
+ëࡷbĮ ߟߞߞߥ ࡇ4 �ƚżɾʕɟƚ ߠߝ
�ƚʲƚɟŏǃƚ ëżȩɟƚ ëŏȒɔȀǞȘǃࡈ ëɔƚżɾɟŏȀ
ëɔŏɟɯǞ˙żŏɾǞȩȘࡈ ÷ŏɯɾƚ ȩǀ Ȓʿ ɟƚɯƚŏɟżǕ

�ĮĆ ÷ŏȘƇȩȘ ëżǕȩȩȀ ȩǀ CȘǃǞȘƚƚɟǞȘǃࡈ Úɟȩǀࡏ +ǕɟǞɯɾȩɔǕƚɟ �ʕɯżȩ

ߝ



˨̙ͻ͖;͖χϑξ˨ϑ͖ϻ̥ ͖;͂Ύ

ࡄ _ǞȘŏȀ ɔɟȩǲƚżɾ ȘƚƚƇɯ ɾȩ ųƚ ɯʕųȒǞɾɾƚƇ ųʿ ߤߝ/ߞߝ ȩȘ �ĮĆ
+Ȁŏɯɯƚɯࡏ ߢ ɔŏǃƚ ʶɟǞɾƚʕɔ ȒǞȘǞȒʕȒࡏ v ŏȒ ɯɾǞȀȀ ŏʲŏǞȀŏųȀƚ ǀȩɟ
Ȁŏɯɾ ȒǞȘʕɾƚ ȒƚƚɾǞȘǃɯ Ǟǀ ȘƚƚƇƚƇࡏ

ࡄ ÚȀƚŏɯƚ ˙ȀȀ ȩʕɾ żȩʕɟɯƚ ǀƚƚƇųŏżǺࡋ
ࡄ v ƇƚɯɔƚɟŏɾƚȀʿ ȘƚƚƇ ǃɟŏƇƚɟɯ ɾȩ ǕƚȀɔ Șƚʾɾ ʿƚŏɟ ࡵ Ǟǀ ʿȩʕ ʶǞȀȀ
ųƚ ŏɟȩʕȘƇ ǞȘ ɾǕƚ _ŏȀȀ ߝߞߜߞ ɯƚȒƚɯɾƚɟࡈ Ȁƚɾ Ȓƚ ǺȘȩʶࡏ

ߞ

NewIPS cuppa



ξ˨;̙Ύͻ͖В̥̙ ;ϟͻ̥ξ͖̐˨ͱ ͱ͖;̥˨ξ ˨ͱ͇̥̊ξ˨

�ŏǞȘ ǞƇƚŏࡇ vǀ ʿȩʕ ʶŏȘɾ ɾȩ żȩȒɔʕɾƚ ɯǞȘǃʕȀŏɟ ʲƚżɾȩɟɯ ȩɟ
ƚǞǃƚȘʲƚżɾȩɟɯࡈ ȒʕȀɾǞɔȀʿ ɾʶȩ ȒŏɾɟǞżƚɯࡈ ɯȩȀʲƚ ŏ ɟƚǃɟƚɯɯǞȩȘ
ɔɟȩųȀƚȒࡈ ƚɾżࡇࡏ

ࡏߝ +ȩȒɔɟƚɯɯ ʿȩʕɟ ȒŏɾɟǞżƚɯ ʕɯǞȘǃ ŏ ɟŏȘƇȩȒǞˌƚƇ ȒƚɾǕȩƇࡏ
ࡏߞ ëȩȀʲƚ ɾǕƚ ɔɟȩųȀƚȒ ȩȘ ɾǕƚ ɯȒŏȀȀƚɟ ȩɟ ɯɔŏɟɯƚɟ ȒŏɾɟǞʾࡏ

ࡄ  żŏȀȀƚƇ ŏ ࢆɯǺƚɾżǕࢅ ȩɟ ࢆżȩɟƚɯƚɾࢅ ǀȩɟ ࡏ�

ߟ



χ̥ͬϑ̥̙̐͑ ξ̥͇ξ̥χχ͖Ύ;

áŏȘƇȩȒǞˌƚƇ ŏɔɔɟȩʾǞȒŏɾƚ ɟƚǃɟƚɯɯǞȩȘ ʕɯǞȘǃ ŏ
�ȩǕȘɯȩȘࡷ�ǞȘƇƚȘɯɾɟŏʕɯɯ �ŏɾɟǞʾࡇ

vȘɔʕɾࡇ � ∈ Rȗ×Ɔࡈ ų ∈ Rȗࡏ

�ȀǃȩɟǞɾǕȒࡇ �ƚɾ ˜ʾ∗ = ŏɟǃȒǞȘʾ ‖Π�ʾ−Πų‖ࡏߞߞ

bȩŏȀࡇ ĦŏȘɾ ‖�˜ʾ∗ − ų‖ߞߞ ≤ +ߝ) ε)ȒǞȘʾ ‖�ʾ− ų‖ߞߞ

ߠ

}
poodle#
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n
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ϑ˨ξ͇̥ϑ ξ̥χϟͱϑ

÷ǕƚȩɟƚȒ áŏȘƇȩȒǞˌƚƇ �ǞȘƚŏɟ áƚǃɟƚɯɯǞȩȘ
�ƙɺ Π ųƙ ŏ ɑɛȧɑƙɛǿʻ ɫżŏǿƙƆ �� ȑŏɺɛǝʺ ɛŏȗƆȧȑࡧ `ŏʑɫɫǝŏȗࡌ ɫǝǂȗࡌ
ɫɑŏɛɫƙ ɛŏȗƆȧȑࡌ ƙɺżࡨࡒ ʲǝɺǔ ȑ = ª̃

(
Ɔ
εߞ

)
ɛȧʲɫࡒ îǔƙȗ ʲǝɺǔ

ɑɛȧųŏųǝǿǝɺʻ −ߝ) δ)ࡌ ƿȧɛ ŏȗʻ � ∈ Rȗ×Ɔ ŏȗƆ ų ∈ Rȗࡌ

‖�˜ʾ∗ − ų‖ߞߞ ≤ +ߝ) ε)ȒǞȘ
ʾ

‖�ʾ− ų‖ߞߞ

ʲǔƙɛƙ ˜ʾ∗ = ŏɟǃȒǞȘʾ ‖Π�ʾ−Πų‖ࡒߞߞ

ߡ



χϟ̊χθ˨̥̐ ̥ͻ̥̙̙͖̊;͇χ ξ̥ϾΎξ̙̥̙

÷ǕƚȩɟƚȒ ëʕųɯɔŏżƚ CȒųƚƇƇǞȘǃ
�ƙɺ � ∈ Rȗ×Ɔ ųƙ ŏ ȑŏɺɛǝʺࡒ sƿ Π ∈ Rȑ×ȗ ǝɫ żǔȧɫƙȗ ƿɛȧȑ ŏȗʻ
Ɔǝɫɺɛǝųʑɺǝȧȗ D ɫŏɺǝɫƿʻǝȗǂ ɺǔƙ 2ǝɫɺɛǝųʑɺǝȧȗŏǿ �� �ƙȑȑŏࡌ ɺǔƙȗ
ʲǝɺǔ ɑɛȧųŏųǝǿǝɺʻ −ߝ δࡌ

−ߝ) ε)‖�ʾ‖ߞߞ ≤ ‖Π�ʾ‖ߞߞ ≤ +ߝ) ε)‖�ʾ‖ߞߞ

ƿȧɛ ŏǿǿ ʾ ∈ RƆࡌ ŏɫ ǿȧȗǂ ŏɫ ȑ = ª
(
Ɔ+Ȁȩǃ(ߝ/δ)

εߞ

)
ࡒ

vȒɔȀǞƚɯ ɟƚǃɟƚɯɯǞȩȘ ɟƚɯʕȀɾࡈ ŏȘƇ Ȓȩɟƚࡏ

CʾŏȒɔȀƚࡇ ÷Ǖƚ ŏȘʿ ɯǞȘǃʕȀŏɟ ʲŏȀʕƚ σ̃ǝ ȩǀ Π� Ǟɯ ŏ ±ߝ) ε)

