CS-GY 9223 I: Lecture 4

Near neighbor search + locality sensitive
hashing

NYU Tandon School of Engineering, Prof. Christopher Musco



ADMINISTRATIVE

- Problem set 1.

- Reading group.



EUCLIDEAN DIMENSIONALITY REDUCTION

Lemma (Johnson-Lindenstrauss, 1984)

For any set of n data points qu, ..., qn € RY there exists a
linear map N : RY — R™ where m = 0O (log”) such that for all
]
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RANDOMIZED JL CONSTRUCTIONS

1
m

N < R4 be chosen so that each entry equals Z=N(0,1).

.. or each entry equals \/Lm + 1 with equal probability.

>> Pi = randn(m,d); >> Pi = 2xrandi(2,m,d)-3;
>> s = (1/sqrt(m))*Pixq; >> s = (1/sqrt(m))*Pixq;

Often called “random projections”. Why?




RANDOMIZED JL CONSTRUCTIONS
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K-MEANS CLUSTERING

k-means objective: kind clusters G,...,Cp € {1,...,n} to
minimize: Xy, ¥ L Re

k
Cost(Cy,...,Cy Z2|

J=1 }| VGC/'

_ L ‘.
CingG = 7] b i) el K <ot rg

Xy = Xoll3-



K-MEANS CLUSTERING

Approximation algorithm: Find optimal clusters C}, ..., C; for
the k dimension data set MXy.....0X).
Wawt o prove:
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K-MEANS CLUSTERING
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K-MEANS CLUSTERING
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SIMILARITY SKETCHING
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Goal: Given input vectors g and y, (q) and C(y) should be

similar if g and y are similar.



SIMILARITY SKETCHING

o (G-

Other Example: Binary valued vectors.

Definition (Jaccard Similarity)

lgNy|  #of non-zero entries in common 2

) 2L
J(a,y) = lquy| {total #of non-zero entriesy Y 2
0<J(gq,y) <™. /
w
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MINHASH

- Choose k random hash functions
@ e 00,8 = [0,1)
- Forie,...,R let¢ = minj,qjﬁ hi()).

- ¢(q) = [c1,- ... el
l v 4
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SIMILARITY SKETCHING
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IfJ(q,y) = v then the expected ngmber of common entries

between C(q) and C(y) is v.
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Example 1: Binary valued vectors.

JstagatRernoff bound, we proved that if C maps to dimension
we can approximate the Jaccard similarity between
any two binary vectors to accuracy e with probability 1— 4.
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NEAR NEIGHBOR SEARCH

5({/@) 7.4

Common goal: Find all fingerprints in database q,...,q, € R?
that are close to some input finger printy € RY.

- Audio + video search. M = |0 w\lre~

- Finding duplicate or near duplicate documents.

- Seismic applications (here they want all pairs of close
fingerprints).
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BEYOND A LINEAR SCAN

A 0(2Y
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New goal: Sublinear o(n) time to find near neighbors.
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LOCALITY SENSITIVE HASH FUNCTIONS

Let h {1,...,m} be a random hash function.
We call h locality sensitive if Pr[h(q) == h(y)] is:

- Higher when q and y are more similar.
- Lower when g and y differ substantially.

16



LOCALITY SENSITIVE HASH FUNCTIONS

LSH for Jaccard similarity:

+ Let ¢: {0,1}9 — [0,1] be a single instantiation of MinHash.
- Letg:[0,1] — {1,...,m} be a fully random hash function.

- Let h(x) = g(c(x)).

17



LOCALITY SENSITIVE HASH FUNCTIONS

LSH for Jaccard similarity:

¥

q

+ Let c: {0,1}¢ —[0,1] be a singl%stantiation of MinHash.

- Letg :\[/(1,/1]—>{1,...
g(c(x)).

- Let h(x) =
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NEAR NEIGHBOR SEARCH

Basic approach for near neighbor search in a database.

Pre-processing:

- Select random LSH function h: {0,1}¢ = 1,..., m.
‘_".——
- Create table Twith mslots. , . gu) (e wemt dneesr &eoie

o« ovege romel
- Fori=1,...,n, insert q; into T(h(q;)). o »)
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NEAR NEIGHBOR SEARCH

Basic approach for near neighbor search in a database.

Pre-processing:

- Select random LSH function h: {0,1}¢ = 1,...,m.

- Create table T with m slots.
- Fori=1,...,n, insert q; into T(h(q,)). ’J (ob /3) 5 e

Query: L
| | Pefuy) ==Lal
- Want to find near neighbors of inputy € {0,1}“. \gbo '

- Linear scan through all vectors in T(h(y)).

o ‘s’sdé oly N Vudedrs -)\uw,gx\la, P Q,\-Q.Mf,\41{’$
watcMes o 9o thedy,



NEAR NEIGHBOR SEARCH
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NEAR NEIGHBOR SEARCH

Two main considerations:

- False Negative Rate: What's the probability we do not find
a vector that is close to y?

