
+ëࡷbĮ ߟߞߞߥ vࡇ �ƚżɾʕɟƚ ߤ
+ȩȩɟƇǞȘŏɾƚ ƇƚżƚȘɾ ŏȘƇ ȘȩȘࡷżȩȘʲƚʾ ȒȩƇƚȀɯࡏ

�ĮĆ ÷ŏȘƇȩȘ ëżǕȩȩȀ ȩǀ CȘǃǞȘƚƚɟǞȘǃࡈ Úɟȩǀࡏ +ǕɟǞɯɾȩɔǕƚɟ �ʕɯżȩ

ߝ



χϑΎ̐͑˨χϑ͖̐ ͻ̥ϑ͑Ύ̙χ

�ŏǞȘ ǞƇƚŏࡇ ÷ɟŏƇƚ ɯȀȩʶƚɟ żȩȘʲƚɟǃƚȘżƚ Ȓȩɟƚ࡫ ǞɾƚɟŏɾǞȩȘɯ࡬ ǀȩɟ
żǕƚŏɔƚɟ ǞɾƚɟŏɾǞȩȘɯࡏ

ëɾȩżǕŏɯɾǞż +ȩȩɟƇǞȘŏɾƚ 4ƚɯżƚȘɾࡇ °ȘȀʿ żȩȒɔʕɾƚ ŏ ɯǞȘǃȀƚ ɟŏȘƇȩȒ
ƚȘɾɟʿ ȩǀ ∇ƿ(ʾ) ȩȘ ƚŏżǕ ǞɾƚɟŏɾǞȩȘࡇ

∇ƿ(ʾ) =





∂ƿ
ߝʺ∂ (ʾ)
∂ƿ
ߞʺ∂ (ʾ)ࡏࡏࡏ
∂ƿ
∂ʺƆ (ʾ)




∇ǝƿ(ʾ) =





ߜ
∂ƿ
∂ʺǝ (ʾ)ࡏࡏࡏ
ߜ





ĆɔƇŏɾƚࡇ ʾ(ɺ+ߝ) ← ʾ(ɺ) + η∇ǝƿ(ʾ(ɺ))ࡏ

ߞ

O

- -



̐ΎΎξ̙͖;˨ϑ̥ ̙̥χ̥̐;ϑ

ĦǕƚȘ ʾ Ǖŏɯ Ɔ ɔŏɟŏȒƚɾƚɟɯࡈ żȩȒɔʕɾǞȘǃ ∇ǝƿ(ʾ) ȩǀɾƚȘ żȩɯɾɯ ǲʕɯɾ ŏ
Ɔ/ߝ ǀɟŏżɾǞȩȘ ȩǀ ʶǕŏɾ Ǟɾ żȩɯɾɯ ɾȩ żȩȒɔʕɾƚ ∇ƿ(ʾ)

CʾŏȒɔȀƚࡇ ƿ(ʾ) = ‖�ʾ− ų‖ߞߞ ǀȩɟ � ∈ Rȗ×Ɔ, ʾ ∈ RƆ,ų ∈ Rȗࡏ

ࡄ ∇ƿ(ʾ) = −�î�ʾߞ ࡏ�îųߞ
ࡄ ∇ǝƿ(ʾ) = ߞ

[
�î�ʾ

]
ǝ − ߞ

[
�îų

]
ǝࡏ

ࡄ �ʾ(ɺ+ߝ) = �
(
ʾ(ɺ) + ż · ƚǝ

)
ª(ȗ) ɾǞȒƚ

ࡄ ߞ
[
�î

(
�ʾ(ɺ+ߝ) − ų

)]
ǝ ª(ȗ) ɾǞȒƚ

ߟ

O =

-

µ
'¥4,gradient fo r :

