
+ëࡷbĮ ߟߞߞߥ vࡇ �ƚżɾʕɟƚ ߠ
�ƚŏɟ ȘƚǞǃǕųȩɟ ɯƚŏɟżǕ ࣹ ȀȩżŏȀǞɾʿ ɯƚȘɯǞɾǞʲƚ
ǕŏɯǕǞȘǃ

�ĮĆ ÷ŏȘƇȩȘ ëżǕȩȩȀ ȩǀ CȘǃǞȘƚƚɟǞȘǃࡈ Úɟȩǀࡏ +ǕɟǞɯɾȩɔǕƚɟ �ʕɯżȩ

ߝ



˨̙ͻ͖;͖χϑξ˨ϑ͖ϻ̥

ࡄ ÚɟȩųȀƚȒ ɯƚɾ ࡏߝ
ࡄ áƚŏƇǞȘǃ ǃɟȩʕɔࡏ

ߞ



̥ϟ̐ͱ͖̙̥˨; ̙͖ͻ̥;χ͖Ύ;˨ͱ͖ϑІ ξ̥̙ϟ̐ϑ͖Ύ;

�ƚȒȒŏ ࡈ�ǞȘƇƚȘɯɾɟŏʕɯɯࡷ�ȩǕȘɯȩȘ࡫ ࡬ߠߤߥߝ
]ȧɛ ŏȗʻ ɫƙɺ ȧƿ ȗ Ɔŏɺŏ ɑȧǝȗɺɫ ɛߝ, . . . ,ɛȗ ∈ RƆ ɺǔƙɛƙ ƙʺǝɫɺɫ ŏ
ǿǝȗƙŏɛ ȑŏɑ Π : RƆ → Rȑ ʲǔƙɛƙ ȑ = ª

(
Ȁȩǃ ȗ
ϵߞ

)
ɫʑżǔ ɺǔŏɺ ƿȧɛ ŏǿǿ

ǝ, Ǳࡌ

−ߝ) ϵ)∥ɛǝ − ɛǱ∥ߞ ≤ ∥Πɛǝ −ΠɛǱ∥ߞ ≤ +ߝ) ϵ)∥ɛǝ − ɛǱ∥ߞ.

ߟ



ξ˨;̙Ύͻ͖В̥̙ ͩͱ ̐Ύ;χϑξϟ̐ϑ͖Ύ;χ

Π ∈ Rǹ×Ɔ ųƚ żǕȩɯƚȘ ɯȩ ɾǕŏɾ ƚŏżǕ ƚȘɾɟʿ ƚɛʕŏȀɯ √ߝ
ȑN ,ߜ) ࡏ(ߝ

ࡏࡏࡏ ȩɟ ƚŏżǕ ƚȘɾɟʿ ƚɛʕŏȀɯ √ߝ
ȑ ± ߝ ʶǞɾǕ ƚɛʕŏȀ ɔɟȩųŏųǞȀǞɾ ʿࡏ

°ǀɾƚȘ żŏȀȀƚƇ ɟŏȘƇȩȒࢅ ɔɟȩǲƚżɾǞȩȘɯࡏࢆ ĦǕʿࡐ

ߠ



ξ˨;̙Ύͻ͖В̥̙ ͩͱ ̐Ύ;χϑξϟ̐ϑ͖Ύ;χ

ߡ



ͻ̥˨;χࡷͬ ̐ͱϟχϑ̥ξ͖;͇

ǹࡷȒƚŏȘɯ ȩųǲƚżɾǞʲƚࡇ _ǞȘƇ żȀʕɯɾƚɟɯ ,ߝ* . . . , *ǹ ⊆ ,ߝ} . . . ,ȗ} ɾȩ
ȒǞȘǞȒǞˌƚࡇ

*ȧɫɺ(*ߝ, . . . , *ǹ) =
ǹ∑

Ǳ=ߝ

ߝ
|Ǳ*|ߞ

∑

ʑ,ʮ∈*Ǳ

∥ĭʑ − ĭʮ∥ߞߞ.

ߢ



ͻ̥˨;χࡷͬ ̐ͱϟχϑ̥ξ͖;͇

�ɔɔɟȩʾǞȒŏɾǞȩȘ ŏȀǃȩɟǞɾǕȒࡇ _ǞȘƇ ȩɔɾǞȒŏȀ żȀʕɯɾƚɟɯ ߝ∗̃* , . . . , *̃∗ǹ ǀȩɟ
ɾǕƚ ǹ ƇǞȒƚȘɯǞȩȘ Ƈŏɾŏ ɯƚɾ Πĭߝ, . . . ,Πĭȗ.

ߣ



ͻ̥˨;χࡷͬ ̐ͱϟχϑ̥ξ͖;͇

*ȧɫɺ(*ߝ, . . . , *ǹ) =
ǹ∑

Ǳ=ߝ

ߝ
|Ǳ*|ߞ

∑

ʑ,ʮ∈*Ǳ

∥ĭʑ − ĭʮ∥ߞߞ.

