
+ëࡷbĮ ߟߞߞߥ vࡇ �ƚżɾʕɟƚ ߡ
bɟŏƇǞƚȘɾ 4ƚżƚȘɾ ŏȘƇ vɾɯ �ŏȘʿ _ȩɟȒɯ

�ĮĆ ÷ŏȘƇȩȘ ëżǕȩȩȀ ȩǀ CȘǃǞȘƚƚɟǞȘǃࡈ Úɟȩǀࡏ +ǕɟǞɯɾȩɔǕƚɟ �ʕɯżȩ

ߝ



ͱΎ̐˨ͱ͖ϑІ χ̥;χ͖ϑ͖ϻ̥ ͑˨χ͖͑;͇

+ȩɯǞȘƚ ɯǞȒǞȀŏɟǞɾʿ żȩɯ (θ(ʾ, ʿ)) = 〈ʾ,ʿ〉
‖ʾ‖ߞ‖ʿ‖ߞ ࡇ

ߝ− ≤ żȩɯ (θ(ʾ, ʿ)) ≤ ࡏߝ

ߞ

x

=



χ͖ͻ͑˨χ͑

�ȩżŏȀǞɾʿ ɯƚȘɯǞɾǞʲƚ ǕŏɯǕ ǀȩɟ żȩɯǞȘƚ ɯǞȒǞȀŏɟǞɾʿࡇ

ࡄ �ƚɾ ǃ ∈ RƆ ųƚ ɟŏȘƇȩȒȀʿ żǕȩɯƚȘ ʶǞɾǕ ƚŏżǕ ƚȘɾɟʿ N ,ߜ) ࡏ(ߝ
ࡄ ǔ : RƆ → ,ߝ−} {ߝ Ǟɯ Ƈƚ˙ȘǞƚƇ ǔ(ʾ) = ɯǞǃȘ(〈ǃ, ʾ〉)ࡏ

vǀ żȩɯ(θ(ʾ, ʿ)) = ʮࡈ ʶǕŏɾ Ǟɯ Úɟ[ǔ(ʾ) == ǔ(ʿ)]ࡐ

ߟ

I#Nco,i )sign (x)
= - -

= -



χ͖ͻ͑˨χ͑ ˨;˨ͱІχ͖χ

ߠ

Dimension: 2 i d hIx) = s i g n(gin)= - 1
h ly)--sign(qty)- - I

g . random guns"' g h (x)#427
rotation I n ' " ' µYyµ" "If};-1,

g¥I÷X¥§±
"

n u n . - n o ,
y

Prligir) re-Nik O ,

Prfhcxt.my))

- .
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χ͖ͻ͑˨χ͑ ˨;˨ͱІχ͖χ

ߡ

( o )(O)- - 1
P r[collision]= 1

(ooo):- 1
Prfcollision--O)

O



χ͖ͻ͑˨χ͑ ϑΎ χθ̥̥̙ϟθ ;̥ϟξ˨ͱ ;̥ϑϾΎξͬχ

ĦȩɟǺ ȩǀ �ȘɯǕʕȒŏȀǞ ëǕɟǞʲŏɯɾŏʲŏ ŏɾ áǞżƚ ĆȘǞʲƚɟɯǞɾʿ ŏȘƇ
żȩŏʕɾǕȩɟɯࡏ

ࡄ �ʕȒųƚɟ ȩǀ ȒʕȀɾǞɔȀǞżŏɾǞȩȘɯ ɾȩ ƚʲŏȀʕŏɾƚ N (ʾ)ࡇ
|ʾ| · |Ȁŏʿƚɟ +|ߝ |Ȁŏʿƚɟ |ߝ · |Ȁŏʿƚɟ +|ߞ |Ȁŏʿƚɟ |ߞ · |Ȁŏʿƚɟ +|ߟ . . ࡏ.

ࡄ _ȩɟ ŏȘ ŏɔɔɟȩʾǞȒŏɾƚ ɯȩȀʕɾǞȩȘࡈ ȩȘȀʿ żȩȘɯǞƇƚɟ ȘƚʕɟȩȘɯ ȩȘ
ƚŏżǕ ƚŏżǕ ʶǞɾǕ ǕǞǃǕ ŏżɾǞʲŏɾǞȩȘࡏ

ߢ

-

i.EE:& O
-

o-

o r

O . .

-
W wCx.,n ,l

c i
,

I:÷:$



χ͖ͻ͑˨χ͑ ϑΎ χθ̥̥̙ϟθ ;̥ϟξ˨ͱ ;̥ϑϾΎξͬχ

ĦȩɟǺ ȩǀ �ȘɯǕʕȒŏȀǞ ëǕɟǞʲŏɯɾŏʲŏ ŏɾ áǞżƚ ĆȘǞʲƚɟɯǞɾʿ ŏȘƇ
żȩŏʕɾǕȩɟɯࡏ

ࡄ mǞǃǕ ŏżɾǞʲŏɾǞȩȘ = Ȁŏɟǃƚ ʲŏȀʕƚ ȩǀ σ(〈ʶǝ, ʾ〉)ࡏ
ࡄ ÷ʿɔǞżŏȀȀʿ σ(〈ʶǝ, ʾ〉) ǞȘżɟƚŏɯƚɯ ŏɯ 〈ʶǝ, ʾ〉 ǞȘżɟƚŏɯƚɯࡏ
ࡄ Ćɯƚ �ëmࡕëǞȒmŏɯǕ ɾȩ ɛʕǞżǺȀʿ ˙ȘƇ ŏȀȀ ʶǝ ǀȩɟ ʶǕǞżǕ 〈ʶǝ, ʾ〉 Ǟɯ
Ȁŏɟǃƚ ŏȘƇ ȩȘȀʿ ǞȘżȀʕƇƚ ɾǕƚɯƚ ɾƚɟȒɯ ǞȘ ɾǕƚ ɯʕȒࡏ