- 114×-6117
→ 0 Cud)

t ime

o =



χϑΎ̐͑˨χϑ͖̐ ̐ΎΎξ̙͖;˨ϑ̥ ̙̥χ̥̐;ϑ

ëɾȩżǕŏɯɾǞż +ȩȩɟƇǞȘŏɾƚ 4ƚɯżƚȘɾࡇ

ࡄ +Ǖȩȩɯƚ ȘʕȒųƚɟ ȩǀ ɯɾƚɔɯ î ŏȘƇ ɯɾƚɔ ɯǞˌƚ ηࡏ
ࡄ _ȩɟ ɺ = ,ߝ . . . , îࡇ

ࡄ ÚǞżǺ ɟŏȘƇȩȒ Ǳ ∈ ,ߝ . . . ,Ɔࡏ
ࡄ ʾ(ɺ+ߝ) = ʾ(ɺ) − η∇Ǳƿ(ʾ(ǝ))

ࡄ áƚɾʕɟȘ ˆʾ = ߝ
î
∑î

ɺ=ߝ ʾ(ɺ)ࡏ

ߠ

=
-



χϑΎ̐͑˨χϑ͖̐ ̐ΎΎξ̙͖;˨ϑ̥ ̙̥χ̥̐;ϑ

÷ǕƚȩɟƚȒ ëɾȩżǕŏɯɾǞż࡫ +ȩȩɟƇǞȘŏɾƚ 4ƚɯżƚȘɾ żȩȘʲƚɟǃƚȘżƚ࡬
`ǝʮƙȗ ŏ ˈ�ǝɑɫżǔǝɺࡹ` ƿʑȗżɺǝȧȗ ƿ ʲǝɺǔ ȑǝȗǝȑǝˈƙɛ ʾ∗ ŏȗƆ ǝȗǝɺǝŏǿ
ɑȧǝȗɺ ʾ(ߝ) ʲǝɺǔ ‖ʾ(ߝ) − ʾ∗‖ߞ ≤ Úࡌ ã*2 ʲǝɺǔ ɫɺƙɑ ɫǝˈƙ η = ߝ

ÚƆ
ɫŏɺǝɫ˛ƙɫ ɺǔƙ ǂʑŏɛŏȗɺƙƙࡋ

E[ƿ(ˆʾ)− ƿ(ʾ∗)] ≤ √Ú`ߞ
î/Ɔ

mȩʶ żŏȘ ʶƚ ǞȒɔɟȩʲƚ ȩȘ ɾǕǞɯࡐ

ߡ

t o

Gia's:÷÷÷.
SYD

takes d x mo r e iterations 'for s o m e
e r r o r.