ŏɔɔɟȩʾǞȒŏɾǞȩȘ ɾȩ ɾǕƚ ɾɟʕƚ ɯǞȘǃʕȀŏɟ ʲŏȀʕƚ σǝ ȩǀ ࡏ$

ߢ

O
-

Faf→ BEm

-



χϟ̊χ˨ͻθͱ͖;͇ ͻ̥ϑ͑Ύ̙χ

áƚżʕɟɟǞȘǃ ɟƚɯƚŏɟżǕ ǞȘɾƚɟƚɯɾࡇ áƚɔȀŏżƚ ɟŏȘƇȩȒ ɔɟȩǲƚżɾǞȩȘ
ȒƚɾǕȩƇɯ ʶǞɾǕ ɟŏȘƇȩȒ ɯŏȒɔȀǞȘǃ ȒƚɾǕȩƇɯࡏ Úɟȩʲƚ ɾǕŏɾ ǀȩɟ
ƚɯɯƚȘɾǞŏȀȀʿ ŏȀȀ ɔɟȩųȀƚȒɯ ȩǀ ǞȘɾƚɟƚɯɾࡈ żŏȘ ȩųɾŏǞȘ ɯŏȒƚ

ŏɯʿȒɔɾȩɾǞż ɟʕȘɾǞȒƚɯࡏ

ëŏȒɔȀǞȘǃ Ǖŏɯ ɾǕƚ ŏƇƇƚƇ ųƚȘƚ˙ɾ ȩǀ ɔɟƚɯƚɟʲǞȘǃ ȒŏɾɟǞʾ ɯɔŏɟɯǞɾʿ
ȩɟ ɯɾɟʕżɾʕɟƚࡈ ŏȘƇ żŏȘ ųƚ ŏɔɔȀǞƚƇ ǞȘ ŏ ʶǞƇƚɟ ʲŏɟǞƚɾʿ ȩǀ ɯƚɾɾǞȘǃɯ

ʶǕƚɟƚ ɟŏȘƇȩȒ ɔɟȩǲƚżɾǞȩȘɯ ŏɟƚ ɾȩȩ ƚʾɔƚȘɯǞʲƚࡏ

ߣ



χϟ̊χ˨ͻθͱ͖;͇ ͻ̥ϑ͑Ύ̙χ

_Ǟɟɯɾ ǃȩŏȀࡇ +ŏȘ ʶƚ ʕɯƚ ɯŏȒɔȀǞȘǃ ɾȩ ȩųɾŏǞȘ ɯʕųɯɔŏżƚ
ƚȒųƚƇƇǞȘǃɯࡐ vࡏƚࡏ ǀȩɟ ŏ ǃǞʲƚȘ � ˙ȘƇ �̃ ʶǕȩɯƚ ɟȩʶɯ ŏɟƚ ŏ
ʶƚǞǃǕɾƚƇ ɯʕųɯƚɾ ȩǀ ɟȩʶɯ ǞȘ � ŏȘƇࡇ

−ߝ) ε)‖�ʾ‖ߞߞ ≤ ‖�̃ʾ‖ߞߞ ≤ +ߝ) ε)‖�ʾ‖ߞߞ.

ߤ

C
C
C =

(



̥Ѕ˨ͻθͱ̥ Ͼ̥͑ξ̥ χϑξϟ̐ϑϟξ̥ ͻ˨ϑϑ̥ξχ

�ƚɾ $ ųƚ ɾǕƚ ƚƇǃƚࡷʲƚɟɾƚʾ ǞȘżǞƇƚȘżƚ ȒŏɾɟǞʾ ȩǀ ŏ ǃɟŏɔǕ ` ʶǞɾǕ
ʲƚɟɾƚʾ ɯƚɾ Ěࡈ |Ě| = Ɔࡏ áƚżŏȀȀ ɾǕŏɾ $î$ = ࡏ�

áƚżŏȀȀ ɾǕŏɾ Ǟǀ ʾ ∈ ,ߝ−} ȗ{ߝ Ǟɯ ɾǕƚ żʕɾ ǞȘƇǞżŏɾȩɟ ʲƚżɾȩɟ ǀȩɟ ŏ żʕɾ ã
ǞȘ ɾǕƚ ǃɟŏɔǕࡈ ɾǕƚȘ ߝ

ߞߞ‖ʾ$‖ߠ = żʕɾ(ã, Ě \ ã)ࡏ ߥ

=
'÷ .

D=8

d

← -



ͱ͖;̥˨ξ ˨ͱ͇̥̊ξ˨͖̐ ϻ͖̥Ͼ Ύ͂ ̐ϟϑχ

ʾ = ,ߝ] ,ߝ ,ߝ−,ߝ [ߝ−,ߝ−,ߝ−,ߝ

ʾ ∈ ,ߝ−} Ɔ{ߝ Ǟɯ ɾǕƚ żʕɾ ǞȘƇǞżŏɾȩɟ ʲƚżɾȩɟ ǀȩɟ ŏ żʕɾ ã ǞȘ ɾǕƚ ǃɟŏɔǕࡈ
ɾǕƚȘ ߝ

ߞߞ‖ʾ$‖ߠ = żʕɾ(ã, Ě \ ã)

ߜߝ

s = { 1 , 2 ,5,53 V IS : {4, 7,6,83

o



Ͼ̥͖͇͑ϑ̥̙ ̐ϟϑχ

CʾɾƚȘƇɯ ɾȩ ʶƚǞǃǕɾƚƇ ǃɟŏɔǕɯࡈ ŏɯ ȀȩȘǃ ŏɯ ɯɛʕŏɟƚ ɟȩȩɾ ȩǀ ʶƚǞǃǕɾɯ
Ǟɯ ǞȘżȀʕƇƚƇ ǞȘ ࡏ$ ëɾǞȀȀ Ǖŏʲƚ ɾǕƚ $î$ = ࡏ�

�ȘƇ ɯɾǞȀȀ Ǖŏʲƚ ɾǕŏɾ Ǟǀ ʾ ∈ ,ߝ−} Ɔ{ߝ Ǟɯ ɾǕƚ żʕɾ ǞȘƇǞżŏɾȩɟ ʲƚżɾȩɟ ǀȩɟ
ŏ żʕɾ ã ǞȘ ɾǕƚ ǃɟŏɔǕࡈ ɾǕƚȘ ߝ

ߞߞ‖ʾ$‖ߠ = żʕɾ(ã, Ě \ ã)ࡏ

ߝߝ

y

'
" ' "

I



χθ̥̐ϑξ˨ͱ χθ˨ξχ͖͖͂̐˨ϑ͖Ύ;

bȩŏȀࡇ �ɔɔɟȩʾǞȒŏɾƚ $ ųʿ ŏ ʶƚǞǃǕɾƚƇ ɯʕųɯŏȒɔȀƚࡏ vࡏƚࡏ ųʿ $̃ ʶǞɾǕ
ȑ% |A| ɟȩʶɯࡈ ƚŏżǕ ȩǀ ʶǕǞżǕ Ǟɯ ŏ ɯżŏȀƚƇ żȩɔʿ ȩǀ ŏ ɟȩʶ ǀɟȩȒ ࡏ$

�ŏɾʕɟŏȀ ǃȩŏȀࡇ $̃ Ǟɯ ŏ ɯʕųɯɔŏżƚ ƚȒųƚƇƇǞȘǃ ǀȩɟ ࡏ$ vȘ ȩɾǕƚɟ ʶȩɟƇɯࡈ
$̃ Ǖŏɯ ≈ ª(Ɔ) ɟȩʶɯ ŏȘƇ ǀȩɟ ŏȀȀ ʾࡈ

−ߝ) ε)‖$ʾ‖ߞߞ ≤ ‖$̃ʾ‖ߞߞ ≤ +ߝ) ε)‖$ʾ‖ߞߞ.
ߞߝ

%
° O

O



͖͑χϑΎξІ χθ̥̐ϑξ˨ͱ χθ˨ξχ͖͖͂̐˨ϑ͖Ύ;

$̃ Ǟɯ ǞɾɯƚȀǀ ŏȘ ƚƇǃƚࡷʲƚɟɾƚʾ ǞȘżǞƇƚȘżƚ ȒŏɾɟǞʾ ǀȩɟ ɯȩȒƚ ɯɔŏɟɯƚɟ
ǃɟŏɔǕ ࡈ̀˜ ʶǕǞżǕ ɔɟƚɯƚɟʲƚɯ ȒŏȘʿ ɔɟȩɔƚɟɾǞƚɯ ŏųȩʕɾ ࡋ` ˜̀ Ǟɯ żŏȀȀƚƇ
ŏ ɯɔƚżɾɟŏȀ ɯɔŏɟɯǞ˙ƚɟ ǀȩɟ ࡏ`

_ȩɟ ƚʾŏȒɔȀƚࡈ ʶƚ Ǖŏʲƚ ɾǕŏɾ ǀȩɟ ŏȘʿ ɯƚɾ ãࡈ

−ߝ) ε) żʕɾ`(ã, Ě \ ã) ≤ żʕɾ˜̀(ã, Ě \ ã) ≤ +ߝ) ε) żʕɾ`(ã, Ě \ ã).

