
+ëࡷbĮ ߟߞߞߥ vࡇ �ƚżɾʕɟƚ ߜߝ
ëɔƚżɾɟŏȀ żȀʕɯɾƚɟǞȘǃࡈ ɯɔƚżɾɟŏȀ ǃɟŏɔǕ ɾǕƚȩɟ ʿࡏ

�ĮĆ ÷ŏȘƇȩȘ ëżǕȩȩȀ ȩǀ CȘǃǞȘƚƚɟǞȘǃࡈ Úɟȩǀࡏ +ǕɟǞɯɾȩɔǕƚɟ �ʕɯżȩ

ߝ



ࡄ Úɟȩǲƚżɾ ɔɟȩɔȩɯŏȀ ǀƚƚƇųŏżǺࡏ
ࡄ ÚɟȩųȀƚȒ ɯƚɾࡏ

ߞ



ͱΎϾࡷξ˨;ͬ ˨θθξΎЅ͖ͻ˨ϑ͖Ύ;

ĦɟǞɾƚ ĭ ŏɯ ŏ ɟŏȘǺ ǹ ǀŏżɾȩɟǞˌŏɾǞȩȘ ųʿ ɔɟȩǲƚżɾǞȘǃ ȩȘɾȩ ɾǕƚ
ɯʕųɯɔŏżƚ ɯɔŏȘȘƚƇ ųʿ ŏȘ ȩɟɾǕȩȘȩɟȒŏȀ ȒŏɾɟǞʾ ģ ∈ RƆ×ǹ

ߟ

-

I



χ͖;͇ϟͱ˨ξ ϻ˨ͱϟ̥ ̙̥̐ΎͻθΎχ͖ϑ͖Ύ;

°Șƚࡷɯɾȩɔ ɯǕȩɔ ǀȩɟ żȩȒɔʕɾǞȘǃ ȩɔɾǞȒŏȀ ȀȩʶࡷɟŏȘǺ
ŏɔɔɟȩʾǞȒŏɾǞȩȘɯࡏ

�Șʿ ȒŏɾɟǞʾ ĭ żŏȘ ųƚ ʶɟǞɾɾƚȘࡇ

ĦǕƚɟƚ ĆîĆ = vࡈ ģîģ = vࡈ ŏȘƇ σߝ ≥ σߞ ≥ . . .σƆ ≥ ࡏߜ
ߠ



χ͖;͇ϟͱ˨ξ ϻ˨ͱϟ̥ ̙̥̐ΎͻθΎχ͖ϑ͖Ύ;

+ŏȘ ɟƚŏƇ ȩǀǀ ȩɔɾǞȒŏȀ ȀȩʶࡷɟŏȘǺ ŏɔɔɟȩʾǞȒŏɾǞȩȘɯ ǀɟȩȒ ɾǕƚ ëģ4ࡇ

ĭǹ = ĆǹĆîǹĭ = ĭģǹģîǹࡏ

ģǹ = ŏɟǃȒǞȘ
ȩɟɾǕȩȘȩɟȒŏȀ ģ∈RƆ×ǹ

‖ĭ− ĭģģî‖ߞ] = ŏɟǃȒŏʾ
ȩɟɾǕȩȘȩɟȒŏȀ ģ∈RƆ×ǹ

‖ĭģģî‖ߞ]

ߡ

MyE nVu

O



θΎϾ̥ξ ͻ̥ϑ͑Ύ̙ ̐Ύ;ϻ̥ξ͇̥;̥̐

÷ǕƚȩɟƚȒ Úȩʶƚɟ࡫ �ƚɾǕȩƇ +ȩȘʲƚɟǃƚȘżƚ࡬
�ƙɺ γ = σߝ−σߞ

σߝ
ųƙ ɑŏɛŏȑƙɺƙɛ żŏɑɺʑɛǝȗǂ ɺǔƙ ࢈ǂŏɑࢇ ųƙɺʲƙƙȗ ɺǔƙ

˛ɛɫɺ ŏȗƆ ɫƙżȧȗƆ ǿŏɛǂƙɫɺ ɫǝȗǂʑǿŏɛ ʮŏǿʑƙɫࡒ sƿ Óȧʲƙɛ �ƙɺǔȧƆ ǝɫ
ǝȗǝɺǝŏǿǝˈƙƆ ʲǝɺǔ ŏ ɛŏȗƆȧȑ `ŏʑɫɫǝŏȗ ʮƙżɺȧɛ ɺǔƙȗࡌ ʲǝɺǔ ǔǝǂǔ
ɑɛȧųŏųǝǿǝɺ ࡌ̒ ŏƿɺƙɛ î = ª

(
Ȁȩǃ Ɔ/ε

γ

)
ɫɺƙɑɫࡌ ʲƙ ǔŏʮƙࡋ

‖ʲߝ − ˌ(î)‖ߞ ≤ ε.

÷ȩɾŏȀ ɟʕȘɾǞȒƚࡇ ª(î · ȘȘˌ(ĭ)) ≤ ª(î · ȗƆ)

ߢ

O o
=

d
numbero f
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̊ͱΎ̐ͬ θΎϾ̥ξ ͻ̥ϑ͑Ύ̙ ͂Ύξ ͱ˨ξ͇̥ξ ǹ

$ȀȩżǺ ɔȩʶƚɟ ȒƚɾǕȩƇࡇ

ࡄ +Ǖȩȩɯƚ b ∈ RƆ×ǹ ųƚ ŏ ɟŏȘƇȩȒ bŏʕɯɯǞŏȘ ȒŏɾɟǞʾࡏ
ࡄ Ļߜ = ȩɟɾǕ(b)ࡏ
ࡄ _ȩɟ ǝ = ,ߝ . . . , î

ࡄ Ļ(ǝ) = ĭî · (ĭĻ(ǝ−ߝ))
ࡄ Ļ(ǝ) = ȩɟɾǕ(Ļ(ǝ))

áƚɾʕɟȘ Ļ(î)

+ȩȘʲƚɟǃƚȘżƚ bʕŏɟŏȘɾƚƚࡇ î = ª
(
Ȁȩǃ Ɔ/ε

ε

)
ǞɾƚɟŏɾǞȩȘɯ ɾȩ ȩųɾŏǞȘ ŏ

ȘƚŏɟȀʿ ȩɔɾǞȒŏȀ ȀȩʶࡷɟŏȘǺ ŏɔɔɟȩʾǞȒŏɾǞȩȘࡇ

‖�− �ĻĻî‖ߞ] ≤ +ߝ) ε)‖�− �ģǺģǺî‖ߞ].

áʕȘɾǞȒƚࡇ ª(ȘȘˌ(ĭ) · ǹ · î) ≤ ª(ȗƆǹ · î)ࡏ
ߣ

-

2 " = F
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ͬξІͱΎϻ ͻ̥ϑ͑Ύ̙χ

ÚȩɯɯǞųȀƚ ɾȩ ࢆŏżżƚȀƚɟŏɾƚࢅ ɾǕƚɯƚ ȒƚɾǕȩƇɯࡏ

+ȩȘʲƚɟǃƚȘżƚ bʕŏɟŏȘɾƚƚࡇ î = ª
(
Ȁȩǃ Ɔ/ε√

ε

)
ǞɾƚɟŏɾǞȩȘɯ ɾȩ ȩųɾŏǞȘ ŏ

ȘƚŏɟȀʿ ȩɔɾǞȒŏȀ ȀȩʶࡷɟŏȘǺ ŏɔɔɟȩʾǞȒŏɾǞȩȘࡇ

‖�− �ĻĻî‖ߞ] ≤ +ߝ) ε)‖�− �ģǺģǺî‖ߞ].

áʕȘɾǞȒƚࡇ ª(ȘȘˌ(ĭ) · ǹ · î) ≤ ª(ȗƆǹ · î)ࡏ

ߤ
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˨θθͱ͖̐˨ϑ͖Ύ; Ύ͂ θ˨ξϑ͖˨ͱ χϻ̙ࡇ ̥;ϑ͖ϑІ ̥ͻ̥̙̙͖̊;͇χ

ߥ



̥Ѕ˨ͻθͱ̥ࡇ ͱ˨ϑ̥;ϑ χ̥ͻ˨;ϑ͖̐ ˨;˨ͱІχ͖χ

ࡄ 〈$̒ ǝ,$̍ŏ〉 ≈ ߝ ʶǕƚȘ Ɔȧżǝ żȩȘɾŏǞȘɯ ʲȧɛƆŏࡏ
ࡄ vǀ Ɔȧżǝ ŏȘƇ Ɔȧżǝ ųȩɾǕ żȩȘɾŏǞȘ ʲȧɛƆŏࡈ 〈$̒ ǝ,$̍ŏ〉 ≈ 〈$̒ Ǳ,$̍ŏ〉 = ࡏߝ

ߜߝ
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̥Ѕ˨ͻθͱ̥ࡇ ͱ˨ϑ̥;ϑ χ̥ͻ˨;ϑ͖̐ ˨;˨ͱІχ͖χ