*̃ȧɫɺ(*ߝ, . . . , *ǹ) =
ǹ∑

Ǳ=ߝ

ߝ
|Ǳ*|ߞ

∑

ʑ,ʮ∈*Ǳ

∥Πĭʑ − Πĭʮ∥ߞߞ.

_ȩɟ ŏȘʿ ,ߝ* . . . , *ǹࡈ

−ߝ) ϵ)*ȧɫɺ(*ߝ, . . . , *ǹ) ≤ *̃ȧɫɺ(*ߝ, . . . , *ǹ) ≤ +ߝ) ϵ)*ȧɫɺ(*ߝ, . . . , *ǹ)

ߤ



ͻ̥˨;χࡷͬ ̐ͱϟχϑ̥ξ͖;͇

�ƚɾ ߝ∗* , . . . , *∗ǹ = ŏɟǃȒǞȘ *ȧɫɺ(*ߝ, . . . , *ǹ) ŏȘƇ
ߝ∗̃* , . . . , *̃∗ǹ = ŏɟǃȒǞȘ *̃ȧɫɺ(*ߝ, . . . , *ǹ)

ĦŏȘɾ ɾȩ ɔɟȩʲƚࡇ *ȧɫɺ(*̃∗ߝ , . . . , *̃∗ǹ) ≤ +ߝ) ª(ϵ))*ȧɫɺ(*∗ߝ , . . . , *∗ǹ)

ߥ



χ͖ͻ͖ͱ˨ξ͖ϑІ χ̥ͬϑ͖̐͑;͇

bȩŏȀࡇ bǞʲƚȘ ǞȘɔʕɾ ʲƚżɾȩɟɯ ɛ ŏȘƇ ʿࡈ *(ɛ) ŏȘƇ *(ʿ) ɯǕȩʕȀƇ ųƚ
ɯǞȒǞȀŏɟ Ǟǀ ɛ ŏȘƇ ʿ ŏɟƚ ɯǞȒǞȀŏɟࡏ

ߜߝ



χ͖ͻ͖ͱ˨ξ͖ϑІ χ̥ͬϑ͖̐͑;͇

°ɾǕƚɟ CʾŏȒɔȀƚࡇ $ǞȘŏɟʿ ʲŏȀʕƚƇ ʲƚżɾȩɟɯࡏ

4ƚ˙ȘǞɾǞȩȘ �ŏżżŏɟƇ࡫ ëǞȒǞȀŏɟǞɾʿ࡬

�(ɛ, ʿ) = |ɛ ∩ ʿ|
|ɛ ∪ ʿ| =

ࡍ ȩǀ ȘȩȘࡷˌƚɟȩ ƚȘɾɟǞƚɯ ǞȘ żȩȒȒȩȘ
ɾȩɾŏȀ ࡍ ȩǀ ȘȩȘࡷˌƚɟȩ ƚȘɾɟǞƚɯ

ߜ ≤ �(ɛ, ʿ) ≤ ࡏߝ

ߝߝ



ͻ͖;͑˨χ͑

ࡄ +Ǖȩȩɯƚ ǹ ɟŏȘƇȩȒ ǕŏɯǕ ǀʕȘżɾǞȩȘɯ
ǔߝ, . . . ,ǔǹ : ,ߝ} . . . ,ȗ} → ,ߜ] ࡏ[ߝ

ࡄ _ȩɟ ǝ ∈ ,ߝ . . . , ǹࡈ Ȁƚɾ żǝ = ȒǞȘǱ,ɛǱ=ߝ ǔǝ(Ǳ)ࡏ
ࡄ *(ɛ) = [żߝ, . . . , żǹ]ࡏ

ߞߝ



χ͖ͻ͖ͱ˨ξ͖ϑІ χ̥ͬϑ͖̐͑;͇

CʾŏȒɔȀƚ ࡇߝ $ǞȘŏɟʿ ʲŏȀʕƚƇ ʲƚżɾȩɟɯࡏ

vǀ �(ɛ, ʿ) = ʮ ɾǕƚȘ ɾǕƚ ƚʾɔƚżɾƚƇ ȘʕȒųƚɟ ȩǀ żȩȒȒȩȘ ƚȘɾɟǞƚɯ
ųƚɾʶƚƚȘ *(ɛ) ŏȘƇ *(ʿ) Ǟɯ ʮࡏ

ĆɯǞȘǃ ŏ +ǕƚɟȘȩǀǀ ųȩʕȘƇࡈ ʶƚ ɔɟȩʲƚƇ ɾǕŏɾ Ǟǀ *Ȓŏɔɯ ɾȩ ƇǞȒƚȘɯǞȩȘ
ª
(
Ȁȩǃ(ߝ/δ)