- False Posi’g!ye Rate: What's the probability we need to
scan over vectors that are not close to y?

20



REDUCING FALSE NEGATIVE RATE

Faloc NLS&WL Rote

Suppose the nearest database point q has J(y,q) = .4.
—Y—>

What's the probability we do not find g?

Pr{ fmd "()3 % M
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REDUCING FALSE NEGATIVE RATE
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Pre-processing:

- Select t independent LSH's hy,..., h;: {0,139 = 1,...,m.
- Create tables Tq,..., T¢, each with m slots.

- Fori=1,...,n,j=1,...,tinsert q; into T;(hj(q;)).
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REDUCING FALSE NEGATIVE RATE

Query:

- Want to find near neighbors of input'y € {0,1}¢.

- Linear scan through all vectors in
Ta(ha(y)), T2(h2(y)), - - -, Te(he(y))-

23



REDUCING FALSE NEGATIVE RATE
t=10

Query: )

- Want to find near neighbors of input'y € {0,1}¢.

4%

- Linear scan through all vectors in
Ta(ha(y)), T2(h2(y)), - - -, Te(he(y))-

Suppose the nearest database point q has J(y,g) = .4,

! ?

What's tf;e probal%)ll(r%ydvve)rﬁgd q? LTl ed
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WHAT HAPPENS TO FALSE POSITIVES?

t-10
Suppose there is some other database point g; with s
J(y,q;) = .2?\What is the probability we will consider that point
in our original scheme? (P {h(a) “M(g)]x when g4

\n\\a qu( [} 7<’.)
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REDUCING FALSE POSITIVES

W19 wpfenly rordem %[C\ SRR YRR I

d Change our locality sensitive hash function.

0 (0 (D) -5 (D) = Va, hi): () 2,7

wMUen T ¥
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+ Choose parameter s € Zt.= §1,3,.-3 g-ntve
-,w%gbl.fﬁ
- Let¢y,...,Cs: {0,139 — [0,1] be random MinHashs.
- Letg : [0,1] — {1,...,m} be a fully random hash function.

- Let h(x) = g(ci(x), ..., cs(X)).
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TUNABLE LSH
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SOME EXAMPLES

+-%
5%

Parameter: S = 1.

Chance we find q; with J(y, q;) = .8: oD

|- -3
s
Tag o l-0-97 7 947
Chance we need to scan q; with J(y, q;) = .4
|- (1-1)° % 75
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SOME EXAMPLES

5
sx%

Parameter: S = 2.

Chance we find q; with J(y, q;) = .8:
[~ (1-8*)"
I 45— (-2 7 ¥

Chance we need to scan q; with J(y, q;) = .4

(-7 % 5%
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SOME EXAMPLES

=
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Parameter: S = 5.

Chance we find q; with J(y, q;) = .8:
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Chance we need to scan q; with J(y, q;) = .4
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S-CURVE TUNING

Probability we see g when queryingy if J(q,y) = v:

(-a-vy)

collision probability

o o1 o0z 03 04 05 o8 07 08 03 1
Jaccard similarity v
?7_-

s=5t=5
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S-CURVE TUNING

Probability we see g when queryingy if J(q,y) = v:
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S-CURVE TUNING

Probability we see g when queryingy if J(q,y) = v:
~1-(1-v)t

collision probability

o o1 02 03 04 05 o8 07 o8 03 1
Jaccard similarity v

S=40,t=5
Jowsse o 5 (urve weves (‘}&\f\’
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S-CURVE TUNING

Probability we see g when queryingy if J(q,y) = v:
1T—(1=v)t

collision probability

o o1 02 03 04 05 06 07 o0s 03 1
Jaccard similarity v

Increasing both s and t gives a steeper curve. [ ™ Stwe pley

Better for search, but worse space complexity. 33



FIXED THRESHOLD

Use Case 1: Fixed threshold.
- Shazam wants to find match to audio clip y in a database of 10
million clips.
- There ar‘e matches with J(y,q) > .9.
- There are 10,000# near matches with J(y,q) € [.7,.9].

With s =25and t = 40,

. Hft probab?l?ty for J(y, q?if is 2.1 —(1—.9%)¥

* Hit probability for J(y,q) € [.7, 9Lis S1— (1 - .925)40 :

* Hit probability for J(y,q) < 7is < — (1 — J2)0 = 005
[fCTotalnumberofitems scanned:} = wsivgy Veweariby of exped ot

| .95-10 ]+ 2o - 10,000 +i005 - 9,989, 9905x 60,000 _« 10,000, 000.
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FIXED THRESHOLD

anwe
\ fold —
\-{(\J&"’ (\_Lﬁ’
e e S5
Space complexity: 40 hash tables ~ 40 - O(n).

Directly trade space for fast search.

