
+ëࡷbĮ ߟߞߞߥ vࡇ �ƚżɾʕɟƚ ߣ
ÚɟƚżȩȘƇǞɾǞȩȘǞȘǃࡈ ŏżżƚȀƚɟŏɾǞȩȘࡈ żȩȩɟƇǞȘŏɾƚ
ƇƚżƚȘɾࡈ ƚɾżࡏ

�ĮĆ ÷ŏȘƇȩȘ ëżǕȩȩȀ ȩǀ CȘǃǞȘƚƚɟǞȘǃࡈ Úɟȩǀࡏ +ǕɟǞɯɾȩɔǕƚɟ �ʕɯżȩ

ߝ



χͻΎΎϑ͑ ˨;̙ χϑξΎ;͇ͱІ ̐Ύ;ϻ̥Ѕ

áƚżŏȀȀ ǀɟȩȒ Ȁŏɯɾ Ȁƚżɾʕɟƚࡇ ŏ żȩȘʲƚʾ ǀʕȘżɾǞȩȘ ƿ Ǟɯ βࡷɯȒȩȩɾǕ ŏȘƇ
αࡷɯɾɟȩȘǃȀʿ żȩȘʲƚʾ Ǟǀࡈ ǀȩɟ ŏȀȀ ʾ, ʿ ∈ RƆࡈ

α

ߞ ‖ʾ− ʿ‖
ߞ
ߞ ≤ ∇ƿ(ʾ)î(ʾ− ʿ)− [ƿ(ʾ)− ƿ(ʿ)] ≤ β

ߞ ‖ʾ− ʿ‖
ߞ
.ߞ

ߞ

Pflx)'t(x-2) - (fix)- fly)] 2 0
when f i s convex.

>fix)
-fly)

¥11}pflxilko)



̐Ύ;ϻ̥ξ͇̥;̥̐ ͇ϟ˨ξ˨;ϑ̥̥

÷ǕƚȩɟƚȒ b4࡫ ǀȩɟ βࡷɯȒȩȩɾǕࡈ αࡷɯɾɟȩȘǃȀʿ żȩȘʲƚʾ࡬ࡏ
�ƙɺ ƿ ųƙ ŏ βࡹɫȑȧȧɺǔ ŏȗƆ αࡹɫɺɛȧȗǂǿʻ żȧȗʮƙʺ ƿʑȗżɺǝȧȗࡒ sƿ ʲƙ ɛʑȗ
`2 ƿȧɛ î ɫɺƙɑɫ ʲǝɺǔࡧ ɫɺƙɑ ɫǝˈƙ η = ߝ

β ࡨ ʲƙ ǔŏʮƙࡋ

‖ʾ(ɺ) − ʾ∗‖ߞߞ ≤ ƙ−(ɺ−ߝ)αβ ‖ʾ(ߝ) − ʾ∗‖ߞߞ

κ = β
α Ǟɯ żŏȀȀƚƇ ɾǕƚ żȩȘƇǞɾǞȩȘࢅ ȘʕȒųƚɟࢆ ȩǀ ƿࡏ

+ȩɟȩȀȀŏɟʿࡇ vǀ î = ª (κ Ȁȩǃ(ߝ/ε)) ʶƚ Ǖŏʲƚࡇ

‖ʾ(î) − ʾ∗‖ߞ ≤ ε‖ʾ(ߝ) − ʾ∗‖ߞ.

ߟ

-

I =

0
jostle' =04osYe)e¥

~
to

E E E

e-Olulosl't)
1 h

= e -
0110544)

= eagle))±e.



͂ξΎͻ ͱ˨χϑ ̐ͱ˨χχ

�ƚɾ ƿ(ʾ) = ‖4ʾ− ų‖ߞߞ ʶǕƚɟƚ 4 Ǟɯ ŏ ƇǞŏǃȩȘŏȀ ȒŏɾɟǞʾࡏ

ࡄ β = ߞȒŏʾ(4)ߞ

ࡄ α = ߞȒǞȘ(4)ߞ

bɟŏƇǞƚȘɾ ƇƚɯżƚȘɾ ȩȘ ƿࡇ

ࡄ ʾ(ߝ) = ߜ
ࡄ _ȩɟ ɺ = ,ߝ . . . , î

ࡄ ʾ(ɺ+ߝ) = ʾ(ɺ) − ߝ
β −4ʾ)4ߞ) ų))

ߠ

K = m a # -
M i n( D )-

i n

- - -

f (x ) : X iD-x-2xtDb + b i b

o fCx) = 2 D (Dx-b)



ͱ˨χχ̐ࡷ;͖ ̥Ѕ̥ξ͖̐χ̥

÷ǕƚȩɟƚȒ b4࡫ ǀȩɟ βࡷɯȒȩȩɾǕࡈ αࡷɯɾɟȩȘǃȀʿ żȩȘʲƚʾ࡬ࡏ
�ƙɺ ƿ ųƙ ŏ βࡹɫȑȧȧɺǔ ŏȗƆ αࡹɫɺɛȧȗǂǿʻ żȧȗʮƙʺ ƿʑȗżɺǝȧȗࡒ sƿ ʲƙ ɛʑȗ
`2 ƿȧɛ î ɫɺƙɑɫ ʲǝɺǔࡧ ɫɺƙɑ ɫǝˈƙ η = ߝ