ࡄ ÷Ǖƚ żȩȀʕȒȘɯ ,ߞ̍$,ߝ̍$ . . . ǃǞʲƚ ɟƚɔɟƚɯƚȘɾŏɾǞȩȘɯ ȩǀ ʶȩɟƇɯࡈ ʶǞɾǕ
$̍ǝ ŏȘƇ $̍Ǳ ɾƚȘƇǞȘǃ ɾȩ Ǖŏʲƚ ǕǞǃǕ Ƈȩɾ ɔɟȩƇʕżɾ Ǟǀ ʲȧɛƆǝ ŏȘƇ
ʲȧɛƆǱ ŏɔɔƚŏɟ ǞȘ ȒŏȘʿ ȩǀ ɾǕƚ ɯŏȒƚ ƇȩżʕȒƚȘɾɯࡏ

ࡄ Ļ żȩɟɟƚɯɔȩȘƇɯ ɾȩ ɾǕƚ ɾȩɔ ǹ ɟǞǃǕɾ ɯǞȘǃʕȀŏɟ ʲƚżɾȩɟɯࡇ ɾǕƚ
ƚǞǃƚȘʲƚżɾȩɟɯ ȩǀ ĭĭîࡏ vȘɾʕǞɾǞʲƚȀ ʿࡈ ʶǕŏɾ Ǟɯ ĭĭîࡐ

ࡄ (ĭĭî)ǝ,Ǳ =

ߝߝ

xx ' ii#M¥1
1111

I " /""§=Lxi,x ; )t o - i , ; column o f X



̥Ѕ˨ͻθͱ̥ࡇ ϾΎξ̙ ̥ͻ̥̙̙͖̊;͇χ

�ȩɾ ȩųʲǞȩʕɯ Ǖȩʶ ɾȩ żȩȘʲƚɟɾ ŏ ʶȩɟƇ ǞȘɾȩ ŏ ǀƚŏɾʕɟƚ ʲƚżɾȩɟ ɾǕŏɾ
żŏɔɾʕɟƚɯ ɾǕƚ ȒƚŏȘǞȘǃ ȩǀ ɾǕŏɾ ʶȩɟƇࡏ �ɔɔɟȩŏżǕ ɯʕǃǃƚɯɾƚƇ ųʿ
�ëࡇ� ųʕǞȀƇ ŏ Ɔ× Ɔ ɯʿȒȒƚɾɟǞż ɯǞȒǞȀŏɟǞɾʿࢅ ȒŏɾɟǞʾࢆ � ųƚɾʶƚƚȘ
ʶȩɟƇɯࡈ ŏȘƇ ǀŏżɾȩɟǞˌƚࡇ � ≈ __î ǀȩɟ ɟŏȘǺ ǹ ࡏ_

ࡄ ëǞȒǞȀŏɟǞɾʿ Ȓƚŏɯʕɟƚɯࡇ mȩʶ ȩǀɾƚȘ Ƈȩ ʲȧɛƆǝ,ʲȧɛƆǱ ŏɔɔƚŏɟ ǞȘ
ɾǕƚ ɯŏȒƚ ɯƚȘɾƚȘżƚࡈ ǞȘ ɾǕƚ ɯŏȒƚ ʶǞȘƇȩʶ ȩǀ ʲ ʶȩɟƇɯࡈ ǞȘ
ɯǞȒǞȀŏɟ ɔȩɯǞɾǞȩȘɯ ȩǀ ƇȩżʕȒƚȘɾɯ ǞȘ ƇǞǀǀƚɟƚȘɾ ȀŏȘǃʕŏǃƚɯࡐ

ࡄ áƚɔȀŏżǞȘǃ ĭĭî ʶǞɾǕ ɾǕƚɯƚ ƇǞǀǀƚɟƚȘɾ ȒƚɾɟǞżɯ ɯȩȒƚɾǞȒƚɯ࡫
ŏɔɔɟȩɔɟǞŏɾƚȀʿ ɾɟŏȘɯǀȩɟȒƚƇ࡬ ȀƚŏƇɯ ɾȩ ɔȩɔʕȀŏɟ ʶȩɟƇ
ƚȒųƚƇƇǞȘǃ ŏȀǃȩɟǞɾǕȒɯࡇ ûÐß�΂úࡈ�� $ÂÐqࡈ� ƚɾżࡏ

ߞߝ



̥Ѕ˨ͻθͱ̥ࡇ ϾΎξ̙ ̥ͻ̥̙̙͖̊;͇χ

ûÐß�΂ú�� ʶŏɯ ȩɟǞǃǞȘŏȀȀʿ ƇƚɯżɟǞųƚƇ ŏɯ ŏ ȘƚʕɟŏȀࡷȘƚɾʶȩɟǺ
ȒƚɾǕȩƇࡈ ųʕɾ �ƚʲʿ ŏȘƇ bȩȀƇųƚɟǃ ɯǕȩʶ ɾǕŏɾ Ǟɾ Ǟɯ ɯǞȒɔȀʿ ȀȩʶࡷɟŏȘǺ
ŏɔɔɟȩʾǞȒŏɾǞȩȘ ȩǀ ŏ ɯɔƚżǞ˙ż ɯǞȒǞȀŏɟǞɾʿ ȒŏɾɟǞʾࡏ �ƙʑɛŏǿ ʲȧɛƆ

ƙȑųƙƆƆǝȗǂ ŏɫ ǝȑɑǿǝżǝɺ ȑŏɺɛǝʺ ƿŏżɺȧɛǝˈŏɺǝȧȗࡒ
ߟߝ

• : .

⑧

( 7



χθ̥̐ϑξ˨ͱ ͇ξ˨θ͑ ϑ̥͑ΎξІ

�ŏǞȘ ǞƇƚŏࡇ ĆȘƇƚɟɯɾŏȘƇ ǃɟŏɔǕ Ƈŏɾŏ ųʿ żȩȘɯɾɟʕżɾǞȘǃ ȘŏɾʕɟŏȀ
ȒŏɾɟǞʾ ɟƚɔɟƚɯƚȘɾŏɾǞȩȘɯࡈ ŏȘƇ ɯɾʕƇʿǞȘǃ ɾǕŏɾ ȒŏɾɟǞʾ࢈ɯ ɯɔƚżɾɟʕȒ
ࡏ࡬ƚǞǃƚȘʲƚżɾȩɟɯࡕƚǞǃƚȘʲŏȀʕƚɯ࡫

_ȩɟ Șȩʶ ŏɯɯʕȒƚ ` = (Ě, A) Ǟɯ ŏȘ ʕȘƇǞɟƚżɾƚƇࡈ ʕȘʶƚǞǃǕɾƚƇ ǃɟŏɔǕ
ʶǞɾǕ ȗ ȘȩƇƚɯࡏ

ߠߝ

I
-

Y-¥142),12,5)... (7,8)



ͻ˨ϑξ͖Ѕ ξ̥θξ̥χ̥;ϑ˨ϑ͖Ύ;χ Ύ͂ ͇ξ˨θ͑χ

÷ʶȩ Ȓȩɯɾ żȩȒȒȩȘ ɟƚɔɟƚɯƚȘɾŏɾǞȩȘɯࡇ ȗ× ȗ ŏƇǲŏżƚȘżʿ ȒŏɾɟǞʾ �
ŏȘƇ ǃɟŏɔǕ �ŏɔȀŏżǞŏȘ � = 4− � ʶǕƚɟƚ 4 Ǟɯ ɾǕƚ ƇǞŏǃȩȘŏȀ Ƈƚǃɟƚƚ
ȒŏɾɟǞʾࡏ

�Ȁɯȩ żȩȒȒȩȘ ɾȩ ȀȩȩǺ ŏɾ ȘȩɟȒŏȀǞˌƚƇ ʲƚɟɯǞȩȘɯ ȩǀ ųȩɾǕ ȩǀ ɾǕƚɯƚࡇ
�̄ = ߞ/ߝ−�4ߞ/ߝ−4 ŏȘƇ �̄ = v− ࡏߞ/ߝ−�4ߞ/ߝ−4

ߡߝ

o
'FEU.