ߣ

O

O -

w ,
w ,
i ,
W u



;̥Ͼ ϟ;͖ϑ

°ɔɾǞȒǞˌŏɾǞȩȘ

ߤ



Ύθϑ͖ͻ͖В˨ϑ͖Ύ;

mŏʲƚ ɯȩȒƚ ǀʕȘżɾǞȩȘ ƿ : RƆ → Rࡏ ĦŏȘɾ ɾȩ ˙ȘƇ ˆʾ ɯʕżǕ ɾǕŏɾࡇ

ƿ(ˆʾ) = ȒǞȘ
ʾ
ƿ(ʾ).

°ɟ ŏɾ Ȁƚŏɯɾ ˆʾ Ǟɯ żȀȩɯƚ ɾȩ ŏ ȒǞȘǞȒʕȒࡏ Cࡏǃࡏ ƿ(ˆʾ) ≤ ȒǞȘʾ ƿ(ʾ) + ε

°ǀɾƚȘ ʶƚ Ǖŏʲƚ ɯȩȒƚ ŏƇƇǞɾǞȩȘŏȀ żȩȘɯɾɟŏǞȘɾɯࡇ

ࡄ ʾ > ߜ
ࡄ ‖ʾ‖ߞ ≤ Úࡈ ‖ʾ‖ߝ ≤ Ú
ࡄ ŏîʾ > żࡏ

ߥ

= a =

-
a + E

-



Ύθϑ͖ͻ͖В˨ϑ͖Ύ;

4ǞȒƚȘɯǞȩȘ Ɔ = ࡇߝ

4ǞȒƚȘɯǞȩȘ Ɔ = ࡇߞ

ߜߝ

' "'I'÷Vi¥÷¥Y±



Ύθϑ͖ͻ͖В˨ϑ͖Ύ; ͖; ͻ˨͖̐͑;̥ ͱ̥˨ξ;͖;͇

�ŏżǕǞȘƚ ȀƚŏɟȘǞȘǃࡇ ĦŏȘɾ ɾȩ ȀƚŏɟȘ ŏ ȒȩƇƚȀ ɾǕŏɾ Ȓŏɔɯ ǞȘɔʕɾ

ࡄ ȘʕȒƚɟǞżŏȀ Ƈŏɾŏ ʲƚżɾȩɟɯ
ࡄ ǞȒŏǃƚɯࡈ ʲǞƇƚȩ
ࡄ ɾƚʾɾ ƇȩżʕȒƚȘɾɯ

ɾȩ ɔɟƚƇǞżɾǞȩȘ

ࡄ ȘʕȒƚɟǞżŏȀ ʲŏȀʕƚ ɔɟȩųŏųǞȀǞɾʿ࡫ ɯɾȩżǺ ɔɟǞżƚ ǞȘżɟƚŏɯƚɯ࡬
ࡄ ȀŏųƚȀ Ǟɯ࡫ ɾǕƚ ǞȒŏǃƚ ŏ żŏɾࡐ Ƈȩƚɯ ɾǕƚ ǞȒŏǃƚ żȩȘɾŏǞȘ ŏ żŏɟ࡬ࡐ
ࡄ ƇƚżǞɯǞȩȘ ɾʕɟȘ࡫ żŏɟ Ȁƚǀɾࡈ ɟȩɾŏɾƚ ɟȩųȩɾǞż ŏɟȒ࡬

ߝߝ



ͻ˨͖̐͑;̥ ͱ̥˨ξ;͖;͇ ͻΎ̙̥ͱ

�ƚɾ �ʾ ųƚ ŏ ȒȩƇƚȀ ʶǞɾǕ ɔŏɟŏȒƚɾƚɟɯ ʾ = ,ߝʺ} . . . , ʺƆ}ࡏ

CʾŏȒɔȀƚࡇ

�ʾ(ʿ) = ɯǞǃȘ(ʿîʾߝ:Ɔ−ߝ + ʾƆ)

ߞߝ

- I

#
datavector

1 w w

→ E-l , l }

param.
vector ~



ͻ˨͖̐͑;̥ ͱ̥˨ξ;͖;͇ ͻΎ̙̥ͱ

CʾŏȒɔȀƚࡇ

ߟߝ

X → weights

× ,
x u

Y i i n

Y u

1 3

d
µ x



χϟθ̥ξϻ͖χ̥̙ ͱ̥˨ξ;͖;͇

+ȀŏɯɯǞż ŏɔɔɟȩŏżǕ ǞȘ ɯʕɔƚɟʲǞɯƚƇ ȀƚŏɟȘǞȘǃࡇ _ǞȘƇ ŏ ȒȩƇƚȀ ɾǕŏɾ
ʶȩɟǺɯ ʶƚȀȀ ȩȘ Ƈŏɾŏ ɾǕŏɾ ʿȩʕ ŏȀɟƚŏƇʿ Ǖŏʲƚ ɾǕƚ ŏȘɯʶƚɟ ǀȩɟ
ࡈȀŏųƚȀɯ࡫ ʲŏȀʕƚɯࡈ żȀŏɯɯƚɯࡈ ƚɾżࡏ࡬ࡏ

