
+ëࡷbĮ ߟߞߞߥ vࡇ �ƚżɾʕɟƚ ߢ
ëȒȩȩɾǕȘƚɯɯࡈ ëɾɟȩȘǃ żȩȘʲƚʾǞɾ ʿࡈ ŏȘƇ Ȓȩɟƚࡏ

�ĮĆ ÷ŏȘƇȩȘ ëżǕȩȩȀ ȩǀ CȘǃǞȘƚƚɟǞȘǃࡈ Úɟȩǀࡏ +ǕɟǞɯɾȩɔǕƚɟ �ʕɯżȩ

ߝ



͇ξ˨̙͖̥;ϑ ̙̥χ̥̐;ϑ ˨;˨ͱІχ͖χ

�ɯɯʕȒƚࡇ

ࡄ ƿ Ǟɯ żȩȘʲƚʾࡏ
ࡄ �ǞɔɯżǕǞɾˌ ǀʕȘżɾǞȩȘࡇ ǀȩɟ ŏȀȀ ʾࡈ ‖∇ƿ(ʾ)‖ߞ ≤ ࡏ`
ࡄ ëɾŏɟɾǞȘǃ ɟŏƇǞʕɯࡇ ‖ʾ∗ − ʾ(ߝ)‖ߞ ≤ Úࡏ

bɟŏƇǞƚȘɾ ƇƚɯżƚȘɾࡇ

ࡄ +Ǖȩȩɯƚ ȘʕȒųƚɟ ȩǀ ɯɾƚɔɯ îࡏ
ࡄ η = Ú

`
√
î

ࡄ _ȩɟ ǝ = ,ߝ . . . , îࡇ
ࡄ ʾ(ǝ+ߝ) = ʾ(ǝ) − η∇ƿ(ʾ(ǝ))

ࡄ áƚɾʕɟȘ ˆʾ = ŏɟǃȒǞȘʾ(ǝ) ƿ(ʾ(ǝ))ࡏ
÷ǕƚȩɟƚȒ b4 +ȩȘʲƚɟǃƚȘżƚ $ȩʕȘƇ
sƿ î ≥ Úߞ`ߞ

εߞ ࡌ ɺǔƙȗ ƿ(ˆʾ) ≤ ƿ(ʾ∗) + εࡒ
ߞ

/ ,
11fix)-64114<-6.

-
"Kylie.

- O E
w i n HAx - b11T

µ
Vflx )=lxtAtAx



Ύ;ͱ͖;̥ ͇ξ˨̙͖̥;ϑ ̙̥χ̥̐;ϑ

vȘɯɾƚŏƇ ȩǀ ŏ ɯǞȘǃȀƚ ǀʕȘżɾǞȩȘ ƿ ɾȩ ȒǞȘǞȒǞˌƚࡈ ŏɯɯʕȒƚ ʶƚ Ǖŏʲƚ ŏȘ
ʕȘǺȘȩʶȘ ŏȘƇ żǕŏȘǃǞȘǃ ɯƚɾ ȩǀ ȩųǲƚżɾǞʲƚ ǀʕȘżɾǞȩȘɯࡇ

ƿߝ, . . . , ƿî.

ࡄ �ɾ ƚŏżǕ ɾǞȒƚ ɯɾƚɔࡈ żǕȩȩɯƚ ʾ(ǝ)ࡏ
ࡄ ƿǝ Ǟɯ ɟƚʲƚŏȀƚƇ ŏȘƇ ʶƚ ɔŏʿ żȩɯɾ ƿǝ(ʾ(ǝ))
ࡄ bȩŏȀࡇ �ǞȘǞȒǞˌƚ∑î

ǝ=ߝ ƿǝ(ʾ(ǝ))ࡏ

ߟ

=

I



̥Ѕ˨ͻθͱ̥

CȒŏǞȀ ɯɔŏȒ ˙ȀɾƚɟǞȘǃࡇ

ߠ

±
O



χθ˨ͻ ͖͂ͱϑ̥ξ͖;͇

ࡄ �ʾ(ʿ) = ߝ
ƙ−ʾîʿ+ߝ

ÚɟƚƇǞżɾ ʿ ŏɯ ɯɔŏȒ Ǟǀ �ʾ(ʿ) ≥ ߝ
ߞ ࡏ ߡ

→ datavector

o f @ xty.it?.xiTi E t a ,@
b

u weight
¥20,13

parone"
"

• •

O .