O



χθ̥̐ϑξ˨ͱ ͇ξ˨θ͑ ϑ̥͑ΎξІ ϑ͖̙͖̊ϑχ

ࡄ vǀ � Ǖŏʲƚ ǹ ƚǞǃƚȘʲŏȀʕƚɯ ƚɛʕŏȀ ɾȩ ࡈߜ ɾǕƚȘ ` Ǖŏɯ ǹ żȩȘȘƚżɾƚƇ
żȩȒɔȩȘƚȘɾɯࡏ

ࡄ ëʕȒ ȩǀ żʕųƚɯ ȩǀ ɯ࢈� ƚǞǃƚȘʲŏȀʕƚɯ Ǟɯ ƚɛʕŏȀ ɾȩ ȘʕȒųƚɟ ȩǀ
ɾɟǞŏȘǃȀƚɯ ǞȘ ɾǕƚ ǃɟŏɔǕࡏ

ࡄ ëʕȒ ȩǀ ƚǞǃƚȘʲŏȀʕƚɯ ɾȩ ɾǕƚ ɔȩʶƚɟ ɗ Ǟɯ ɾǕƚ ȘʕȒųƚɟ ȩǀ ɗ
żʿżȀƚɯࡏ

ߢߝ

⇒ *
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ϑ̥͑ ͱ˨θͱ˨͖̐˨; ϻ͖̥Ͼ

� = $î$ ʶǕƚɟƚ $ Ǟɯ ɾǕƚ ɯǞǃȘƚƇ ʲƚɟɾƚʾࡷƚƇǃƚࢅ ǞȘżǞƇƚȘżƚࢆ ȒŏɾɟǞʾࡏ

$ =

ߣߝ

[B tB )i i = FB'"
''B"']: 11Bei'I l i

O
, II8

→

f÷÷¥¥
¥÷÷÷ii÷'BT1 3 (nx m ) x (mx n )

=@xm)



ϑ̥͑ ͱ˨θͱ˨͖̐˨; ϻ͖̥Ͼ

$î$ = ųߝųîߝ + ųߞųîߞ + . . .+ ųȑųîȑ,

ʶǕƚɟƚ ųǝ Ǟɯ ɾǕƚ ǝɾǕ ɟȩʶ ȩǀ $ ƚŏżǕ࡫ ɟȩʶ żȩɟɟƚɯɔȩȘƇɯ ɾȩ ŏ ɯǞȘǃȀƚ
ƚƇǃƚࡏ࡬

ߤߝ

PSD ×rptBx = x t h x1 1 ¥ 1 1 : } --moxie

÷§,}...,y.,
,,,,

=b,bi t



ϑ̥͑ ͱ˨θͱ˨͖̐˨; ϻ͖̥Ͼ

+ȩȘżȀʕɯǞȩȘɯ ǀɟȩȒ � = $î$

ࡄ � Ǟɯ ɔȩɯǞɾǞʲƚ ɯƚȒǞƇƚ˙ȘǞɾƚࡇ ʾî�ʾ ≥ ߜ ǀȩɟ ŏȀȀ ʾࡏ

ࡄ � = ģΣߞģî ʶǕƚɟƚ ĆΣߞģî Ǟɯ ɯ࢈$ ëģ4ࡏ +ȩȀʕȒȘɯ ȩǀ ģ ŏɟƚ
ƚǞǃƚȘʲƚżɾȩɟɯ ȩǀ ࡏ�

ࡄ _ȩɟ ŏȘʿ ʲƚżɾȩɟ ʾ ∈ Rȗࡈ

ʾî�ʾ =
∑

(ǝ,Ǳ)∈A
(ʾ(ǝ)− ʾ(Ǳ))ߞ.

ߥߝ



ϑ̥͑ ͱ˨θͱ˨͖̐˨; ϻ͖̥Ͼ

ʾî�ʾ Ǟɯ ɯȒŏȀȀ Ǟǀ ʾ Ǟɯ ŏ ࢆɯȒȩȩɾǕࢅ ǀʕȘżɾǞȩȘ ʶǞɾǕ ɟƚɯɔƚżɾ ɾȩ ɾǕƚ
ǃɟŏɔǕࡏ

CǞǃƚȘʲƚżɾȩɟɯ ȩǀ ɾǕƚ �ŏɔȀŏżǞŏȘ ʶǞɾǕ ɯȒŏȀȀ ƚǞǃƚȘʲŏȀʕƚɯ
żȩɟɟƚɯɔȩȘƇ ɾȩ ɯȒȩȩɾǕ ǀʕȘżɾǞȩȘɯ ȩʲƚɟ ɾǕƚ ǃɟŏɔǕࡏ

ߜߞ

O
xTLx = 0 i f x : [
,

i ' c

i

s

i
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χͻ˨ͱͱ̥χϑ ͱ˨θͱ˨͖̐˨; ̥͖͇̥;ϻ̥̐ϑΎξ

+ȩʕɟŏȘɾࡵ_ǞɯżǕƚɟ ȒǞȘࡷȒŏʾ ɔɟǞȘżǞɔȀƚ

�ƚɾ ģ = [ʲߝ, . . . , ʲȗ] ųƚ ɾǕƚ ƚǞǃƚȘʲƚżɾȩɟɯ ȩǀ ࡏ�

ʲȗ = ŏɟǃȒǞȘ
‖ʲ‖=ߝ

ʲî�ʲ

ʲȗ−ߝ = ŏɟǃȒǞȘ
‖ʲ‖=ߝ,ʲ⊥ʲȗ

ʲî�ʲ

ʲȗ−ߞ = ŏɟǃȒǞȘ
‖ʲ‖=ߝ,ʲ⊥ʲȗ,ʲȗ−ߝ

ʲî�ʲ

ࡏࡏࡏ
ʲߝ = ŏɟǃȒǞȘ

‖ʲ‖=ߝ,ʲ⊥ʲȗ,...,ʲߞ
ʲî�ʲ

ߝߞ

⇐



ͱ˨ξ͇̥χϑ ͱ˨θͱ˨͖̐˨; ̥͖͇̥;ϻ̥̐ϑΎξ

+ȩʕɟŏȘɾࡵ_ǞɯżǕƚɟ ȒǞȘࡷȒŏʾ ɔɟǞȘżǞɔȀƚ

�ƚɾ ģ = [ʲߝ, . . . , ʲȗ] ųƚ ɾǕƚ ƚǞǃƚȘʲƚżɾȩɟɯ ȩǀ ࡏ�

ʲߝ = ŏɟǃȒŏʾ
‖ʲ‖=ߝ

ʲî�ʲ

ʲߞ = ŏɟǃȒŏʾ
‖ʲ‖=ߝ,ʲ⊥ʲߝ

ʲî�ʲ

ʲߟ = ŏɟǃȒŏʾ
‖ʲ‖=ߝ,ʲ⊥ʲߝ,ʲߞ

ʲî�ʲ

ࡏࡏࡏ
ʲȗ = ŏɟǃȒŏʾ

‖ʲ‖=ߝ,ʲ⊥ʲߝ,...,ʲȗ−ߝ

ʲî�ʲ

ߞߞ

Fe .



̥Ѕ˨ͻθͱ̥ ˨θθͱ͖̐˨ϑ͖Ύ; Ύ͂ χθ̥̐ϑξ˨ͱ ͇ξ˨θ͑ ϑ̥͑ΎξІ

ࡄ ëɾʕƇʿ ǃɟŏɔǕ ɔŏɟɾǞɾǞȩȘǞȘǃ ɔɟȩųȀƚȒ ǞȒɔȩɟɾŏȘɾ ǞȘ ࡬ߝ
ʕȘƇƚɟɯɾŏȘƇǞȘǃ ɯȩżǞŏȀ ȘƚɾʶȩɟǺɯ ࡬ߞ ȘȩȘȀǞȘƚŏɟ żȀʕɯɾƚɟǞȘǃ ǞȘ
ʕȘɯʕɔƚɟʲǞɯƚƇ ȒŏżǕǞȘƚ ȀƚŏɟȘǞȘǃ ɯɔƚżɾɟŏȀ࡫ żȀʕɯɾƚɟǞȘǃࡏ࡬

ࡄ ëƚƚ Ǖȩʶ ɾǕǞɯ ɔɟȩųȀƚȒ żŏȘ ųƚ ɯȩȀʲƚƇ ŏɔɔɟȩʾǞȒŏɾƚȀʿ ʕɯǞȘǃ
�ŏɔȀŏżǞŏȘ ƚǞǃƚȘʲƚżɾȩɟɯࡏ

ࡄ bǞʲƚ ŏ ǀʕȀȀ ŏȘŏȀʿɯǞɯ ȩǀ ɾǕƚ ȒƚɾǕȩƇ ǀȩɟ ŏ żȩȒȒȩȘ ɟŏȘƇȩȒ
ǃɟŏɔǕ ȒȩƇƚȀࡏ

ࡄ Ćɯƚ ɾʶȩ ɾȩȩȀɯࡇ ȒŏɾɟǞʾ żȩȘżƚȘɾɟŏɾǞȩȘ ŏȘƇ ƚǞǃƚȘʲƚżɾȩɟ
ɔƚɟɾʕɟųŏɾǞȩȘ ųȩʕȘƇɯࡏ

ߟߞ



̊˨ͱ˨;̥̙̐ ̐ϟϑ

+ȩȒȒȩȘ ǃȩŏȀࡇ bǞʲƚȘ ŏ ǃɟŏɔǕ ` = (Ě, A)ࡈ ɔŏɟɾǞɾǞȩȘ ȘȩƇƚɯ ŏȀȩȘǃ
ŏ żʕɾ ɾǕŏɾࡇ

ࡄ mŏɯ ǀƚʶ żɟȩɯɯǞȘǃ ƚƇǃƚɯࡇ |{(ʑ, ʮ) ∈ A : ʑ ∈ ã, ʮ ∈ î}| Ǟɯ ɯȒŏȀȀࡏ
ࡄ ëƚɔŏɟŏɾƚɯ Ȁŏɟǃƚ ɔŏɟɾǞɾǞȩȘɯࡇ |ã|, |î| ŏɟƚ Șȩɾ ɾȩȩ ɯȒŏȀȀࡏ

vȒɔȩɟɾŏȘɾ ǞȘ ʕȘƇƚɟɯɾŏȘƇǞȘǃ żȩȒȒʕȘǞɾʿ ɯɾɟʕżɾʕɟƚ ǞȘ ɯȩżǞŏȀ
ȘƚɾʶȩɟǺɯࡏ ߠߞ

- O
→ V i s

c
s

f



χΎ͖̐˨ͱ ;̥ϑϾΎξͬχ ͖; ϑ̥͑ χߜߣߥߝ

ĦŏʿȘƚ Ħࡏ ĻŏżǕŏɟʿ ࡏ࡬ߣߣߥߝ࡫ �Ș vȘǀȩɟȒŏɾǞȩȘ _Ȁȩʶ �ȩƇƚȀ ǀȩɟ
+ȩȘ˚Ǟżɾ ŏȘƇ _ǞɯɯǞȩȘ ǞȘ ëȒŏȀȀ bɟȩʕɔɯࡏ

