CS-GY 9223 I: Lecture 7
Preconditioning, acceleration, coordinate
decent, etc.

NYU Tandon School of Engineering, Prof. Christopher Musco



SMOOTH AND STRONGLY CONVEX

Recall from last lecture: a convex function fis g-smooth and
a-strongly convex if, for all x,y € RY,
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CONVERGENCE GUARANTEE

Theorem (GD for 8-smooth, a-strongly convex.)
Let f be a s-smooth and a-strongly convex function. If we run
GD for T steps (with step size n = é) we have:

® _ x*||2 (=1 F 1% (1) _ y*2
X =X < e ___Flx = x5

O is called the “condition number” o
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FROM LAST CLASS

Let f(x) = ||Dx — b3 where D is a diagonal matrix.

- B = 2max(D)? K - M&x(DT"
+ a =2min(D)? (D)

Gradient descent on f:

- Fort=1,...,T
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IN-CLASS EXERCISE

Theorem (GD for 3-smooth, a-strongly convex.)
Let f be a 3-smooth and a-strongly convex function. If we run
GD for T steps (with step size n = %) we have:

X0 =Xl < e~ x - x|
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IN-CLASS EXERCISE

. v 0Dy Y12 ] = 20(0x V)
Alternate view:
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IN-CLASS EXERCISE
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GENERAL LINEAR REGRESSION

This same analysis holds for any linear system minimized via
gradient descent: 1 UQ _ “l(:

min ||Ax — b||3 = minx'A’TAx — x'ATb ~ #

VI = oAk -V) {/Wl)s* = A’ b\
nrolling gradient decent updates leads to:
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GENERAL LINEAR REGRESSION

d
Quick linear algebra review: ﬁfA - \j "“@@@

- ATA is symmetric so has an orthogonal
eigendecomposition: UAUT.

cUTU=UUT=1 9 o oduavere.]
- Nis diagonal with entries \y > X\, > ..., Ay

Claim: \y > 0 (i.e., ATA is positive semidefinite).
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GENERAL LINEAR REGRESSION

Verify outside of class: v W~ »)\/‘ = V’;@-)
f(x) = ||Ax — b]|3"is 2\ smooth and 2)4 s@r%ngly cor?\ﬂ/?e;.US\o)vve
have: = 57 7-vvT £.u7T9T
) h- VAVT
}/ f,\"d (XD —x*) = (1 = pATA) " (x) — x¥).
v v

t ~— t
(1=nATA) = (U1 =AY UT) = U (1 —nA)' U7
A\ N
N ) Ty SR AR
W & T‘
(& HX(H—‘I) o X*Hz _ - UVW\]’W,/&VU
AJUE-mA) LT P x#*) wvrtu® _ e,

10

WE-up)T T x5 e M Ul x*)Il,



IMPROVING GRADIENT DESCENT

We now have a really good understanding of gradient descent.

Number of iterations for € error:

@ipschitz B-smooth

Rboundedstart | 0 (%) 0(°F)

a-strong convex | O (G—z) 0 (g log(1/e))

e

How do we use this understanding to design faster algorithms?
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ACCELERATION



LINEAR REGRESSION RUNTIME

Total runtime for solving linear regression via GD: d4w

(time per iteration) x (number of iterations)
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ACCELERATION

Theorem (Accelerated Iterative Regression)

Let x* = min ||Ax — b||3. There is an algorithm which finds X
with [|X — x*||2 < €||x*||2 In time:

0(nd - \/x 0g(1/€))
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THE POLYNOMIAL VIEW

/)d:.aru. ab
Claim: For any n, polynomial p(2) = 1z + 22> + ... 4 ¢4z9 with
g

p(1) = > ¢ @here is an algorithm running in

time which outputs X satisfying:
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THE POLYNOMIAL VIEW

Claim: For any n, polynomial p(2) = c1z + 2% + ... + cqz% with
p(1) = Z;; Cq =1, there is an algorithm running in O(ndq)

time which outputs X satisfying:
W-f p (- MNATA)XY

L (I = nATAX" + Co - (I = nATAY’X* + ...+ cq - (I = nATA)IX"