͖ͻθΎξϑ˨;̥̐ χ˨ͻθͱ͖;͇

°ǀɾƚȘ Ǟɾ ƇȩƚɯȘ࢈ɾ ȒŏǺƚ ɯƚȘɯƚ ɾȩ ɯŏȒɔȀƚ ǝ ʕȘǞǀȩɟȒȀʿ ŏɾ ɟŏȘƇȩȒࡇ

� =





ߜ ߜ ߝ ߜ ߜ ߜ
ߜ ߜ ߞ ߜ ߜ ߜ
ߜ ߜ ߝ− ߜ ߜ ߜ
ߜ ߜ ߡ.− ߜ ߜ ߜ
ߜ ߜ ߟ ߜ ߜ ߜ
ߜ ߜ ߞ− ߜ ߜ ߜ





ų =





ߜߝ
ߞߠ
ߝߝ−
ߝߡ−
ߠߟ
ߞߞ−





ëƚȀƚżɾ ǞȘƇǞżƚɯ ǝ ɔɟȩɔȩɟɾǞȩȘŏȀ ɾȩ ‖ŏǝ‖ࡇߞߞ

Úɟ[ɯƚȀƚżɾ ǞȘƇƚʾ ǝ ɾȩ ʕɔƇŏɾƚ] = ‖ŏǝ‖ߞߞ∑Ɔ
Ǳ=ߝ ‖ŏǱ‖ߞߞ

=
‖ŏǝ‖ߞߞ
[ߞ‖�‖

�ƚɾ࢈ɯ ŏȘŏȀʿˌƚ ɾǕǞɯ ŏɔɔɟȩŏżǕࡏ

ߢ

HAX-6115 A x r i b

0,O§
,,,,,,,,,,- =

I s - - HAVE



χϑΎ̐͑˨χϑ͖̐ ̐ΎΎξ̙͖;˨ϑ̥ ̙̥χ̥̐;ϑ

ëɔƚżǞŏȀǞˌŏɾǞȩȘ ȩǀ ë+4 ɾȩ ‖�ʾ− ų‖ࡇߞߞ

áŏȘƇȩȒǞˌƚƇ +ȩȩɟƇǞȘŏɾƚ 4ƚɯżƚȘɾ ࡈëɾɟȩǕȒƚɟ࡫ ģƚɟɯǕʿȘǞȘ ߣߜߜߞ ࡕ
�ƚʲƚȘɾǕŏȀࡈ �ƚʶǞɯ ࡬ߤߝߜߞ

ࡄ _ȩɟ Ǟɾƚɟŏɾƚ ʾ(ɺ)ࡈ Ȁƚɾ ɟ(ɺ) ųƚ ɾǕƚ ɟƚɯǞƇʕŏȀࡇ

ɟ(ɺ) = �ʾ(ɺ) − ų

ࡄ ʾ(ɺ+ߝ) = ʾ(ɺ) − żƚǱࡏ mƚɟƚ ż Ǟɯ ŏ ɯżŏȀŏɟ ŏȘƇ ƚǱ Ǟɯ ŏ ɯɾŏȘƇŏɟƇ
ųŏɯǞɯ ʲƚżɾȩɟࡏ

ࡄ ɟ(ɺ+ߝ) = ɟ(ɺ) − żŏǱࡏ mƚɟƚ ŏǱ Ǟɯ ɾǕƚ ǝɾǕ żȩȀʕȒȘ ȩǀ ࡏ�

ߣ

- / ,
RandomKaczmerz

method

#

= -
fact').-Arlt'll}

-

=

,# ¥ e ;
-

that"- b = Alx't)-ce;)- b
- ret) - c a j



χϑΎ̐͑˨χϑ͖̐ ̐ΎΎξ̙͖;˨ϑ̥ ̙̥χ̥̐;ϑ

ĦǕŏɾ żǕȩǞżƚ ǀȩɟ ż ȒǞȘǞȒǞˌƚɯ ‖ɟ(ɺ+ߝ)‖ࡐߞߞ

ߤ

Typically: M = f ixed. "fineseor"" → factti)
-

X Htt)= XHI-Ce; s o that I m i n i z e that'D

IlratHL: I r a ' - c a ; H? ga):Hr"'- c a ;H :
p-cai = grasp;-sea,-trot?-Ella;lE

o f f
→ "project
r't'orto g'd)=-297pct) + 2 CHa,-Hiin.is?i:iai=oI:aiiia.ii'I-

lejtfct)
1 3 2 '9J



χϑΎ̐͑˨χϑ͖̐ ̐ΎΎξ̙͖;˨ϑ̥ ̙̥χ̥̐;ϑ

ëɔƚżǞŏȀǞˌŏɾǞȩȘ ȩǀ ë+4 ɾȩ ‖�ʾ− ų‖ࡇߞߞ

áŏȘƇȩȒǞˌƚƇ +ȩȩɟƇǞȘŏɾƚ 4ƚɯżƚȘɾ

ࡄ +Ǖȩȩɯƚ ȘʕȒųƚɟ ȩǀ ɯɾƚɔɯ îࡏ
ࡄ �ƚɾ ʾ(ߝ) = ߜ ŏȘƇ ɟ(ߝ) = ųࡏ
ࡄ _ȩɟ ɺ = ,ߝ . . . , îࡇ

ࡄ ÚǞżǺ ɟŏȘƇȩȒ Ǳ ∈ ,ߝ . . . ,Ɔࡏ vȘƇƚʾ Ǳ Ǟɯ ɯƚȀƚżɾƚƇ ʶǞɾǕ
ɔɟȩųŏųǞȀǞɾʿ ɔɟȩɔȩɟɾǞȩȘŏȀ ɾȩ ‖ŏǱ‖ࡏ[ߞ‖�‖/ߞߞ