β ࡨ ʲƙ ǔŏʮƙࡋ

‖ʾ(ɺ) − ʾ∗‖ߞ ≤ ƙ−ɺ/κ‖ʾ(ߝ) − ʾ∗‖ߞ

Úɟȩʲƚ ǀȩɟ ƿ(ʾ) = ‖4ʾ− ų‖ࡏߞߞ Įȩʕ Ȓŏʿ ŏɯɯʕȒƚ ɾǕŏɾ ȒǞȘ(4)ߞ > ࡏߜ

ߡ

-

h = WILD)-→0 0
W i s(D )2



ͱ˨χχ̐ࡷ;͖ ̥Ѕ̥ξ͖̐χ̥

�ȀɾƚɟȘŏɾƚ ʲǞƚʶࡇ

(ʾ(ɺ+ߝ) − ʾ∗) =
(
v− ߞ

β
ߞ4

)
(ʾ(ɺ) − ʾ∗)

ߢ

PlllDx-611?]=2D(Dx-b)
2DCDx&-b): O M ¥ 5

- a

Original gradient step:

iii.
'÷:"::÷÷÷÷
::::::)

xett''-×*=I(x't)-× ') - IgD-(Xu)- × )



ͱ˨χχ̐ࡷ;͖ ̥Ѕ̥ξ͖̐χ̥

(ʾ(ɺ+ߝ) − ʾ∗) =
(
v− ߞ

β
ߞ4

)ɺ
(ʾ(ߝ) − ʾ∗)

‖ʾ(ɺ+ߝ) − ʾ∗‖ߞ ≤ ?

ߣ

(x" t "-×') = (I-2%15)(XM)-M)
J B = ZmakDD

-

I -- .

OE entries e 1 ¥ entryE )

OsentnesE l-M¥11}
-

a = HII-Espn)tCx"'- x .1lb
⇐ -

smellv¥§ u t . . µ§¥+
= Hut(× " '-xml .

( E e -t h 11x " '- H H -

Oa -entriesa 11-Yu)t =
µ-yuju.lt/h)ee-t#

(l-Yu)"s e -



͇̥;̥ξ˨ͱ ͱ͖;̥˨ξ ξ̥͇ξ̥χχ͖Ύ;

÷ǕǞɯ ɯŏȒƚ ŏȘŏȀʿɯǞɯ ǕȩȀƇɯ ǀȩɟ ŏȘʿ ȀǞȘƚŏɟ ɯʿɯɾƚȒ ȒǞȘǞȒǞˌƚƇ ʲǞŏ
ǃɟŏƇǞƚȘɾ ƇƚɯżƚȘɾࡇ

ȒǞȘ
ʾ
‖�ʾ− ų‖ߞߞ = ȒǞȘ

ʾ
ʾî�î�ʾ− ʾî�îų

ĆȘɟȩȀȀǞȘǃ ǃɟŏƇǞƚȘɾ ƇƚżƚȘɾ ʕɔƇŏɾƚɯ ȀƚŏƇɯ ɾȩࡇ

(ʾ(ɺ+ߝ) − ʾ∗) =
(
v− η�î�

)ɺ
(ʾ(ߝ) − ʾ∗).

ߤ

"I';D":
f i f t h 1AtAx&=Atb7

n : %
-

+H t t ) = xet)- u ATAx't) + natty
= n Ataxia

xett')-×&=×'t)-H-MATAW - × ' T



͇̥;̥ξ˨ͱ ͱ͖;̥˨ξ ξ̥͇ξ̥χχ͖Ύ;

ßʕǞżǺ ȀǞȘƚŏɟ ŏȀǃƚųɟŏ ɟƚʲǞƚʶࡇ

ࡄ �î� Ǟɯ ɯʿȒȒƚɾɟǞż ɯȩ Ǖŏɯ ŏȘ ȩɟɾǕȩǃȩȘŏȀ
ƚǞǃƚȘƇƚżȩȒɔȩɯǞɾǞȩȘࡇ ĆΛĆîࡏ
ࡄ ĆîĆ = ĆĆî = vࡏ
ࡄ Λ Ǟɯ ƇǞŏǃȩȘŏȀ ʶǞɾǕ ƚȘɾɟǞƚɯ λߝ ≥ λߞ ≥ . . . ,λƆࡏ

+ȀŏǞȒࡇ λƆ ≥ ߜ ࡈࡏƚࡏǞ࡫ �î� Ǟɯ ɔȩɯǞɾǞʲƚ ɯƚȒǞƇƚ˙ȘǞɾƚࡏ࡬

ߥ

ATA--I]iaDDFf

- - - U i s orthanormal

-

Defn. ATA i s positive reuidefinite i f

fo r a l l × , xtAtAx 2 0 .
W
z

yty= 11011320



͇̥;̥ξ˨ͱ ͱ͖;̥˨ξ ξ̥͇ξ̥χχ͖Ύ;

ģƚɟǞǀʿ ȩʕɾɯǞƇƚ ȩǀ żȀŏɯɯࡇ

ƿ(ʾ) = ‖�ʾ− ų‖ߞߞ Ǟɯ ߝλߞ ɯȒȩȩɾǕ ŏȘƇ λƆߞ ɯɾɟȩȘǃȀʿ żȩȘʲƚʾࡏ ëȩ ʶƚ
Ǖŏʲƚࡇ κ = λߝ

λƆ

(ʾ(ɺ+ߝ) − ʾ∗) =
(
v− η�î�

)ɺ
(ʾ(ߝ) − ʾ∗).