ëȩ ˜̀ żŏȘ ųƚ ʕɯƚƇ ǞȘ ɔȀŏżƚ ȩǀ ` ǞȘ ɯȩȀʲǞȘǃ ƚࡏǃࡏ ȒŏʾࡕȒǞȘ żʕɾ
ɔɟȩųȀƚȒɯࡈ ųŏȀŏȘżƚƇ żʕɾ ɔɟȩųȀƚȒɯࡈ ƚɾżࡏ

vȘ żȩȘɾɟŏɯɾ Π$ ʶȩʕȀƇ ȀȩȩǺ ȘȩɾǕǞȘǃ ȀǞǺƚ ŏȘ ƚƇǃƚࡷʲƚɟɾƚʾ
ǞȘżǞƇƚȘżƚ ȒŏɾɟǞʾ Ǟǀ Π Ǟɯ ŏ �� ȒŏɾɟǞʾࡏ ߟߝ

T
E

- -



͖͑χϑΎξІ Ύ͂ χθ̥̐ϑξ˨ͱ χθ˨ξχ͖͖͂̐˨ϑ͖Ύ;

ëɔƚżɾɟŏȀ ɯɔŏɟɯǞ˙ƚɟɯ ʶƚɟƚ ǞȘɾɟȩƇʕżƚƇ ǞȘ ߠߜߜߞ ųʿ ëɔǞƚȀȒŏȘ ŏȘƇ
÷ƚȘǃ ǞȘ ŏȘ ǞȘ˚ʕƚȘɾǞŏȀ ɔŏɔƚɟ ȩȘ ǀŏɯɾƚɟ ŏȀǃȩɟǞɾǕȒɯ ǀȩɟ ɯȩȀʲǞȘǃ
�ŏɔȀŏżǞŏȘ ȀǞȘƚŏɟ ɯʿɯɾƚȒɯࡏ

ࡄ bƚȘƚɟŏȀǞˌƚ ɾǕƚ żʕɾ ɯɔŏɟɯǞ˙ƚɟɯ ȩǀ $ƚȘżˌʕɟࡈ �ŏɟǃƚɟ ࡏߢߥࢇ
ࡄ _ʕɟɾǕƚɟ ƇƚʲƚȀȩɔƚƇ ǞȘ ʶȩɟǺ ųʿ ëɔǞƚȀȒŏȘࡈ ëɟǞʲŏɯɾŏʲŏ ࣹ
$ŏɾɯȩȘࡈ ࡏߤߜࢇ

ࡄ mŏʲƚ ǕŏƇ Ǖʕǃƚ ǞȘ˚ʕƚȘżƚ ǞȘ ŏȀǃȩɟǞɾǕȒɯࡈ ŏȘƇ ȩɾǕƚɟ ŏɟƚŏɯ ȩǀ
ȒŏɾǕƚȒŏɾǞżɯ ࡵ ɾǕǞɯ ȀǞȘƚ ȩǀ ʶȩɟǺ ȀƚŏƇ ɾȩ ɾǕƚ ߟߝߜߞ
ɟƚɯȩȀʕɾǞȩȘ ȩǀ ɾǕƚ �ŏƇǞɯȩȘࡷëǞȘǃƚɟ ɔɟȩųȀƚȒ ǞȘ ǀʕȘżɾǞȩȘŏȀ
ŏȘŏȀʿɯǞɯ ųʿ �ŏɟżʕɯࡈ ëɔǞƚȀȒŏȘࡈ ëɟǞʲŏɯɾŏʲŏࡏ

÷ǕǞɯ żȀŏɯɯࡇ �ƚŏɟȘ ŏųȩʕɾ ŏȘ ǞȒɔȩɟɾŏȘɾ ɟŏȘƇȩȒ ɯŏȒɔȀǞȘǃ
ŏȀǃȩɟǞɾǕȒ ǀȩɟ żȩȘɯɾɟʕżɾǞȘǃ ɯɔƚżɾɟŏȀ ɯɔŏɟɯǞ˙ƚɟɯࡈ ŏȘƇ ɯʕųɯɔŏżƚ
ƚȒųƚƇƇǞȘǃɯ ǀȩɟ ȒŏɾɟǞżƚɯ Ȓȩɟƚ ǃƚȘƚɟŏȀȀ ʿࡏ

ߠߝ

-

P -



;˨ϑϟξ˨ͱ ͖͂ξχϑ ˨ϑϑ̥ͻθϑ

bȩŏȀࡇ _ǞȘƇ �̃ ɯʕżǕ ɾǕŏɾ ‖�̃ʾ‖ߞߞ = ±ߝ) ε)‖�ʾ‖ߞߞ ǀȩɟ ŏȀȀ ʾࡏ

ÚȩɯɯǞųȀƚ �ɔɔɟȩŏżǕࡇ +ȩȘɯɾɟʕżɾ �̃ ųʿ ʕȘǞǀȩɟȒȀʿ ɯŏȒɔȀǞȘǃ ɟȩʶɯ
ǀɟȩȒ ࡏ�

+ŏȘ żǕƚżǺ ɾǕŏɾ ɾǕǞɯ ŏɔɔɟȩŏżǕ ǀŏǞȀɯ ƚʲƚȘ ǀȩɟ ɾǕƚ ɯɔƚżǞŏȀ żŏɯƚ ȩǀ
ŏ ǃɟŏɔǕ ʲƚɟɾƚʾࡷƚƇǃƚ ǞȘżǞƇƚȘżƚ ȒŏɾɟǞʾࡏ ߡߝ

B §y§s
I 0



͖ͻθΎξϑ˨;̥̐ χ˨ͻθͱ͖;͇ ͂ξ˨ͻ̥ϾΎξͬ

�ƚʿ ǞƇƚŏࡇ vȒɔȩɟɾŏȘżƚ ɯŏȒɔȀǞȘǃࡏ ëƚȀƚżɾ ɯȩȒƚ ɟȩʶɯ ʶǞɾǕ ǕǞǃǕƚɟ
ɔɟȩųŏųǞȀǞɾ ʿࡏ

ëʕɔɔȩɯƚ � Ǖŏɯ ȗ ɟȩʶɯ ŏߝ . . . , ŏȗࡏ �ƚɾ ɑߝ, . . . ,ɑȗ ∈ ,ߜ] [ߝ ųƚ
ɯŏȒɔȀǞȘǃ ɔɟȩųŏųǞȀǞɾǞƚɯࡏ +ȩȘɯɾɟʕżɾ �̃ ŏɯ ǀȩȀȀȩʶɯࡇ
ࡄ _ȩɟ ǝ = ,ߝ . . . ,ȗ

ࡄ ëƚȀƚżɾ ŏǝ ʶǞɾǕ ɔɟȩųŏųǞȀǞɾʿ ɑǝࡏ
ࡄ vǀ ŏǝ Ǟɯ ɯƚȀƚżɾƚƇࡈ ŏƇƇ ɾǕƚ ɯżŏȀƚƇ ɟȩʶ ɑǝ√ߝ ŏǝ ɾȩ ࡏ̃�

áƚȒƚȒųƚɟࡈ ʕȀɾǞȒŏɾƚȀʿ ʶŏȘɾ ɾǕŏɾ ‖�̃ʾ‖ߞߞ = ±ߝ) ε)‖�ʾ‖ߞߞ ǀȩɟ ŏȀȀ ʾࡏ

+ȀŏǞȒ ࡇߝ E[‖�̃ʾ‖ߞߞ] = ‖�ʾ‖ࡏߞߞ

+ȀŏǞȒ ࡇߞ CʾɔƚżɾƚƇ ȘʕȒųƚɟ ȩǀ ɟȩʶɯ ǞȘ �̃ Ǟɯ∑ȗ
ǝ=ߝ ɑǝࡏ

ߢߝ

= - - - -

A

= p Ax-y.
0 w ) probl - p i

" E"AX" T = §,Y i 'a ftp.J-iefz;]where 2 ;= { i t "
P"' P i



ͱ̥̐ϑϟξ̥ Ύϟϑͱ͖;̥

mȩʶ ɯǕȩʕȀƇ ʶƚ żǕȩȩɯƚ ɾǕƚ ɔɟȩųŏųǞȀǞɾǞƚɯ ɑߝ, . . . ,ɑȗࡐ

ࡏߝ vȘɾɟȩƇʕżƚ ɾǕƚ ǞƇƚŏ ȩǀ ɟȩʶ Ȁƚʲƚɟŏǃƚ ɯżȩɟƚɯࡏ
ࡏߞ �ȩɾǞʲŏɾƚ ʶǕʿ ɾǕƚɯƚ ɯżȩɟƚɯ ȒŏǺƚ ǀȩɟ ǃȩȩƇ ɯŏȒɔȀǞȘǃ
ɔɟȩųŏųǞȀǞɾǞƚɯࡏ

ࡏߟ Úɟȩʲƚ ŏɾ Ȁƚŏɯɾ ȒȩɯɾȀʿ ɾǕŏɾ ɯŏȒɔȀǞȘǃ ʶǞɾǕ ɔɟȩųŏųǞȀǞɾǞƚɯ
ɔɟȩɔȩɟɾǞȩȘŏȀ ɾȩ ɾǕƚɯƚ ɯżȩɟƚɯ ʿǞƚȀƇɯ ŏ ɯʕųɯɔŏżƚ
ƚȒųƚƇƇǞȘǃ ȩɟ ŏ ɯɔƚżɾɟŏȀ ɯɔŏɟɯǞ˙ƚɟ ʶǞɾǕ ŏ Șƚŏɟ ȩɔɾǞȒŏȀ
ȘʕȒųƚɟ ȩǀ ɟȩʶɯࡏ

ߣߝ

statistical



ͻ˨͖; ξ̥χϟͱϑ

�ƚɾ ŏߝ, . . . , ŏȗ ųƚ ɯ࢈� ɟȩʶɯࡏ Ħƚ Ƈƚ˙Șƚ ɾǕƚ ɯɾŏɾǞɯɾǞżŏȀ Ȁƚʲƚɟŏǃƚ
ɯżȩɟƚ τǝ ȩǀ ɟȩʶ ŏǝ ŏɯࡇ

τǝ = ŏîǝ (�î�)−ߝŏǝ.

Ħƚ ʶǞȀȀ ɯǕȩʶ ɾǕŏɾ τǝ Ǟɯ ŏ ȘŏɾʕɟŏȀ ǞȒɔȩɟɾŏȘżƚ Ȓƚŏɯʕɟƚ ǀȩɟ ƚŏżǕ
ɟȩʶ ǞȘ ࡏ�

Ħƚ Ǖŏʲƚ ɾǕŏɾ τǝ ∈ ,ߜ] [ߝ ŏȘƇ
∑ȗ

ǝ=ߝ τǝ = Ɔ Ǟǀ � Ǖŏɯ Ɔ żȩȀʕȒȘɯࡏ

ߤߝ

E l

i n



ͻ˨͖; ξ̥χϟͱϑ

_ȩɟ ǝ = ,ߝ . . . ,ȗࡈ

τǝ = ŏîǝ (�î�)−ߝŏǝ.

÷ǕƚȩɟƚȒ ëʕųɯɔŏżƚ CȒųƚƇƇǞȘǃ ǀɟȩȒ ëʕųɯŏȒɔȀǞȘǃ

]ȧɛ ƙŏżǔ ǝࡌ ŏȗƆ ˛ʺƙƆ żȧȗɫɺŏȗɺ żࡌ ǿƙɺ ɑǝ = ȒǞȘ
(
,ߝ ż Ȁȩǃ Ɔ

εߞ · τǝ
)
ࡒ �ƙɺ

�̃ ǔŏʮƙ ɛȧʲɫ ɫŏȑɑǿƙƆ ƿɛȧȑ � ʲǝɺǔ ɑɛȧųŏųǝǿǝɺǝƙɫ ɑߝ, . . . ,ɑȗࡒ
ĝǝɺǔ ɑɛȧųŏųǝǿǝɺʻ ࡌߜߝ/ߥ

−ߝ) ε)‖�ʾ‖ߞߞ ≤ ‖�̃ʾ‖ߞߞ ≤ +ߝ) ε)‖�ʾ‖ߞߞ,

ŏȗƆ �̃ ǔŏɫ ª(Ɔ ȀȩǃƆ/εߞ) ɛȧʲɫ ǝȗ ƙʺɑƙżɺŏɺǝȧȗࡒ

ߥߝ

-

/ >
fixedcoata t

O
=

± ±
T O

old.la)



ϻ̥̐ϑΎξ χ˨ͻθͱ͖;͇

mȩʶ ɯǕȩʕȀƇ ʶƚ żǕȩȩɯƚ ɾǕƚ ɔɟȩųŏųǞȀǞɾǞƚɯ ɑߝ, . . . ,ɑȗࡐ

�ɯ ʕɯʕŏȀࡈ żȩȘɯǞƇƚɟ ŏ ɯǞȘǃȀƚ ʲƚżɾȩɟ ʾ ŏȘƇ ʕȘƇƚɟɯɾŏȘƇ Ǖȩʶ ɾȩ
ɯŏȒɔȀƚ ɾȩ ɔɟƚɯƚɟʲƚ ȘȩɟȒ ȩǀ ʿ = �ʾࡇ

‖�̃ʾ‖ߞߞ = ‖ë�ʾ‖ߞߞ = ‖ëʿ‖ߞߞ ≈ ‖ʿ‖ߞߞ = ‖�ʾ‖ߞߞ.

÷ǕƚȘ ʶƚ żŏȘ ʕȘǞȩȘ ųȩʕȘƇ ȩʲƚɟ ŏȘ εࡷȘƚɾ ɾȩ ƚʾɾƚȘƇ ɾȩ ŏȀȀ ʾࡏ

ߜߞ

t ÷



ϻ̥̐ϑΎξ χ˨ͻθͱ͖;͇

�ɯ ƇǞɯżʕɯɯƚƇ ŏ ǀƚʶ Ȁƚżɾʕɟƚɯ ŏǃȩࡈ ʕȘǞǀȩɟȒ ɯŏȒɔȀǞȘǃ ȩȘȀʿ ʶȩɟǺɯ
ʶƚȀȀ Ǟǀ ʿ = �ʾ Ǟɯ ࡏࢆŏɾ˚ࢅ

vȘɯɾƚŏƇ żȩȘɯǞƇƚɟ ɯŏȒɔȀǞȘǃ ʶǞɾǕ ɔɟȩųŏųǞȀǞɾǞƚɯ ŏɾ Ȁƚŏɯɾ
ɔɟȩɔȩɟɾǞȩȘŏȀ ɾȩ ɾǕƚ ȒŏǃȘǞɾʕƇƚ ȩǀ ʿ࢈ɯ ƚȘɾɟǞƚɯࡇ

ɑǝ > ż ·
ʻߞǝ

‖ʻ‖ߞߞ
ǀȩɟ żȩȘɯɾŏȘɾ ż ɾȩ ųƚ ƇƚɾƚɟȒǞȘƚƇࡏ

ߝߞ

O"
÷

@



ϻ˨ξ͖˨;̥̐ ˨;˨ͱІχ͖χ

�ƚɾ ˜ʿ ųƚ ɾǕƚ ɯʕųɯŏȒɔȀƚƇ ʿࡏ áƚżŏȀȀ ɾǕŏɾࡈ ʶǕƚȘ ɯŏȒɔȀǞȘǃ ʶǞɾǕ
ɔɟȩųŏųǞȀǞɾǞƚɯ ɑߝ, . . . ,ɑȗࡈ ǀȩɟ ǝ = ,ߝ . . . ,ȗ ʶƚ ŏƇƇ ʻǝ ɾȩ ˜ʿ ʶǞɾǕ
ɔɟȩųŏųǞȀǞɾʿ ɑǝ ŏȘƇ ɟƚʶƚǞǃǕɾ ųʿ ɑǝ√ߝ ࡏ