ϵߞ

)
ࡈ ʶƚ żŏȘ ŏɔɔɟȩʾǞȒŏɾƚ ɾǕƚ �ŏżżŏɟƇ ɯǞȒǞȀŏɟǞɾʿ ųƚɾʶƚƚȘ

ŏȘʿ ɾʶȩ ųǞȘŏɟʿ ʲƚżɾȩɟɯ ɾȩ ŏżżʕɟŏżʿ ϵ ʶǞɾǕ ɔɟȩųŏųǞȀǞɾʿ −ߝ δࡏ

ߟߝ



;̥˨ξ ;̥͖͇͑̊Ύξ χ̥˨ξ̐͑

+ȩȒȒȩȘ ǃȩŏȀࡇ _ǞȘƇ ŏȀȀ ˙ȘǃƚɟɔɟǞȘɾɯ ǞȘ Ƈŏɾŏųŏɯƚ ɛߝ, . . . ,ɛȗ ∈ RƆ

ɾǕŏɾ ŏɟƚ żȀȩɯƚ ɾȩ ɯȩȒƚ ǞȘɔʕɾ ˙Șǃƚɟ ɔɟǞȘɾ ʿ ∈ RƆࡏ

ࡄ �ʕƇǞȩ ࣹ ʲǞƇƚȩ ɯƚŏɟżǕࡏ
ࡄ _ǞȘƇǞȘǃ ƇʕɔȀǞżŏɾƚ ȩɟ Șƚŏɟ ƇʕɔȀǞżŏɾƚ ƇȩżʕȒƚȘɾɯࡏ
ࡄ ëƚǞɯȒǞż ŏɔɔȀǞżŏɾǞȩȘɯ Ǖƚɟƚ࡫ ɾǕƚʿ ʶŏȘɾ ŏȀȀ ɔŏǞɟɯ ȩǀ żȀȩɯƚ
˙ȘǃƚɟɔɟǞȘɾɯࡏ࡬

4ȩƚɯ ɯǞȒǞȀŏɟǞɾʿ ɯǺƚɾżǕǞȘǃ ǕƚȀɔ ǞȘ ɾǕƚɯƚ ŏɔɔȀǞżŏɾǞȩȘɯࡐ

ߠߝ



̥̊ІΎ;̙ ˨ ͱ͖;̥˨ξ χ̐˨;

�ƚʶ ǃȩŏȀࡇ ëʕųȀǞȘƚŏɟ ȧ(ȗ) ɾǞȒƚ ɾȩ ˙ȘƇ Șƚŏɟ ȘƚǞǃǕųȩɟɯࡏ

ߡߝ



ͱΎ̐˨ͱ͖ϑІ χ̥;χ͖ϑ͖ϻ̥ ͑˨χ͑ ͂ϟ;̐ϑ͖Ύ;χ

�ƚɾ ǔ : RƆ → ,ߝ} . . . ,ȑ} ųƚ ŏ ɟŏȘƇȩȒ ǕŏɯǕ ǀʕȘżɾǞȩȘࡏ

Ħƚ żŏȀȀ ǔ ȀȩżŏȀǞɾʿ ɯƚȘɯǞɾǞʲƚ Ǟǀ Úɟ [ǔ(ɛ) == ǔ(ʿ)] Ǟɯࡇ

ࡄ mǞǃǕƚɟ ʶǕƚȘ ɛ ŏȘƇ ʿ ŏɟƚ Ȓȩɟƚ ɯǞȒǞȀŏɟࡏ
ࡄ �ȩʶƚɟ ʶǕƚȘ ɛ ŏȘƇ ʿ ƇǞǀǀƚɟ ɯʕųɯɾŏȘɾǞŏȀȀ ʿࡏ

ߢߝ



ͱΎ̐˨ͱ͖ϑІ χ̥;χ͖ϑ͖ϻ̥ ͑˨χ͑ ͂ϟ;̐ϑ͖Ύ;χ

�ëm ǀȩɟ �ŏżżŏɟƇ ɯǞȒǞȀŏɟǞɾʿࡇ

ࡄ �ƚɾ ż : ,ߜ} Ɔ{ߝ → ,ߜ] [ߝ ųƚ ŏ ɯǞȘǃȀƚ ǞȘɯɾŏȘɾǞŏɾǞȩȘ ȩǀ �ǞȘmŏɯǕࡏ
ࡄ �ƚɾ ǂ : ,ߜ] [ߝ → ,ߝ} . . . ,ȑ} ųƚ ŏ ǀʕȀȀʿ ɟŏȘƇȩȒ ǕŏɯǕ ǀʕȘżɾǞȩȘࡏ
ࡄ �ƚɾ ǔ(ʾ) = ǂ(ż(ʾ)).