(
v− η�î�

)ɺ
=

(
Ć (v− ηΛ)Ćî

)ɺ
= Ć (v− ηΛ)ɺ Ćî

‖ʾ(ɺ+ߝ) − ʾ∗‖ߞ =

ߜߝ

- u = 1 = w ¥ )
Ad winch)

I . b u t I--0105
) A .U l u tfinal"

-
=

a l l h -

iffieselo'"""
I-NAH @✓ut)'t

--uvufur.ie/../uvuT=fIUlI-n/lJtutlx'
" e )the U r t u l tee-thkxn.pe/L=llCI-nNtvtlxlD-x*)HrEe-

Hh11utLxcD-x&)llz



͖ͻθξΎϻ͖;͇ ͇ξ˨̙͖̥;ϑ ̙̥χ̥̐;ϑ

Ħƚ Șȩʶ Ǖŏʲƚ ŏ ɟƚŏȀȀʿ ǃȩȩƇ ʕȘƇƚɟɯɾŏȘƇǞȘǃ ȩǀ ǃɟŏƇǞƚȘɾ ƇƚɯżƚȘɾࡏ

�ʕȒųƚɟ ȩǀ ǞɾƚɟŏɾǞȩȘɯ ǀȩɟ ε ƚɟɟȩɟࡇ

ˌ�ǞɔɯżǕǞɾࡷ` βࡷɯȒȩȩɾǕ
Ú ųȩʕȘƇƚƇ ɯɾŏɟɾ ª

(
ߞÚߞ`
εߞ

)
ª
(
βÚߞ
ε

)

αࡷɯɾɟȩȘǃ żȩȘʲƚʾ ª
(
ߞ`
αε

)
ª
(
β
α Ȁȩǃ(ߝ/ε)

)

mȩʶ Ƈȩ ʶƚ ʕɯƚ ɾǕǞɯ ʕȘƇƚɟɯɾŏȘƇǞȘǃ ɾȩ ƇƚɯǞǃȘ ǀŏɯɾƚɟ ŏȀǃȩɟǞɾǕȒɯࡐ

ߝߝ

-

°



˨̥̐̐ͱ̥ξ˨ϑ͖Ύ;

ߝߝ



ͱ͖;̥˨ξ ξ̥͇ξ̥χχ͖Ύ; ξϟ;ϑ͖ͻ̥

÷ȩɾŏȀ ɟʕȘɾǞȒƚ ǀȩɟ ɯȩȀʲǞȘǃ ȀǞȘƚŏɟ ɟƚǃɟƚɯɯǞȩȘ ʲǞŏ b4ࡇ

ɾǞȒƚ࡫ ɔƚɟ ǞɾƚɟŏɾǞȩȘ࡬ ʾ ȘʕȒųƚɟ࡫ ȩǀ ǞɾƚɟŏɾǞȩȘɯ࡬

ª(ȗƆ · κ Ȁȩǃ(ߝ/ε))
ǀȩɟ � ∈ Rȗ×Ɔࡈ ʾ ∈ RƆࡈ ų ∈ Rȗࡏ

ߞߝ

d e n

www.blli
I f

I o'"'"!";÷¥I¥,
NINIANI h a

U '

Mula,v)→ the

ya =#TA)
- 'A I 063) Etten#obeadigpleuest

ed
~ Oard) → Olud ' )(dxu)uxd\ Ocular)



˨̥̐̐ͱ̥ξ˨ϑ͖Ύ;

÷ǕƚȩɟƚȒ �żżƚȀƚɟŏɾƚƇ࡫ vɾƚɟŏɾǞʲƚ áƚǃɟƚɯɯǞȩȘ࡬
�ƙɺ ʾ∗ = ȒǞȘʾ ‖�ʾ− ų‖ࡒߞߞ îǔƙɛƙ ǝɫ ŏȗ ŏǿǂȧɛǝɺǔȑ ʲǔǝżǔ ˛ȗƆɫ ˜ʾ
ʲǝɺǔ ‖˜ʾ− ʾ∗‖ߞ ≤ ε‖ʾ∗‖ߞ ǝȗ ɺǝȑƙࡋ

ª(ȗƆ ·
√

κ Ȁȩǃ(ߝ/ε))

ߟߝ

-



ϑ̥͑ θΎͱІ;Ύͻ͖˨ͱ ϻ͖̥Ͼ

+ȀŏǞȒࡇ _ȩɟ ŏȘʿ ηࡈ ɔȩȀʿȘȩȒǞŏȀ ɑ(ˈ) = żߝˈ+ żߞˈߞ + . . .+ żɗˈɗ ʶǞɾǕ
ɑ(ߝ) =

∑ɗ
Ǳ=ߝ żɗ = ࡈߝ ɾǕƚɟƚ Ǟɯ ŏȘ ŏȀǃȩɟǞɾǕȒ ɟʕȘȘǞȘǃ ǞȘ ª(ȗƆɗ)

ɾǞȒƚ ʶǕǞżǕ ȩʕɾɔʕɾɯ ˜ʾ ɯŏɾǞɯǀʿǞȘǃࡇ

˜ʾ− ʾ∗ = ɑ(v− ߝ
η
�î�)ʾ∗

_ȩɟ ɯɾŏȘƇŏɟƇ ǃɟŏƇǞƚȘɾ ƇƚɯżƚȘɾࡈ ɑ(ˈ) = ˈɗࡏ

ߠߝ

→ degreeq

- t o
-

a
Fair11AM" m m f
H -K= p LI-MATA)x&

Gradientdesert give>:
- X")=0

zoo * I = LI-MATA)' ( x '#
M I -LI-n#A)'ya

Oludq)



ϑ̥͑ θΎͱІ;Ύͻ͖˨ͱ ϻ͖̥Ͼ

+ȀŏǞȒࡇ _ȩɟ ŏȘʿ ηࡈ ɔȩȀʿȘȩȒǞŏȀ ɑ(ˈ) = żߝˈ+ żߞˈߞ + . . .+ żɗˈɗ ʶǞɾǕ
ɑ(ߝ) =

∑ɗ
Ǳ=ߝ żɗ = ࡈߝ ɾǕƚɟƚ Ǟɯ ŏȘ ŏȀǃȩɟǞɾǕȒ ɟʕȘȘǞȘǃ ǞȘ ª(ȗƆɗ)