ࡄ �ȩƇƚȀ �ʾ ɔŏɟŏȒƚɾƚɟǞˌƚƇ ųʿ ŏ ʲƚżɾȩɟ ȩǀ ȘʕȒųƚɟɯ ʾࡏ
ࡄ 4ŏɾŏɯƚɾ ʿ(ߝ), . . . , ʿ(ȗ) ʶǞɾǕ ȩʕɾɔʕɾɯ ȧ(ߝ), . . . ,ȧ(ȗ)ࡏ

ĦŏȘɾ ɾȩ ˙ȘƇ ˆʾ ɯȩ ɾǕŏɾ �ˆʾ(ʿ(ǝ)) ≈ ȧ(ǝ) ǀȩɟ ǝ ∈ ,ߝ . . . ,ȗࡏ

mȩʶ Ƈȩ ʶƚ ɾʕɟȘ ɾǕǞɯ ǞȘɾȩ ŏ ǀʕȘżɾǞȩȘ ȒǞȘǞˌŏɾǞȩȘ ɔɟȩųȀƚȒࡐ

ߠߝ

O
- - - -

- D
-

M i n ' f f i Rd→ 113



ͱΎχχ ͂ϟ;̐ϑ͖Ύ;

�ȩɯɯ ǀʕȘżɾǞȩȘ � (�ʾ(ʿ),ȧ)ࡇ ëȩȒƚ Ȓƚŏɯʕɟƚ ȩǀ ƇǞɯɾŏȘżƚ ųƚɾʶƚƚȘ
ɔɟƚƇǞżɾǞȩȘ �ʾ(ʿ) ŏȘƇ ɾɟʕƚ ȩʕɾɔʕɾ ȧࡏ vȘżɟƚŏɯƚɯ Ǟǀ ɾǕƚʿ ŏɟƚ
ǀʕɟɾǕƚɟ ŏɔŏɟɾࡏ

ࡄ ëɛʕŏɟƚƇ ࡬ߞ$࡫ Ȁȩɯɯࡇ |�ʾ(ʿ)− ȧ|ߞ

ࡄ �ųɯȩȀʕɾƚ ƇƚʲǞŏɾǞȩȘ ࡬ߝ$࡫ Ȁȩɯɯࡇ |�ʾ(ʿ)− ȧ|
ࡄ mǞȘǃƚ Ȁȩɯɯࡇ ߝ ࡷ ȧ ·�ʾ(ʿ)
ࡄ +ɟȩɯɯࡷƚȘɾɟȩɔʿ Ȁȩɯɯ Ȁȩǃ࡫ Ȁȩɯɯࡏ࡬
ࡄ Cɾżࡏ

ߡߝ

I

=
- o , Mxly)EE-1,13 Logs--0

L o s s= L

-



Cͻθ͖ξ͖̐˨ͱ ξ͖χͬ ͻ͖;͖ͻ͖В˨ϑ͖Ύ;

CȒɔǞɟǞżŏȀ ɟǞɯǺ ȒǞȘǞȒǞˌŏɾǞȩȘࡇ

ƿ(ʾ) =
ȗ∑

ǝ=ߝ
�
(
�ʾ(ʿ(ǝ)),ȧ(ǝ)

)

ëȩȀʲƚ ɾǕƚ ȩɔɾǞȒǞˌŏɾǞȩȘ ɔɟȩųȀƚȒ ȒǞȘʾ ƿ(ʾ)ࡏ

ߢߝ

=
Choose I s .t . f (e) E myf lx) t e



͇ξ˨̙͖̥;ϑ ̙̥χ̥̐;ϑ

bɟŏƇǞƚȘɾ ƇƚɯżƚȘɾࡇ � ǃɟƚƚƇʿ ŏȀǃȩɟǞɾǕȒ ǀȩɟ ȒǞȘǞȒǞˌǞȘǃ ǀʕȘżɾǞȩȘɯ
ȩǀ ȒʕȀɾǞɔȀƚ ʲŏɟǞŏųȀƚɯ ɾǕŏɾ ȩǀɾƚȘ ʶȩɟǺɯ ŏȒŏˌǞȘǃȀʿ ʶƚȀȀࡏ

ߣߝ



͇ξ˨̙͖̥;ϑ ̙̥χ̥̐;ϑ

�ųɟŏǕŏȒ �ŏɯȀȩʶࡇ

vࢅ ɯʕɔɔȩɯƚ Ǟɾ Ǟɯ ɾƚȒɔɾǞȘǃࡈ Ǟǀ ɾǕƚ ȩȘȀʿ ɾȩȩȀ ʿȩʕ Ǖŏʲƚ Ǟɯ ŏ ǕŏȒȒƚɟࡈ
ɾȩ ɾɟƚŏɾ ƚʲƚɟʿɾǕǞȘǃ ŏɯ Ǟǀ Ǟɾ ʶƚɟƚ ŏ ȘŏǞȀࢆࡏ

ߤߝ



Ύθϑ͖ͻ͖В˨ϑ͖Ύ; ˨ͱ͇Ύξ͖ϑ͑ͻχ

ëȩ ȒʕżǕ ɾȩ ȀƚŏɟȘࡋ

ߥߝ



̐˨ͱ̐ϟͱϟχ ξ̥ϻ͖̥Ͼ

_ȩɟ ǝ = ,ߝ . . . ,Ɔࡈ Ȁƚɾ ʺǝ ųƚ ɾǕƚ ǝɾǕ ƚȘɾɟʿ ȩǀ ʾࡏ �ƚɾ ƚ(ǝ) ųƚ ɾǕƚ ǝɾǕ
ɯɾŏȘƇŏɟƇ ųŏɯǞɯ ʲƚżɾȩɟࡏ