‖˜ʿ‖ߞߞ =

σߞ = ģŏɟ[‖˜ʿ‖ߞߞ] =

ߞߞ

i }Y i'ftp.P. 2 ; z;:{' 4 probp i0 otherwise

ftp.E.uarczi) s §..4¥.P i
= ÷.'÷

P i t . 'iffy varlijk:3s I Ee, b i '."Ollie
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ϻ˨ξ͖˨;̥̐ ˨;˨ͱІχ͖χ

áƚżŏȀȀ +ǕƚųʿɯǕƚʲ࢈ɯ vȘƚɛʕŏȀǞɾʿࡇ

Úɟ[
∣∣‖˜ʿ‖ߞߞ − ‖ʿ‖ߞߞ

∣∣ ≤ √ߝ
δ
· σ] ≤ δ

Ħƚ ʶŏȘɾ ƚɟɟȩɟ
∣∣‖˜ʿ‖ߞߞ − ‖ʿ‖ߞߞ

∣∣ ≤ ε‖ʿ‖ࡏߞߞ

�ƚƚƇ ɯƚɾ ż = ߝ
δεߞ ࡏ

ߝ

vǀ ʶƚ ǺȘƚʶ ʻߝ, . . . , ʻȗࡈ ɾǕƚ ȘʕȒųƚɟ ȩǀ ɯŏȒɔȀƚɯ ʶƚ ɾŏǺƚ ǞȘ
ƚʾɔƚżɾŏɾǞȩȘ Ǟɯࡇ

ȗ∑

ǝ=ߝ
ɑǝ =

ȗ∑

ǝ=ߝ
ż ·

ʻߞǝ
‖ʻǝ‖ߞߞ

=
ߝ
δεߞ

.

ĆɯǞȘǃߝ ɾǕƚ ɟǞǃǕɾ $ƚɟȘɯɾƚǞȘ ųȩʕȘƇ ʶƚ żŏȘ ǞȒɔɟȩʲƚ ɾȩ ż = ª(Ȁȩǃ(ߝ/δ)/εߞ)ࡏ

ߟߞ

←
- g '

l ' tri
4y .h i

=
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ͻ˨Ѕ͖ͻ͖В˨ϑ͖Ύ; ̐͑˨ξ˨̐ϑ̥ξ͖В˨ϑ͖Ύ;

$ʕɾ ʶƚ ȩǀ żȩʕɟɯƚ ƇȩȘ࢈ɾ ǺȘȩʶ ʻߝ, . . . , ʻȗࡈ ŏȘƇ ƚʲƚȘ ɯȩ ɾǕƚɯƚ
ʲŏȀʕƚɯ ŏɟƚȘ࢈ɾ ˙ʾƚƇࡏ Ħƚ ʶŏȘɾƚƇ ɾȩ ɔɟȩʲƚ ŏ ųȩʕȘƇ ǀȩɟ ʿ = �ʾ ǀȩɟ
ŏȘʿ ʾࡏ

vƇƚŏ ųƚǕǞȘƇ Ȁƚʲƚɟŏǃƚ ɯżȩɟƚɯࡇ ëŏȒɔȀƚ ɟȩʶ ǝ ǀɟȩȒ � ʕɯǞȘǃ ɾǕƚ
ʶȩɟɯɾ żŏɯƚ Ȁŏɟǃƚɯɾ Șƚżƚɯɯŏɟʿ ɯŏȒɔȀǞȘǃ ɔɟȩųŏųǞȀǞɾʿࡇ

τǝ = Ȓŏʾ
ʾ

ʻߞǝ
‖ʿ‖ߞߞ

ʶǕƚɟƚ ʿ = �ʾ.

vǀ ʶƚ ɯŏȒɔȀƚ ʶǞɾǕ ɔɟȩųŏųǞȀǞɾʿ ɑǝ = ߝ
εߞ · τǝࡈ ɾǕƚȘ ʶƚ ʶǞȀȀ ųƚ

ɯŏȒɔȀǞȘǃ ųʿ ŏɾ Ȁƚŏɯɾ ߝ
εߞ ·

ʻߞǝ
‖ʻ‖ߞߞ

ࡈ Șȩ Ȓŏɾɾƚɟ ʶǕŏɾ ʿ Ǟɯࡏ

÷ʶȩ Ȓŏǲȩɟ żȩȘżƚɟȘɯࡇ ߝ mȩʶ ɾȩ żȩȒɔʕɾƚ τߝ, . . . , τȗࡈ ŏȘƇ ߞ ɾǕƚ
ȘʕȒųƚɟ ȩǀ ɯŏȒɔȀƚɯ ʶƚ ɾŏǺƚ ʶǞȀȀ ųƚ ɟȩʕǃǕȀʿ

∑ȗ
ǝ=ߝ τǝࡏ mȩʶ Ƈȩ ʶƚ

ųȩʕȘƇ ɾǕǞɯࡐ
ߠߞ

AX
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ͻ˨Ѕ͖ͻ͖В˨ϑ͖Ύ; ̐͑˨ξ˨̐ϑ̥ξ͖В˨ϑ͖Ύ;

τǝ = Ȓŏʾ
ʾ

ʻߞǝ
‖ʿ‖ߞߞ

ʶǕƚɟƚ ʿ = �ʾ.

áƚżŏȀȀ +ŏʕżǕʿࡷëżǕʶŏɟˌ ǞȘƚɛʕŏȀǞɾʿࡇ (ʶîˌ)ߞ ≤ ʶîʶ · ˌîˌ

ߡߞ

T ; = q.tl/ttA)-'ai H . .u s e r t

⇒

i:÷i±÷÷÷÷÷÷÷÷
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̥μϟ͖ϻ˨ͱ̥;ϑ ͻ͖;͖ͻ͖В˨ϑ͖Ύ; ̐͑˨ξ˨̐ϑ̥ξ͖В˨ϑ͖Ύ;

τǝ = ȒǞȘ
ˌ ɯʕżǕ ɾǕŏɾ �îˌ=ŏǝ

.ߞߞ‖ˌ‖

ߢߞ

i i .E i d D



̥μϟ͖ϻ˨ͱ̥;ϑ ͻ͖;͖ͻ͖В˨ϑ͖Ύ; ̐͑˨ξ˨̐ϑ̥ξ͖В˨ϑ͖Ύ;

τǝ = ȒǞȘ
ˌ ɯʕżǕ ɾǕŏɾ �îˌ=ŏǝ

.ߞߞ‖ˌ‖

bǞʲƚɯ żȀƚŏɟƚɟ ɔǞżɾʕɟƚ ȩǀ Ȁƚʲƚɟŏǃƚ ɯżȩɟƚ τǝ ŏɯ ŏ Ȓƚŏɯʕɟƚ ȩǀ
ࢆʕȘǞɛʕƚȘƚɯɯࢅ ǀȩɟ ɟȩʶ ŏǝࡏ

ߣߞ

→
O pure:#
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ͱ̥ϻ̥ξ˨͇̥ χ̐Ύξ̥ χ˨ͻθͱ͖;͇

�ƚʲƚɟŏǃƚ ɯżȩɟƚ ɯŏȒɔȀǞȘǃࡇ

ࡄ _ȩɟ ǝ = ,ߝ . . . ,ȗࡈ
ࡄ +ȩȒɔʕɾƚ τǝ = ŏîǝ (�î�)−ߝŏǝࡏ
ࡄ ëƚɾ ɑǝ = ż Ȁȩǃ(ߝ/δ)

εߞ · τǝࡏ
ࡄ �ƇƇ ɟȩʶ ŏǝ ɾȩ �̃ ʶǞɾǕ ɔɟȩųŏųǞȀǞɾʿ ɑǝ ŏȘƇ ɟƚʶƚǞǃǕɾ ųʿ ɑǝ√ߝ ࡏ

_ȩɟ ŏȘʿ ˙ʾƚƇ ʾࡈ ʶƚ ʶǞȀȀ Ǖŏʲƚ ɾǕŏɾ
−ߝ) ε)‖�ʾ‖ߞߞ ≤ ‖�̃ʾ‖ߞߞ ≤ +ߝ) ε)‖�ʾ‖ߞߞ ʶǞɾǕ ɔɟȩųŏųǞȀǞɾʿ −ߝ) δ)ࡏ

mȩʶ ȒŏȘʿ ɟȩʶɯ Ƈȩ ʶƚ ɯŏȒɔȀƚ ǞȘ ƚʾɔƚżɾŏɾǞȩȘࡐ

ߤߞ

IIa:#i-o
- = \ content
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χϟͻ Ύ͂ ͱ̥ϻ̥ξ˨͇̥ χ̐Ύξ̥χ