ɾǞȒƚ ʶǕǞżǕ ȩʕɾɔʕɾɯ ˜ʾ ɯŏɾǞɯǀʿǞȘǃࡇ

˜ʾ− ʾ∗ = żߝ · (v− η�î�)ʾ∗ + żߞ · (v− η�î�)ߞʾ∗ + . . .+ żɗ · (v− η�î�)ɗʾ∗

+ȀŏǞȒࡇ żǱ · v− η�î�)Ǳʾ∗ = żǱ · ʾ∗ + ɑ′Ǳ(v− η�î�)�î�ʾ∗ ʶǕƚɟƚ ɑǱ Ǟɯ ŏ
ɔȩȀʿȘȩȒǞŏȀ ʶǞɾǕ Ƈƚǃɟƚƚ Ǳ− ࡏߝ

ߡߝ

H -Y p II-MATA)x&
a m - -

l - - -

Cj
(I-MATA)"Xd =L;(I-njATAt...A'Tt't....)w e

=L;H-C )
=L;x . - ( w ) At tn
=



ϑ̥͑ θΎͱІ;Ύͻ͖˨ͱ ϻ͖̥Ͼ

+ȀŏǞȒࡇ _ȩɟ ŏȘʿ ηࡈ ɔȩȀʿȘȩȒǞŏȀ ɑ(ˈ) = żߝˈ+ żߞˈߞ + . . .+ żɗˈɗ ʶǞɾǕ
ɑ(ߝ) =

∑ɗ
Ǳ=ߝ żɗ = ࡈߝ ɾǕƚɟƚ Ǟɯ ŏȘ ŏȀǃȩɟǞɾǕȒ ɟʕȘȘǞȘǃ ǞȘ ª(ȗƆɗ)

ɾǞȒƚ ʶǕǞżǕ ȩʕɾɔʕɾɯ ˜ʾ ɯŏɾǞɯǀʿǞȘǃࡇ

ʾ∗ − ˜ʾ = (żߝ + żߞ + . . .+ żɗ) · ʾ∗ + ɑ′(v− η�î�)�î�ʾ∗

˜ʾ = ɑ′(v− η�î�)�îų ʶǕƚɟƚ ɑ′ Ǟɯ ŏ ɔȩȀʿȘȒǞŏȀ ʶǞɾǕ Ƈƚǃɟƚƚ ɗ− .ߝ

ߢߝ

- Atb
m

- tt
z p':p,'+ p i t .- +poo'

CI-MATA),
Y - F = F t p ' (I-MATA) Atb g -manta

d u d e
Yi.pl/I.nATA)Atb Can compute K i n ' s
£ 1 Oludg)t i m e . d

b ✓ ocd,
depends

o n p p' ha , degree G-I



ϑ̥͑ θΎͱІ;Ύͻ͖˨ͱ ϻ͖̥Ͼ

˜ʾ− ʾ∗ = ɑ(v− η�î�)ʾ∗

ɑ(v− η�î�) = Ćɑ(v− ηΛ)Ćî

‖˜ʾ− ʾ∗‖ = ‖Ćɑ(v− ηΛ)Ćîʾ∗‖ߞ
= ‖ɑ(v− ηΛ)Ćîʾ∗‖ߞ

�ɯ ȀȩȘǃ ŏɯ Ȓŏʾ [ɑ(v− ηΛ)] ≤ εࡈ

‖˜ʾ− ʾ∗‖ߞ ≤ ε‖ʾ∗‖ߞ

ߣߝ

pl(z )= c ,'2 + Cu'z - t . . -Cg'2 9 Timet o compute

p i( r )Atb = 4 'VA'-b + l i e✓ Atb t . . . . ✓8g i s' * m e Oludq)
- t

- U:(I-MATH)
§?Itfµdd a s "#II.net/t)lI-

nAYt)...lI.nMtf
f i n e 2 -

pll)- I - I
- E E 1104412

M : L - = e )I x - H -
madd)

All entries i n I - M A a r e between (O,I -'he]



̐Ύ;χϑξϟ̐ϑ͖;͇ ˨ ͩϟͻθ θΎͱІ;Ύͻ͖˨ͱ

bȩŏȀࡇ _ǞȘƇ ɔȩȀʿȘȩȒǞŏȀ ɑ ɯʕżǕ ɾǕŏɾ ɑ(ߝ) = ߝ ŏȘƇ ɑ(ˈ) ≤ ε ǀȩɟ
ˈ ∈ ,ߜ] −ߝ ߝ

κ ࡏ[

bɟŏƇǞƚȘɾ ƇƚɯżƚȘɾ ʕɯƚɯ ɑ(ˈ) = ˈª(κ Ȁȩǃ(ߝ/ε))ࡏ
ߤߝ

-1"""
Io'

-

d-YD

PG) s q f o r zefo,I -" B



˨ ̥̊ϑϑ̥ξ ͩϟͻθ θΎͱІ;Ύͻ͖˨ͱ

bȩŏȀࡇ _ǞȘƇ ɔȩȀʿȘȩȒǞŏȀ ɑ ɯʕżǕ ɾǕŏɾ ɑ(ߝ) = ߝ ŏȘƇ ɑ(ˈ) ≤ ε ǀȩɟ
ˈ ∈ ,ߜ] −ߝ ߝ

κ ࡏ[

+ŏȘ ųƚ ƇȩȘƚ ʶǞɾǕ Ƈƚǃɟƚƚ ª(
√

κ Ȁȩǃ(ߝ/ε)) ɔȩȀʿȘȩȒǞŏȀ ǞȘɯɾƚŏƇࡋ
ߥߝ

Richardson Iteration
GradientDescent

f o r regression:

f Accelerated:
"thebyshevgyy) Iteration"