Ǖƚ÷ࢅ ȘƚɾʶȩɟǺ żŏɔɾʕɟƚɯ ߠߟ ȒƚȒųƚɟɯ ȩǀ ŏ Ǻŏɟŏɾƚ żȀʕųࡈ ƇȩżʕȒƚȘɾǞȘǃ
ȀǞȘǺɯ ųƚɾʶƚƚȘ ɔŏǞɟɯ ȩǀ ȒƚȒųƚɟɯ ʶǕȩ ǞȘɾƚɟŏżɾƚƇ ȩʕɾɯǞƇƚ ɾǕƚ żȀʕųࡏ
4ʕɟǞȘǃ ɾǕƚ ɯɾʕƇʿ ŏ żȩȘ˚Ǟżɾ ŏɟȩɯƚ ųƚɾʶƚƚȘ ɾǕƚ ŏƇȒǞȘǞɯɾɟŏɾȩɟ �ȩǕȘࢆ ࢆ�
ŏȘƇ ǞȘɯɾɟʕżɾȩɟ ࡏ�ɟࢆ mǞࢆ ࡈ࡬ɔɯƚʕƇȩȘʿȒɯ࡫ ʶǕǞżǕ ȀƚƇ ɾȩ ɾǕƚ ɯɔȀǞɾ ȩǀ ɾǕƚ
żȀʕų ǞȘɾȩ ɾʶȩࡏ mŏȀǀ ȩǀ ɾǕƚ ȒƚȒųƚɟɯ ǀȩɟȒƚƇ ŏ Șƚʶ żȀʕų ŏɟȩʕȘƇ �ɟࡏ mǞࡔ
ȒƚȒųƚɟɯ ǀɟȩȒ ɾǕƚ ȩɾǕƚɟ ɔŏɟɾ ǀȩʕȘƇ ŏ Șƚʶ ǞȘɯɾɟʕżɾȩɟ ȩɟ ǃŏʲƚ ʕɔ
Ǻŏɟŏɾƚࡏ $ŏɯƚƇ ȩȘ żȩȀȀƚżɾƚƇ Ƈŏɾŏ ĻŏżǕŏɟʿ żȩɟɟƚżɾȀʿ ŏɯɯǞǃȘƚƇ ŏȀȀ ųʕɾ
ȩȘƚ ȒƚȒųƚɟ ȩǀ ɾǕƚ żȀʕų ɾȩ ɾǕƚ ǃɟȩʕɔɯ ɾǕƚʿ ŏżɾʕŏȀȀʿ ǲȩǞȘƚƇ ŏǀɾƚɟ ɾǕƚ
ɯɔȀǞɾࢆࡏ ࡵ ĦǞǺǞɔƚƇǞŏ

$ƚŏʕɾǞǀʕȀ ɔŏɔƚɟ ࡵ Ƈƚ˙ȘǞɾƚȀʿ ʶȩɟɾǕ żǕƚżǺǞȘǃ ȩʕɾࡋ

ߡߞ



̊˨ͱ˨;̥̙̐ ̐ϟϑ

+ȩȒȒȩȘ ǃȩŏȀࡇ bǞʲƚȘ ŏ ǃɟŏɔǕ ` = (Ě, A)ࡈ ɔŏɟɾǞɾǞȩȘ ȘȩƇƚɯ ŏȀȩȘǃ
ŏ żʕɾ ɾǕŏɾࡇ

ࡄ mŏɯ ǀƚʶ żɟȩɯɯǞȘǃ ƚƇǃƚɯࡇ |{(ʑ, ʮ) ∈ A : ʑ ∈ ã, ʮ ∈ î}| Ǟɯ ɯȒŏȀȀࡏ
ࡄ ëƚɔŏɟŏɾƚɯ Ȁŏɟǃƚ ɔŏɟɾǞɾǞȩȘɯࡇ |ã|, |î| ŏɟƚ Șȩɾ ɾȩȩ ɯȒŏȀȀࡏ

vȒɔȩɟɾŏȘɾ ǞȘ ʕȘƇƚɟɯɾŏȘƇǞȘǃ żȩȒȒʕȘǞɾʿ ɯɾɟʕżɾʕɟƚ ǞȘ ɯȩżǞŏȀ
ȘƚɾʶȩɟǺɯࡏ ߢߞ



χθ̥̐ϑξ˨ͱ ̐ͱϟχϑ̥ξ͖;͇

vƇƚŏࡇ +ȩȘɯɾɟʕżɾ ɯʿȘɾǕƚɾǞż ǃɟŏɔǕ ǀȩɟ Ƈŏɾŏ ɾǕŏɾ Ǟɯ ǕŏɟƇ ɾȩ żȀʕɯɾƚɟࡏ

ëɔƚżɾɟŏȀ +ȀʕɯɾƚɟǞȘǃࡈ �ŏɔȀŏżǞŏȘ CǞǃƚȘȒŏɔɯࡈ �ȩżŏȀȀʿ ȀǞȘƚŏɟ
ƚȒųƚƇƇǞȘǃࡈ vɯȩȒŏɔࡈ ƚɾżࡏ

ߣߞ

A c t - ÷ .
s o

I 1
\ a



χθ̥̐ϑξ˨ͱ ͇ξ˨θ͑ ϑ̥͑ΎξІ

÷Ǖƚɟƚ ŏɟƚ ȒŏȘʿ ʶŏʿ࢈ɯ ɾȩ ǀȩɟȒŏȀǞˌƚ ĻŏżǕŏɟʿ࢈ɯ ɔɟȩųȀƚȒࡇ

ëɔŏɟɯƚɯɾ +ʕɾࡇ

ȒǞȘ
ã

żʕɾ(ã, Ě \ ã)
ȒǞȘ (|ã|, |Ě \ ã|)

βࡷ$ŏȀŏȘżƚƇ +ʕɾࡇ

ȒǞȘ
ã
żʕɾ(ã, Ě \ ã) ɯʕżǕ ɾǕŏɾ ȒǞȘ (|ã|, |Ě \ ã|) ≥ βȗ

�ȩɯɾ ǀȩɟȒŏȀǞˌŏɾǞȩȘɯ ȀƚŏƇ ɾȩ żȩȒɔʕɾŏɾǞȩȘŏȀȀʿ ǕŏɟƇ ɔɟȩųȀƚȒɯࡏ
�ȩɾɯ ȩǀ ǞȘɾƚɟƚɯɾ ǞȘ ƇƚɯǞǃȘǞȘǃ ɔȩȀʿȘȩȒǞŏȀ ɾǞȒƚ ŏɔɔɟȩʾǞȒŏɾǞȩȘ
ŏȀǃȩɟǞɾǕȒɯࡈ ųʕɾ ɾƚȘƇ ɾȩ ųƚ ɯȀȩʶࡏ vȘ ɔɟŏżɾǞżƚࡈ ȒʕżǕ ɯǞȒɔȀƚɟ
ȒƚɾǕȩƇɯ ųŏɯƚƇ ȩȘ ɾǕƚ ǃɟŏɔǕ ɯɔƚżɾɟʕȒ ŏɟƚ ʕɯƚƇࡏ

ߤߞ

( c r i
/ g ,

→ 2 0

b s 1 12



ϑ̥͑ ͱ˨θͱ˨͖̐˨; ϻ͖̥Ͼ

�ȘȩɾǕƚɟ żȩȘżȀʕɯǞȩȘ ǀɟȩȒ � = $î$ࡇ

_ȩɟ ŏ żʕɾ ǞȘƇǞżŏɾȩɟ ʲƚżɾȩɟ ż ∈ ,ߝ−} ȗ{ߝ ʶǞɾǕ ż(ǝ) = ߝ− ǀȩɟ ǝ ∈ ã
ŏȘƇ ż(ǝ) = ߝ ǀȩɟ ǝ ∈ î = Ě \ ãࡇ

żî�ż =
∑

(ǝ,Ǳ)∈A
(ż(ǝ)− ż(Ǳ))ߞ = ߠ · żʕɾ(ã, î). ࡬ߝ࡫

ߥߞ

O

s:o÷:O:



ϑ̥͑ ͱ˨θͱ˨͖̐˨; ϻ͖̥Ͼ

_ȩɟ ŏ żʕɾ ǞȘƇǞżŏɾȩɟ ʲƚżɾȩɟ ż ∈ ,ߝ−} ȗ{ߝ ʶǞɾǕ ż(ǝ) = ߝ− ǀȩɟ ǝ ∈ ã
ŏȘƇ ż(ǝ) = ߝ ǀȩɟ ǝ ∈ îࡇ

ࡄ żî�ż = ߠ · żʑɺ(ã, î)ࡏ
ࡄ żîߝ = |î|− |ã|ࡏ

ĦŏȘɾ ɾȩ ȒǞȘǞȒǞˌƚ ųȩɾǕ żî�ż żʕɾ࡫ ɯǞˌƚ࡬ ŏȘƇ żîߝ ࡏ࡬ǞȒųŏȀŏȘżƚ࡫
ߜߟ

1 µ g 5 1 : EE,C i



ϑ̥͑ ͱ˨θͱ˨͖̐˨; ϻ͖̥Ͼ

CɛʕǞʲŏȀƚȘɾ ǀȩɟȒʕȀŏɾǞȩȘ Ǟǀ ʶƚ ƇǞʲǞƇƚ ƚʲƚɟʿɾǕǞȘǃ ųʿ
√
ȗ ɯȩ ɾǕŏɾ ż

Ǖŏɯ ȘȩɟȒ ࡏߝ ÷ǕƚȘ ż ∈ {− √ߝ
ȗ

√ߝ
ȗ}

ȗ ŏȘƇࡇ

ࡄ żî�ż = ߠ
ȗ · żʑɺ(ã, î)ࡏ

ࡄ żîߝ = √ߝ
ȗ(|î|− |ã|)ࡏ

ĦŏȘɾ ɾȩ ȒǞȘǞȒǞˌƚ ųȩɾǕ żî�ż żʕɾ࡫ ɯǞˌƚ࡬ ŏȘƇ żîߝ ࡏ࡬ǞȒųŏȀŏȘżƚ࡫
ߝߟ

1141=1



χͻ˨ͱͱ̥χϑ ͱ˨θͱ˨͖̐˨; ̥͖͇̥;ϻ̥̐ϑΎξ

÷Ǖƚ ɯȒŏȀȀƚɯɾ ƚǞǃƚȘʲƚżɾȩɟࡕɯǞȘǃʕȀŏɟ ʲƚżɾȩɟ ʲȗ ɯŏɾǞɯ˙ƚɯࡇ

ʲȗ =
√ߝ
ȗ
· ߝ = ŏɟǃȒǞȘ

ʮ∈Rȗ ʶǞɾǕ ‖ʲ‖=ߝ
ʲî�ʲ

ʶǞɾǕ ʲîȗ�ʲȗ = ࡏߜ

ߞߟ

= -



χ̥̐Ύ;̙ χͻ˨ͱͱ̥χϑ ͱ˨θͱ˨͖̐˨; ̥͖͇̥;ϻ̥̐ϑΎξ

$ʿ +ȩʕɟŏȘɾࡷ_ǞɯżǕƚɟࡈ ʲȗ−ߝ Ǟɯ ǃǞʲƚȘ ųʿࡇ

ʲȗ−ߝ = ŏɟǃȒǞȘ
‖ʲ‖=ߝ, ʲîȗʲ=ߜ

ʲî�ʲ

vǀ ʲȗ−ߝ ʶƚɟƚ ųǞȘŏɟʿ {− √ߝ
ȗ ,

√ߝ
ȗ}

ȗ Ǟɾ ʶȩʕȀƇ Ǖŏʲƚࡇ

ࡄ ʲîȗ−ߝ�ʲȗ−ߝ = ߝ
ȗ żʕɾ(ã, î) ŏɯ ɯȒŏȀȀ ŏɯ ɔȩɯɯǞųȀƚ ǃǞʲƚȘ ɾǕŏɾ

ʲîȗ−ߝߝ = |î|− |ã| = ࡏߜ
ࡄ ʲȗ−ߝ ʶȩʕȀƇ ǞȘƇǞżŏɾƚ ɾǕƚ ɯȒŏȀȀƚɯɾ ɔƚɟǀƚżɾȀʿ ųŏȀŏȘżƚƇ żʕɾࡏ

ʲȗ−ߝ ∈ Rȗ Ǟɯ Șȩɾ ǃƚȘƚɟŏȀȀʿ ųǞȘŏɟ ʿࡈ ųʕɾ ŏ ȘŏɾʕɟŏȀ ŏɔɔɟȩŏżǕ Ǟɯ ɾȩ
࢈ɟȩʕȘƇࢇ ɾǕƚ ʲƚżɾȩɟ ɾȩ ȩųɾŏǞȘ ŏ żʕɾࡏ

ߟߟ

O[ "-



̐ϟϑϑ͖;͇ Ͼ͖ϑ͑ ϑ̥͑ χ̥̐Ύ;̙ ͱ˨θͱ˨͖̐˨; ̥͖͇̥;ϻ̥̐ϑΎξ

_ǞȘƇ ŏ ǃȩȩƇ ɔŏɟɾǞɾǞȩȘ ȩǀ ɾǕƚ ǃɟŏɔǕ ųʿ żȩȒɔʕɾǞȘǃ

ʲȗ−ߝ = ŏɟǃȒǞȘ
ʮ∈Rȗ ʶǞɾǕ ‖ʲ‖=ߝ, ʲîߜ=ߝ

ʲî�ʲ

ëƚɾ ã ɾȩ ųƚ ŏȀȀ ȘȩƇƚɯ ʶǞɾǕ ʲȗ−ߝ(ǝ) < ࡈߜ ŏȘƇ î ɾȩ ųƚ ŏȀȀ ʶǞɾǕ
ʲȗ−ߝ(ǝ) ≥ ࡏߜ

ߠߟ
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̐ϟϑϑ͖;͇ Ͼ͖ϑ͑ ϑ̥͑ χ̥̐Ύ;̙ ͱ˨θͱ˨͖̐˨; ̥͖͇̥;ϻ̥̐ϑΎξ

_ǞȘƇ ŏ ǃȩȩƇ ɔŏɟɾǞɾǞȩȘ ȩǀ ɾǕƚ ǃɟŏɔǕ ųʿ żȩȒɔʕɾǞȘǃ

ʲȗ−ߝ = ŏɟǃȒǞȘ
ʮ∈Rȗ ʶǞɾǕ ‖ʲ‖=ߝ, ʲîߜ=ߝ

ʲî�ʲ

ëƚɾ ã ɾȩ ųƚ ŏȀȀ ȘȩƇƚɯ ʶǞɾǕ ʲȗ−ߝ(ǝ) < ࡈߜ ŏȘƇ î ɾȩ ųƚ ŏȀȀ ʶǞɾǕ
ʲȗ−ߝ(ǝ) ≥ ࡏߜ

ߠߟ



χθ̥̐ϑξ˨ͱ θ˨ξϑ͖ϑ͖Ύ;͖;͇ ͖; θξ˨̐ϑ͖̥̐

÷Ǖƚ ëǕǞࡷ�ŏȀǞǺ ȘȩɟȒŏȀǞˌƚƇ żʕɾɯ ŏȀǃȩɟǞɾǕȒ Ǟɯ ȩȘƚ ȩǀ ɾǕƚ Ȓȩɯɾ
żȩȒȒȩȘȀʿ ʕɯƚƇ ʲŏɟǞŏȘɾɯ ȩǀ ɾǕǞɯ ŏɔɔɟȩŏżǕࡈ ʕɯǞȘǃ ɾǕƚ
ȘȩɟȒŏȀǞˌƚƇ �ŏɔȀŏżǞŏȘ � = ࡏߞ/ߝ−�4ߞ/ߝ−4

vȒɔȩɟɾŏȘɾ żȩȘɯǞƇƚɟŏɾǞȩȘࡇ ĦǕŏɾ ɾȩ Ƈȩ ʶǕƚȘ ʶƚ ʶŏȘɾ ɾȩ ɯɔȀǞɾ
ɾǕƚ ǃɟŏɔǕ ǞȘɾȩ Ȓȩɟƚ ɾǕŏȘ ɾʶȩ ɔŏɟɾɯࡐ

ߡߟ

=



χθ̥̐ϑξ˨ͱ θ˨ξϑ͖ϑ͖Ύ;͖;͇ ͖; θξ˨̐ϑ͖̥̐

ëɔƚżɾɟŏȀ +ȀʕɯɾƚɟǞȘǃࡇ

ࡄ +ȩȒɔʕɾƚ ɯȒŏȀȀƚɯɾ ǹ ƚǞǃƚȘʲƚżɾȩɟɯ ʲȗ−ߝ, . . . , ʲȗ−ǹ ȩǀ ࡏ�
ࡄ áƚɔɟƚɯƚȘɾ ƚŏżǕ ȘȩƇƚ ųʿ Ǟɾɯ żȩɟɟƚɯɔȩȘƇǞȘǃ ɟȩʶ ǞȘ ģ ∈ Rȗ×ǹ