Naive  selution: Yo.w. d Spbce

S’W““b Yv‘l‘ﬂ(’{fb to dayq wedors: Yo -00) + wd
SPeLee
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FIXED THRESHOLD R

Wwe
wo dobe ssng?= T 39D
Concrete worst case result: Qoo™
Theorem (Indyk, Motwani, 1998)
If there exists some q with ||q — y|jo < R, return a vector q
with || —y|lo < C-Rin:
; 1/C I
- Time: O (n'/¢). - o)

+ Space: 0 (n'™/C). 5 ¢ (y*%)

lla — y|lo = "hamming distance” = number of elements that
differ between g and y.
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APPROXIMATE NEAREST NEIGHBOR SEARCH

Theorem (Indyk, Motwani, 1998)

Let q be the closest database vector to'y. Return a vector q
ith ||q — <C-llq- in:

with 19 —yllo < C-lla —ylloin:
- Time;y/0 (n"/©).
- Spgte: O (n™+/%).

Ne P’) })a( cpl(;]-—u,/"

{1-(30(5

\oy
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OTHER LSH FUNCTIONS

Good locality sensitive hash functions exists for many other
similarity measures.
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OTHER LSH FUNCTIONS

Good locality sensitive hash functions exists for many other
similarity measures.

-
Cosine similarity cos (6(x,y)) = HX<HX7IT>>III : - X7
. T

—1<cos(f(x,y)) <.
o= B0
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COSINE SIMILARITY

Cosine similarity is natural “inverse” for Euclidean distance.

Euclidean distance ||x — y||%:
Ix = yI?

» Suppose for simplicity that |M§ = HyH% =1.

“Y a“ , I’} +"3H» - ZX vd"
l :{ ZCI’XB)

L—-—,/’)

= |- sime s“'“v?\“"g\}'
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SIMHASH

X
-1.2

;
Locality sensitive hash for cosine similarity: -

- Let g € R? be randomly chosen with each entry N(0.7).
- h:RI — {—1,1},is definied h(x) = sign((g,x)). o (3'%)
——

[CEEEEANEY |
If cos(6(x,y)) = v, what is Pr[h(x):: h(y)]?
i r

(o3 (6(y, )=+ Pr[hld) = W5)T -0
(3(0(x,3)-1  Prfhl) = Wig) 1.
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SIMHASH

Inspired by Johnson-Lindenstrauss sketching

‘6‘-2.1384 20080 03538 0.009 0501 0.9 1330 13617 0.1 | |
-0.83%  0.8252 -0.8236 -0.2620 -0.0200 -0.8479 -2.3299  0.4550 -0.2176)

— 13546 13790 -1.5771 -1.7502 -0.0348 -1.1201 -1.4491 -0.8487 -0.3031]
-1.0722 -1.0582  0.5080 -0.2857 -0.7982 2.5260 0.3335 -0.3349  0.0230)

compute sign
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SIMHASH

Locality sensitive hash for cosine similarity:

- Let g € RY be randomly chosen with each entry A/(0,1).
« h:RY — {-1,1} is definied h(x) = sign((g,X)).

If cos(6(x,y)) = v, what is Pr[h(x == h(y)]?

42



SIMHASH ANALYSIS

|- ©C.3> 43
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SIMHASH TO SPEEDUP NEURAL NETWORKS

Work of Anshumali Shrivastava at Rice University and

coauthors.
Nonlinearity o /

Input Layer Layer 1 Layer 2

- Number of multiplications to evaluate N(x):
x| - [layer 1| + |layer 1| - |layer 2| + |layer 2| - [layer 3| + ...
- For an approximate solution, only consider neurons on
each each with high activation.
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SIMHASH TO SPEEDUP NEURAL NETWORKS

Work of Anshumali Shrivastava at Rice University and

coauthors.
Nonlinearity o /

n; = U<ZW("1'"1)"‘1>="( Wi, X))

J=1

Input Layer Layer 1 Layer 2

- High activation = large value of o({wj, X}).

- Typically o({wj, X)) increases as (w;, X) increases.

- Use LSH/SimHash to quickly find all w; for which (w;, x) is
large and only include these terms in the sum.
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FAST JOHNSON-LINDENSTRAUSS (TIME PERMITTING)

Why can’t we just sample entries from vectors?
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FAST JOHNSON-LINDENSTRAUSS (TIME PERMITTING)

[Ailon, Chazelle, 2009 - The Fast Johnson-Lindenstrauss
Transform]
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FAST JOHNSON-LINDENSTRAUSS (TIME PERMITTING)

[Ailon, Chazelle, 2009 - The Fast Johnson-Lindenstrauss
Transform]

49



FAST JOHNSON-LINDENSTRAUSS (TIME PERMITTING)

Deterministic Randomized Fully random sign
Hadamard matrix. = Hadamard HD. matrix.
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FAST JOHNSON-LINDENSTRAUSS (TIME PERMITTING)
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