ÚŏɟɾǞŏȀ ƇƚɟǞʲŏɾǞʲƚࡇ

∂ƿ
∂ʺǝ

(ʾ) = ȀǞȒ
ɺ→ߜ

ƿ(ʾ+ ɺƚ(ǝ))− ƿ(ʾ)
ɺ

4ǞɟƚżɾǞȩȘŏȀ ƇƚɟǞʲŏɾǞʲƚࡇ

2ʲƿ(ʾ) = ȀǞȒ
ɺ→ߜ

ƿ(ʾ+ ɺʲ)− ƿ(ʾ)
ɺ

ߜߞ

-

[ o o o I o o o ]
i

flute"'fflx)

a s

°
closet o o flxtte"))-flx)=d1+t - s x :

e



̐˨ͱ̐ϟͱϟχ ξ̥ϻ͖̥Ͼ

bɟŏƇǞƚȘɾࡇ

∇ƿ(ʾ) =





∂ƿ
ߝʺ∂ (ʾ)
∂ƿ
ߞʺ∂ (ʾ)ࡏࡏࡏ
∂ƿ
∂ʺƆ (ʾ)





4ǞɟƚżɾǞȩȘŏȀ ƇƚɟǞʲŏɾǞʲƚࡇ

2ʲƿ(ʾ) = ȀǞȒ
ɺ→ߜ

ƿ(ʾ+ ɺʲ)− ƿ(ʾ)
ɺ = ∇ƿ(ʾ)îʲ.

ߝߞ

X → X t t u x → X + t r ,e , → xttv.ee,+ the,

f (x) → flx.tt) → X tt u ,e ,t . . .+ t he ,

flx)→ fix)+ t r,I b
DX,

- flx)→ flxlttu.gg,+ turtle
a x e

flx)→ fix)ttv,8¥,t . . . + tuff,
- -

t -
↳

tpfcxfr flxi.tv)-flx) n i t . b r #



͖͂ξχϑ Ύξ̙̥ξ Ύθϑ͖ͻ͖В˨ϑ͖Ύ;

bǞʲƚȘ ŏ ǀʕȘżɾǞȩȘ ƿ ɾȩ ȒǞȘǞȒǞˌƚࡈ ŏɯɯʕȒƚ ʶƚ żŏȘࡇ

ࡄ _ʕȘżɾǞȩȘ ȩɟŏżȀƚࡇ CʲŏȀʕŏɾƚ ƿ(ʾ) ǀȩɟ ŏȘʿ ʾࡏ
ࡄ bɟŏƇǞƚȘɾ ȩɟŏżȀƚࡇ CʲŏȀʕŏɾƚ ∇ƿ(ʾ) ǀȩɟ ŏȘʿ ʾࡏ

ߞߞ

←

-



̥Ѕ˨ͻθͱ̥ ͇ξ˨̙͖̥;ϑ ̥ϻ˨ͱϟ˨ϑ͖Ύ;

�ǞȘƚŏɟ Ȁƚŏɯɾࡷɯɛʕŏɟƚɯ ɟƚǃɟƚɯɯǞȩȘࡇ

ࡄ bǞʲƚȘ ʿ(ߝ), . . . ʿ(ȗ) ∈ RƆࡈ ų(ߝ), . . .ų(ȗ) ∈ Rࡏ
ࡄ ĦŏȘɾ ɾȩ ȒǞȘǞȒǞˌƚ ƿ(ʾ) = ∑ȗ

ǝ=ߝ
(
ʾîʿ(ǝ) − ų(ǝ)

ߞ(
.

ߟߞ

- -

•

o f(x) = i}!(xty"' - b '" ¥
linearity)

-

2 (xty")-b"'). p ( x 'y" '-boi)
-

ya)
¥424'-y"'-boi').god, I]I t vector



̥Ѕ˨ͻθͱ̥ ͇ξ˨̙͖̥;ϑ ̥ϻ˨ͱϟ˨ϑ͖Ύ;

�ŏɾɟǞʾ ʲǞƚʶࡇ

ߠߞ

xtytyxytsYYTY.lxi.is)

nt÷I÷÷A÷÷÷n:"ii
iii÷÷i:*

-

pquadrdf.int/xttexj=2M-
x.fCx)=CYx-b)tlYx-b)

= xtYtYx-2xIYIbtbIb
I d

¥ 1 -2Ytb 0

Jfk) = zytyx-zytb = v e t( Yx- b )



̙̥̥̐;ϑ ͻ̥ϑ͑Ύ̙χ

bɟƚƚƇʿ ŏɔɔɟȩŏżǕࡇ bǞʲƚȘ ŏ ɯɾŏɟɾǞȘǃ ɔȩǞȘɾ ʾࡈ ȒŏǺƚ ŏ ɯȒŏȀȀ
ŏƇǲʕɯɾȒƚȘɾ ɾǕŏɾ Ƈƚżɟƚŏɯƚɯ ƿ(ʾ)ࡏ vȘ ɔŏɟɾǞżʕȀŏɟࡈ ʾ← ʾ+ ηʲ ŏȘƇ
ƿ(ʾ)← ƿ(ʾ+ ηʲ)ࡏ

ĦǕŏɾ ɔɟȩɔƚɟɾʿ ȒǞǃǕɾ v ʶŏȘɾ ǞȘ ʲࡐ

2ʲƿ(ʾ) = ȀǞȒ
ɺ→ߜ

ƿ(ʾ+ ɺʲ)− ƿ(ʾ)
ɺ = ∇ƿ(ʾ)îʲ.