ʶǕȩɯƚ ɟȩʶɯ ŏɟƚ ʲȗ−ߝ, . . . ʲȗ−ǹࡏ
ࡄ +Ȁʕɯɾƚɟ ɾǕƚɯƚ ɟȩʶɯ ʕɯǞȘǃ ǹࡷȒƚŏȘɯ żȀʕɯɾƚɟǞȘǃ ȩɟ࡫ ɟƚŏȀȀʿ ŏȘʿ
żȀʕɯɾƚɟǞȘǃ ȒƚɾǕȩƇࡏ࡬
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ͱ˨θͱ˨͖̐˨; ̥ͻ̥̙̙͖̊;͇

°ɟǞǃǞȘŏȀ 4ŏɾŏࡇ Șȩɾ࡫ ȀǞȘƚŏɟȀʿ ɯƚɔŏɟŏųȀƚ࡬

ߣߟ



ͱ˨θͱ˨͖̐˨; ̥ͻ̥̙̙͖̊;͇

ǹࡷ�ƚŏɟƚɯɾ �ƚǞǃǕųȩɟɯ bɟŏɔǕࡇ

ߤߟ



ͱ˨θͱ˨͖̐˨; ̥ͻ̥̙̙͖̊;͇

CȒųƚƇƇǞȘǃ ʶǞɾǕ ƚǞǃƚȘʲƚżɾȩɟɯ ʲȗ−ߝ, ʲȗ−ࡇߞ ȀǞȘƚŏɟȀʿ࡫ ɯƚɔŏɟŏųȀƚ࡬

ߥߟ
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Ͼ͑І ̙Ύ̥χ ϑ͖͑χ ϾΎξͬࡐ

vȘɾʕǞɾǞʲƚȀ ʿࡈ ɯǞȘżƚ ʲ ∈ ʲߝ, . . . ʲǹ ŏɟƚ ɯȒȩȩɾǕ ȩʲƚɟ ɾǕƚ ǃɟŏɔǕࡈ
∑

ǝ,Ǳ∈A
(ʲ[ǝ]− ʲ[Ǳ])ߞ

Ǟɯ ɯȒŏȀȀ ǀȩɟ ƚŏżǕ żȩȩɟƇǞȘŏɾƚࡏ vࡏƚࡏ ɾǕǞɯ ƚȒųƚƇƇǞȘǃ ƚʾɔȀǞżǞɾȀʿ
ƚȘżȩʕɟŏǃƚɯ ȘȩƇƚɯ żȩȘȘƚżɾƚƇ ųʿ ŏȘ ƚƇǃƚ ɾȩ ųƚ ɔȀŏżƚƇ ǞȘ
Șƚŏɟųʿ ȀȩżŏɾǞȩȘɯ ǞȘ ɾǕƚ ƚȒųƚƇƇǞȘǃࡏ

�Ȁɯȩ ʕɯƚǀʕȀ ƚࡏǃࡈࡏ ǞȘ ǃɟŏɔǕ ƇɟŏʶǞȘǃࡏ
ߜߠ

- -



͇̥;̥ξ˨ϑ͖ϻ̥ ͻΎ̙̥ͱχ

ëȩ ǀŏɟࡇ ëǕȩʶƚƇ ɾǕŏɾ ɯɔƚżɾɟŏȀ żȀʕɯɾƚɟǞȘǃ ɔŏɟɾǞɾǞȩȘɯ ŏ ǃɟŏɔǕ
ŏȀȩȘǃ ŏ ɯȒŏȀȀ żʕɾ ųƚɾʶƚƚȘ Ȁŏɟǃƚ ɔǞƚżƚɯࡏ

ࡄ �ȩ ǀȩɟȒŏȀ ǃʕŏɟŏȘɾƚƚ ȩȘ ɾǕƚ ࢈ɛʕŏȀǞɾʿࢇ ȩǀ ɾǕƚ ɔŏɟɾǞɾǞȩȘǞȘǃࡏ
ࡄ ĦȩʕȀƇ ųƚ ƇǞǀ˙żʕȀɾ ɾȩ ŏȘŏȀʿˌƚ ǀȩɟ ǃƚȘƚɟŏȀ ǞȘɔʕɾ ǃɟŏɔǕɯࡏ

+ȩȒȒȩȘ ŏɔɔɟȩŏżǕࡇ 4ƚɯǞǃȘ ŏ ȘŏɾʕɟŏȀ ǃƚȘƚɟŏɾǞʲƚ ȒȩƇƚȀ ɾǕŏɾ
ɔɟȩƇʕżƚɯ ɟŏȘƇȩȒ ųʕɾ ɟƚŏȀǞɯɾǞż ǞȘɔʕɾɯ ŏȘƇ ŏȘŏȀʿˌƚ Ǖȩʶ ɾǕƚ
ŏȀǃȩɟǞɾǕȒ ɔƚɟǀȩɟȒɯ ȩȘ ǞȘɔʕɾɯ ƇɟŏʶȘ ǀɟȩȒ ɾǕǞɯ ȒȩƇƚȀࡏ

ࡄ ģƚɟʿ żȩȒȒȩȘ ǞȘ ŏȀǃȩɟǞɾǕȒ ƇƚɯǞǃȘ ŏȘƇ ŏȘŏȀʿɯǞɯࡏ bɟƚŏɾ ʶŏʿ
ɾȩ ɯɾŏɟɾ ŏɔɔɟȩŏżǕǞȘǃ ŏ ɔɟȩųȀƚȒࡏ

ࡄ ÷ǕǞɯ Ǟɯ ŏȀɯȩ ɾǕƚ ʶǕȩȀƚ ǞƇƚŏ ųƚǕǞȘƇ $ŏʿƚɯǞŏȘ �ŏżǕǞȘƚ
�ƚŏɟȘǞȘǃ żŏȘ࡫ ųƚ ʕɯƚƇ ɾȩ ǲʕɯɾǞǀʿ ߞ& ȀǞȘƚŏɟ ɟƚǃɟƚɯɯǞȩȘࡈ
ǹࡷȒƚŏȘɯ żȀʕɯɾƚɟǞȘǃࡈ Ú+ࡈ� ƚɾż࡬ࡏ

ߝߠ



χϑΎ̐͑˨χϑ͖̐ ̊ͱΎ̐ͬ ͻΎ̙̥ͱ

vƇƚŏɯ ǀȩɟ ŏ ǃƚȘƚɟŏɾǞʲƚ ȒȩƇƚȀ ǀȩɟ ɯȩżǞŏȀ ȘƚɾʶȩɟǺ ǃɟŏɔǕɯ ɾǕŏɾ
ʶȩʕȀƇ ŏȀȀȩʶ ʕɯ ɾȩ ʕȘƇƚɟɯɾŏȘƇ ɔŏɟɾǞɾǞȩȘǞȘǃࡐ

ߞߠ
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χϑΎ̐͑˨χϑ͖̐ ̊ͱΎ̐ͬ ͻΎ̙̥ͱ

ëɾȩżǕŏɯɾǞż $ȀȩżǺ �ȩƇƚȀ ÚȀŏȘɾƚƇ࡫ ÚŏɟɾǞɾǞȩȘ �ȩƇƚȀࡇ࡬

�ƚɾ `ȗ(ɑ,ɗ) ųƚ ŏ ƇǞɯɾɟǞųʕɾǞȩȘ ȩʲƚɟ ǃɟŏɔǕɯ ȩȘ ȗ ȘȩƇƚɯࡈ ɯɔȀǞɾ
ƚɛʕŏȀȀʿ ǞȘɾȩ ɾʶȩ ǃɟȩʕɔɯ $ ŏȘƇ ࡈ* ƚŏżǕ ʶǞɾǕ ȗ/ߞ ȘȩƇƚɯࡏ

ࡄ �Șʿ ɾʶȩ ȘȩƇƚɯ ǞȘ ɾǕƚ ɯŏȒƚ ǃɟȩʕɔ ŏɟƚ żȩȘȘƚżɾƚƇ ʶǞɾǕ
ɔɟȩųŏųǞȀǞɾʿ ɑ ǞȘżȀʕƇǞȘǃ࡫ ɯƚȀǀࡷȀȩȩɔɯࡏ࡬

ࡄ �Șʿ ɾʶȩ ȘȩƇƚɯ ǞȘ ƇǞǀǀƚɟƚȘɾ ǃɟȩʕɔɯ ŏɟƚ żȩȘȘƚżɾƚƇ ʶǞɾǕ
ɔɟȩųࡏ ɗ < ɑࡏ

ߟߠ
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ͱ͖;̥˨ξ ˨ͱ͇̥̊ξ˨͖̐ ϻ͖̥Ͼ

�ƚɾ ` ųƚ ŏ ɯɾȩżǕŏɯɾǞż ųȀȩżǺ ȒȩƇƚȀ ǃɟŏɔǕ ƇɟŏʶȘ ǀɟȩȒ `ȗ(ɑ,ɗ)ࡏ

ࡄ �ƚɾ � ∈ Rȗ×ȗ ųƚ ɾǕƚ ŏƇǲŏżƚȘżʿ ȒŏɾɟǞʾ ȩǀ ࡏ` ĦǕŏɾ Ǟɯ E[�]ࡐ

�ȩɾƚ ɾǕŏɾ ʶƚ ŏɟƚ ŏɟųǞɾɟŏɟǞȀʿ ȩɟƇƚɟǞȘǃ ɾǕƚ ȘȩƇƚɯ ǞȘ � ųʿ ǃɟȩʕɔࡏ
vȘ ɟƚŏȀǞɾʿ � ʶȩʕȀƇ ȀȩȩǺ ࢆɯżɟŏȒųȀƚƇࢅ ŏɯ ȩȘ ɾǕƚ ɟǞǃǕɾࡏ