__

Claim: {l = nATAYX* = ¢ x* + pi(l = nATA)ATAX* where p; is a
polynomial with degreej —1. —
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THE POLYNOMIAL VIEW

Claim: For any n, polynomial p(2) = c1z + 2% + ... + cqz% with
p(1) =327, cq = 1, there is an algorithm running in O(ndq)

time which outputs X satisfying: }r)rb
/M
X' —%=(C14+C+...+Cq)- X +p'(I - nATA)ATAX"
~L ' L | \
1 ' P Py 4 Py
X = p'(I — nATA)ATb where p’ is a polynmial with degree g — 1.
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CONSTRUCTING A JUMP POLYNOMIAL

Goal: Find polynomial p such that p(1) =1and p(z) < e for
ze[0,1—1].

pa) =\
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Gradient descent uses p(z) = z0(+1og(1/<)),

pP2) = ¢ for 26Cn, S



A BETTER JUMP POLYNOMIAL

Goal: Find polynomial p such that p(1) =1and p(z) < e for
1-1.
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Can be done with degree O(y/x log(1/€)) polynomial instead!
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CHEBYSHEV POLYNOMIALS

What are these polynomials?

Chebyshev polynomials of the first kind.

To(x) =1 w7\ A

) = '

To(x) = 2x% =1 o \\
N\

-1 -08 -06 -04 -02 0 02 04 06 08 1

“There’s only one bullet in the gun. It's called the Chebyshev

polynomial.” — Prof. Rocco Servedio
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ACCELERATED GRADIENT DESCENT

Nesterov's accelerated gradient descent:
x(D = y() = z(D
- Fort=1,...,T
-y — x(O — 1Vf(x(t))

- x(TF) = (1 + ﬁ:) YD) — VEZy 0

Theorem (AGD for 3-smooth, a-strongly convex.)

Let f be a s-smooth and a-strongly convex function. If we run
AGD for T steps we have:

FxO) = f(x7) < e~ VR [(x(D) — f(x")

Corollary: If
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INTUITION BEHIND ACCELERATION

Level sets of ||Ax — b|}3.

Other terms for similar ideas: -D %“‘4[) : D(l")
- Momentum AGD (lrwb deedkes) = O {a)

- Heavy-ball methods Loo 8 F d lerstes - OOAV&)
O (@)
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PRECONDITIONING



PRECONDITIONING

e cofigranin

Main idea: Instead of minimizing f(x), find another function
g(x) with the same minimum but which is better suited for first
order optimization (e.g., has a smaller conditioner number).

Claim: Let h(x) : RY — RY be an invertible function. Let
g(x) = f(h(x)). Then

minf(x) = ming(x) and argminf(x)=nh <arg min g(x)> .
X X X X
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PRECONDITIONING

8 . - X

First Goal: We need g(x) to still be convex. 6(\10( >) (0}'( )
— =

Claim: Let P be an i&/ertible d x d matrix and let g(x) = f(Px).
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PRECONDITIONING

Second Goal: %‘ (x )~ Px

g(x) should have better condition number x than f(x).

Example:

.
- f(0) = [[Ax = b3 wy = 2.
TAT ¥
 9(x) = |[APX — b|B. g = (PAA) 2 /l,(//’rrﬁg)
- x U')
Ideal preconditioner: Choose P so that PTATAP = I. For

example, could set P = /(ATA)=1. — ) {xC VT
ATA ~ UAYT O VARG O - PP

What's the problem with this choice? - T
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DIAGONAL PRECONDITIONER

Third Goal: P should be easy to compute.

Many, many problem specific preconditioners are used in
practice. There design is usually a heuristic process.

