚࡇ Ćɯƚ Ȓȩɟƚ żȩȒɔŏżɾ Ƈŏɾŏɯƚɾ ɫߝ, . . . , ɫȗ ɾȩ
ŏɔɔɟȩʾǞȒŏɾƚȀʿ żȩȒɔʕɾƚ ɯȩȒƚɾǕǞȘǃ ŏųȩʕɾ ࡏ2

ëǺƚɾżǕǞȘǃ ɔǕŏɯƚ Ǟɯ ƚŏɯǞȀʿ
ƇǞɯɾɟǞųʕɾƚƇࡈ ɔŏɟŏȀȀƚȀǞˌƚƇࡈ ƚɾżࡏ
$ƚɾɾƚɟ ɯɔŏżƚ żȩȒɔȀƚʾǞɾ ʿࡈ
żȩȒȒʕȘǞżŏɾǞȩȘ żȩȒɔȀƚʾǞɾ ʿࡈ
ɟʕȘɾǞȒƚࡈ ŏȀȀ ŏɾ ȩȘżƚࡏ

ߜߠ

€



χ͖ͻ͖ͱ˨ξ͖ϑІ ̥χϑ͖ͻ˨ϑ͖Ύ;

mȩʶ Ƈȩƚɯ ëǕŏˌŏȒ ȒŏɾżǕ ŏ ɯȩȘǃ żȀǞɔ ŏǃŏǞȘɯɾ ŏ ȀǞųɟŏɟʿ ȩǀ ߤ
ȒǞȀȀǞȩȘ ɯȩȘǃɯ ߞߟ ÷$ ȩǀ Ƈŏɾŏ ǞȘ ŏ ǀɟŏżɾǞȩȘ ȩǀ ŏ ɯƚżȩȘƇࡐ

ëɔƚżɾɟȩǃɟŏȒ ƚʾɾɟŏżɾƚƇ
ǀɟȩȒ ŏʕƇǞȩ żȀǞɔࡏ

ÚɟȩżƚɯɯƚƇ ɯɔƚżɾɟȩǃɟŏȒࡇ
ʕɯƚƇ ɾȩ żȩȘɯɾɟʕżɾ ŏʕƇǞȩ
ࢆȘǃƚɟɔɟǞȘɾ˙ࢅ ɛ ∈ ,ߜ} ࡏƆ{ߝ

CŏżǕ żȀǞɔ Ǟɯ ɟƚɔɟƚɯƚȘɾƚƇ ųʿ ŏ ǕǞǃǕ ƇǞȒƚȘɯǞȩȘŏȀ ųǞȘŏɟʿ ʲƚżɾȩɟ ɛࡏ

ߝߠ

• . .
o .

#



χ͖ͻ͖ͱ˨ξ͖ϑІ ̥χϑ͖ͻ˨ϑ͖Ύ;

bǞʲƚȘ ɛࡈ ˙ȘƇ ŏȘʿ Șƚŏɟųʿ ࢆȘǃƚɟɔɟǞȘɾ˙ࢅ ʿ ǞȘ ŏ Ƈŏɾŏųŏɯƚ ࡵ Ǟࡏƚࡏ ŏȘʿ
ʿ ʶǞɾǕ ƇǞɯɾ(ʿ,ɛ) ɯȒŏȀȀࡏ

+ǕŏȀȀƚȘǃƚɯࡇ

ࡄ 4ŏɾŏųŏɯƚ Ǟɯ ɔȩɯɯǞųȀʿ Ǖʕǃƚࡇ ª(ȗƆ) ųǞɾɯࡏ
ࡄ CʾɔƚȘɯǞʲƚ ɾȩ żȩȒɔʕɾƚ ƇǞɯɾ(ʿ,ɛ)ࡇ ª(Ɔ) ɾǞȒƚࡏ