• - O



χθ˨ͻ ͖͂ͱϑ̥ξ͖;͇

�ȩǃǞɯɾǞż Ȁȩɯɯࡇ

bǞʲƚȘ ȀŏųƚȀ ų ∈ ,ߜ} ࡈ{ߝ

�(ų,�ʾ(ʿ)) = −ų Ȁȩǃ (�ʾ(ʿ)) + −ߝ) ų) Ȁȩǃ (�ʾ(ʿ)−ߝ)

÷ȩɾŏȀ żȩɯɾ ȩǀ ȩʲƚɟ ɾǞȒƚࡇ
î∑

ǝ=ߝ
�(ų(ǝ),�ʾ(ǝ)(ʿ(ǝ))))

ʶǕƚɟƚ ʿ(ǝ) Ǟɯ ɾǕƚ ǝɾǕ ƚȒŏǞȀ ŏȘƇ ų(ǝ) Ǟɯ ɾǕƚ ǝɾǕ ȀŏųƚȀࡏ

ߢ

£ 1 -1%(14×8))

b i o
-toolYM.co;)

= - /
/ >

approximation t o # o f
mistakes

← =

h e r > f i (x l i )

w i n
¥2,filxci) → solve c o ,

= on l i n e gradient
descent.



ξ̥͇ξ̥ϑ ̊Ύϟ;̙

mȩʶ ɯǕȩʕȀƇ ʶƚ Ȓƚŏɯʕɟƚ Ǖȩʶ ʶƚȀȀ ʶƚ ƇǞƇࡐ

_ȩɟ ɯȩȒƚ ɯȒŏȀȀ ʲŏȀʕƚ ࡈ∆ żŏȘ ʶƚ ŏżǕǞƚʲƚࡇ

î∑

ǝ=ߝ
ƿǝ(ʾ(ǝ)) ≤

[
ȒǞȘ
ʾ

î∑

ǝ=ߝ
ƿǝ(ʾ)

]
+∆.

vࡏƚࡏ żŏȘ ʶƚ żȩȒɔƚɾƚ ʶǞɾǕ ɾǕƚ ųƚɯɾ ˙ʾƚƇ ɯȩȀʕɾǞȩȘ ǞȘ ǕǞȘƇɯǞǃǕɾࡏ

∆ ࣌ ࢆɟƚǃɟƚɾࢅ

ߣ

=
-
u m

-

¥
= Om

EE
, f i l l"Yes.

Ezf i (x"'- )
w
bestchoice o f weights
a t t ime i



Ύ;ͱ͖;̥ ͇ξ˨̙͖̥;ϑ ̙̥χ̥̐;ϑ

�ɯɯʕȒƚࡇ

ࡄ �ǞɔɯżǕǞɾˌ ǀʕȘżɾǞȩȘɯࡇ ǀȩɟ ŏȀȀ ʾࡈ ǝࡈ ‖∇ƿǝ(ʾ)‖ߞ ≤ ࡏ`
ࡄ ëɾŏɟɾǞȘǃ ɟŏƇǞʕɯࡇ ‖ʾ∗ − ʾ(ߝ)‖ߞ ≤ Úࡏ

°ȘȀǞȘƚ bɟŏƇǞƚȘɾ ƇƚɯżƚȘɾࡇ

ࡄ +Ǖȩȩɯƚ ȘʕȒųƚɟ ȩǀ ɯɾƚɔɯ îࡏ
ࡄ η = 2

`
√
î

ࡄ _ȩɟ ǝ = ,ߝ . . . , îࡇ
ࡄ ʾ(ǝ+ߝ) = ʾ(ǝ) − η∇ƿǝ(ʾ(ǝ))

ࡄ ÚȀŏʿ ʾ(ǝ+ߝ)ࡏ
+ȀŏǞȒ b4° áƚǃɟƚɾ $ȩʕȘƇ

�ƿɺƙɛ î ɫɺƙɑɫࡌ ∆ =
[∑î

ǝ=ߝ ƿǝ(ʾ(ǝ))
]
−

[∑î
ǝ=ߝ ƿǝ(ʾ∗)

]
≤ Ú`

√
î

ߤ

O

t -

t - t - r e



χϑΎ̐͑˨χϑ͖̐ ͇ξ˨̙͖̥;ϑ ̙̥χ̥̐;ϑ

áƚżŏȀȀ ɾǕƚ ȒŏżǕǞȘƚ ȀƚŏɟȘǞȘǃ ɯƚɾʕɔࡏ vȘ ƚȒɔǞɟǞżŏȀ ɟǞɯǺ
ȒǞȘǞȒǞˌŏɾǞȩȘࡈ ʶƚ żŏȘ ɾʿɔǞżŏȀȀʿ ʶɟǞɾƚࡇ

ƿ(ʾ) =
ȗ∑

Ǳ=ߝ
ƿǱ(ʾ)

ʶǕƚɟƚ ƿǝ Ǟɯ ɾǕƚ Ȁȩɯɯ ǀʕȘżɾǞȩȘ ǀȩɟ ŏ ɔŏɟɾǞżʕȀŏɟ Ƈŏɾŏ ɔȩǞȘɾࡏ

�ǞȘƚŏɟ ɟƚǃɟƚɯɯǞȩȘࡇ

ƿ(ʾ) =
ȗ∑

Ǳ=ߝ
(ʾîʿ(Ǳ) − ų(Ǳ))ߞ

ߥ

a Pflx)=.},Obi(x)t.tt:$:.
.
-¥o÷ .⇒ .