ࡄ ëƚɾ ż = ŏîǱ ɟ(ɺ)/‖ŏǱ‖ߞߞ
ࡄ ʾ(ɺ+ߝ) = ʾ(ɺ) − żƚǱ
ࡄ ɟ(ɺ+ߝ) = ɟ(ɺ) − żŏǱ

ࡄ áƚɾʕɟȘ ʾ(î)ࡏ
ߥ

1 -I N
Xl"..... × ( t )

11411,7 Frobeniusz

=.gl/ti;)'



̐Ύ;ϻ̥ξ͇̥;̥̐

+ȀŏǞȒ

E‖ɟ(ɺ+ߝ)‖ߞߞ = ‖ɟ(ɺ)‖ߞߞ −
ߝ
[ߞ‖�‖

‖�îɟ(ɺ)‖ߞߞ

ߜߝ

1111111?+ l o d i = H r'" " i 1=11-Bo
-

Hrh"I n " Hr"' -caitlin = Hrit'll?- a l la i l l i

= H r4 )11? - ( a i r) 2
"a i1124

"bill?
= HrCt)11?- ( q t rA )2

d 11,4 F i l lEar""'":3.. § , µ;÷..lk"-Hi-"Iain")
= Ar't'll: -ftp..EC#IpHAtrtt'HE



̐Ύ;ϻ̥ξ͇̥;̥̐

�Șʿ ɟƚɯǞƇʕŏȀ ɟ żŏȘ ųƚ ʶɟǞɾɾƚȘ ŏɯ ɟ = ɟ∗ + ɟ̄ ʶǕƚɟƚ ɟ∗ = �ʾ∗ − ų
ŏȘƇ ɟ̄ = �(ʾɺ − ʾ∗)ࡏ �ȩɾƚ ɾǕŏɾ �îɟ∗ = ߜ ŏȘƇ ɟ̄ ⊥ ɟ∗ࡏ

+ȀŏǞȒ

E‖ɟ̄(ɺ+ߝ)‖ߞߞ = ‖ɟ̄(ɺ)‖ߞߞ −
ߝ
[ߞ‖�‖

‖�îɟ̄(ɺ)‖ߞߞ

≥ ‖ɟ̄(ɺ)‖ߞߞ −
λȒǞȘ(�î�)
[ߞ‖�‖

‖ɟ̄(ɺ)‖ߞߞ

ߝߝ

- - - - 1

- -
1×41-xgtAtrro

- IATAx'-Atb t o 081×4=0 f r

a -
E M
= ( l - "Yi¥¥¥')Hr't'Hi

#Hritti'll; = Hr-Hit#1115""'ll,' 11111pct'll?
1154111,= Hr-112+115"'lli duisattltNrtth

IAtra'll?= HATTA' +
Attila' r.tl#trtt'Hi



̐Ύ;ϻ̥ξ͇̥;̥̐

÷ǕƚȩɟƚȒ áŏȘƇȩȒǞˌƚƇ࡫ +ȩȩɟƇǞȘŏɾƚ 4ƚɯżƚȘɾ żȩȘʲƚɟǃƚȘżƚ࡬
�ƿɺƙɛ î ɫɺƙɑɫ ȧƿ Ú*2 ʲǝɺǔ ǝȑɑȧɛɺŏȗżƙ ɫŏȑɑǿǝȗǂ ɛʑȗ ȧȗ
ƿ(ʾ) = ‖�ʾ− ų‖ࡌߞߞ ʲƙ ǔŏʮƙࡋ