ߡߞ

X tM x = §;,X i x ; Mi,; f¥,(§.gl/iXiMisi)

D=-Pflx)
1×2=2×-
6×5

×¥¥ -¥ t ¥ "
' " = 2×+1 qfµytr→

negative

O

flxttv) -fix) 2 tpf(x)'ve•
-

t Oflx)tfofCx))negative = - f pqcxjtpqu.gr. -1-11081×115



͇ξ˨̙͖̥;ϑ ̙̥χ̥̐;ϑ

Úɟȩɾȩɾʿɔƚ ŏȀǃȩɟǞɾǕȒࡇ

ࡄ +Ǖȩȩɯƚ ŏɟųǞɾɟŏɟʿ ɯɾŏɟɾǞȘǃ ɔȩǞȘɾ ʾ(ߝ)ࡏ
ࡄ _ȩɟ ǝ = ,ߝ . . . , îࡇ

ࡄ ʾ(ǝ+ߝ) = ʾ(ǝ) − η∇ƿ(ʾ(ǝ))
ࡄ áƚɾʕɟȘ ʾ(ɺ)ࡏ

η Ǟɯ ŏ ɯɾƚɔࡷɯǞˌƚ ɔŏɟŏȒƚɾƚɟࡏ �ƚƚƇɯ ɾȩ ųƚ żǕȩɯƚȘ ŏǕƚŏƇ ȩǀ ɾǞȒƚ
ȩɟ ŏƇŏɔɾƚƇ ȩȘ ɾǕƚ ǃȩࡏ

ߢߞ

✓=-Of lx ' )

-

1 ) step s i z e

- =

M i n P f( f )T v
→ -400%0,oooo-3

-



͇ξ˨̙͖̥;ϑ ̙̥χ̥̐;ϑ

CʾŏȒɔȀƚ ǞȘ ȩȘƚ ƇǞȒƚȘɯǞȩȘࡇ

ߣߞ

•
fixed)¥¥:÷÷⇐÷

×

Why i s gradient descent sometimes called

"steepest descent"?
I



͇ξ˨̙͖̥;ϑ ̙̥χ̥̐;ϑ

+ȀŏǞȒ bɟŏƇǞƚȘɾ࡫ ƇƚɯżƚȘɾ ࣌ ëɾƚƚɔƚɯɾ ƇƚɯżƚȘɾ࡬
−∇ƿ(ʾ)
‖∇ƿ(ʾ)‖ߞ = ŏɟǃȒǞȘʲ,‖ʲ‖ߝ≥ߞ∇ƿ(ʾ)îʲ

�ȩɾƚࡇ Ħƚ żȩʕȀƇ Ǖŏʲƚ żǕȩɯƚȘ ɾȩ ɟƚɯɾɟǞżɾ ʲ ʕɯǞȘǃ ŏ ƇǞǀǀƚɟƚȘɾ
ȘȩɟȒࡏ ĦǕŏɾ Ǟǀ ʶƚ ǕŏƇ ɟƚɯɾɟǞżɾƚƇ ‖ʲ‖ߝ ≤ ࡐߝ ‖ʲ‖∞ ≤ ࡐߝ ÷Ǖƚɯƚ
żǕȩǞżƚɯ ȀƚŏƇ ɾȩ ʲŏɟǞŏȘɾɯ ȩǀ ǃƚȘƚɟŏȀǞˌƚƇ ɯɾƚƚɔƚɯɾ ƇƚɯżƚȘɾࡏࡏ

ߤߞ

O . - -

- -

Ruth ⇐ t unitize, ' " '" §f)

Forwardstagew i s eRegression



͇ξ˨̙͖̥;ϑ ̙̥χ̥̐;ϑ

vȘ ǃƚȘƚɟŏȀࡈ ǃɟŏƇǞƚȘɾ ƇƚɯżƚȘɾ żŏȘ ųƚ ɔɟȩʲƚȘ ɾȩ żȩȘʲƚɟǃƚ ŏȘƇ࡫
ʶƚ ʕȘƇƚɟɯɾŏȘƇ Ǖȩʶ ɛʕǞżǺȀʿ Ǟɾ żȩȘʲƚɟǃƚɯ࡬ ǀȩɟ żȩȘʲƚʾ ǀʕȘżɾǞȩȘɯࡏ

4ƚ˙ȘǞɾǞȩȘ ࡬ȩȘʲƚʾ+࡫
� ǀʕȘżɾǞȩȘ ƿ Ǟɯ żȩȘʲƚʾ Ǟǀǀ ǀȩɟ ŏȘʿ ʾ, ʿ,λ ∈ ,ߜ] ࡇ[ߝ

−ߝ) λ) · ƿ(ʾ) + λ · ƿ(ʿ) ≥ ƿ −ߝ)) λ) · ʾ+ λ · ʿ)

ߥߞ

= - ← -

straightl i n e -

i l i a

fullh÷¥÷÷⇐⇐¥.