• . . • .
"Conjugate
Gredient"

Uloodle)
-



̥̐͑̊Іχ̥͑ϻ θΎͱІ;Ύͻ͖˨ͱχ

ĦǕŏɾ ŏɟƚ ɾǕƚɯƚ ɔȩȀʿȘȩȒǞŏȀɯࡐ

+ǕƚųʿɯǕƚʲ ɔȩȀʿȘȩȒǞŏȀɯ ȩǀ ɾǕƚ ˙ɟɯɾ ǺǞȘƇࡏ

îߜ(ʺ) = ߝ
îߝ(ʺ) = ʺ
îߞ(ʺ) = ߞʺߞ − ߝ

ࡏࡏࡏ
îǹ(ʺ) = −(ʺ)ߝ−îǹʺߞ îǹ−ߞ(ʺ)

ɯ࢈Ǖƚɟƚ÷ࢅ ȩȘȀʿ ȩȘƚ ųʕȀȀƚɾ ǞȘ ɾǕƚ ǃʕȘࡏ vɾ࢈ɯ żŏȀȀƚƇ ɾǕƚ +ǕƚųʿɯǕƚʲ
ɔȩȀʿȘȩȒǞŏȀࢆࡏ ࡵ Úɟȩǀࡏ áȩżżȩ ëƚɟʲƚƇǞȩ

ߜߞ

. .

I



˨̥̐̐ͱ̥ξ˨ϑ̥̙ ͇ξ˨̙͖̥;ϑ ̙̥χ̥̐;ϑ

�ƚɯɾƚɟȩʲ࢈ɯ ŏżżƚȀƚɟŏɾƚƇ ǃɟŏƇǞƚȘɾ ƇƚɯżƚȘɾࡇ

ࡄ ʾ(ߝ) = ʿ(ߝ) = (ߝ)ˌ
ࡄ _ȩɟ ɺ = ,ߝ . . . , î

ࡄ ʿ(ɺ+ߝ) = ʾ(ɺ) − ߝ
β∇ƿ(ʾ(ɺ))

ࡄ ʾ(ɺ+ߝ) =
(
+ߝ

√
κ−ߝ√
κ+ߝ

)
ʿ(ɺ+ߝ) −

√
κ−ߝ√
κ+ߝʿ

(ɺ)

÷ǕƚȩɟƚȒ �b4࡫ ǀȩɟ βࡷɯȒȩȩɾǕࡈ αࡷɯɾɟȩȘǃȀʿ żȩȘʲƚʾ࡬ࡏ
�ƙɺ ƿ ųƙ ŏ βࡹɫȑȧȧɺǔ ŏȗƆ αࡹɫɺɛȧȗǂǿʻ żȧȗʮƙʺ ƿʑȗżɺǝȧȗࡒ sƿ ʲƙ ɛʑȗ
�`2 ƿȧɛ î ɫɺƙɑɫ ʲƙ ǔŏʮƙࡋ

ƿ(ʾ(ɺ))− ƿ(ʾ∗) ≤ κƙ−(ɺ−ߝ)√κ
[
ƿ(ʾ(ߝ))− ƿ(ʾ∗)

]

+ȩɟȩȀȀŏɟʿࡇ vǀ î = ª (
√
κ Ȁȩǃ(κ/ε)) ŏżǕǞƚʲƚ ƚɟɟȩɟ εࡏ

ߝߞ
- -



͖;ϑϟ͖ϑ͖Ύ; ̥͖̊͑;̙ ˨̥̐̐ͱ̥ξ˨ϑ͖Ύ;

�ƚʲƚȀ ɯƚɾɯ ȩǀ ‖�ʾ− ų‖ࡏߞߞ

°ɾǕƚɟ ɾƚɟȒɯ ǀȩɟ ɯǞȒǞȀŏɟ ǞƇƚŏɯࡇ

ࡄ �ȩȒƚȘɾʕȒ
ࡄ mƚŏʲʿࡷųŏȀȀ ȒƚɾǕȩƇɯ

ĦǕŏɾ Ǟǀ ʶƚ ȀȩȩǺ ųŏżǺ ųƚʿȩȘƇ ɾʶȩ Ǟɾƚɟŏɾƚɯࡐ

ߞߞ

Daya.

GD greedy:01k)
AGD ltwoiterates): O (Tu)

Looka t d iterates; O(wild)
O ( R )



θξ̥̐Ύ;̙͖ϑ͖Ύ;͖;͇

ߞߞ



θξ̥̐Ύ;̙͖ϑ͖Ύ;͖;͇

�ŏǞȘ ǞƇƚŏࡇ vȘɯɾƚŏƇ ȩǀ ȒǞȘǞȒǞˌǞȘǃ ƿ(ʾ)ࡈ ˙ȘƇ ŏȘȩɾǕƚɟ ǀʕȘżɾǞȩȘ
ǂ(ʾ) ʶǞɾǕ ɾǕƚ ɯŏȒƚ ȒǞȘǞȒʕȒ ųʕɾ ʶǕǞżǕ Ǟɯ ųƚɾɾƚɟ ɯʕǞɾƚƇ ǀȩɟ ˙ɟɯɾ
ȩɟƇƚɟ ȩɔɾǞȒǞˌŏɾǞȩȘ ࡈࡏǃࡏƚ࡫ Ǖŏɯ ŏ ɯȒŏȀȀƚɟ żȩȘƇǞɾǞȩȘƚɟ ȘʕȒųƚɟࡏ࡬

+ȀŏǞȒࡇ �ƚɾ ǔ(ʾ) : RƆ → RƆ ųƚ ŏȘ ǞȘʲƚɟɾǞųȀƚ ǀʕȘżɾǞȩȘࡏ �ƚɾ
ǂ(ʾ) = ƿ(ǔ(ʾ))ࡏ ÷ǕƚȘ

ȒǞȘ
ʾ
ƿ(ʾ) = ȒǞȘ

ʾ
ǂ(ʾ) ŏȘƇ ŏɟǃȒǞȘ

ʾ
ƿ(ʾ) = ǔ

(
ŏɟǃȒǞȘ

ʾ
ǂ(ʾ)

)
.