E[ƿ(ʾ(ɺ))− ƿ(ʾ∗)] ≤
(
−ߝ λȒǞȘ(�î�)

[ߞ‖�‖

)
[ƿ(ʾ(ߜ))− ƿ(ʾ∗)]

+ȩɟȩȀȀŏɟʿࡇ �ǀɾƚɟ î = ª( [ߞ‖�‖
λȒǞȘ(�î�) Ȁȩǃ

ߝ
ε) ʶƚ ȩųɾŏǞȘ ƚɟɟȩɟ ε‖ų‖ࡏߞߞ

vɯ ɾǕǞɯ Ȓȩɟƚ ȩɟ Ȁƚɯɯ ǞɾƚɟŏɾǞȩȘɯ ɾǕŏȘ ɾǕƚ î = ª(λȒŏʾ(�
î�)

λȒǞȘ(�î�) Ȁȩǃ
ߝ
ε)

ɟƚɛʕǞɟƚƇ ǀȩɟ ǃɟŏƇǞƚȘɾ ƇƚɯżƚȘɾ ɾȩ żȩȘʲƚɟǃƚࡐ ߞߝ

→ " r4311?-11011?
=
11541117

T

I



̐Ύͻθ˨ξ͖χΎ;

[ߞ‖�‖ = ɾɟ(�î�) =
Ɔ∑

ǝ=ߝ
λǝ(�î�)

λȒŏʾ(�î�) ≤ [ߞ‖�‖ ≤ Ɔ · λȒŏʾ(�î�)

_ȩɟ ɯȩȀʲǞȘǃ ‖�ʾ− ų‖ࡈߞߞ

#࡫ b4 vɾƚɟŏɾǞȩȘɯ࡬ ≤ #࡫ á+4 vɾƚɟŏɾǞȩȘɯ࡬ ≤ Ɔ · #࡫ b4 vɾƚɟŏɾǞȩȘɯ࡬

$ʕɾ á+4 ǞɾƚɟŏɾǞȩȘɯ ŏɟƚ żǕƚŏɔƚɟ ųʿ ŏ ǀŏżɾȩɟ ȩǀ Ɔࡏ

ߟߝ

O - -
- 0 . . -

- - -



̐Ύͻθ˨ξ͖χΎ;

ĦǕƚȘ Ƈȩƚɯ [ߞ‖�‖ = ɾɟ(�î�) = Ɔ · λȒŏʾ(�î�)ࡐ

ĦǕƚȘ Ƈȩƚɯ [ߞ‖�‖ = ɾɟ(�î�) = ߝ · λȒŏʾ(�î�)ࡐ

ߠߝ

- I
porthanorma
l

column,
F o r a l li , ;Att--FI M¥111 a ; t a i = o ajta;

= smell
- -

i f f "III.an.at#Hiaitaiitfi,ja" tt similar vectors
all ones matrix



̐Ύͻθ˨ξ͖χΎ;

áȩʕǃǕȀʿࡇ

ëɾȩżǕŏɯɾǞż bɟŏƇǞƚȘɾ 4ƚɯżƚȘɾ ɔƚɟǀȩɟȒɯ ʶƚȀȀ ʶǕƚȘ Ƈŏɾŏ ɔȩǞȘɾɯ
࡬ɟȩʶɯ࡫ ŏɟƚ ɟƚɔƚɾǞɾǞʲƚࡏ

ëɾȩżǕŏɯɾǞż +ȩȩɟƇǞȘŏɾƚ 4ƚɯżƚȘɾ ɔƚɟǀȩɟȒɯ ʶƚȀȀ ʶǕƚȘ Ƈŏɾŏ
ǀƚŏɾʕɟƚɯ ࡬żȩȀʕȒȘɯ࡫ ŏɟƚ ɟƚɔƚɾǞɾǞʲƚࡏ

ߡߝ



;Ύ;̐ࡷΎ;ϻ̥Ѕ Ύθϑ͖ͻ͖В˨ϑ͖Ύ;