vǀ �(ɛ, ʿ) = ʮࡈ

Úɟ [ǔ(ɛ) == ǔ(ʿ)] =

ߣߝ



ͱΎ̐˨ͱ͖ϑІ χ̥;χ͖ϑ͖ϻ̥ ͑˨χ͑ ͂ϟ;̐ϑ͖Ύ;χ

�ëm ǀȩɟ �ŏżżŏɟƇ ɯǞȒǞȀŏɟǞɾʿࡇ

ࡄ �ƚɾ ż : ,ߜ} Ɔ{ߝ → ,ߜ] [ߝ ųƚ ŏ ɯǞȘǃȀƚ ǞȘɯɾŏȘɾǞŏɾǞȩȘ ȩǀ �ǞȘmŏɯǕࡏ
ࡄ �ƚɾ ǂ : ,ߜ] [ߝ → ,ߝ} . . . ,ȑ} ųƚ ŏ ǀʕȀȀʿ ɟŏȘƇȩȒ ǕŏɯǕ ǀʕȘżɾǞȩȘࡏ
ࡄ �ƚɾ ǔ(ʾ) = ǂ(ż(ʾ)).

vǀ �(ɛ, ʿ) = ʮࡈ

Úɟ [ǔ(ɛ) == ǔ(ʿ)] =

ߣߝ



;̥˨ξ ;̥͖͇͑̊Ύξ χ̥˨ξ̐͑

$ŏɯǞż ŏɔɔɟȩŏżǕ ǀȩɟ Șƚŏɟ ȘƚǞǃǕųȩɟ ɯƚŏɟżǕ ǞȘ ŏ Ƈŏɾŏųŏɯƚࡏ

ÚɟƚࡷɔɟȩżƚɯɯǞȘǃࡇ

ࡄ ëƚȀƚżɾ ɟŏȘƇȩȒ �ëm ǀʕȘżɾǞȩȘ ǔ : ,ߜ} Ɔ{ߝ → ,ߝ . . . ,ȑࡏ
ࡄ +ɟƚŏɾƚ ɾŏųȀƚ î ʶǞɾǕ ȑ ɯȀȩɾɯࡏ
ࡄ _ȩɟ ǝ = ,ߝ . . . ,ȗࡈ ǞȘɯƚɟɾ ɛǝ ǞȘɾȩ î(ǔ(ɛǝ))ࡏ

ßʕƚɟʿࡇ

ࡄ ĦŏȘɾ ɾȩ ˙ȘƇ Șƚŏɟ ȘƚǞǃǕųȩɟɯ ȩǀ ǞȘɔʕɾ ʿ ∈ ,ߜ} ࡏƆ{ߝ
ࡄ �ǞȘƚŏɟ ɯżŏȘ ɾǕɟȩʕǃǕ ŏȀȀ ʲƚżɾȩɟɯ ǞȘ î(ǔ(ʿ))ࡏ

ߤߝ



;̥˨ξ ;̥͖͇͑̊Ύξ χ̥˨ξ̐͑

$ŏɯǞż ŏɔɔɟȩŏżǕ ǀȩɟ Șƚŏɟ ȘƚǞǃǕųȩɟ ɯƚŏɟżǕ ǞȘ ŏ Ƈŏɾŏųŏɯƚࡏ

ÚɟƚࡷɔɟȩżƚɯɯǞȘǃࡇ

ࡄ ëƚȀƚżɾ ɟŏȘƇȩȒ �ëm ǀʕȘżɾǞȩȘ ǔ : ,ߜ} Ɔ{ߝ → ,ߝ . . . ,ȑࡏ
ࡄ +ɟƚŏɾƚ ɾŏųȀƚ î ʶǞɾǕ ȑ ɯȀȩɾɯࡏ
ࡄ _ȩɟ ǝ = ,ߝ . . . ,ȗࡈ ǞȘɯƚɟɾ ɛǝ ǞȘɾȩ î(ǔ(ɛǝ))ࡏ

ßʕƚɟʿࡇ

ࡄ ĦŏȘɾ ɾȩ ˙ȘƇ Șƚŏɟ ȘƚǞǃǕųȩɟɯ ȩǀ ǞȘɔʕɾ ʿ ∈ ,ߜ} ࡏƆ{ߝ
ࡄ �ǞȘƚŏɟ ɯżŏȘ ɾǕɟȩʕǃǕ ŏȀȀ ʲƚżɾȩɟɯ ǞȘ î(ǔ(ʿ))ࡏ

ߤߝ



;̥˨ξ ;̥͖͇͑̊Ύξ χ̥˨ξ̐͑

ߥߝ



;̥˨ξ ;̥͖͇͑̊Ύξ χ̥˨ξ̐͑

÷ʶȩ ȒŏǞȘ żȩȘɯǞƇƚɟŏɾǞȩȘɯࡇ

ࡄ _ŏȀɯƚ �ƚǃŏɾǞʲƚ áŏɾƚࡇ ĦǕŏɾ࢈ɯ ɾǕƚ ɔɟȩųŏųǞȀǞɾʿ ʶƚ Ƈȩ Șȩɾ ˙ȘƇ
ŏ ʲƚżɾȩɟ ɾǕŏɾ Ǟɯ żȀȩɯƚ ɾȩ ʿࡐ