@rﬂ)"; - Ty,

Example: Diagonal preconditioner. CL‘J‘J wod tolle OGLD

LY CEELY — s Bd)
o 1t ~ AT
Intuitively, we roughly have that D ~ A'A. B’@r/)"

. — —1

LetP=+vD"',

P is often called a Jacobi preconditioner. Often works very
—

well in practice!
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DIAGONAL PRECONDITIONER

>> cond(A'xA)
A

ans =

8.4145e+07

-734
-31
232
426

-373

-236

2024

-2258

2229

338

1 33 9111 ] )<
-2 108 5946 -19
<l 101 3502 10
0 -65 12503 9
0 26 9298 0 o
-2 -94 2398 =il
0 =132 -6904 =25
<l 92 -6516 6
0 0 11921 =22
1 =5 -16118 =23

>> P = sqrt(inv(diag(diag(A'xA))));
>> cond(PxA"'xAxP)
—

ans =

10.3878
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DIAGONAL PRECONDITIONER

Can you think of an example A where Jacobi preconditioning
doesn’t decrease a large k?

Can Jacobi preconditioning increase x?
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ADAPTIVE STEPSIZES

Another view: If = f(Px) then Vg(x) = PTVf(Px).
nother view: If g(x) = f(Px) then Vg(x) f(Px)
Vg(x) = PVf(Px) when P is symmetric.

+
Gradient descent on g: vy (x! ))

- Fort=1,...,T, Ve XH')/U Xd
pi(t_“) Jﬁ) = nPL[vf(px(t))] AN
S
¢ Gradient descent on & 1L bLﬂ? PXU’) . K"'

- Fort=1,...,T,

. y(t+1) _ y(t) _ 77Pz [vf(y(t))] M Pu
e | N o

S L . MmF .
When P is diagonal, this is just gradient d%‘%cent with a
different step size for each parameter!
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ADAPTIVE STEPSIZES

Algorithms based on this idea:

- AdaGrad
- RMSprop
- Adam optimizer
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COORDINATE DESCENT



STOCHASTIC METHODS

Main idea: Trade slower convergence (more iterations) for
cheaper iterations.

Stochastic Gradient Descent: When f(x) - =Y fi(x),
approximate Vf(x) with Vfi(x) for randomly chosen I.
) —

L

Toles  u of e pre to
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STOCHASTIC METHODS

Main idea: Trade slower convergence (more iterations) for
cheaper iterations.

Stochastic Coordinate Descent: Only compute a single random

entry of Vf(x),on each iteration:
5 ()

aTz(X)

Vi(x) =

a%(x)
Update: x(H1 «— x(O 4 77
g 32



COORDINATE DESCENT

When x has d parameters, computing V;f(x) often costs just a
1/d fraction of what it costs to compute Vf(x)

Example: f(x) = [|Ax — b||3 for A€ R"™9 x ¢ R, b € R".

AVS(x) = 2AAx = 20T plu) diwe o conpte
+ Vif(x) =2 [ATAX]. — 2 [ATb].
e ) L g
d —— 3 .
@ d) et v s
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STOCHASTIC COORDINATE DESCENT

Stochastic Coordinate Descent:

- Choose number of steps T and step size 7.
- Fori=1,...,T

- Pick random j; € 1,...,d.
< x(H+) = x() — an.f(x(’))

A T i
- Return & = 1 321, x().

w Vs, Hx) = ¥ HX)
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COORDINATE DESCENT

Theorem (Stochastic Coordinate Descent convergence)
Given a G-Lipschitz function f with minimizer x* and initial
point XM with [|[x() — x*||, < R, SCD with step size n = 25
satisfies the guarantee: 2 I y)ét"’fz (omr¥ et

ﬁ

2 b
z =

r- (L)
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IMPORTANCE SAMPLING

Often it doesn’t make sense to sample i uniformly at random:

00 1 0O00O0 10
00 2 0O00O0 42
00 -1 0 0O -1
A = b =
0 0 -5 000 =51
00 3 000 34
00 -2 0 0 0] | —22]
Select indices i proportional to ||a;||%:
lails — _ llaill3

Pr[select index i to update] = =
d 2
i llagllz 1A
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