ߟߞ

Precondition

-

m e

=



θξ̥̐Ύ;̙͖ϑ͖Ύ;͖;͇

_Ǟɟɯɾ bȩŏȀࡇ Ħƚ ȘƚƚƇ ǂ(ʾ) ɾȩ ɯɾǞȀȀ ųƚ żȩȘʲƚʾࡏ

+ȀŏǞȒࡇ �ƚɾ Ú ųƚ ŏȘ ǞȘʲƚɟɾǞųȀƚ Ɔ× Ɔ ȒŏɾɟǞʾ ŏȘƇ Ȁƚɾ ǂ(ʾ) = ƿ(Úʾ)ࡏ

ǂ(ʾ) Ǟɯ ŏȀʶŏʿɯ żȩȘʲƚʾࡏ

ߠߞ

(
flux)):g a ,

ha ) : P x
-

F§Dd
Need t o prove: fo r a l l x . z , d eco,D
d glx) t 11-d)gly) z g (Xxth-Ny)

A f lPx)t (t-d)flpy) 2 f (APx t (I-d) Py)
- --flplaxta-a)o ) )
Agcx) +Utd)810)2841×+4-a)y )



θξ̥̐Ύ;̙͖ϑ͖Ύ;͖;͇

ëƚżȩȘƇ bȩŏȀࡇ

ǂ(ʾ) ɯǕȩʕȀƇ Ǖŏʲƚ ųƚɾɾƚɟ żȩȘƇǞɾǞȩȘ ȘʕȒųƚɟ κ ɾǕŏȘ ƿ(ʾ)ࡏ

CʾŏȒɔȀƚࡇ

ࡄ ƿ(ʾ) = ‖�ʾ− ų‖ࡏߞߞ κƿ =
λߝ(�î�)
λƆ(�î�) ࡏ

ࡄ ǂ(ʾ) = ‖�Úʾ− ų‖ࡏߞߞ κǂ =
λߝ(Úî�î�Ú)
λƆ(Úî�î�Ú) ࡏ

vƇƚŏȀ ɔɟƚżȩȘƇǞɾǞȩȘƚɟࡇ +Ǖȩȩɯƚ Ó ɯȩ ɾǕŏɾ Úî�î�Ú = vࡏ _ȩɟ
ƚʾŏȒɔȀƚࡈ żȩʕȀƇ ɯƚɾ Ó =

√
(�î�)−ࡏߝ

ĦǕŏɾ࢈ɯ ɾǕƚ ɔɟȩųȀƚȒ ʶǞɾǕ ɾǕǞɯ żǕȩǞżƚࡐ

ߡߞ

g ( x )- - P x

-

⇐ A .(ATT)
- FHA)

→ U E u t¥...
UAW's v o t e # t w o ' t ÷P¥''A P

%m i , xiptATAPx-x'-PtAtb Pgh)e 2× - P H I
( X tI x - x tPtAtb)



̙͖˨͇Ύ;˨ͱ θξ̥̐Ύ;̙͖ϑ͖Ύ;̥ξ

÷ǕǞɟƇ bȩŏȀࡇ Ú ɯǕȩʕȀƇ ųƚ ƚŏɯʿ ɾȩ żȩȒɔʕɾƚࡏ

�ŏȘ ʿࡈ ȒŏȘʿ ɔɟȩųȀƚȒ ɯɔƚżǞ˙ż ɔɟƚżȩȘƇǞɾǞȩȘƚɟɯ ŏɟƚ ʕɯƚƇ ǞȘ
ɔɟŏżɾǞżƚࡏ ÷Ǖƚɟƚ ƇƚɯǞǃȘ Ǟɯ ʕɯʕŏȀȀʿ ŏ ǕƚʕɟǞɯɾǞż ɔɟȩżƚɯɯࡏ

CʾŏȒɔȀƚࡇ 4ǞŏǃȩȘŏȀ ɔɟƚżȩȘƇǞɾǞȩȘƚɟࡏ

ࡄ �ƚɾ 4 = ƇǞŏǃ(�î�)
ࡄ vȘɾʕǞɾǞʲƚȀ ʿࡈ ʶƚ ɟȩʕǃǕȀʿ Ǖŏʲƚ ɾǕŏɾ 4 ≈ �îࡏ�
ࡄ �ƚɾ Ú =

√
ߝ−4

Ú Ǟɯ ȩǀɾƚȘ żŏȀȀƚƇ ŏ �ŏżȩųǞ ɔɟƚżȩȘƇǞɾǞȩȘƚɟࡏ °ǀɾƚȘ ʶȩɟǺɯ ʲƚɟʿ
ʶƚȀȀ ǞȘ ɔɟŏżɾǞżƚࡋ

ߢߞ

ACA)i i = a iTa i

@ → does n o t t a ke 06dg
tones 0 6d )

t e x t

=



̙͖˨͇Ύ;˨ͱ θξ̥̐Ύ;̙͖ϑ͖Ύ;̥ξ

ߣߞ

I ¥,
w

-



̙͖˨͇Ύ;˨ͱ θξ̥̐Ύ;̙͖ϑ͖Ύ;̥ξ

+ŏȘ ʿȩʕ ɾǕǞȘǺ ȩǀ ŏȘ ƚʾŏȒɔȀƚ � ʶǕƚɟƚ �ŏżȩųǞ ɔɟƚżȩȘƇǞɾǞȩȘǞȘǃ
ƇȩƚɯȘ࢈ɾ Ƈƚżɟƚŏɯƚ ŏ Ȁŏɟǃƚ κࡐ