= 2(xty's'-b'")-y"
-

scalar d
vector

/ ,
data
point

fix)eHYx-blk p
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χϑΎ̐͑˨χϑ͖̐ ͇ξ˨̙͖̥;ϑ ̙̥χ̥̐;ϑ

ÚǞżǺ ɟŏȘƇȩȒ Ǳ ∈ ,ߝ . . . ,ȗࡇ

E
[
∇ƿǱ(ʾ)

]
= ∇ƿ(ʾ).

$ʕɾ ∇ƿǱ(ʾ) żŏȘ ȩǀɾƚȘ ųƚ żȩȒɔʕɾƚƇ ǞȘ ŏ ȗ/ߝ ǀɟŏżɾǞȩȘ ȩǀ ɾǕƚ ɾǞȒƚࡋ

�ŏǞȘ ǞƇƚŏࡇ Ćɯƚ ɟŏȘƇȩȒ ŏɔɔɟȩʾǞȒŏɾƚ ǃɟŏƇǞƚȘɾ ǞȘ ɔȀŏżƚ ȩǀ
ŏżɾʕŏȀ ǃɟŏƇǞƚȘɾࡏ

÷ɟŏƇƚ ɯȀȩʶƚɟ żȩȘʲƚɟǃƚȘżƚ ǀȩɟ żǕƚŏɔƚɟ ǞɾƚɟŏɾǞȩȘɯࡏ

ߜߝ

P f(x)= E .Of;Lx)
EfraxB

"
- = - t i m e Oed)

= I
~

timeOld)

Runtime of eelgos (timeper step).
(#ofiterations)



χϑΎ̐͑˨χϑ͖̐ ͇ξ˨̙͖̥;ϑ ̙̥χ̥̐;ϑ

�ɯɯʕȒƚࡇ

ࡄ �ǞɔɯżǕǞɾˌ ǀʕȘżɾǞȩȘɯࡇ ǀȩɟ ŏȀȀ ʾࡈ Ǳࡈ ‖∇ƿǱ(ʾ)‖ߞ ≤ `′
ȗ ࡏ

ࡄ ëɾŏɟɾǞȘǃ ɟŏƇǞʕɯࡇ ‖ʾ∗ − ʾ(ߝ)‖ߞ ≤ Úࡏ

ëɾȩżǕŏɯɾǞż bɟŏƇǞƚȘɾ ƇƚɯżƚȘɾࡇ

ࡄ +Ǖȩȩɯƚ ȘʕȒųƚɟ ȩǀ ɯɾƚɔɯ îࡏ
ࡄ η = 2

`′
√
î

ࡄ _ȩɟ ǝ = ,ߝ . . . , îࡇ
ࡄ ÚǞżǺ ɟŏȘƇȩȒ Ǳǝ ∈ ,ߝ . . . ,ȗࡏ
ࡄ ʾ(ǝ+ߝ) = ʾ(ǝ) − η∇ƿǱǝ(ʾ(ǝ))

ࡄ áƚɾʕɟȘ ˆʾ = ߝ
î
∑î

ǝ=ߝ ʾ(ǝ)

ߝߝ

a - a

] O
→

stochastic gradient

i n



ϻ͖χϟ˨ͱ͖В͖;͇ ëb4

ߞߝ

x . n f (hii))
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χϑΎ̐͑˨χϑ͖̐ ͇ξ˨̙͖̥;ϑ ̙̥χ̥̐;ϑ ˨;˨ͱІχ͖χ

+ȀŏǞȒ ëb4 +ȩȘʲƚɟǃƚȘżƚ
�ƿɺƙɛ î = Úߞ′`ߞ

εߞ ǝɺƙɛŏɺǝȧȗࡋ

E [ƿ(ˆʾ)− ƿ(ʾ∗)] ≤ ε.

ߟߝ

-

↳ ↳
random# with prob.940

flip)-f lx ')s l o e

Effle)-flx")): E f f l't?Ex"')-fv)} g; --thegradient

⇐ leftII.flx"') - f v ) ]
a tstepi

⇐ 'FEE,#0f¥§f¥i×,
'-Obi;↳cig

=L,EE,n#g.' lx"'
- x . )

hlxcis)- h a ,
→
"regret"

hily)--gig , fo r O G D
- = ¥ LEE, when o u r

functions
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χϑΎ̐͑˨χϑ͖̐ ͇ξ˨̙͖̥;ϑ ̙̥χ̥̐;ϑ ˨;˨ͱІχ͖χ

+ȀŏǞȒ ëb4 +ȩȘʲƚɟǃƚȘżƚ
�ƿɺƙɛ î = Úߞ′`ߞ

εߞ ǝɺƙɛŏɺǝȧȗࡋ

E [ƿ(ˆʾ)− ƿ(ʾ∗)] ≤ ε.