͇ξ˨̙͖̥;ϑ ̙̥χ̥̐;ϑ

4ƚ˙ȘǞɾǞȩȘ ࡬ȩȘʲƚʾ+࡫
� ǀʕȘżɾǞȩȘ ƿ Ǟɯ żȩȘʲƚʾ Ǟǀǀ ǀȩɟ ŏȘʿ ʾ, ʿࡇ

ƿ(ʾ+ ˌ) ≥ ƿ(ʾ) +∇ƿ(ʾ)îˌ

ƿ(ʾ)− ƿ(ʿ) ≤ ∇ƿ(ʾ)î(ʾ− ʿ)

ߜߟ

I O
z-y-X fly)2 f (x) + O f6 )+ (J-x)

f l y )- f( x ) 2 O f↳I l y - x )

I Bflx)¥µ ! {right• i '
y , ! x



͇ξ˨̙͖̥;ϑ ̙̥χ̥̐;ϑ

4ƚ˙ȘǞɾǞȩȘ ࡬ȩȘʲƚʾ+࡫
� ǀʕȘżɾǞȩȘ ƿ Ǟɯ żȩȘʲƚʾ Ǟǀǀ ǀȩɟ ŏȘʿ ʾ, ʿࡇ

ƿ(ʾ)− ƿ(ʿ) ≤ ∇ƿ(ʾ)î(ʾ− ʿ)

ߝߟ



͇ξ˨̙͖̥;ϑ ̙̥χ̥̐;ϑ ˨;˨ͱІχ͖χ

�ɯɯʕȒƚࡇ

ࡄ ƿ Ǟɯ żȩȘʲƚʾࡏ
ࡄ �ǞɔɯżǕǞɾˌ ǃɟŏƇǞƚȘɾɯࡇ ǀȩɟ ŏȀȀ ʾࡈ ‖∇ƿ(ʾ)‖ߞ ≤ ࡏ`
ࡄ ëɾŏɟɾǞȘǃ ɟŏƇǞʕɯࡇ ‖ʾ∗ − ʾ(ߝ)‖ߞ ≤ Úࡏ

bɟŏƇǞƚȘɾ ƇƚɯżƚȘɾࡇ

ࡄ +Ǖȩȩɯƚ ȘʕȒųƚɟ ȩǀ ɯɾƚɔɯ îࡏ
ࡄ η = Ú

`
√
î

ࡄ _ȩɟ ǝ = ,ߝ . . . , îࡇ
ࡄ ʾ(ǝ+ߝ) = ʾ(ǝ) − η∇ƿ(ʾ(ǝ))

ࡄ áƚɾʕɟȘ ˆʾ = ŏɟǃȒǞȘʾ(ǝ) ƿ(ʾ(ǝ))ࡏ
ࡄ �ȀɾƚɟȘŏɾǞʲƚȀ ʿࡈ ɟƚɾʕɟȘ ˆʾ = ߝ

î
∑î

ǝ=ߝ ʾ(ǝ)ࡏ

ߞߟ

④
r n

quinine = µ
÷÷

⇐
=



͇ξ˨̙͖̥;ϑ ̙̥χ̥̐;ϑ ˨;˨ͱІχ͖χ

+ȀŏǞȒ b4࡫ +ȩȘʲƚɟǃƚȘżƚ $ȩʕȘƇ࡬
sƿ î ≥ Úߞ`ߞ

εߞ ࡌ ɺǔƙȗ ƿ(ˆʾ) ≤ ƿ(ʾ∗) + εࡒ

ߟߟ

i i i .¥
= - × , x i i i

11x " t " -x-Hi = 11x " - no fLx"')- x 'H i- -

-
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-

✓f (xli))(x"'-×')= 11×41×41=1×1'"? + My11066"')1 5
- w
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flxon)- f v ) E H x i ¥ I " *
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͇ξ˨̙͖̥;ϑ ̙̥χ̥̐;ϑ ˨;˨ͱІχ͖χ

+ȀŏǞȒ b4࡫ +ȩȘʲƚɟǃƚȘżƚ $ȩʕȘƇ࡬
sƿ î ≥ Úߞ`ߞ

εߞ ࡌ ɺǔƙȗ ƿ(ˆʾ) ≤ ƿ(ʾ∗) + εࡒ

ߠߟ

O
n=¥@

flxon)- f v ) E 11×13--11×1"*
•" i t ? G " foradi

z u

Ez,fix")- f v ) E ¥4"Ix" '-x-Hi-Ix""'-Alli + Tmz62
I

= 11×47×41=11×1"-El l i -Tmz G z
Z n
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͇ξ˨̙͖̥;ϑ ̙̥χ̥̐;ϑ ˨;˨ͱІχ͖χ

+ȀŏǞȒ b4࡫ +ȩȘʲƚɟǃƚȘżƚ $ȩʕȘƇ࡬
sƿ î ≥ Úߞ`ߞ

εߞ ࡌ ɺǔƙȗ ƿ(ˆʾ) ≤ ƿ(ʾ∗) + εࡒ

ߡߟ

{ log(Ye)

ftp.fcxci')
- f(xD E B GF l

-

ICE,fix"') -645ftBff E E 'FI:&
f (f-

÷Ex"')-fv) s t.IE,fam)-float]
- - -
⇒ ifµflx%µ

~
minf (x't)- f(xo) a ¥ Is,flx"') - f v )



Ύ;ͱ͖;̥ ͇ξ˨̙͖̥;ϑ ̙̥χ̥̐;ϑ

vȘɯɾƚŏƇ ȩǀ ŏ ɯǞȘǃȀƚ ǀʕȘżɾǞȩȘ ƿ ɾȩ ȒǞȘǞȒǞˌƚࡈ ŏɯɯʕȒƚ ʶƚ Ǖŏʲƚ ŏȘ
ʕȘǺȘȩʶȘ ŏȘƇ żǕŏȘǃǞȘǃ ɯƚɾ ȩǀ ȩųǲƚżɾǞʲƚ ǀʕȘżɾǞȩȘɯࡇ

ƿߝ, . . . , ƿî.