ߞߠ

#

[



χ͖ͻ͖ͱ˨ξ͖ϑІ ̥χϑ͖ͻ˨ϑ͖Ύ;

bȩŏȀࡇ 4ƚɯǞǃȘ ŏ Ȓȩɟƚ żȩȒɔŏżɾ ɯǺƚɾżǕ ǀȩɟ żȩȒɔŏɟǞȘǃ
ɛ, ʿ ∈ ,ߜ} ࡏƆ{ߝ vƇƚŏȀȀʿ- Ɔ ɯɔŏżƚࡕɾǞȒƚ żȩȒɔȀƚʾǞɾ ʿࡏ

*(ɛ) ∈ Rǹ

*(ʿ) ∈ Rǹ

mȩȒȩȒȩɟɔǕǞż +ȩȒɔɟƚɯɯǞȩȘࡇ

*(ɛ) ɯǕȩʕȀƇ ųƚ ɯǞȒǞȀŏɟ ɾȩ *(ʿ) Ǟǀ ɛ Ǟɯ ɯǞȒǞȀŏɟ ɾȩ ʿࡏ

ߟߠ

-
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ͩ˨̐̐˨ξ̙ χ͖ͻ͖ͱ˨ξ͖ϑІ

4ƚ˙ȘǞɾǞȩȘ �ŏżżŏɟƇ ëǞȒǞȀŏɟǞɾʿ

�(ɛ, ʿ) = |ɛ ∩ ʿ|
|ɛ ∪ ʿ| =

ࡍ ȩǀ ȘȩȘࡷˌƚɟȩ ƚȘɾɟǞƚɯ ǞȘ żȩȒȒȩȘ
ɾȩɾŏȀ ࡍ ȩǀ ȘȩȘࡷˌƚɟȩ ƚȘɾɟǞƚɯ

�ŏɾʕɟŏȀ ɯǞȒǞȀŏɟǞɾʿ Ȓƚŏɯʕɟƚ ǀȩɟ ųǞȘŏɟʿ ʲƚżɾȩɟɯࡏ ߜ ≤ �(ɛ, ʿ) ≤ ࡏߝ

+ŏȘ ųƚ ŏɔɔȀǞƚƇ ɾȩ ŏȘʿ Ƈŏɾŏ ʶǕǞżǕ Ǖŏɯ ŏ ȘŏɾʕɟŏȀ ųǞȘŏɟʿ
ɟƚɔɟƚɯƚȘɾŏɾǞȩȘ Ȓȩɟƚ ɾǕŏȘ ʿȩʕ ȒǞǃǕɾ ɾǕǞȘǺࡏ

ߠߠ



ͩ˨̐̐˨ξ̙ χ͖ͻ͖ͱ˨ξ͖ϑІ ͂Ύξ ̙Ύ̐ϟͻ̥;ϑ ̐Ύͻθ˨ξ͖χΎ;

ࢆʶȩɟƇɯࡷȩǀࡷŏǃ$ࢅ ȒȩƇƚȀࡇ

mȩʶ ȒŏȘʿ ʶȩɟƇɯ Ƈȩ ŏ ɔŏǞɟ ȩǀ ƇȩżʕȒƚȘɾɯ Ǖŏʲƚ ǞȘ żȩȒȒȩȘࡐ

ߡߠ



ͩ˨̐̐˨ξ̙ χ͖ͻ͖ͱ˨ξ͖ϑІ ͂Ύξ ̙Ύ̐ϟͻ̥;ϑ ̐Ύͻθ˨ξ͖χΎ;