ߡߝ



ϻ͖χϟ˨ͱ͖В˨ϑ͖Ύ;

bǞʲƚȘ ƿ(ʾ) ʶǕǞżǕ Ǟɯ ɔȩɾƚȘɾǞŏȀȀʿ ȘȩȘࡷżȩȘʲƚʾࡈ ˙ȘƇ ˆʾ ɯʕżǕ ɾǕŏɾ
ƿ(ˆʾ) ≤ ƿ(ʾ∗) + εࡏ

Ħƚ ʕȘƇƚɟɯɾŏȘƇ ʲƚɟʿ ȀǞɾɾȀƚ ŏųȩʕɾ ȩɔɾǞȒǞˌǞȘǃ ȘȩȘࡷżȩȘʲƚʾ
ǀʕȘżɾǞȩȘɯ ǞȘ żȩȒɔŏɟǞɯȩȘ ɾȩ żȩȘʲƚʾ ǀʕȘżɾǞȩȘɯࡈ ųʕɾ Șȩɾ ȘȩɾǕǞȘǃࡏ
vȘ ȒŏȘʿ żŏɯƚɯࡈ ʶƚ࢈ɟƚ ɯɾǞȀȀ ˙ǃʕɟǞȘǃ ȩʕɾ ɾǕƚ ɟǞǃǕɾ ɛʕƚɯɾǞȩȘɯ ɾȩ ŏɯǺࡏ

ߢߝ

v .

M y
Ax)

•
× '



χϑ˨ϑ͖Ύ;˨ξІ θΎ͖;ϑχ

4ƚ˙ȘǞɾǞȩȘ ëɾŏɾǞȩȘŏɟʿ࡫ ɔȩǞȘɾ࡬
_ȩɟ ŏ ƇǞǀǀƚɟƚȘɾǞŏųȀƚ ǀʕȘżɾǞȩȘ ƿࡈ ŏ ɯɾŏɾǞȩȘŏɟʿ ɔȩǞȘɾ Ǟɯ ŏȘʿ ʾ ʶǞɾǕࡇ

∇ƿ(ʾ) = ߜ

ȀȩżŏȀࡕǃȀȩųŏȀ ȒǞȘǞȒŏ ࡷ ȀȩżŏȀࡕǃȀȩųŏȀ ȒŏʾǞȒŏ ࡷ ɯŏƇƇȀƚ ɔȩǞȘɾɯ

ߣߝ

#

Nsf(xD-O

d

v.v. in Y.
A



χϑ˨ϑ͖Ύ;˨ξІ θΎ͖;ϑχ

áƚŏɯȩȘŏųȀƚ ǃȩŏȀࡇ _ǞȘƇ ŏȘ ŏɔɔɟȩʾǞȒŏɾƚ ɯɾŏɾǞȩȘŏɟʿ ɔȩǞȘɾ ˆʾ ʶǞɾǕ

‖∇ƿ(ˆʾ)‖ߞ ≤ ε.

ߤߝ



χͻΎΎϑ͑;̥χχ ͂Ύξ ;Ύ;̐ࡷΎ;ϻ̥Ѕ ͂ϟ;ϑ͖Ύ;χ

4ƚ˙ȘǞɾǞȩȘ
� ƇǞǀǀƚɟƚȘɾǞŏųȀƚ ɔȩɾƚȘɾǞŏȀȀʿ࡫ ȘȩȘࡷżȩȘʲƚʾ࡬ ǀʕȘżɾǞȩȘ ƿ Ǟɯ β
ɯȒȩȩɾǕ Ǟǀ ǀȩɟ ŏȀȀ ʾ, ʿࡈ

‖∇ƿ(ʾ)−∇ƿ(ʿ)‖ߞ ≤ β‖ʾ− ʿ‖ߞ

+ȩɟȩȀȀŏɟʿࡇ _ȩɟ ŏȀȀ ʾ, ʿ
∣∣∇ƿ(ʾ)î(ʾ− ʿ)− [ƿ(ʾ)− ƿ(ʿ)]

∣∣ ≤ β

ߞ ‖ʾ− ʿ‖
ߞ
.ߞ

ߥߝ

- -

r.