ࡄ �ɾ ƚŏżǕ ɾǞȒƚ ɯɾƚɔࡈ żǕȩȩɯƚ ʾ(ǝ)ࡏ
ࡄ ƿǝ Ǟɯ ɟƚʲƚŏȀƚƇ ŏȘƇ ʶƚ ɔŏʿ żȩɯɾ ƿǝ(ʾ(ǝ))
ࡄ bȩŏȀࡇ �ǞȘǞȒǞˌƚ∑î

ǝ=ߝ ƿǝ(ʾ(ǝ))ࡏ

ߢߟ

° -
11µ-B"

-

X"?- - × C t )

d .A
x-b":



ξ̥͇ξ̥ϑ ̊Ύϟ;̙

°ųǲƚżɾǞʲƚࡇ +Ǖȩȩɯƚ ʾ(ߝ), . . . , ʾ(î) ɯȩ ɾǕŏɾࡇ

î∑

ǝ=ߝ
ƿǝ(ʾ(ǝ)) ≤

[
ȒǞȘ
ʾ

î∑

ǝ=ߝ
ƿǝ(ʾ)

]
+∆.

Ħƚ ʶŏȘɾ ɾȩ żȩȒɔƚɾƚ ʶǞɾǕ ɾǕƚ ųƚɯɾ ˙ʾƚƇ ɯȩȀʕɾǞȩȘ ǞȘ ǕǞȘƇɯǞǃǕɾࡏ

ߣߟ

- -

(
&

" " " "
"

-

off= X '



Ύ;ͱ͖;̥ ͇ξ˨̙͖̥;ϑ ̙̥χ̥̐;ϑ

�ɯɯʕȒƚࡇ

ࡄ �ǞɔɯżǕǞɾˌ ǃɟŏƇǞƚȘɾɯࡇ ǀȩɟ ŏȀȀ ʾࡈ ǝࡈ ‖∇ƿǝ(ʾ)‖ߞ ≤ ࡏ`
ࡄ ëɾŏɟɾǞȘǃ ɟŏƇǞʕɯࡇ ‖ʾ∗ − ʾ(ߝ)‖ߞ ≤ Úࡏ

°ȘȀǞȘƚ bɟŏƇǞƚȘɾ ƇƚɯżƚȘɾࡇ

ࡄ +Ǖȩȩɯƚ ȘʕȒųƚɟ ȩǀ ɯɾƚɔɯ îࡏ
ࡄ η = 2

`
√
î

ࡄ _ȩɟ ǝ = ,ߝ . . . , îࡇ
ࡄ ʾ(ǝ+ߝ) = ʾ(ǝ) − η∇ƿǝ(ʾ(ǝ))

ࡄ ÚȀŏʿ ʾ(ǝ+ߝ)ࡏ

ߤߟ

tunution
mmmm

- -

-

mm

- - - -



Ύ;ͱ͖;̥ ͇ξ˨̙͖̥;ϑ ̙̥χ̥̐;ϑ ˨;˨ͱІχ͖χ

+ȀŏǞȒ b4°࡫ áƚǃɟƚɾ $ȩʕȘƇ࡬

�ƿɺƙɛ î ɫɺƙɑɫࡌ ∆ =
[∑î

ǝ=ߝ ƿǝ(ʾ(ǝ))
]
−

[∑î
ǝ=ߝ ƿǝ(ʾ∗)

]
≤ Ú`

√
î

ߥߟ

- -

p f.!x"')(xlix) s l lx . i t#xx4l i t ¥2
I n

→
f ;Lx"')- f i(H)E
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Ύ;ͱ͖;̥ ͇ξ˨̙͖̥;ϑ ̙̥χ̥̐;ϑ ˨;˨ͱІχ͖χ

+ȀŏǞȒ b4°࡫ áƚǃɟƚɾ $ȩʕȘƇ࡬

�ƿɺƙɛ î ɫɺƙɑɫࡌ ∆ =
[∑î

ǝ=ߝ ƿǝ(ʾ(ǝ))
]
−

[∑î
ǝ=ߝ ƿǝ(ʾ∗)

]
≤ Ú`

√
î

ߜߠ



χϑΎ̐͑˨χϑ͖̐ ͇ξ˨̙͖̥;ϑ ̙̥χ̥̐;ϑ

áƚżŏȀȀ ɾǕƚ ȒŏżǕǞȘƚ ȀƚŏɟȘǞȘǃ ɯƚɾʕɔࡏ vȘ ƚȒɔǞɟǞżŏȀ ɟǞɯǺ
ȒǞȘǞȒǞˌŏɾǞȩȘࡈ ʶƚ żŏȘ ɾʿɔǞżŏȀȀʿ ʶɟǞɾƚࡇ

ƿ(ʾ) =
ȗ∑

Ǳ=ߝ
ƿǱ(ʾ)

ʶǕƚɟƚ ƿǝ Ǟɯ ɾǕƚ Ȁȩɯɯ ǀʕȘżɾǞȩȘ ǀȩɟ ŏ ɔŏɟɾǞżʕȀŏɟ Ƈŏɾŏ ɔȩǞȘɾࡏ

�ǞȘƚŏɟ ɟƚǃɟƚɯɯǞȩȘࡇ

ƿ(ʾ) =
ȗ∑

Ǳ=ߝ
(ʾîʿ(Ǳ) − ų(Ǳ))ߞ

ߝߠ



χϑΎ̐͑˨χϑ͖̐ ͇ξ˨̙͖̥;ϑ ̙̥χ̥̐;ϑ

ÚǞżǺ ɟŏȘƇȩȒ Ǳ ∈ ,ߝ . . . ,ȗࡇ

E
[
∇ƿǱ(ʾ)

]
= ∇ƿ(ʾ).