+ŏȘ �ŏżȩųǞ ɔɟƚżȩȘƇǞɾǞȩȘǞȘǃ ǞȘżɟƚŏɯƚ κࡐ

ߤߞ

FAI



˨̙˨θϑ͖ϻ̥ χϑ̥θχ͖В̥χ

�ȘȩɾǕƚɟ ʲǞƚʶࡇ vǀ ǂ(ʾ) = ƿ(Úʾ) ɾǕƚȘ ∇ǂ(ʾ) = Úî∇ƿ(Úʾ)ࡏ

∇ǂ(ʾ) = Ú∇ƿ(Úʾ) ʶǕƚȘ Ú Ǟɯ ɯʿȒȒƚɾɟǞżࡏ

bɟŏƇǞƚȘɾ ƇƚɯżƚȘɾ ȩȘ ǂࡇ

ࡄ _ȩɟ ɺ = ,ߝ . . . , îࡈ
ࡄ ʾ(ɺ+ߝ) = ʾ(ɺ) − ηÚ

[
∇ƿ(Úʾ(ɺ))

]

bɟŏƇǞƚȘɾ ƇƚɯżƚȘɾ ȩȘ ǂࡇ

ࡄ _ȩɟ ɺ = ,ߝ . . . , îࡈ
ࡄ ʿ(ɺ+ߝ) = ʿ(ɺ) − ηÚߞ

[
∇ƿ(ʿ(ɺ))

]

ĦǕƚȘ Ú Ǟɯ ƇǞŏǃȩȘŏȀࡈ ɾǕǞɯ Ǟɯ ǲʕɯɾ ǃɟŏƇǞƚȘɾ ƇƚɯżƚȘɾ ʶǞɾǕ ŏ
ƇǞǀǀƚɟƚȘɾ ɯɾƚɔ ɯǞˌƚ ǀȩɟ ƚŏżǕ ɔŏɟŏȒƚɾƚɟࡋ

ߥߞ

- i n

081×41)
m

P , P , 2 X A )zexay
proud o f. . yet)=PxMzX&q

MP"
# n P m

mean



˨̙˨θϑ͖ϻ̥ χϑ̥θχ͖В̥χ

�ȀǃȩɟǞɾǕȒɯ ųŏɯƚƇ ȩȘ ɾǕǞɯ ǞƇƚŏࡇ

ࡄ �ƇŏbɟŏƇ
ࡄ á�ëɔɟȩɔ
ࡄ �ƇŏȒ ȩɔɾǞȒǞˌƚɟ

Úɟƚɾɾʿ࡫ ȒʕżǕ ŏȀȀ ȩǀ ɾǕƚ Ȓȩɯɾ ʶǞƇƚȀʿ ʕɯƚƇ ȩɔɾǞȒǞˌŏɾǞȩȘ ȒƚɾǕȩƇɯ
ǀȩɟ ɾɟŏǞȘǞȘǃ ȘƚʕɟŏȀ ȘƚɾʶȩɟǺɯ࡬ࡏ

ߜߟ



̐ΎΎξ̙͖;˨ϑ̥ ̙̥χ̥̐;ϑ

ߜߟ



χϑΎ̐͑˨χϑ͖̐ ͻ̥ϑ͑Ύ̙χ

�ŏǞȘ ǞƇƚŏࡇ ÷ɟŏƇƚ ɯȀȩʶƚɟ żȩȘʲƚɟǃƚȘżƚ Ȓȩɟƚ࡫ ǞɾƚɟŏɾǞȩȘɯ࡬ ǀȩɟ
żǕƚŏɔƚɟ ǞɾƚɟŏɾǞȩȘɯࡏ

ëɾȩżǕŏɯɾǞż bɟŏƇǞƚȘɾ 4ƚɯżƚȘɾࡇ ĦǕƚȘ ƿ(ʾ) = ∑ȗ
ǝ=ߝ ƿǝ(ʾ)ࡈ

ŏɔɔɟȩʾǞȒŏɾƚ ∇ƿ(ʾ) ʶǞɾǕ ∇ƿǝ(ʾ) ǀȩɟ ɟŏȘƇȩȒȀʿ żǕȩɯƚȘ ǝࡏ

ߝߟ

-

W -

take
} Yu o f the timet o
compute a , Oflx)



χϑΎ̐͑˨χϑ͖̐ ͻ̥ϑ͑Ύ̙χ

�ŏǞȘ ǞƇƚŏࡇ ÷ɟŏƇƚ ɯȀȩʶƚɟ żȩȘʲƚɟǃƚȘżƚ Ȓȩɟƚ࡫ ǞɾƚɟŏɾǞȩȘɯ࡬ ǀȩɟ
żǕƚŏɔƚɟ ǞɾƚɟŏɾǞȩȘɯࡏ

ëɾȩżǕŏɯɾǞż +ȩȩɟƇǞȘŏɾƚ 4ƚɯżƚȘɾࡇ °ȘȀʿ żȩȒɔʕɾƚ ŏ ɯǞȘǃȀƚ ɟŏȘƇȩȒ
ƚȘɾɟʿ ȩǀ ∇ƿ(ʾ) ȩȘ ƚŏżǕ ǞɾƚɟŏɾǞȩȘࡇ

∇ƿ(ʾ) =





∂ƿ
ߝʺ∂ (ʾ)
∂ƿ
ߞʺ∂ (ʾ)ࡏࡏࡏ
∂ƿ
∂ʺƆ (ʾ)