ߠߝ

IECfee)- f(x'D s ¥ B .¥ . F i
= 1 3 ¥ E E

o f
'

T s 13212
a t



̐Ύͻθ˨ξ͖χΎ;

�ʕȒųƚɟ ȩǀ ǞɾƚɟŏɾǞȩȘɯ ǀȩɟ ƚɟɟȩɟ εࡇ

ࡄ bɟŏƇǞƚȘɾ 4ƚɯżƚȘɾࡇ î = Úߞ`ߞ
εߞ ࡏ

ࡄ ëɾȩżǕŏɯɾǞż bɟŏƇǞƚȘɾ 4ƚɯżƚȘɾࡇ î = Úߞ′`ߞ
εߞ ࡏ

�Ȁʶŏʿɯ Ǖŏʲƚ ` ≤ ࡇ′`

‖∇ƿ(ʺ)‖ߞ ≤ ‖∇ƿߞ‖(ʺ)ߝ + . . .+ ‖∇ƿȗ(ʺ)‖ߞ ≤ ȗ · `
′

ȗ = `′.

_ŏǞɟ żȩȒɔŏɟǞɯȩȘࡇ

ࡄ ëb4 żȩɯɾ ࣌ (# ȩǀ ǞɾƚɟŏɾǞȩȘɯ) · ª(ߝ)
ࡄ b4 żȩɯɾ ࣌ (# ȩǀ ǞɾƚɟŏɾǞȩȘɯ) · ª(ȗ)

ߡߝ

11Of,(x)+0826)t . . . Ha

I lt r ytheE 11×11a tHolk
--211×11a

= - o -
- @ Cheapwhen G' i s n o t

muchgreaterthanG .

Pf,(x) k o f ,4 ) k f f sCx)



̐Ύͻθ˨ξ͖χΎ;

ëɾȩżǕŏɯɾǞż ʲɯࡏ _ʕȀȀ $ŏɾżǕ bɟŏƇǞƚȘɾ 4ƚɯżƚȘɾࡇ

ߢߝ



̥̊ІΎ;̙ ϑ̥͑ ̊˨χ͖̐ ̊Ύϟ;̙

+ŏȘ ɾǕƚ żȩȘʲƚɟǃƚȘżƚ ųȩʕȘƇɯ ųƚ ɾǞǃǕɾƚȘƚƇ ǀȩɟ żƚɟɾŏǞȘ
ǀʕȘżɾǞȩȘɯࡐ +ŏȘ ɾǕƚʿ ǃʕǞƇƚ ʕɯ ɾȩʶŏɟƇɯ ǀŏɯɾƚɟ ŏȀǃȩɟǞɾǕȒɯࡐ

bȩŏȀɯࡇ

ࡄ vȒɔɟȩʲƚ ε ƇƚɔƚȘƇƚȘżƚ ųƚȀȩʶ ࡏߞε/ߝ
ࡄ áƚƇʕżƚ ȩɟ ƚȀǞȒǞȘŏɾƚ ƇƚɔƚȘƇƚȘżƚ ȩȘ ` ŏȘƇ Úࡏ
ࡄ Cɾżࡏ

ߣߝ



χͻΎΎϑ͑;̥χχ

4ƚ˙ȘǞɾǞȩȘ ɯȒȩȩɾǕȘƚɯɯࡷβ
� ǀʕȘżɾǞȩȘ ƿ Ǟɯ β ɯȒȩȩɾǕ Ǟǀࡈ ǀȩɟ ŏȀȀ ʾࡈ ʿ

‖∇ƿ(ʾ)−∇ƿ(ʿ)‖ߞ ≤ β‖ʾ− ʿ‖ߞ

β Ǟɯ ŏ ɔŏɟŏȒƚɾƚɟ ɾǕŏɾ ʶǞȀȀ ƇƚɔƚȘƇ ȩȘ ȩʕɟ ǀʕȘżɾǞȩȘࡏ

ߤߝ

Lipchitz gradients

-

µ.'

'µ!: µ!''"
O . .

0844=0



χͻΎΎϑ͑;̥χχ

áƚżŏȀȀ ǀɟȩȒ Ƈƚ˙ȘǞɾǞȩȘ ȩǀ żȩȘʲƚʾǞɾʿ ɾǕŏɾࡇ

ƿ(ʾ)− ƿ(ʿ) ≤ ∇ƿ(ʾ)î(ʾ− ʿ)

mȩʶ ȒʕżǕ ɯȒŏȀȀƚɟ żŏȘ Ȁƚǀɾ ǕŏȘƇ ɯǞƇƚ ųƚࡐ

∇ƿ(ʾ)î(ʾ− ʿ)− [ƿ(ʾ)− ƿ(ʿ)] ≤ β

ߞ ‖ʾ− ʿ‖
ߞ
ߞ

ߥߝ

-

T h i s -

Eff""%ff.ie"""
'T x '