͇ξ˨̙͖̥;ϑ ̙̥χ̥̐;ϑ ͖͂;̙χ ˨θθξΎЅ͖ͻ˨ϑ̥ χϑ˨ϑ͖Ύ;˨ξІ θΎ͖;ϑχ

÷ǕƚȩɟƚȒ
sƿ `ɛŏƆǝƙȗɺ 2ƙɫżƙȗɺ ǝɫ ɛʑȗ ʲǝɺǔ ɫɺƙɑ ɫǝˈƙ η = ߝ

β ȧȗ ŏ
Ɔǝƿƿƙɛƙȗɺǝŏųǿƙ ƿʑȗżɺǝȧȗ ƿ ʲǝɺǔ ǂǿȧųŏǿ ȑǝȗǝȑʑȑ ʾ∗ ɺǔƙȗ ŏƿɺƙɛ
î = ª(β[ƿ(ʾ

[ƿ(ʾ∗)−((ߝ)
ε ) ʲƙ ʲǝǿǿ ˛ȗƆ ŏȗ εࡹŏɑɑɛȧʺǝȑŏɺƙ ɫɺŏɺǝȧȗŏɛʻ

ɑȧǝȗɺ ˆʾࡒ

ߜߞ

1 . i f1×4')t1×41-xetti')-fact')+ flxott")e 3=11×41-×
C t t "115

- -

- - n ofacts) = n ofacts)

2 . factti)-feat) e {m-11061×4)H i - n11066"),;
= -my110644')H I s ince B-Yan

3 . t.FI,111064"')11,2 e ¥ ¥1felt') -feat")
Y .Mtin

11061×4')H i . } e I ,fflx") - f( xhtt")) - s
-

z fam,



͇ξ˨̙͖̥;ϑ ̙̥χ̥̐;ϑ ͖͂;̙χ ˨θθξΎЅ͖ͻ˨ϑ̥ χϑ˨ϑ͖Ύ;˨ξІ θΎ͖;ϑχ

÷ǕƚȩɟƚȒ
sƿ `ɛŏƆǝƙȗɺ 2ƙɫżƙȗɺ ǝɫ ɛʑȗ ʲǝɺǔ ɫɺƙɑ ɫǝˈƙ η = ߝ

β ȧȗ ŏ
Ɔǝƿƿƙɛƙȗɺǝŏųǿƙ ƿʑȗżɺǝȧȗ ƿ ʲǝɺǔ ǂǿȧųŏǿ ȑǝȗǝȑʑȑ ʾ∗ ɺǔƙȗ ŏƿɺƙɛ
î = ª(β[ƿ(ʾ

[ƿ(ʾ∗)−((ߝ)
ε ) ʲƙ ʲǝǿǿ ˛ȗƆ ŏȗ εࡹŏɑɑɛȧʺǝȑŏɺƙ ɫɺŏɺǝȧȗŏɛʻ

ɑȧǝȗɺ ˆʾࡒ

ߝߞ

(cont.) Let I t . argyi, 110644411-n

Hofle)"; e ¥ (feat) -flx'))
w
= 2 B
F "

Setting T= 2¥offlx"')If#&)) gives thebound.