$ʕɾ ∇ƿǱ(ʾ) żŏȘ ųƚ żȩȒɔʕɾƚƇ ǞȘ ŏ ȗ/ߝ ǀɟŏżɾǞȩȘ ȩǀ ɾǕƚ ɾǞȒƚࡋ

�ŏǞȘ ǞƇƚŏࡇ Ćɯƚ ɟŏȘƇȩȒ ŏɔɔɟȩʾǞȒŏɾƚ ǃɟŏƇǞƚȘɾ ǞȘ ɔȀŏżƚ ȩǀ
ŏżɾʕŏȀ ǃɟŏƇǞƚȘɾࡏ

÷ɟŏƇƚ ɯȀȩʶƚɟ żȩȘʲƚɟǃƚȘżƚ ǀȩɟ żǕƚŏɔƚɟ ǞɾƚɟŏɾǞȩȘɯࡏ

ߞߠ



χϑΎ̐͑˨χϑ͖̐ ͇ξ˨̙͖̥;ϑ ̙̥χ̥̐;ϑ

�ɯɯʕȒƚࡇ

ࡄ �ǞɔɯżǕǞɾˌ ǃɟŏƇǞƚȘɾɯࡇ ǀȩɟ ŏȀȀ ʾࡈ Ǳࡈ ‖∇ƿǱ(ʾ)‖ߞ ≤ `′
ȗ ࡏ

ࡄ ëɾŏɟɾǞȘǃ ɟŏƇǞʕɯࡇ ‖ʾ∗ − ʾ(ߝ)‖ߞ ≤ Úࡏ

ëɾȩżǕŏɯɾǞż bɟŏƇǞƚȘɾ ƇƚɯżƚȘɾࡇ

ࡄ +Ǖȩȩɯƚ ȘʕȒųƚɟ ȩǀ ɯɾƚɔɯ îࡏ
ࡄ η = 2

`′
√
î

ࡄ _ȩɟ ǝ = ,ߝ . . . , îࡇ
ࡄ ÚǞżǺ ɟŏȘƇȩȒ Ǳǝ ∈ ,ߝ . . . ,ȗࡏ
ࡄ ʾ(ǝ+ߝ) = ʾ(ǝ) − η∇ƿǱǝ(ʾ(ǝ))

ࡄ áƚɾʕɟȘ ˆʾ = ߝ
î
∑î

ǝ=ߝ ʾ(ǝ)

ߟߠ

functions
mmmm



χϑΎ̐͑˨χϑ͖̐ ͇ξ˨̙͖̥;ϑ ̙̥χ̥̐;ϑ ˨;˨ͱІχ͖χ

+ȀŏǞȒ ëb4࡫ +ȩȘʲƚɟǃƚȘżƚ࡬
�ƿɺƙɛ î = Úߞ′`ߞ

εߞ ǝɺƙɛŏɺǝȧȗࡋ

E [ƿ(ˆʾ)− ƿ(ʾ∗)] ≤ ε.

ߠߠ



χϑΎ̐͑˨χϑ͖̐ ͇ξ˨̙͖̥;ϑ ̙̥χ̥̐;ϑ ˨;˨ͱІχ͖χ

+ȀŏǞȒ ëb4࡫ +ȩȘʲƚɟǃƚȘżƚ࡬
�ƿɺƙɛ î = Úߞ′`ߞ

εߞ ǝɺƙɛŏɺǝȧȗࡋ

E [ƿ(ˆʾ)− ƿ(ʾ∗)] ≤ ε.

ߡߠ



χϑΎ̐͑˨χϑ͖̐ ͇ξ˨̙͖̥;ϑ ̙̥χ̥̐;ϑ ˨;˨ͱІχ͖χ

+ȀŏǞȒ ëb4࡫ +ȩȘʲƚɟǃƚȘżƚ࡬
�ƿɺƙɛ î = Úߞ′`ߞ

εߞ ǝɺƙɛŏɺǝȧȗࡋ

E [ƿ(ˆʾ)− ƿ(ʾ∗)] ≤ ε.

ߢߠ



̐Ύͻθ˨ξ͖χΎ;

�ʕȒųƚɟ ȩǀ ǞɾƚɟŏɾǞȩȘɯ ǀȩɟ ƚɟɟȩɟ εࡇ

ࡄ bɟŏƇǞƚȘɾ 4ƚɯżƚȘɾࡇ î = Úߞ`ߞ
εߞ ࡏ

ࡄ ëɾȩżǕŏɯɾǞż bɟŏƇǞƚȘɾ 4ƚɯżƚȘɾࡇ î = Úߞ′`ߞ
εߞ ࡏ

�Ȁʶŏʿɯ Ǖŏʲƚ ` ≤ ࡇ′`

‖∇ƿ(ʺ)‖ߞ ≤ ‖∇ƿߞ‖(ʺ)ߝ + . . .+ ‖∇ƿȗ(ʺ)‖ߞ ≤ ȗ · `
′

ȗ = `′.

_ŏǞɟ żȩȒɔŏɟǞɯȩȘࡇ

Úߞ′`ߞ
εߞ

= ȗ · Ú
ߞ`ߞ
εߞ

ߣߠ