͇ϟ˨ξ˨;ϑ̥̥̙ θξΎ͇ξ̥χχ

ÚɟƚʲǞȩʕɯȀʿ ȀƚŏɟȘǞȘǃ ɟŏɾƚࡕɯɾƚɔ ɯǞˌƚ η ƇƚɔƚȘƇƚƇ ȩȘ ࡏ` �ȩʶ
żǕȩȩɯƚ Ǟɾ ųŏɯƚƇ ȩȘ βࡇ

ʾ(ɺ+ߝ) ← ʾ(ɺ) − ߝ
β
∇ƿ(ʾ(ɺ))

Úɟȩǃɟƚɯɯ ɔƚɟ ɯɾƚɔ ȩǀ ǃɟŏƇǞƚȘɾ ƇƚɯżƚȘɾࡇ

ߜߞ

M e lB

pflxu.IT/xctLxlttn)ffCxctD-fCxlttn)JEBzHxltLxCtt''HI
- N
Yypflx't') ygyfact')

1,11%1×4'), fflx"' -flx""')]s§.ftp.ofcxctDI
# -

¥ t × D I ¥ × I s



̐Ύ;ϻ̥ξ͇̥;̥̐ ͇ϟ˨ξ˨;ϑ̥̥

÷ǕƚȩɟƚȒ b4 żȩȘʲƚɟǃƚȘżƚ ǀȩɟ βࡷɯȒȩȩɾǕ ǀʕȘżɾǞȩȘɯࡏ
�ƙɺ ƿ ųƙ ŏ β ɫȑȧȧɺǔ żȧȗʮƙʺ ƿʑȗżɺǝȧȗ ŏȗƆ ŏɫɫʑȑƙ ʲƙ ǔŏʮƙ
‖ʾ∗ − ʾ(ߝ)‖ߞ ≤ Úࡒ sƿ ʲƙ ɛʑȗ `2 ƿȧɛ î ɫɺƙɑɫ ʲǝɺǔ η = ߝ

β ʲƙ ǔŏʮƙࡋ

ƿ(ʾ(î))− ƿ(ʾ∗) ≤ ߞβÚߞ
î− ߝ

+ȩɟȩȀȀŏɟʿࡇ vǀ î = ª
(
βÚߞ
ε

)
ʶƚ Ǖŏʲƚ ƿ(ʾ(î))− ƿ(ʾ∗) ≤ εࡏ

ߝߞ

-
. . - -

±

t--010¥)4 ¥



χϑξΎ;͇ ̐Ύ;ϻ̥Ѕ͖ϑІ

4ƚ˙ȘǞɾǞȩȘ ɯȒȩȩɾǕȘƚɯɯࡷβ
� żȩȘʲƚʾ ǀʕȘżɾǞȩȘ ƿ Ǟɯ α ɯȒȩȩɾǕ Ǟǀࡈ ǀȩɟ ŏȀȀ ʾࡈ ʿ

ƿ(ʿ) ≥ ƿ(ʾ) +∇ƿ(ʾ)î(ʿ− ʾ) + α

ߞ ‖ʾ− ʿ‖
ߞ
ߞ

α Ǟɯ ŏ ɔŏɟŏȒƚɾƚɟ ɾǕŏɾ ʶǞȀȀ ƇƚɔƚȘƇ ȩȘ ȩʕɟ ǀʕȘżɾǞȩȘࡏ

ߞߞ

d - strongconvexity
A m m o n s

I w a s
- stronglyconvex

- -

- O f6 )Ty-x) -qyx-zki.iof ix ) - f l y )

f i x )- f l y ) s Pflx)T (x-D-E11×-211:
-



χϑξΎ;͇ ̐Ύ;ϻ̥Ѕ͖ϑІ

+ȩȒɔȀƚɾǞȘǃ ɾǕƚ ɔǞżɾʕɟƚࡇ vǀ ƿ Ǟɯ α ɯɾɟȩȘǃȀʿ żȩȘʲƚʾ ŏȘƇ β ɯȒȩȩɾǕࡈ

α

ߞ ‖ʾ− ʿ‖
ߞ
ߞ ≤ ∇ƿ(ʾ)î(ʾ− ʿ)− [ƿ(ʾ)− ƿ(ʿ)] ≤ β

ߞ ‖ʾ− ʿ‖
ߞ
.ߞ

ߟߞ

-
D

if;
¥i**×..