+ȀŏǞȒࡇ �ȩ Ȓŏɾɾƚɟ Ǖȩʶ Ȁŏɟǃƚ ȗ Ǟɯࡈ∑ȗ
ǝ=ߝ τǝ = Ɔ ŏ ȒŏɾɟǞʾ � ∈ RƆࡏ

ࢆɯʕȒࡷĻƚɟȩࢅ Ȁŏʶ ǀȩɟ ɾǕƚ ǞȒɔȩɟɾŏȘżƚ ȩǀ ȒŏɾɟǞʾ ɟȩʶɯࡏ

ߥߞ

-
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ͱ̥ϻ̥ξ˨͇̥ χ̐Ύξ̥ χ˨ͻθͱ͖;͇

�ƚʲƚɟŏǃƚ ɯżȩɟƚ ɯŏȒɔȀǞȘǃࡇ

ࡄ _ȩɟ ǝ = ,ߝ . . . ,ȗࡈ
ࡄ +ȩȒɔʕɾƚ τǝ = ŏîǝ (�î�)−ߝŏǝࡏ
ࡄ ëƚɾ ɑǝ = ż Ȁȩǃ(ߝ/δ

εߞ · τǝࡏ
ࡄ �ƇƇ ɟȩʶ ŏǝ ɾȩ �̃ ʶǞɾǕ ɔɟȩųŏųǞȀǞɾʿ ɑǝ ŏȘƇ ɟƚʶƚǞǃǕɾ ųʿ ɑǝ√ߝ ࡏ

_ȩɟ ŏȘʿ ˙ʾƚƇ ʾࡈ ʶƚ ʶǞȀȀ Ǖŏʲƚ ɾǕŏɾ
−ߝ) ε)‖�ʾ‖ߞߞ ≤ ‖�̃ʾ‖ߞߞ ≤ +ߝ) ε)‖�ʾ‖ߞߞ ʶǞɾǕ ǕǞǃǕ ɔɟȩųŏųǞȀǞɾ ʿࡏ

�ȘƇ ɯǞȘżƚ
∑ȗ

ǝ=ߝ ɑǝ =
ż Ȁȩǃ(ߝ/δ

εߞ ·
∑ȗ

ǝ=ߝ τǝࡈ �̃ żȩȘɾŏǞȘɯ ª
(
Ɔ Ȁȩǃ(ߝ/δ)

εߞ

)

ɟȩʶɯ ǞȘ ƚʾɔƚżɾŏɾǞȩȘࡏ

�ŏɯɾ ɯɾƚɔࡇ ȘƚƚƇ ɾȩ ƚʾɾƚȘƇ ɾȩ ŏȀȀ ʾࡏ

ߜߟ

O
s ,

•
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ͻ˨͖; ξ̥χϟͱϑ

�ŏǞʲƚ εࡷȘƚɾ ŏɟǃʕȒƚȘɾ ȀƚŏƇɯ ɾȩ Ɔߞ ƇƚɔƚȘƇƚȘżƚ ɯǞȘżƚ ʶƚ ȘƚƚƇ ɾȩ
ɯƚɾ δ = żƆࡏ bƚɾɾǞȘǃ ɾǕƚ ɟǞǃǕɾ Ɔ ȀȩǃƆ ƇƚɔƚȘƇƚȘżƚ ųƚȀȩʶ ɟƚɛʕǞɟƚɯ
ŏ ɯɾŏȘƇŏɟƇ ȒŏɾɟǞʾࢅ +ǕƚɟȘȩǀǀ ųȩʕȘƇࢆ ɯƚƚ ƚࡏǃࡏ ÷ɟȩɔɔ ࡏߡߝߜߞ

÷ǕƚȩɟƚȒ ëʕųɯɔŏżƚ CȒųƚƇƇǞȘǃ ǀɟȩȒ ëʕųɯŏȒɔȀǞȘǃ

]ȧɛ ƙŏżǔ ǝࡌ ŏȗƆ ˛ʺƙƆ żȧȗɫɺŏȗɺ żࡌ ǿƙɺ ɑǝ = ȒǞȘ
(
,ߝ ż Ȁȩǃ Ɔ

εߞ · τǝ
)
ࡒ �ƙɺ

�̃ ǔŏʮƙ ɛȧʲɫ ɫŏȑɑǿƙƆ ƿɛȧȑ � ʲǝɺǔ ɑɛȧųŏųǝǿǝɺǝƙɫ ɑߝ, . . . ,ɑȗࡒ
ĝǝɺǔ ɑɛȧųŏųǝǿǝɺʻ ࡌߜߝ/ߥ

−ߝ) ε)‖�ʾ‖ߞߞ ≤ ‖�̃ʾ‖ߞߞ ≤ +ߝ) ε)‖�ʾ‖ߞߞ,

ŏȗƆ �̃ ǔŏɫ ª(Ɔ ȀȩǃƆ/εߞ) ɛȧʲɫ ǝȗ ƙʺɑƙżɺŏɺǝȧȗࡒ

ߝߟ

old+1¥'s)) → J L

O
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χθ̥̐ϑξ˨ͱ χθ˨ξχ͖͖͂̐˨ϑ͖Ύ; ̐ΎξΎͱͱ˨ξІ

_ȩɟ ŏȘʿ ǃɟŏɔǕ ` ʶǞɾǕ Ɔ ȘȩƇƚɯࡈ ɾǕƚɟƚ ƚʾǞɯɾɯ ŏ ǃɟŏɔǕ ˜̀ ʶǞɾǕ
ª(Ɔ ȀȩǃƆ/εߞ) ƚƇǃƚɯ ɯʕżǕ ɾǕŏɾࡈ ǀȩɟ ŏȀȀ ʾࡈ ‖$̃ʾ‖ߞߞ = ±ߝ) ε)‖$ʾ‖ࡏߞߞ

�ɯ ŏ ɟƚɯʕȀɾࡈ ɾǕƚ ʲŏȀʕƚ ȩǀ ŏȘʿ żʕɾ ǞȘ ˜̀ Ǟɯ ʶǞɾǕǞȘ ŏ ±ߝ) ε) ǀŏżɾȩɟ ȩǀ
ɾǕƚ ʲŏȀʕƚ ǞȘ ࡈ` ɾǕƚ �ŏɔȀŏżǞŏȘ ƚǞǃƚȘʲŏȀʕƚɯ ŏɟƚ ʶǞɾǕ ŏ ±ߝ) ε)

ǀŏżɾȩɟɯࡈ ƚɾżࡏ

ߞߟ



˨;Ύϑ̥͑ξ ˨θθͱ͖̐˨ϑ͖Ύ;ࡇ ˨̐ϑ͖ϻ̥ ξ̥͇ξ̥χχ͖Ύ;

vȘ ȒŏȘʿ ŏɔɔȀǞżŏɾǞȩȘɯࡈ żȩȒɔʕɾŏɾǞȩȘŏȀ żȩɯɾɯ ŏɟƚ ɯƚżȩȘƇ ȩɟƇƚɟ ɾȩ
Ƈŏɾŏ żȩȀȀƚżɾǞȩȘ żȩɯɾɯࡏ Ħƚ Ǖŏʲƚ ŏ Ǖʕǃƚ ɟŏȘǃƚ ȩǀ ɔȩɯɯǞųȀƚ Ƈŏɾŏ
ɔȩǞȘɾɯ ŏߝ, . . . , ŏȗ ɾǕŏɾ ʶƚ żŏȘ żȩȀȀƚżɾ ȀŏųƚȀɯࡕʲŏȀʕƚɯ ųߝ, . . . ,ųȗ
ǀȩɟࡏ bȩŏȀ Ǟɯ ɾȩ ȀƚŏɟȘ ʾ ɯʕżǕ ɾǕŏɾࡇ

ŏîǝ ʾ ≈ ųǝ.