ࡄ _ŏȀɯƚ ÚȩɯǞɾǞʲƚ áŏɾƚࡇ ĦǕŏɾ࢈ɯ ɾǕƚ ɔɟȩųŏųǞȀǞɾʿ ʶƚ ȘƚƚƇ ɾȩ
ɯżŏȘ ȩʲƚɟ ʲƚżɾȩɟɯ ɾǕŏɾ ŏɟƚ Șȩɾ żȀȩɯƚ ɾȩ ʿࡐ

ߜߞ



ξ̥̙ϟ͖̐;͇ ͂˨ͱχ̥ ;̥͇˨ϑ͖ϻ̥ ξ˨ϑ̥

ëʕɔɔȩɯƚ ɾǕƚ Șƚŏɟƚɯɾ Ƈŏɾŏųŏɯƚ ɔȩǞȘɾ ɛ Ǖŏɯ �(ʿ,ɛ) = ࡏߠ.

ĦǕŏɾ࢈ɯ ɾǕƚ ɔɟȩųŏųǞȀǞɾʿ ʶƚ Ƈȩ Șȩɾ ˙ȘƇ ɛࡐ

ߝߞ



ξ̥̙ϟ͖̐;͇ ͂˨ͱχ̥ ;̥͇˨ϑ͖ϻ̥ ξ˨ϑ̥

ÚɟƚࡷɔɟȩżƚɯɯǞȘǃࡇ

ࡄ ëƚȀƚżɾ ɺ ǞȘƇƚɔƚȘƇƚȘɾ �ëm࢈ɯ ǔߝ, . . . ,ǔɺ : ,ߜ} Ɔ{ߝ → ,ߝ . . . ,ȑࡏ
ࡄ +ɟƚŏɾƚ ɾŏųȀƚɯ îߝ, . . . , îɺࡈ ƚŏżǕ ʶǞɾǕ ȑ ɯȀȩɾɯࡏ
ࡄ _ȩɟ ǝ = ,ߝ . . . ,ȗࡈ Ǳ = ,ߝ . . . , ɺࡈ ǞȘɯƚɟɾ ɛǝ ǞȘɾȩ îǱ(ǔǱ(ɛǝ))ࡏ

ߞߞ



ξ̥̙ϟ͖̐;͇ ͂˨ͱχ̥ ;̥͇˨ϑ͖ϻ̥ ξ˨ϑ̥

ßʕƚɟʿࡇ

ࡄ ĦŏȘɾ ɾȩ ˙ȘƇ Șƚŏɟ ȘƚǞǃǕųȩɟɯ ȩǀ ǞȘɔʕɾ ʿ ∈ ,ߜ} ࡏƆ{ߝ
ࡄ �ǞȘƚŏɟ ɯżŏȘ ɾǕɟȩʕǃǕ ŏȀȀ ʲƚżɾȩɟɯ ǞȘ
îߝ(ǔߝ(ʿ)), îߞ(ǔߞ(ʿ)), . . . , îɺ(ǔɺ(ʿ))ࡏ

ëʕɔɔȩɯƚ ɾǕƚ Șƚŏɟƚɯɾ Ƈŏɾŏųŏɯƚ ɔȩǞȘɾ ɛ Ǖŏɯ �(ʿ,ɛ) = ࡏߠ.

ĦǕŏɾ࢈ɯ ɾǕƚ ɔɟȩųŏųǞȀǞɾʿ ʶƚ ˙ȘƇ ɛࡐ

ߟߞ



ξ̥̙ϟ͖̐;͇ ͂˨ͱχ̥ ;̥͇˨ϑ͖ϻ̥ ξ˨ϑ̥

ßʕƚɟʿࡇ

ࡄ ĦŏȘɾ ɾȩ ˙ȘƇ Șƚŏɟ ȘƚǞǃǕųȩɟɯ ȩǀ ǞȘɔʕɾ ʿ ∈ ,ߜ} ࡏƆ{ߝ
ࡄ �ǞȘƚŏɟ ɯżŏȘ ɾǕɟȩʕǃǕ ŏȀȀ ʲƚżɾȩɟɯ ǞȘ
îߝ(ǔߝ(ʿ)), îߞ(ǔߞ(ʿ)), . . . , îɺ(ǔɺ(ʿ))ࡏ

ëʕɔɔȩɯƚ ɾǕƚ Șƚŏɟƚɯɾ Ƈŏɾŏųŏɯƚ ɔȩǞȘɾ ɛ Ǖŏɯ �(ʿ,ɛ) = ࡏߠ.

ĦǕŏɾ࢈ɯ ɾǕƚ ɔɟȩųŏųǞȀǞɾʿ ʶƚ ˙ȘƇ ɛࡐ

ߟߞ

t . r o
gaol.