V
largestray
convexity

of a
small strongco-witty0



͇̙ ͂Ύξ χϑξΎ;͇ͱІ ̐Ύ;ϻ̥Ѕ ͂ϟ;̐ϑ͖Ύ;

bɟŏƇǞƚȘɾ ƇƚɯżƚȘɾ ǀȩɟ ɯɾɟȩȘǃȀʿ żȩȘʲƚʾ ǀʕȘżɾǞȩȘɯࡇ

ࡄ +Ǖȩȩɯƚ ȘʕȒųƚɟ ȩǀ ɯɾƚɔɯ îࡏ
ࡄ _ȩɟ ǝ = ,ߝ . . . , îࡇ

ࡄ η = ߞ
α·(ǝ+ߝ)

ࡄ ʾ(ǝ+ߝ) = ʾ(ǝ) − η∇ƿ(ʾ(ǝ))
ࡄ áƚɾʕɟȘ ˆʾ = ŏɟǃȒǞȘʾ(ǝ) ƿ(ʾ(ǝ))ࡏ
ࡄ �ȀɾƚɟȘŏɾǞʲƚȀ ʿࡈ ɟƚɾʕɟȘ ˆʾ =

∑î
ǝ=ߝ

ǝߞ
î(î+ߝ)ʾ(ǝ)ࡏ

ߠߞ



̐Ύ;ϻ̥ξ͇̥;̥̐ ͇ϟ˨ξ˨;ϑ̥̥

÷ǕƚȩɟƚȒ b4 żȩȘʲƚɟǃƚȘżƚ ǀȩɟ αࡷɯɾɟȩȘǃȀʿ żȩȘʲƚʾ ǀʕȘżɾǞȩȘɯࡏ
�ƙɺ ƿ ųƙ ŏȗ αࡹɫɺɛȧȗǂǿʻ żȧȗʮƙʺ ƿʑȗżɺǝȧȗ ŏȗƆ ŏɫɫʑȑƙ ʲƙ ǔŏʮƙ
ɺǔŏɺࡌ ƿȧɛ ŏǿǿ ʾࡌ ‖∇ƿ(ʾ)‖ߞ ≤ ࡒ` sƿ ʲƙ ɛʑȗ `2 ƿȧɛ î ɫɺƙɑɫ ʲǝɺǔࡧ
ŏƆŏɑɺǝʮƙ ɫɺƙɑ ɫǝˈƙɫࡨ ʲƙ ǔŏʮƙࡋ

ƿ(ˆʾ)− ƿ(ʾ∗) ≤ ߞ`ߞ
α(î− (ߝ

+ȩɟȩȀȀŏɟʿࡇ vǀ î = ª
(
ߞ`
αε

)
ʶƚ Ǖŏʲƚ ƿ(ˆʾ)− ƿ(ʾ∗) ≤ ε

ߡߞ

- -

O(6¥17



χͻΎΎϑ͑ ˨;̙ χϑξΎ;͇ͱІ ̐Ύ;ϻ̥Ѕ

ĦǕŏɾ Ǟǀ ƿ Ǟɯ ųȩɾǕ βࡷɯȒȩȩɾǕ ŏȘƇ αࡷɯɾɟȩȘǃȀʿ żȩȘʲƚʾࡐ

α

ߞ ‖ʾ− ʿ‖
ߞ
ߞ ≤ ∇ƿ(ʾ)î(ʾ− ʿ)− [ƿ(ʾ)− ƿ(ʿ)] ≤ β

ߞ ‖ʾ− ʿ‖
ߞ
.ߞ

ĦǕŏɾ Ǟǀ α = βࡇ

ߢߞ

T N B T n & T n &

a h
-

Pflx)'Txp ) -fax)-fly)) = By11×-2112

f l u x ) = O f4 )TX-D-Z Ix-gk i

hly) = O f6 )thx-2)-Z1×-211?

X-= argymax hly)



χͻΎΎϑ͑ ˨;̙ χϑξΎ;͇ͱІ ̐Ύ;ϻ̥Ѕ

ĦǕŏɾ Ǟǀ ƿ Ǟɯ ųȩɾǕ βࡷɯȒȩȩɾǕ ŏȘƇ αࡷɯɾɟȩȘǃȀʿ żȩȘʲƚʾࡐ

α

ߞ ‖ʾ− ʿ‖
ߞ
ߞ ≤ ∇ƿ(ʾ)î(ʾ− ʿ)− [ƿ(ʾ)− ƿ(ʿ)] ≤ β

ߞ ‖ʾ− ʿ‖
ߞ
.ߞ

ĦǕŏɾ Ǟǀ α = βࡇ

ߣߞ

y ' = X-LpPflx) Converge
i n 1 step.

hey)= O f6 )thx-2)-Z1×-211?
-

no= argymax hly) 2*+0×1-2-Zg i t

phly)---Pflx)+ Bx-By 0 = 1 + 0 × - 8
Phly),O for maximizing y y*=X-t8f#f



̐Ύ;ϻ̥ξ͇̥;̥̐ ͇ϟ˨ξ˨;ϑ̥̥

÷ǕƚȩɟƚȒ b4 ǀȩɟ βࡷɯȒȩȩɾǕࡈ αࡷɯɾɟȩȘǃȀʿ żȩȘʲƚʾࡏ
�ƙɺ ƿ ųƙ ŏ βࡹɫȑȧȧɺǔ ŏȗƆ αࡹɫɺɛȧȗǂǿʻ żȧȗʮƙʺ ƿʑȗżɺǝȧȗࡒ sƿ ʲƙ ɛʑȗ
`2 ƿȧɛ î ɫɺƙɑɫ ʲǝɺǔࡧ ɫɺƙɑ ɫǝˈƙ η = ߝ