ߠߠ
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̥Ѕθ̥̐ϑ̥̙ ˨̙ͩ˨̥̐;̐І χθ̥̐ϑξϟͻ

�ƚɾɾǞȘǃ ` ųƚ ŏ ɯɾȩżǕŏɯɾǞż ųȀȩżǺ ȒȩƇƚȀ ǃɟŏɔǕ ƇɟŏʶȘ ǀɟȩȒ
`ȗ(ɑ,ɗ) ŏȘƇ � ∈ Rȗ×ȗ ųƚ Ǟɾɯ ŏƇǲŏżƚȘżʿ ȒŏɾɟǞʾࡏ (E[�])ǝ,Ǳ = ɑ ǀȩɟ
ǝ, Ǳ ǞȘ ɯŏȒƚ ǃɟȩʕɔࡈ (E[�])ǝ,Ǳ = ɗ ȩɾǕƚɟʶǞɯƚࡏ

ĦǕŏɾ ŏɟƚ ɾǕƚ
ƚǞǃƚȘʲƚżɾȩɟɯ ŏȘƇ
ƚǞǃƚȘʲŏȀʕƚɯ ȩǀ E[�]ࡐ
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̥Ѕθ̥̐ϑ̥̙ ͱ˨θͱ˨͖̐˨;

ĦǕŏɾ Ǟɯ ɾǕƚ ƚʾɔƚżɾƚƇ �ŏɔȀŏżǞŏȘ `ȗ(ɑ,ɗ)ࡐ

� ŏȘƇ � Ǖŏʲƚ ɾǕƚ ɯŏȒƚ ƚǞǃƚȘʲƚżɾȩɟɯ ŏȘƇ ƚǞǃƚȘʲŏȀʕƚ ŏɟƚ ƚɛʕŏȀ
ʕɔ ɾȩ ŏ ɯǕǞǀɾࡏ

ߢߠ



̥Ѕθ̥̐ϑ̥̙ ˨̙ͩ˨̥̐;̐І χθ̥̐ϑξϟͻ

�ƚɾɾǞȘǃ ` ųƚ ŏ ɯɾȩżǕŏɯɾǞż ųȀȩżǺ ȒȩƇƚȀ ǃɟŏɔǕ ƇɟŏʶȘ ǀɟȩȒ
`ȗ(ɑ,ɗ) ŏȘƇ � ∈ Rȗ×ȗ ųƚ Ǟɾɯ ŏƇǲŏżƚȘżʿ ȒŏɾɟǞʾࡈ ʶǕŏɾ ŏɟƚ ɾǕƚ
ƚǞǃƚȘʲƚżɾȩɟɯ ŏȘƇ ƚǞǃƚȘʲŏȀʕƚɯ ȩǀ E[�]ࡐ

ߣߠ



̥Ѕθ̥̐ϑ̥̙ ˨̙ͩ˨̥̐;̐І χθ̥̐ϑξϟͻ

ࡄ ʲߝ ∼ ߝ ʶǞɾǕ ƚǞǃƚȘʲŏȀʕƚ λߝ =
(ɑ+ɗ)ȗ

ߞ ࡏ
ࡄ ʲߞ ∼ χ$,* ʶǞɾǕ ƚǞǃƚȘʲŏȀʕƚ λߞ =

(ɑ−ɗ)ȗ
ߞ ࡏ

ࡄ χ$,*(ǝ) = ߝ Ǟǀ ǝ ∈ $ ŏȘƇ χ$,*(ǝ) = ߝ− ǀȩɟ ǝ ∈ ࡏ*

vǀ ʶƚ żȩȒɔʕɾƚ ʲߞ ɾǕƚȘ ʶƚ ɟƚżȩʲƚɟ ɾǕƚ żȩȒȒʕȘǞɾǞƚɯ $ ŏȘƇ ࡋ*
ߤߠ
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̥Ѕθ̥̐ϑ̥̙ ͱ˨θͱ˨͖̐˨; χθ̥̐ϑξϟͻ

ĆɔɯǕȩɾࡇ ÷Ǖƚ ɯƚżȩȘƇ ɯȒŏȀȀƚɯɾ ƚǞǃƚȘʲƚżɾȩɟ ȩǀ E[�]ࡈ ƚɛʕǞʲŏȀƚȘɾȀʿ
ɾǕƚ ɯƚżȩȘƇ Ȁŏɟǃƚɯɾ ȩǀ E[�]ࡈ Ǟɯ χ$,* ࡵ ɾǕƚ ǞȘƇǞżŏɾȩɟ ʲƚżɾȩɟ ǀȩɟ ɾǕƚ
żʕɾ ųƚɾʶƚƚȘ ɾǕƚ żȩȒȒʕȘǞɾǞƚɯࡏ

ࡄ vǀ ɾǕƚ ɟŏȘƇȩȒ ǃɟŏɔǕ ` ƚɛʕǞʲǞȀŏȘɾȀʿ࡫ � ŏȘƇ ࡬� ʶƚɟƚ ƚʾŏżɾȀʿ
ƚɛʕŏȀ ɾȩ Ǟɾɯ ƚʾɔƚżɾŏɾǞȩȘࡈ ɔŏɟɾǞɾǞȩȘǞȘǃ ʕɯǞȘǃ ɾǕǞɯ
ƚǞǃƚȘʲƚżɾȩɟ ʶȩʕȀƇ ƚʾŏżɾȀʿ ɟƚżȩʲƚɟ żȩȒȒʕȘǞɾǞƚɯ $ ŏȘƇ ࡏ*

mȩʶ Ƈȩ ʶƚ ɯǕȩʶ ɾǕŏɾ ŏ ȒŏɾɟǞʾ ࡈࡏǃࡏƚ࡫ ࡬� Ǟɯ żȀȩɯƚ ɾȩ Ǟɾɯ
ƚʾɔƚżɾŏɾǞȩȘࡐ �ŏɾɟǞʾ żȩȘżƚȘɾɟŏɾǞȩȘ ǞȘƚɛʕŏȀǞɾǞƚɯࡏ

ࡄ �ȘŏȀȩǃȩʕɯ ɾȩ ɯżŏȀŏɟ żȩȘżƚȘɾɟŏɾǞȩȘ ǞȘƚɛʕŏȀǞɾǞƚɯ ȀǞǺƚ
�ŏɟǺȩʲɯࡈ +ǕƚųʿɯǕƚʲɯࡈ $ƚɟȘɯɾƚǞȘɯࡏ

ߥߠ



ͻ˨ϑξ͖Ѕ ̐Ύ;̥̐;ϑξ˨ϑ͖Ύ;

�ŏɾɟǞʾ +ȩȘżƚȘɾɟŏɾǞȩȘ vȘƚɛʕŏȀǞɾʿࡇ vǀ ɑ ≥ ª
(
Ȁȩǃߠ ȗ
ȗ

)
ࡈ ɾǕƚȘ

ʶǞɾǕ ǕǞǃǕ ɔɟȩųŏųǞȀǞɾʿ

‖�− E[�]‖ߞ ≤ ª(√ɑȗ).