ĦŏȘɾ ɾȩ Ƈȩ ɯȩ ŏǀɾƚɟ ȩųɯƚɟʲǞȘǃ ŏɯ ǀƚʶ ųߝ, . . . ,ųȗ ŏɯ ɔȩɯɯǞųȀƚࡏ
�ɔɔȀǞżŏɾǞȩȘɯ ǞȘżȀʕƇƚ ǕƚŏȀɾǕżŏɟƚࡈ ƚȘʲǞɟȩȘȒƚȘɾŏȀ ɯżǞƚȘżƚࡈ ƚɾżࡏ

ߟߟ

-

I



˨;Ύϑ̥͑ξ ˨θθͱ͖̐˨ϑ͖Ύ;ࡇ ˨̐ϑ͖ϻ̥ ξ̥͇ξ̥χχ͖Ύ;

+ŏȘ ųƚ ɯȩȀʲƚƇ ʲǞŏ ɟŏȘƇȩȒ ɯŏȒɔȀǞȘǃ ǀȩɟ ȀǞȘƚŏɟ ȒȩƇƚȀɯࡏ

ߠߟ

O
:O =
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˨;Ύϑ̥͑ξ ˨θθͱ͖̐˨ϑ͖Ύ;ࡇ ˨̐ϑ͖ϻ̥ ξ̥͇ξ̥χχ͖Ύ;

+ȀŏǞȒࡇ �ƚɾ �̃ Ǟɯ ŏȘ ª(ߝ)ࡷǀŏżɾȩɟ ɯʕųɯɔŏżƚ ƚȒųƚƇƇǞȘǃ ǀȩɟ �
ȩųɾŏǞȘƚƇ ʲǞŏ Ȁƚʲƚɟŏǃƚ ɯżȩɟƚ ɯŏȒɔȀǞȘǃࡏ ÷ǕƚȘ
˜ʾ = ŏɟǃȒǞȘ ‖�̃ʾ− ų̃‖ߞߞ ɯŏɾǞɯ˙ƚɯࡇ

‖�˜ʾ− ų‖ߞߞ ≤ ª(ߝ)‖�ʾ∗ − ų‖ߞߞ,

ʶǕƚɟƚ ʾ∗ = ŏɟǃȒǞȘ ‖�ʾ− ų‖ࡏߞߞ +ȩȒɔʕɾǞȘǃ ˜ʾ ȩȘȀʿ ɟƚɛʕǞɟƚɯ
żȩȀȀƚżɾǞȘǃ ª(Ɔ ȀȩǃƆ) ȀŏųƚȀɯ ǞȘƇƚɔƚȘƇƚȘɾ ȩǀ ȗࡏ

�ȩɾɯ ȩǀ ŏɔɔȀǞżŏɾǞȩȘɯࡇ

ࡄ áȩųʕɯɾ ųŏȘƇȀǞȒǞɾƚƇࡈ ȒʕȀɾǞųŏȘƇࡈ ŏȘƇ ɔȩȀʿȘȩȒǞŏȀ
ǞȘɾƚɟɔȩȀŏɾǞȩȘ +°÷ë ࡏࡠߥߝߜߞ

ࡄ áȩųʕɯɾ ŏżɾǞʲƚ ȀƚŏɟȘǞȘǃ ǀȩɟ bŏʕɯɯǞŏȘ ɔɟȩżƚɯɯ ɟƚǃɟƚɯɯǞȩȘ
�ƚʕɟvÚë ࡏࡠߜߞߜߞ

ߡߟ

= #

=
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˨;Ύϑ̥͑ξ ˨θθͱ͖̐˨ϑ͖Ύ;ࡇ ˨̐ϑ͖ϻ̥ ξ̥͇ξ̥χχ͖Ύ;

+ȀŏǞȒࡇ ˜ʾ = ŏɟǃȒǞȘ ‖�̃ʾ− ų̃‖ߞߞ ɯŏɾǞɯ˙ƚɯࡇ

‖�˜ʾ− ų‖ߞߞ ≤ ª(ߝ)‖�ʾ∗ − ų‖ߞߞ,

ʶǕƚɟƚ ʾ∗ = ŏɟǃȒǞȘ ‖�ʾ− ų‖ࡏߞߞ +ȩȒɔʕɾǞȘǃ ˜ʾ ȩȘȀʿ ɟƚɛʕǞɟƚɯ
żȩȀȀƚżɾǞȘǃ ª(Ɔ ȀȩǃƆ) ȀŏųƚȀɯ ǞȘƇƚɔƚȘƇƚȘɾ ȩǀ ȗࡏ

Úɟȩȩǀࡇ

ߢߟ



χΎͻ̥ Ύϑ̥͑ξ ϑ͖͑;͇χ ͖ ͑˨ϻ̥ ϾΎξ̥̙ͬ Ύ;

ÚɟȩųȀƚȒࡇ +ȩȒɔʕɾǞȘǃ Ȁƚʲƚɟŏǃƚ ɯżȩɟƚɯ τǝ = ŏîǝ (�î�)−ߝŏǝ Ǟɯ
ƚʾɔƚȘɯǞʲƚࡏ

�ǀɾƚɟ ª(Ȁȩǃȗ) ɟȩʕȘƇɯࡈ τ̃ǝ ≈ τǝ ǀȩɟ ŏȀȀ ǝࡏ

�ŏǞȘ ŏȀǃȩɟǞɾǕȒǞż ǞƇƚŏࡇ $ȩȩɾɯɾɟŏɔ Ȁƚʲƚɟŏǃƚ ɯżȩɟƚ ɯŏȒɔȀǞȘǃ
ǀɟȩȒ ʕȘǞǀȩɟȒ ɯŏȒɔȀǞȘǃ v÷+ë ࡏߡߝߜߞ ߣߟ

Ocular)
-



χΎͻ̥ Ύϑ̥͑ξ ϑ͖͑;͇χ ͖ ͑˨ϻ̥ ϾΎξ̥̙ͬ Ύ;

ÚɟȩųȀƚȒࡇ +ȩȒɔʕɾǞȘǃ Ȁƚʲƚɟŏǃƚ ɯżȩɟƚɯ τǝ = ŏîǝ (�î�)−ߝŏǝ Ǟɯ
ƚʾɔƚȘɯǞʲƚࡏ

�ǀɾƚɟ ª(Ȁȩǃȗ) ɟȩʕȘƇɯࡈ τ̃ǝ ≈ τǝ ǀȩɟ ŏȀȀ ǝࡏ

�ŏǞȘ ŏȀǃȩɟǞɾǕȒǞż ǞƇƚŏࡇ $ȩȩɾɯɾɟŏɔ Ȁƚʲƚɟŏǃƚ ɯżȩɟƚ ɯŏȒɔȀǞȘǃ
ǀɟȩȒ ʕȘǞǀȩɟȒ ɯŏȒɔȀǞȘǃ v÷+ë ࡏߡߝߜߞ ߣߟ



χΎͻ̥ Ύϑ̥͑ξ ϑ͖͑;͇χ ͖ ͑˨ϻ̥ ϾΎξ̥̙ͬ Ύ;

ÚɟȩųȀƚȒࡇ +ȩȒɔʕɾǞȘǃ Ȁƚʲƚɟŏǃƚ ɯżȩɟƚɯ τǝ = ŏîǝ (�î�)−ߝŏǝ Ǟɯ
ƚʾɔƚȘɯǞʲƚࡏ

�ǀɾƚɟ ª(Ȁȩǃȗ) ɟȩʕȘƇɯࡈ τ̃ǝ ≈ τǝ ǀȩɟ ŏȀȀ ǝࡏ

�ŏǞȘ ŏȀǃȩɟǞɾǕȒǞż ǞƇƚŏࡇ $ȩȩɾɯɾɟŏɔ Ȁƚʲƚɟŏǃƚ ɯżȩɟƚ ɯŏȒɔȀǞȘǃ
ǀɟȩȒ ʕȘǞǀȩɟȒ ɯŏȒɔȀǞȘǃ v÷+ë ࡏߡߝߜߞ ߣߟ

•

°



χΎͻ̥ Ύϑ̥͑ξ ϑ͖͑;͇χ ͖ ͑˨ϻ̥ ϾΎξ̥̙ͬ Ύ;

ÚɟȩųȀƚȒࡇ +ȩȒɔʕɾǞȘǃ Ȁƚʲƚɟŏǃƚ ɯżȩɟƚɯ τǝ = ŏîǝ (�î�)−ߝŏǝ Ǟɯ
ƚʾɔƚȘɯǞʲƚࡏ

�ǀɾƚɟ ª(Ȁȩǃȗ) ɟȩʕȘƇɯࡈ τ̃ǝ ≈ τǝ ǀȩɟ ŏȀȀ ǝࡏ

�ŏǞȘ ŏȀǃȩɟǞɾǕȒǞż ǞƇƚŏࡇ $ȩȩɾɯɾɟŏɔ Ȁƚʲƚɟŏǃƚ ɯżȩɟƚ ɯŏȒɔȀǞȘǃ
ǀɟȩȒ ʕȘǞǀȩɟȒ ɯŏȒɔȀǞȘǃ v÷+ë ࡏߡߝߜߞ ߣߟ