β ࡨ ʲƙ ǔŏʮƙࡋ

‖ʾ(ɺ) − ʾ∗‖ߞߞ ≤ ƙ−(ɺ−ߝ)αβ ‖ʾ(ߝ) − ʾ∗‖ߞߞ

κ = β
α Ǟɯ żŏȀȀƚƇ ɾǕƚ żȩȘƇǞɾǞȩȘࢅ ȘʕȒųƚɟࢆ ȩǀ ƿࡏ

vɯ Ǟɾ ųƚɾɾƚɟ Ǟǀ κ Ǟɯ Ȁŏɟǃƚ ȩɟ ɯȒŏȀȀࡐ

ߤߞ

T
- - -

B

T.ie#1oglYe)) → 11×41-yall?s e 11×41×415

w
"conditionnumber"



χͻΎΎϑ͑ ˨;̙ χϑξΎ;͇ͱІ ̐Ύ;ϻ̥Ѕ

+ȩȘʲƚɟɾǞȘǃ ɾȩ Ȓȩɟƚ ǀŏȒǞȀǞŏɟ ǀȩɟȒࡇ

α

ߞ ‖ʾ− ʿ‖
ߞ
ߞ ≤ ∇ƿ(ʾ)î(ʾ− ʿ)− [ƿ(ʾ)− ƿ(ʿ)] ≤ β

ߞ ‖ʾ− ʿ‖
ߞ
.ߞ

ߥߞ

X--X' y = x Ct)

& 11x '-x"'thispfW¥x't')t f (x't)- fv ) s.?11×4×4' I
O

§ 11×9-x't'll! s . f (x't)- f
( x* ) s Bz11×9-x

' t '113

# ↳s z . G-H D



̐Ύ;ϻ̥ξ͇̥;̥̐ ͇ϟ˨ξ˨;ϑ̥̥

+ȩɟȩȀȀŏɟʿ b4 ǀȩɟ βࡷɯȒȩȩɾǕࡈ αࡷɯɾɟȩȘǃȀʿ żȩȘʲƚʾࡏ
�ƙɺ ƿ ųƙ ŏ βࡹɫȑȧȧɺǔ ŏȗƆ αࡹɫɺɛȧȗǂǿʻ żȧȗʮƙʺ ƿʑȗżɺǝȧȗࡒ sƿ ʲƙ ɛʑȗ
`2 ƿȧɛ î ɫɺƙɑɫ ʲǝɺǔࡧ ɫɺƙɑ ɫǝˈƙ η = ߝ

β ࡨ ʲƙ ǔŏʮƙࡋ

ƿ(ʾ(ɺ))− ƿ(ʾ∗) ≤ β

α
ƙ−(ɺ−ߝ)αβ

[
ƿ(ʾ(ߝ))− ƿ(ʾ∗)

]

+ȩɟȩȀȀŏɟʿࡇ vǀ î = ª
(
β
α Ȁȩǃ(βÚ/ε)

)
ʶƚ Ǖŏʲƚࡇ

ƿ(ˆʾ)− ƿ(ʾ∗) ≤ ε.

�ȀɾƚɟȘŏɾǞʲƚࡇ vǀ î = ª
(
β
α Ȁȩǃ(β/αε)

)
ʶƚ Ǖŏʲƚࡇ

ƿ(ˆʾ)− ƿ(ʾ∗) ≤ ε
[
ƿ(ʾ(ߝ))− ƿ(ʾ∗)

]

ߜߟ

" 0 6%
11×41-x-11£--R

(apologies fo r

" " _ top:[this

m a n -
-



ϟ;̙̥ξχϑ˨;̙͖;͇ ̐Ύ;̙͖ϑ͖Ύ;͖;͇

�ƚɾ ƿ(ʾ) = ‖4ʾ− ų‖ߞߞ ʶǕƚɟƚ 4 Ǟɯ ŏ ƇǞŏǃŏȩȘȀ ȒŏɾɟǞʾࡏ _ȩɟ Șȩʶ

ǞȒŏǃǞȘƚ ʶƚ࢈ɟƚ ǞȘ ɾʶȩ ƇǞȒƚȘɯǞȩȘɯࡇ ʾ =
[
ߝʺ
ߞʺ

]
ࡈ 4 =

[
Ɔߝ ߜ
ߜ Ɔߞ

]
ࡏ

ߝߟ

=

m i n 11DX-bl l i

f (x).. xtp-x
-2XtDb tbYb

pfa) = 2122×-2D b r . 2D(Dx-b) .