ʶǕƚɟƚ ‖ · ߞ‖ Ǟɯ ɾǕƚ ȒŏɾɟǞʾ ɯɔƚżɾɟŏȀ ȘȩɟȒ ȩɔƚɟŏɾȩɟ࡫ ȘȩɟȒࡏ࡬

_ȩɟ ĭ ∈ Rȗ×Ɔࡈ ‖ĭ‖ߞ = Ȓŏʾˈ∈RƆ:‖ˈ‖ߝ=ߞ ‖ĭˈ‖ࡏߞ

CʾƚɟżǞɯƚࡇ ëǕȩʶ ɾǕŏɾ ‖ĭ‖ߞ Ǟɯ ƚɛʕŏȀ ɾȩ ɾǕƚ Ȁŏɟǃƚɯɾ ɯǞȘǃʕȀŏɟ ʲŏȀʕƚ
ȩǀ ĭࡏ _ȩɟ ɯʿȒȒƚɾɟǞż ĭ ȀǞǺƚ࡫ �− E[�]࡬ ɯǕȩʶ ɾǕŏɾ Ǟɾ Ǟɯ ƚɛʕŏȀ ɾȩ ɾǕƚ
ȒŏǃȘǞɾʕƇƚ ȩǀ ɾǕƚ Ȁŏɟǃƚɯɾ ȒŏǃȘǞɾʕƇƚ ƚǞǃƚȘʲŏȀʕƚࡏ

_ȩɟ ɾǕƚ ɯɾȩżǕŏɯɾǞż ųȀȩżǺ ȒȩƇƚȀ ŏɔɔȀǞżŏɾǞȩȘࡈ ʶƚ ʶŏȘɾ ɾȩ ɯǕȩʶ
ɾǕŏɾ ɾǕƚ ɯƚżȩȘƇ ƚǞǃƚȘʲƚżɾȩɟɯ ȩǀ � ŏȘƇ E[�] ŏɟƚ żȀȩɯƚࡏ mȩʶ
Ƈȩƚɯ ɾǕǞɯ ɟƚȀŏɾƚ ɾȩ ɾǕƚǞɟ ƇǞǀǀƚɟƚȘżƚ ǞȘ ɯɔƚżɾɟŏȀ ȘȩɟȒࡐ ߜߡ
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C͖͇̥;ϻ̥̐ϑΎξ Ú̥ξϑϟξ̊˨ϑ͖Ύ;

4ŏʲǞɯࡷ�ŏǕŏȘ CǞǃƚȘʲƚżɾȩɟ ÚƚɟɾʕɟųŏɾǞȩȘ ÷ǕƚȩɟƚȒࡇ ëʕɔࡷ
ɔȩɯƚ �,� ∈ RƆ×Ɔ ŏɟƚ ɯʿȒȒƚɾɟǞż ʶǞɾǕ ‖� − ߞ‖� ≤ ε

ŏȘƇ ƚǞǃƚȘʲƚżɾȩɟɯ ʮߝ, ʮߞ, . . . , ʮƆ ŏȘƇ ʮ̄ߝ, ʮ̄ߞ, . . . , ʮ̄Ɔࡏ �ƚɾɾǞȘǃ
θ(ʮǝ, ʮ̄ǝ) ƇƚȘȩɾƚ ɾǕƚ ŏȘǃȀƚ ųƚɾʶƚƚȘ ʮǝ ŏȘƇ ʮ̄ǝࡈ ǀȩɟ ŏȀȀ ǝࡇ

ɯǞȘ[θ(ʮǝ, ʮ̄ǝ)] ≤
ε

ȒǞȘǱ'=ǝ |λǝ − λǱ|

ʶǕƚɟƚ λߝ, . . . ,λƆ ŏɟƚ ɾǕƚ ƚǞǃƚȘʲŏȀʕƚɯ ȩǀ ࡏ�

÷Ǖƚ ƚɟɟȩɟ ǃƚɾɯ Ȁŏɟǃƚɟ Ǟǀ ɾǕƚɟƚ ŏɟƚ ƚǞǃƚȘʲŏȀʕƚɯ ʶǞɾǕ ɯǞȒǞȀŏɟ
ȒŏǃȘǞɾʕƇƚɯࡏ

ߝߡ
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̥͖͇̥;ϻ̥̐ϑΎξ θ̥ξϑϟξ̊˨ϑ͖Ύ;
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˨θθͱ͖̐˨ϑ͖Ύ; ϑΎ χϑΎ̐͑˨χϑ͖̐ ̊ͱΎ̐ͬ ͻΎ̙̥ͱ

+ȀŏǞȒ ߝ �ŏɾɟǞʾ࡫ +ȩȘżƚȘɾɟŏɾǞȩȘࡇ࡬ _ȩɟ ɑ ≥ ª
(
Ȁȩǃߠ ȗ
ȗ

)
ࡈ

‖�− E[�]‖ߞ ≤ ª(√ɑȗ).

+ȀŏǞȒ ߞ ࡇ࡬�ŏǕŏȘࡷ4ŏʲǞɯ࡫ _ȩɟ ɑ ≥ ª
(
Ȁȩǃߠ ȗ
ȗ

)
ࡈ

ɯǞȘ θ(ʮߞ, ʮ̄ߞ) ≤
ª(√ɑȗ)

ȒǞȘǱ!=ǝ |λǝ − λǱ|
≤ ª(√ɑȗ)

(ɑ− ɗ)ȗ/ߞ = ª
( √ɑ
(ɑ− ɗ)

√
ȗ

)

áƚżŏȀȀࡇ E[�]ࡈ Ǖŏɯ ƚǞǃƚȘʲŏȀʕƚɯ λߝ = (ɑ+ɗ)ȗ
ߞ ࡈ λߞ = (ɑ−ɗ)ȗ

ߞ ࡈ λǝ = ߜ ǀȩɟ ǝ ≥ ࡏߟ

ȒǞȘ
Ǳ!=ǝ

|λǝ − λǱ| = ȒǞȘ
(
ɗȗ, (ɑ− ɗ)ȗ

ߞ

)
.

�ɯɯʕȒƚ
∣∣∣ (ɑ−ɗ)ȗߞ − ߜ

∣∣∣ ʶǞȀȀ ųƚ ɾǕƚ ȒǞȘǞȒʕȒ ȩǀ ɾǕƚ ɾʶȩ ǃŏɔɯࡏ vࡏƚࡏ

ɯȒŏȀȀƚɟ ɾǕŏȘ
∣∣∣ (ɑ+ɗ)ȗߞ − (ɑ−ɗ)ȗ

ߞ

∣∣∣ = ɗȗࡏ

ߟߡ
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ëȩ _ŏɟࡇ ɯǞȘ θ(ʮߞ, ʮ̄ߞ) ≤ ª
( √ɑ

(ɑ−ɗ)
√
ȗ

)
ࡏ ĦǕŏɾ Ƈȩƚɯ ɾǕǞɯ ǃǞʲƚ ʕɯࡐ

ࡄ +ŏȘ ɯǕȩʶ ɾǕŏɾ ɾǕǞɯ ǞȒɔȀǞƚɯ ‖ʮߞ − ʮ̄ߞߞ‖ߞ ≤ ª
(

ɑ
(ɑ−ɗ)ߞȗ

)
ࡏ࡬ƚʾƚɟżǞɯƚ࡫

ࡄ ʮ̄ߞ Ǟɯ √ߝ
ȗχ$,*ࡇ ɾǕƚ żȩȒȒʕȘǞɾʿ ǞȘƇǞżŏɾȩɟ ʲƚżɾȩɟࡏ

ࡄ Cʲƚɟʿ ǝ ʶǕƚɟƚ ʮߞ(ǝ)ࡈ ʮ̄ߞ(ǝ) ƇǞǀǀƚɟ ǞȘ ɯǞǃȘ żȩȘɾɟǞųʕɾƚɯ ≥ ߝ
ȗ ɾȩ

‖ʮߞ − ʮ̄ߞߞ‖ߞ.

ࡄ ëȩ ɾǕƚʿ ƇǞǀǀƚɟ ǞȘ ɯǞǃȘ ǞȘ ŏɾ Ȓȩɯɾ ª
(

ɑ
(ɑ−ɗ)ߞ

)
ɔȩɯǞɾǞȩȘɯࡏ

ߠߡ
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ĆɔɯǕȩɾࡇ vǀ ` Ǟɯ ŏ ɯɾȩżǕŏɯɾǞż ųȀȩżǺ ȒȩƇƚȀ ǃɟŏɔǕ ʶǞɾǕ ŏƇǲŏżƚȘżʿ
ȒŏɾɟǞʾ ࡈ� Ǟǀ ʶƚ żȩȒɔʕɾƚ Ǟɾɯ ɯƚżȩȘƇ Ȁŏɟǃƚ ƚǞǃƚȘʲƚżɾȩɟ ʮߞ ŏȘƇ
ŏɯɯǞǃȘ ȘȩƇƚɯ ɾȩ żȩȒȒʕȘǞɾǞƚɯ ŏżżȩɟƇǞȘǃ ɾȩ ɾǕƚ ɯǞǃȘ ɔŏɾɾƚɟȘ ȩǀ
ɾǕǞɯ ʲƚżɾȩɟࡈ ʶƚ ʶǞȀȀ żȩɟɟƚżɾȀʿ ŏɯɯǞǃȘ ŏȀȀ ųʕɾ ª

(
ɑ

(ɑ−ɗ)ߞ
)
ȘȩƇƚɯࡏ

ࡄ ĦǕʿ Ƈȩƚɯ ɾǕƚ ƚɟɟȩɟ ǞȘżɟƚŏɯƚ ŏɯ ɗ ǃƚɾɯ żȀȩɯƚ ɾȩ ɑࡐ
ࡄ CʲƚȘ ʶǕƚȘ ɑ−ɗ = ª(ߝ/

√
ȗ)ࡈ ŏɯɯǞǃȘ ŏȀȀ ųʕɾ ŏȘ ª(ȗ) ǀɟŏżɾǞȩȘ

ȩǀ ȘȩƇƚɯ żȩɟɟƚżɾȀ ʿࡏ Cࡏǃࡈࡏ ŏɯɯǞǃȘ %ߥߥ ȩǀ ȘȩƇƚɯ żȩɟɟƚżɾȀ ʿࡏ

ߡߡ