Ͼ͑˨ϑ ͑˨θθ̥;χ ϑΎ ͂˨ͱχ̥ θΎχ͖ϑ͖ϻ̥χࡐ

ëʕɔɔȩɯƚ ɾǕƚɟƚ Ǟɯ ɯȩȒƚ ȩɾǕƚɟ Ƈŏɾŏųŏɯƚ ɔȩǞȘɾ ɛǱ ʶǞɾǕ
�(ʿ,ɛǱ) = ࡐߞ. ĦǕŏɾ Ǟɯ ɾǕƚ ɔɟȩųŏųǞȀǞɾʿ ʶƚ ʶǞȀȀ żȩȘɯǞƇƚɟ ɾǕŏɾ ɔȩǞȘɾ
ǞȘ ȩʕɟ ȩɟǞǃǞȘŏȀ ɯżǕƚȒƚࡐ

vȘ ɾǕƚ Șƚʶ ɯżǕƚȒƚࡐ

ߠߞ

t . i o
say.



ξ̥̙ϟ͖̐;͇ ͂˨ͱχ̥ θΎχ͖ϑ͖ϻ̥χ

+ǕŏȘǃƚ ȩʕɟ ȀȩżŏȀǞɾʿ ɯƚȘɯǞɾǞʲƚ ǕŏɯǕ ǀʕȘżɾǞȩȘࡏ

÷ʕȘŏųȀƚ �ëm ǀȩɟ �ŏżżŏɟƇ ɯǞȒǞȀŏɟǞɾʿࡇ

ࡄ +Ǖȩȩɯƚ ɔŏɟŏȒƚɾƚɟ ɫ ∈ Z+ࡏ
ࡄ �ƚɾ żߝ, . . . , żɫ : ,ߜ} Ɔ{ߝ → ,ߜ] [ߝ ųƚ ɟŏȘƇȩȒ �ǞȘmŏɯǕɯࡏ
ࡄ �ƚɾ ǂ : ,ߜ] ɫ[ߝ → ,ߝ} . . . ,ȑ} ųƚ ŏ ǀʕȀȀʿ ɟŏȘƇȩȒ ǕŏɯǕ ǀʕȘżɾǞȩȘࡏ
ࡄ �ƚɾ ǔ(ʾ) = ǂ(żߝ(ʾ), . . . , żɫ(ʾ)).

vǀ �(ɛ, ʿ) = ʮࡈ

Úɟ [ǔ(ɛ) == ǔ(ʿ)] =

ߡߞ



ϑϟ;˨̊ͱ̥ ͱχ͑

ߢߞ



χΎͻ̥ ̥Ѕ˨ͻθͱ̥χ

ÚŏɟŏȒƚɾƚɟࡇ ë = ࡏߝ

+ǕŏȘżƚ ʶƚ ˙ȘƇ ɛǝ ʶǞɾǕ �(ʿ,ɛǝ) = ࡇߤ.

+ǕŏȘżƚ ʶƚ ȘƚƚƇ ɾȩ ɯżŏȘ ɛǱ ʶǞɾǕ �(ʿ,ɛǱ) = ࡇߠ.

ߣߞ

+i s
>8 %



χΎͻ̥ ̥Ѕ˨ͻθͱ̥χ

ÚŏɟŏȒƚɾƚɟࡇ ë = ࡏߞ

+ǕŏȘżƚ ʶƚ ˙ȘƇ ɛǝ ʶǞɾǕ �(ʿ,ɛǝ) = ࡇߤ.

+ǕŏȘżƚ ʶƚ ȘƚƚƇ ɾȩ ɯżŏȘ ɛǱ ʶǞɾǕ �(ʿ,ɛǱ) = ࡇߠ.

ߤߞ

x .s
s o o o



χΎͻ̥ ̥Ѕ˨ͻθͱ̥χ

ÚŏɟŏȒƚɾƚɟࡇ ë = ࡏߡ

+ǕŏȘżƚ ʶƚ ˙ȘƇ ɛǝ ʶǞɾǕ �(ʿ,ɛǝ) = ࡇߤ.

+ǕŏȘżƚ ʶƚ ȘƚƚƇ ɾȩ ɯżŏȘ ɛǱ ʶǞɾǕ �(ʿ,ɛǱ) = ࡇߠ.