ϟ;̙̥ξχϑ˨;̙͖;͇ ̐Ύ;̙͖ϑ͖Ύ;͖;͇

ĦǕŏɾ Ǟɯ β ǀȩɟ ƿ(ʾ) = ‖4ʾ− ų‖ࡐߞߞ

vȘ ȩɾǕƚɟ ʶȩɟƇɯࡇ ĦǕŏɾ Ǟɯ ɯȒŏȀȀƚɯɾ β ɯȩ ɾǕŏɾ ǀȩɟ ŏȀȀ ʾ, ʿࡈ

‖∇ƿ(ʾ)−∇ƿ(ʿ)‖ߞ ≤ β‖ʾ− ʿ‖ߞ

ߞߟ



ϟ;̙̥ξχϑ˨;̙͖;͇ ̐Ύ;̙͖ϑ͖Ύ;͖;͇

ĦǕŏɾ Ǟɯ α ǀȩɟ ƿ(ʾ) = ‖4ʾ− ų‖ࡐߞߞ

vȘ ȩɾǕƚɟ ʶȩɟƇɯࡇ ĦǕŏɾ Ǟɯ Ȁŏɟǃƚɯɾ α ɯȩ ɾǕŏɾ ǀȩɟ ŏȀȀ ʾ, ʿࡈ
α

ߞ ‖ʾ− ʿ‖
ߞ
ߞ ≤ ∇ƿ(ʾ)î(ʾ− ʿ)− [ƿ(ʾ)− ƿ(ʿ)]

ߟߟ

-

w -

2DlDx-b)''1×42)-1×702×-2×1-Db-btb

- -ytd-zt2ytDb+ bib]< I
911×-2115<-2×722×-2×1-Db-2×452+22'-Db-
C

. . - - - - - - 3

= XTD-x-2xtD-y + YTD-z
= "Dlx-g)H i what'sthe largest o s o t h a t

- 0=11×-011,2 s HD(x-g)115?

§=2min l# I



ϟ;̙̥ξχϑ˨;̙͖;͇ ̐Ύ;̙͖ϑ͖Ύ;͖;͇

�ƚʲƚȀ ɯƚɾɯ ȩǀ ‖4ʾ− ų‖ߞߞ ʶǕƚȘ Ɔߝ = ߞƆ,ߝ = ࡏߝ

ߠߟ

.org
~ µ = 1

U m Cdi,doe)
Ix-blitz =ncxCdi,du)



ϟ;̙̥ξχϑ˨;̙͖;͇ ̐Ύ;̙͖ϑ͖Ύ;͖;͇

�ƚʲƚȀ ɯƚɾɯ ȩǀ ‖4ʾ− ų‖ߞߞ ʶǕƚȘ Ɔߝ = ߝ
ߟ ,Ɔߞ = ࡏߞ

ߡߟ

i .N'true

- -

B = 2

w e 1/3
k = IT-6



ϟ;̙̥ξχϑ˨;̙͖;͇ ̐Ύ;̙͖ϑ͖Ύ;͖;͇

ëɾƚɔɯ ɾȩ żȩȘʲƚɟǃƚȘżƚ ≈ ª (κ Ȁȩǃ(ߝ/ε)) = ª
(
Ȓŏʾ(4ߞ)
ȒǞȘ(4ߞ) Ȁȩǃ(ߝ/ε)

)
ࡏ

_ȩɟ ǃƚȘƚɟŏȀ ɟƚǃɟƚɯɯǞȩȘ ɔɟȩųȀƚȒɯ ‖�ʾ− ų‖ࡈߞߞ

β = λȑŏʺ(�î�)
α = λȑǝȗ(�î�)

ߢߟ



ͱ˨χχ̐ࡷ;͖ ̥Ѕ̥ξ͖̐χ̥

÷ǕƚȩɟƚȒ b4 ǀȩɟ βࡷɯȒȩȩɾǕࡈ αࡷɯɾɟȩȘǃȀʿ żȩȘʲƚʾࡏ
�ƙɺ ƿ ųƙ ŏ βࡹɫȑȧȧɺǔ ŏȗƆ αࡹɫɺɛȧȗǂǿʻ żȧȗʮƙʺ ƿʑȗżɺǝȧȗࡒ sƿ ʲƙ ɛʑȗ
`2 ƿȧɛ î ɫɺƙɑɫ ʲǝɺǔࡧ ɫɺƙɑ ɫǝˈƙ η = ߝ

β ࡨ ʲƙ ǔŏʮƙࡋ

‖ʾ(ɺ) − ʾ∗‖ߞߞ ≤ ƙ−(ɺ−ߝ)αβ ‖ʾ(ߝ) − ʾ∗‖ߞߞ

Úɟȩʲƚ ǀȩɟ ƿ(ʾ) = ‖4ʾ− ų‖ࡏߞߞ

ߣߟ

=



ͱ˨χχ̐ࡷ;͖ ̥Ѕ̥ξ͖̐χ̥

ߤߟ



ͱ˨χχ̐ࡷ;͖ ̥Ѕ̥ξ͖̐χ̥

ߥߟ