ࢆʶȩɟƇɯࡷȩǀࡷŏǃ$ࢅ ȒȩƇƚȀࡇ

mȩʶ ȒŏȘʿ ųǞǃɟŏȒɯ Ƈȩ ŏ ɔŏǞɟ ȩǀ ƇȩżʕȒƚȘɾɯ Ǖŏʲƚ ǞȘ żȩȒȒȩȘࡐ

ߢߠ



˨θθͱ͖̐˨ϑ͖Ύ;χࡇ ̙Ύ̐ϟͻ̥;ϑ χ͖ͻ͖ͱ˨ξ͖ϑІ

ࡄ _ǞȘƇǞȘǃ ƇʕɔȀǞżŏɾƚ ȩɟ Șƚʶ ƇʕɔȀǞżŏɾƚ ƇȩżʕȒƚȘɾɯ ȩɟ
ʶƚųɔŏǃƚɯࡏ

ࡄ +ǕŏȘǃƚ ƇƚɾƚżɾǞȩȘ ǀȩɟ ǕǞǃǕࡷɯɔƚƚƇ ʶƚų żŏżǕƚɯࡏ
ࡄ _ǞȘƇǞȘǃ ȘƚŏɟࡷƇʕɔȀǞżŏɾƚ ƚȒŏǞȀɯ ȩɟ żʕɯɾȩȒƚɟ ɟƚʲǞƚʶɯ ʶǕǞżǕ
żȩʕȀƇ ǞȘƇǞżŏɾƚ ɯɔŏȒࡏ

°ɾǕƚɟ ɾʿɔƚɯ ȩǀ Ƈŏɾŏ ʶǞɾǕ ŏ ȘŏɾʕɟŏȀ ųǞȘŏɟʿ ɟƚɔɟƚɯƚȘɾŏɾǞȩȘࡐ

ߣߠ



χ͖ͻ͖ͱ˨ξ͖ϑІ ̥χϑ͖ͻ˨ϑ͖Ύ;

bȩŏȀࡇ 4ƚɯǞǃȘ ŏ żȩȒɔŏżɾ ɯǺƚɾżǕ * : ,ߜ} →{ߝ Rǹࡇ

mȩȒȩȒȩɟɔǕǞż +ȩȒɔɟƚɯɯǞȩȘࡇ ĦŏȘɾ ɾȩ ʕɯƚ *(ɛ), *(ʿ) ɾȩ
ŏɔɔɟȩʾǞȒŏɾƚȀʿ żȩȒɔʕɾƚ ɾǕƚ �ŏżżŏɟƇ ɯǞȒǞȀŏɟǞɾʿ �(ɛ, ʿ)ࡏ