ߥߞ

t e n
" %



ɫ̐ࡷϟξϻ̥ ϑϟ;͖;͇

ÚɟȩųŏųǞȀǞɾʿ ʶƚ ɯƚƚ ɛ ʶǕƚȘ ɛʕƚɟʿǞȘǃ ʿ Ǟǀ �(ɛ, ʿ) = ʮࡇ

−ߝ −ߝ) ʮɫ)ɺ

ɫ = ,ߡ ɺ = ߡ
ߜߟ



ɫ̐ࡷϟξϻ̥ ϑϟ;͖;͇

ÚɟȩųŏųǞȀǞɾʿ ʶƚ ɯƚƚ ɛ ʶǕƚȘ ɛʕƚɟʿǞȘǃ ʿ Ǟǀ �(ɛ, ʿ) = ʮࡇ

−ߝ −ߝ) ʮɫ)ɺ

ɫ = ,ߡ ɺ = ߜߠ
ߝߟ



ɫ̐ࡷϟξϻ̥ ϑϟ;͖;͇

ÚɟȩųŏųǞȀǞɾʿ ʶƚ ɯƚƚ ɛ ʶǕƚȘ ɛʕƚɟʿǞȘǃ ʿ Ǟǀ �(ɛ, ʿ) = ʮࡇ

≈ −ߝ −ߝ) ʮɫ)ɺ

ɫ = ,ߜߠ ɺ = ߡ
ߞߟ



ɫ̐ࡷϟξϻ̥ ϑϟ;͖;͇

ÚɟȩųŏųǞȀǞɾʿ ʶƚ ɯƚƚ ɛ ʶǕƚȘ ɛʕƚɟʿǞȘǃ ʿ Ǟǀ �(ɛ, ʿ) = ʮࡇ

−ߝ −ߝ) ʮɫ)ɺ

vȘżɟƚŏɯǞȘǃ ųȩɾǕ ɫ ŏȘƇ ɺ ǃǞʲƚɯ ŏ ɯɾƚƚɔƚɟ żʕɟʲƚࡏ

$ƚɾɾƚɟ ǀȩɟ ɯƚŏɟżǕࡈ ųʕɾ ʶȩɟɯƚ ɯɔŏżƚ żȩȒɔȀƚʾǞɾʿࡏ ߟߟ



͖͂Ѕ̥̙ ϑ͑ξ̥χ͑Ύͱ̙

Ćɯƚ +ŏɯƚ ࡇߝ _ǞʾƚƇ ɾǕɟƚɯǕȩȀƇࡏ

ࡄ ëǕŏˌŏȒ ʶŏȘɾɯ ɾȩ ˙ȘƇ ȒŏɾżǕ ɾȩ ŏʕƇǞȩ żȀǞɔ ʿ ǞȘ ŏ Ƈŏɾŏųŏɯƚ ȩǀ ߜߝ
ȒǞȀȀǞȩȘ żȀǞɔɯࡏ

ࡄ ÷Ǖƚɟƚ ŏɟƚ ߜߝ ɾɟʕƚ ȒŏɾżǕƚɯ ʶǞɾǕ �(ʿ,ɛ) > ࡏߥ.
ࡄ ÷Ǖƚɟƚ ŏɟƚ ߜߜߜߜࡈߜߝ Șƚŏɟ ȒŏɾżǕƚɯ ʶǞɾǕ �(ʿ,ɛ) ∈ ,ߣ.] ࡏ[ߥ.

ĦǞɾǕ ɫ = ߡߞ ŏȘƇ ɺ = ࡈߜߠ

ࡄ mǞɾ ɔɟȩųŏųǞȀǞɾʿ ǀȩɟ �(ʿ,ɛ) > ߥ. Ǟɯ ! −ߝ −ߝ) ߜߠ(ߡߞߥ. = ߡߥ.
ࡄ mǞɾ ɔɟȩųŏųǞȀǞɾʿ ǀȩɟ �(ʿ,ɛ) ∈ ,ߣ.] [ߥ. Ǟɯ " −ߝ −ߝ) ߜߠ(ߡߞߥ. = ߡߥ.
ࡄ mǞɾ ɔɟȩųŏųǞȀǞɾʿ ǀȩɟ �(ʿ,ɛ) < ߣ. Ǟɯ " −ߝ −ߝ) ߜߠ(ߡߞߣ. = ߡߜߜ.

÷ȩɾŏȀ ȘʕȒųƚɟ ȩǀ ǞɾƚȒɯ ɯżŏȘȘƚƇࡇ
ߡߥ. · +ߜߝ ߡߥ. · ,ߜߝ +ߜߜߜ ߡߜߜ. · ,ߥ ,ߥߤߥ ߜߥߥ ≈ ,ߜߢ ≫ߜߜߜ ,ߜߝ ,ߜߜߜ .ߜߜߜ

ߠߟ



͖͂Ѕ̥̙ ϑ͑ξ̥χ͑Ύͱ̙

ëɔŏżƚ żȩȒɔȀƚʾǞɾʿࡇ ߜߠ ǕŏɯǕ ɾŏųȀƚɯ ≈ ߜߠ · ª(ȗ)ࡏ

4ǞɟƚżɾȀʿ ɾɟŏƇƚ ɯɔŏżƚ ǀȩɟ ǀŏɯɾ ɯƚŏɟżǕࡏ

ߡߟ



͖͂Ѕ̥̙ ϑ͑ξ̥χ͑Ύͱ̙ ξ

+ȩȘżɟƚɾƚ ʶȩɟɯɾ żŏɯƚ ɟƚɯʕȀɾࡇ
÷ǕƚȩɟƚȒ ࡈvȘƇʿǺ࡫ �ȩɾʶŏȘǞࡈ ࡬ߤߥߥߝ
sƿ ɺǔƙɛƙ ƙʺǝɫɺɫ ɫȧȑƙ ɗ ʲǝɺǔ ∥ɛ− ʿ∥ߜ ≤ Úࡌ ɛƙɺʑɛȗ ŏ ʮƙżɺȧɛ ɛ̃
ʲǝɺǔ ∥ɛ̃− ʿ∥ߜ ≤ * · Ú ǝȗࡋ