∇ǝƿ(ʾ) =





ߜ
∂ƿ
∂ʺǝ (ʾ)ࡏࡏࡏ
ߜ





ĆɔƇŏɾƚࡇ ʾ(ɺ+ߝ) ← ʾ(ɺ) + η∇ǝƿ(ʾ(ɺ))ࡏ

ߞߟ

W

-
O

o
i t



̐ΎΎξ̙͖;˨ϑ̥ ̙̥χ̥̐;ϑ

ĦǕƚȘ ʾ Ǖŏɯ Ɔ ɔŏɟŏȒƚɾƚɟɯࡈ żȩȒɔʕɾǞȘǃ ∇ǝƿ(ʾ) ȩǀɾƚȘ żȩɯɾɯ ǲʕɯɾ ŏ
Ɔ/ߝ ǀɟŏżɾǞȩȘ ȩǀ ʶǕŏɾ Ǟɾ żȩɯɾɯ ɾȩ żȩȒɔʕɾƚ ∇ƿ(ʾ)

CʾŏȒɔȀƚࡇ ƿ(ʾ) = ‖�ʾ− ų‖ߞߞ ǀȩɟ � ∈ Rȗ×Ɔ, ʾ ∈ RƆ,ų ∈ Rȗࡏ

ࡄ ∇ƿ(ʾ) = −�î�ʾߞ ࡏ�îųߞ
ࡄ ∇ǝƿ(ʾ) = ߞ

[
�î�ʾ

]
ǝ − ߞ

[
�îų

]
ࡏ

ߟߟ

-

- O (u) t ime t o compete

( i Vitex). yet)=×lt-" +V i
c ~

whereU i i sa n d T.tt#ffoI1:is...:::=?
U HaveAx't-''z+ Av i

ff.fi#E-ffl? aita"' X Fait#× c a ncompute
info.mn#rouotA Ax't' i n o ntime



χϑΎ̐͑˨χϑ͖̐ ̐ΎΎξ̙͖;˨ϑ̥ ̙̥χ̥̐;ϑ

ëɾȩżǕŏɯɾǞż +ȩȩɟƇǞȘŏɾƚ 4ƚɯżƚȘɾࡇ

ࡄ +Ǖȩȩɯƚ ȘʕȒųƚɟ ȩǀ ɯɾƚɔɯ î ŏȘƇ ɯɾƚɔ ɯǞˌƚ ηࡏ
ࡄ _ȩɟ ǝ = ,ߝ . . . , îࡇ

ࡄ ÚǞżǺ ɟŏȘƇȩȒ Ǳǝ ∈ ,ߝ . . . ,Ɔࡏ
ࡄ ʾ(ǝ+ߝ) = ʾ(ǝ) − η∇Ǳǝ ƿ(ʾ(ǝ))

ࡄ áƚɾʕɟȘ ˆʾ = ߝ
î
∑î

ǝ=ߝ ʾ(ǝ)ࡏ

ߠߟ

H
a

n E t i ; Hx) = V fix)



̐ΎΎξ̙͖;˨ϑ̥ ̙̥χ̥̐;ϑ

÷ǕƚȩɟƚȒ ëɾȩżǕŏɯɾǞż࡫ +ȩȩɟƇǞȘŏɾƚ 4ƚɯżƚȘɾ żȩȘʲƚɟǃƚȘżƚ࡬
`ǝʮƙȗ ŏ ˈ�ǝɑɫżǔǝɺࡹ` ƿʑȗżɺǝȧȗ ƿ ʲǝɺǔ ȑǝȗǝȑǝˈƙɛ ʾ∗ ŏȗƆ ǝȗǝɺǝŏǿ
ɑȧǝȗɺ ʾ(ߝ) ʲǝɺǔ ‖ʾ(ߝ) − ʾ∗‖ߞ ≤ Úࡌ ã*2 ʲǝɺǔ ɫɺƙɑ ɫǝˈƙ η = ߝ

ÚƆ
ɫŏɺǝɫ˛ƙɫ ɺǔƙ ǂʑŏɛŏȗɺƙƙࡋ

E[ƿ(ˆʾ)− ƿ(ʾ∗)] ≤ √Ú`ߞ
î/Ɔ

ߡߟ

plipschitzco-star t

- -

→ distance topped

2 .GR
Yd T F
F - O F F )



͖ͻθΎξϑ˨;̥̐ χ˨ͻθͱ͖;͇

°ǀɾƚȘ Ǟɾ ƇȩƚɯȘ࢈ɾ ȒŏǺƚ ɯƚȘɯƚ ɾȩ ɯŏȒɔȀƚ ǝ ʕȘǞǀȩɟȒȀʿ ŏɾ ɟŏȘƇȩȒࡇ

� =





ߜ ߜ ߝ ߜ ߜ ߜ
ߜ ߜ ߞ ߜ ߜ ߜ
ߜ ߜ ߝ− ߜ ߜ ߜ
ߜ ߜ ߡ.− ߜ ߜ ߜ
ߜ ߜ ߟ ߜ ߜ ߜ
ߜ ߜ ߞ− ߜ ߜ ߜ





ų =





ߜߝ
ߞߠ
ߝߝ−
ߝߡ−
ߠߟ
ߞߞ−





ëƚȀƚżɾ ǞȘƇǞżƚɯ ǝ ɔɟȩɔȩɟɾǞȩȘŏȀ ɾȩ ‖ŏǝ‖ࡇߞߞ

Úɟ[ɯƚȀƚżɾ ǞȘƇƚʾ ǝ ɾȩ ʕɔƇŏɾƚ] = ‖ŏǝ‖ߞߞ∑Ɔ
Ǳ=ߝ ‖ŏǱ‖ߞߞ

=
‖ŏǝ‖ߞߞ
ߞߞ‖�‖

ߢߟ