ߤߠ



ͻ͖;͑˨χ͑

�ǞȘmŏɯǕ ࡈɟȩƇƚɟ$ ࡇߣߥ࢈

ࡄ +Ǖȩȩɯƚ ǹ ɟŏȘƇȩȒ ǕŏɯǕ ǀʕȘżɾǞȩȘɯ
ǔߝ, . . . ,ǔǹ : ,ߝ} . . . ,ȗ}→ ,ߜ] ࡏ[ߝ

ࡄ _ȩɟ ǝ ∈ ,ߝ . . . , ǹࡈ Ȁƚɾ żǝ = ȒǞȘǱ,ɛǱ=ߝ ǔǝ(Ǳ)ࡏ
ࡄ *(ɛ) = [żߝ, . . . , żǹ]ࡏ

ߥߠ



ͻ͖;͑˨χ͑

ࡄ +Ǖȩȩɯƚ ǹ ɟŏȘƇȩȒ ǕŏɯǕ ǀʕȘżɾǞȩȘɯ
ǔߝ, . . . ,ǔǹ : ,ߝ} . . . ,ȗ}→ ,ߜ] ࡏ[ߝ

ࡄ _ȩɟ ǝ ∈ ,ߝ . . . , ǹࡈ Ȁƚɾ żǝ = ȒǞȘǱ,ɛǱ=ߝ ǔǝ(Ǳ)ࡏ
ࡄ *(ɛ) = [żߝ, . . . , żǹ]ࡏ

ߜߡ



ͻ͖;͑˨χ͑ ˨;˨ͱІχ͖χ

+ȀŏǞȒࡇ Úɟ[żǝ(ɛ) = żǝ(ʿ)] = �(ɛ, ʿ)ࡏ

ߝߡ



ͻ͖;͑˨χ͑ ˨;˨ͱІχ͖χ

+ȀŏǞȒࡇ Úɟ[żǝ(ɛ) = żǝ(ʿ)] = �(ɛ, ʿ)ࡏ

Cʲƚɟʿ ȘȩȘࡷˌƚɟȩ ǞȘƇƚʾ ǞȘ ɛ ∪ ʿ Ǟɯ ƚɛʕŏȀȀʿ ȀǞǺƚȀʿ ɾȩ ɔɟȩƇʕżƚ ɾǕƚ
Ȁȩʶƚɯɾ ǕŏɯǕ ʲŏȀʕƚࡏ żǝ(ɛ) = żǝ(ʿ) ȩȘȀʿ Ǟǀ ɾǕǞɯ ǞȘƇƚʾ Ǟɯ ߝ ǞȘ ųȩɾǕ ɛ
ŏȘƇ ʿࡏ ÷Ǖƚɟƚ ŏɟƚ ɛ ∩ ʿ ɯʕżǕ ǞȘƇǞżƚɯࡏ ëȩࡇ

Úɟ[żǝ(ɛ) = żǝ(ʿ)] =
ɛ ∩ ʿ
ɛ ∪ ʿ = �(ɛ, ʿ)

ߞߡ



ͻ͖;͑˨χ͑ ˨;˨ͱІχ͖χ

áƚɾʕɟȘࡇ �̃ = ߝ
ǹ
∑ǹ

ǝ=ߝ [żǝ(ɛ) = żǝ(ʿ)]ࡏ

ĆȘųǞŏɯƚƇ ƚɯɾǞȒŏɾƚ ǀȩɟ �ŏżżŏɟƇ ɯǞȒǞȀŏɟǞɾʿࡇ

Ẽ� =

÷Ǖƚ Ȓȩɟƚ ɟƚɔƚɾǞɾǞȩȘɯࡈ ɾǕƚ Ȁȩʶƚɟ ɾǕƚ ʲŏɟǞŏȘżƚࡏ

ߟߡ



ͻ͖;͑˨χ͑ ˨;˨ͱІχ͖χ

�ƚɾ � = �(ɛ, ʿ) ƇƚȘȩɾƚ ɾǕƚ ɾɟʕƚ �ŏżżŏɟƇ ɯǞȒǞȀŏɟǞɾʿࡇ CɯɾǞȒŏɾȩɟࡇ
�̃ = ߝ

ǹ
∑ǹ

ǝ=ߝ [żǝ(ɛ) = żǝ(ʿ)]ࡏ

ģŏɟ[̃�] =

÷ɟʿ ɾȩ ɔȀʕǃ ǞȘɾȩ +ǕƚųʿɯǕƚʲ ǞȘƚɛʕŏȀǞɾ ʿࡏ mȩʶ Ȁŏɟǃƚ Ƈȩƚɯ ǹ ȘƚƚƇ
ɾȩ ųƚ ɯȩ ɾǕŏɾࡇ

|�− �̃| ≤ ε?

ߠߡ



ͻ͖;͑˨χ͑ ˨;˨ͱІχ͖χ

+ǕƚųʿɯǕƚʲ ǞȘƚɛʕŏȀǞɾʿࡇ �ɯ ȀȩȘǃ ŏɯ ǹ = ª
( ߝ
εߞδ

)
ࡈ ɾǕƚȘ ʶǞɾǕ ɔɟȩųࡏ

−ߝ δࡈ

�(ɛ, ʿ)− ε ≤ �̃ (*(ɛ), *(ʿ)) ≤ �(ɛ, ʿ) + ε.

�ȘƇ �̃ ȩȘȀʿ ɾŏǺƚɯ ª(ǹ) ɾǞȒƚ ɾȩ żȩȒɔʕɾƚࡋ vȘƇƚɔƚȘƇƚȘɾ ȩǀ
ȩɟǞǃǞȘŏȀ ˙ȘǃƚɟɔɟǞȘɾ ƇǞȒƚȘɯǞȩȘ Ɔࡏ

ߡߡ