χΎͻ̥ Ύϑ̥͑ξ ϑ͖͑;͇χ ͖ ͑˨ϻ̥ ϾΎξ̥̙ͬ Ύ;

ÚɟȩųȀƚȒࡇ +ȩȒɔʕɾǞȘǃ Ȁƚʲƚɟŏǃƚ ɯżȩɟƚɯ τǝ = ŏîǝ (�î�)−ߝŏǝ Ǟɯ
ƚʾɔƚȘɯǞʲƚࡏ

�ǀɾƚɟ ª(Ȁȩǃȗ) ɟȩʕȘƇɯࡈ τ̃ǝ ≈ τǝ ǀȩɟ ŏȀȀ ǝࡏ

�ŏǞȘ ŏȀǃȩɟǞɾǕȒǞż ǞƇƚŏࡇ $ȩȩɾɯɾɟŏɔ Ȁƚʲƚɟŏǃƚ ɯżȩɟƚ ɯŏȒɔȀǞȘǃ
ǀɟȩȒ ʕȘǞǀȩɟȒ ɯŏȒɔȀǞȘǃ v÷+ë ࡏߡߝߜߞ ߣߟ



χΎͻ̥ Ύϑ̥͑ξ ϑ͖͑;͇χ ͖ ͑˨ϻ̥ ϾΎξ̥̙ͬ Ύ;

ÚɟȩųȀƚȒࡇ +ȩȒɔʕɾǞȘǃ Ȁƚʲƚɟŏǃƚ ɯżȩɟƚɯ τǝ = ŏîǝ (�î�)−ߝŏǝ Ǟɯ
ƚʾɔƚȘɯǞʲƚࡏ

�ǀɾƚɟ ª(Ȁȩǃȗ) ɟȩʕȘƇɯࡈ τ̃ǝ ≈ τǝ ǀȩɟ ŏȀȀ ǝࡏ

�ŏǞȘ ŏȀǃȩɟǞɾǕȒǞż ǞƇƚŏࡇ $ȩȩɾɯɾɟŏɔ Ȁƚʲƚɟŏǃƚ ɯżȩɟƚ ɯŏȒɔȀǞȘǃ
ǀɟȩȒ ʕȘǞǀȩɟȒ ɯŏȒɔȀǞȘǃ v÷+ë ࡏߡߝߜߞ ߣߟ



χΎͻ̥ Ύϑ̥͑ξ ϑ͖͑;͇χ ͖ ͑˨ϻ̥ ϾΎξ̥̙ͬ Ύ;

ÚɟȩųȀƚȒࡇ +ȩȒɔʕɾǞȘǃ Ȁƚʲƚɟŏǃƚ ɯżȩɟƚɯ τǝ = ŏîǝ (�î�)−ߝŏǝ Ǟɯ
ƚʾɔƚȘɯǞʲƚࡏ

�ǀɾƚɟ ª(Ȁȩǃȗ) ɟȩʕȘƇɯࡈ τ̃ǝ ≈ τǝ ǀȩɟ ŏȀȀ ǝࡏ

�ŏǞȘ ŏȀǃȩɟǞɾǕȒǞż ǞƇƚŏࡇ $ȩȩɾɯɾɟŏɔ Ȁƚʲƚɟŏǃƚ ɯżȩɟƚ ɯŏȒɔȀǞȘǃ
ǀɟȩȒ ʕȘǞǀȩɟȒ ɯŏȒɔȀǞȘǃ v÷+ë ࡏߡߝߜߞ ߣߟ



χΎͻ̥ Ύϑ̥͑ξ ϑ͖͑;͇χ ͖ ͑˨ϻ̥ ϾΎξ̥̙ͬ Ύ;

ÚɟȩųȀƚȒࡇ +ȩȒɔʕɾǞȘǃ Ȁƚʲƚɟŏǃƚ ɯżȩɟƚɯ τǝ = ŏîǝ (�î�)−ߝŏǝ Ǟɯ
ƚʾɔƚȘɯǞʲƚࡏ

�ǀɾƚɟ ª(Ȁȩǃȗ) ɟȩʕȘƇɯࡈ τ̃ǝ ≈ τǝ ǀȩɟ ŏȀȀ ǝࡏ

�ŏǞȘ ŏȀǃȩɟǞɾǕȒǞż ǞƇƚŏࡇ $ȩȩɾɯɾɟŏɔ Ȁƚʲƚɟŏǃƚ ɯżȩɟƚ ɯŏȒɔȀǞȘǃ
ǀɟȩȒ ʕȘǞǀȩɟȒ ɯŏȒɔȀǞȘǃ v÷+ë ࡏߡߝߜߞ ߣߟ



χΎͻ̥ ϑ͖͑;͇χ ͖ ͑˨ϻ̥ ϾΎξ̥̙ͬ Ύ;

ÚɟȩųȀƚȒࡇ ëȩȒƚɾǞȒƚɯ ʶƚ ʶŏȘɾ ɾȩ żȩȒɔɟƚɯɯ ƇȩʶȘ ɾȩ% Ɔ ɟȩʶɯ
ȩɟ żȩȀʕȒȘɯࡏ Cࡏǃࡏ ʶƚ ƇȩȘ࢈ɾ ȘƚƚƇ ŏ ǀʕȀȀ ɯʕųɯɔŏżƚ ƚȒųƚƇƇǞȘǃࡈ ųʕɾ
ǲʕɯɾ ʶŏȘɾ ɾȩ ˙ȘƇ ŏ Șƚŏɟ ȩɔɾǞȒŏȀ ɟŏȘǺ ǹ ŏɔɔɟȩʾǞȒŏɾǞȩȘࡏ

�ɔɔɟȩŏżǕࡇ Ćɯƚ ࢆɟƚǃʕȀŏɟǞˌƚƇࢅ ʲƚɟɯǞȩȘ ȩǀ ɾǕƚ Ȁƚʲƚɟŏǃƚ ɯżȩɟƚɯࡇ
τ̄ǝ = ŏîǝ (�î�+ λv)−ߝŏǝ

áƚɯʕȀɾࡇ ëŏȒɔȀƚ ª(ǹ Ȁȩǃ ǹ/ε) żȩȀʕȒȘɯ ʶǕȩɯƚ ɯɔŏȘ żȩȘɾŏǞȘɯ ŏ
ȘƚŏɟࡷȩɔɾǞȒŏȀ ȀȩʶࡷŏɔɔɟȩʾǞȒŏɾǞȩȘ ɾȩ � �ë°4 ࡏߣߝߜߞ

ߤߟ
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̥Ѕ˨ͻθͱ̥ ξ̥χϟͱϑࡇ χϟ̊ͱ͖;̥˨ξ ϑ͖ͻ̥ ̥ͬξ;̥ͱ ˨θθξΎЅ͖ͻ˨ϑ͖Ύ;

÷Ǖƚ ˙ɟɯɾ ª(ȗǹߞ/εߞ) ɾǞȒƚ ŏȀǃȩɟǞɾǕȒߞ ǀȩɟ Șƚŏɟ ȩɔɾǞȒŏȀ ɟŏȘǺࡷǹ
ŏɔɔɟȩʾǞȒŏɾǞȩȘ ȩǀ ŏȘʿ ȗ× ȗ ɔȩɯǞɾǞʲƚ ɯƚȒǞƇƚ˙ȘǞɾƚ ǺƚɟȘƚȀ ȒŏɾɟǞʾࡇ

$ŏɯƚƇ ȩȘ ɾǕƚ żȀŏɯɯǞż �ʿɯɾɟȶȒ ȒƚɾǕȩƇࡏ vȒɔȩɟɾŏȘɾȀ ʿࡈ Ƈȩƚɯ Șȩɾ
ƚʲƚȘ ɟƚɛʕǞɟƚ żȩȘɯɾɟʕżɾǞȘǃ � ƚʾɔȀǞżǞɾȀ ʿࡈ ʶǕǞżǕ ɾŏǺƚɯ ª(ȗߞ) ɾǞȒƚࡏ
�ƚʕɟvÚëߞ ࡏߣߝߜߞ

ߥߟ

HE &
O