μϟ̥χϑ͖Ύ;χ ͖; ;Ύ;̐ࡷΎ;ϻ̥Ѕ Ύθϑ͖ͻ͖В˨ϑ͖Ύ;

vǀ b4 żŏȘ ˙ȘƇ ŏ ɯɾŏɾǞȩȘŏɟʿ ɔȩǞȘɾ ŏȘƇ ɾǕŏɾ ɯƚƚȒɯ ɾȩ ʶȩɟǺ ǀȩɟ
ʿȩʕɟ ɔɟȩųȀƚȒࡈ ŏɟƚ ɾǕƚɟƚ ŏȀǃȩɟǞɾǕȒɯ ʶǕǞżǕ ˙ȘƇ ŏ ɯɾŏɾǞȩȘŏɟʿ
ɔȩǞȘɾ ǀŏɯɾƚɟ ʕɯǞȘǃ ɔɟƚżȩȘƇǞɾǞȩȘǞȘǃࡈ ŏżżƚȀƚɟŏɾǞȩȘࡈ ɯɾȩżŏɯɾǞż
ȒƚɾǕȩƇɯࡈ ƚɾżࡐࡏ

ߞߞ



μϟ̥χϑ͖Ύ;χ ͖; ;Ύ;̐ࡷΎ;ϻ̥Ѕ Ύθϑ͖ͻ͖В˨ϑ͖Ύ;

ĦǕŏɾ Ǟǀ Ȓʿ ǀʕȘżɾǞȩȘ ȩȘȀʿ Ǖŏɯ ǃȀȩųŏȀ ȒǞȘǞȒŏ ŏȘƇ ɯɾŏɾǞȩȘŏɟʿ
ɔȩǞȘɾɯࡐ áŏȘƇȩȒǞˌƚƇ ȒƚɾǕȩƇɯ ࡈëb4࡫ ɔƚɟɾʕɟųƚƇ ǃɟŏƇǞƚȘɾ
ȒƚɾǕȩƇɯࡈ ƚɾż࡬ࡏ żŏȘ ࢆƚɯżŏɔƚࢅ ɯɾŏɾǞȩȘŏɟʿ ɔȩǞȘɾɯ ʕȘƇƚɟ ɯȩȒƚ
ȒǞȘȩɟ ŏɯɯʕȒɔɾǞȩȘɯࡏ

CʾŏȒɔȀƚࡇ ȒǞȘʾ −ʾî�î�ʾ
ʾîʾ

ࡄ bȀȩųŏȀ ȒǞȘǞȒʕȒࡇ ÷ȩɔ ƚǞǃƚȘʲƚżɾȩɟ ȩǀ �î� ࡈࡏƚࡏǞ࡫ ɾȩɔ ɔɟǞȘżǞɔŏȀ
żȩȒɔȩȘƚȘɾ ȩǀ ࡏ࡬�

ࡄ ëɾŏɾǞȩȘŏɟʿ ɔȩǞȘɾɯࡇ �ȀȀ ȩɾǕƚɟ ƚǞǃƚȘʲƚżɾȩɟɯ ȩǀ ࡏ�

ĆɯƚǀʕȀ ǀȩɟ Ȁȩɾɯ ȩǀ ȩɾǕƚɟ ȒŏɾɟǞʾ ǀŏżɾȩɟǞˌŏɾǞȩȘ ɔɟȩųȀƚȒɯ ųƚʿȩȘƇ
ʲŏȘǞȀȀŏ Ú+ࡏ�

ߟߞ

v .
functionw , only saddles+ m i n i m a



μϟ̥χϑ͖Ύ;χ ͖; ;Ύ;̐ࡷΎ;ϻ̥Ѕ Ύθϑ͖ͻ͖В˨ϑ͖Ύ;

ࡄ +ŏȘ ɟŏȘƇȩȒ ȩɟ żŏɟƚǀʕȀ ǞȘǞɾǞŏȀǞˌŏɾǞȩȘ ȀƚŏƇ ɾȩ ŏ ǃȩȩƇ
ȒǞȘǞȒŏࡐ

ࡄ +ŏȘ ʶƚ ƚɯżŏɔƚ ࢆɯǕŏȀȀȩʶࢅ ȀȩżŏȀ ȒǞȘǞȒŏࡏ
ࡄ vɯ ŏ ǃȀȩųŏȀ ȒǞȘǞȒŏ ƚʲƚȘ ȘƚƚƇƚƇࡐ

ߠߞ