ࡄ îǝȑƙࡋ ª
(
ȗߝ/*

)
ࡒ

ࡄ ãɑŏżƙࡋ ª
(
ȗߝ+ߝ/*

)
ࡒ

∥ɛ− ʿ∥ߜ = ǕŏȒȒǞȘǃࢆ ƇǞɯɾŏȘżƚࢆ ࣌ ȘʕȒųƚɟ ȩǀ ƚȀƚȒƚȘɾɯ ɾǕŏɾ
ƇǞǀǀƚɟ ųƚɾʶƚƚȘ ɛ ŏȘƇ ʿࡏ

ߢߟ



˨θθξΎЅ͖ͻ˨ϑ̥ ;̥˨ξ̥χϑ ;̥͖͇͑̊Ύξ χ̥˨ξ̐͑

÷ǕƚȩɟƚȒ ࡈvȘƇʿǺ࡫ �ȩɾʶŏȘǞࡈ ࡬ߤߥߥߝ
�ƙɺ ɗ ųƙ ɺǔƙ żǿȧɫƙɫɺ Ɔŏɺŏųŏɫƙ ʮƙżɺȧɛ ɺȧ ʿࡒ Úƙɺʑɛȗ ŏ ʮƙżɺȧɛ ɛ̃
ʲǝɺǔ ∥ɛ̃− ʿ∥ߜ ≤ * · ∥ɛ− ʿ∥ߜ ǝȗࡋ

ࡄ îǝȑƙࡋ ª̃
(
ȗߝ/*

)
ࡒ

ࡄ ãɑŏżƙࡋ ª̃
(
ȗߝ+ߝ/*

)
ࡒ

�Șʿ ǞƇƚŏɯ ǀȩɟ Ǖȩʶ ɾǕǞɯ Ǟɯ ƇȩȘƚࡐ

ߣߟ



Ύϑ̥͑ξ ͱχ͑ ͂ϟ;̐ϑ͖Ύ;χ

bȩȩƇ ȀȩżŏȀǞɾʿ ɯƚȘɯǞɾǞʲƚ ǕŏɯǕ ǀʕȘżɾǞȩȘɯ ƚʾǞɯɾɯ ǀȩɟ ȒŏȘʿ ȩɾǕƚɟ
ɯǞȒǞȀŏɟǞɾʿ Ȓƚŏɯʕɟƚɯࡏ

+ȩɯǞȘƚ ɯǞȒǞȀŏɟǞɾʿ żȩɯ (θ(ʾ, ʿ)) = ⟨ʾ,ʿ⟩
∥ʾ∥ߞ∥ʿ∥ߞ ࡇ

ߝ− ≤ żȩɯ (θ(ʾ, ʿ)) ≤ ࡏߝ

ߤߟ



Ύϑ̥͑ξ ͱχ͑ ͂ϟ;̐ϑ͖Ύ;χ

bȩȩƇ ȀȩżŏȀǞɾʿ ɯƚȘɯǞɾǞʲƚ ǕŏɯǕ ǀʕȘżɾǞȩȘɯ ƚʾǞɯɾɯ ǀȩɟ ȒŏȘʿ ȩɾǕƚɟ
ɯǞȒǞȀŏɟǞɾʿ Ȓƚŏɯʕɟƚɯࡏ

+ȩɯǞȘƚ ɯǞȒǞȀŏɟǞɾʿ żȩɯ (θ(ʾ, ʿ)) = ⟨ʾ,ʿ⟩
∥ʾ∥ߞ∥ʿ∥ߞ ࡇ

ߝ− ≤ żȩɯ (θ(ʾ, ʿ)) ≤ ࡏߝ

ߤߟ



̐Ύχ͖;̥ χ͖ͻ͖ͱ˨ξ͖ϑІ

+ȩɯǞȘƚ ɯǞȒǞȀŏɟǞɾʿ Ǟɯ ȘŏɾʕɟŏȀ ࢅ ǞȘʲƚɟɯƚࢆ ǀȩɟ CʕżȀǞƇƚŏȘ ƇǞɯɾŏȘżƚࡏ

CʕżȀǞƇƚŏȘ ƇǞɯɾŏȘżƚ ∥ʾ− ʿ∥ࡇߞߞ

ࡄ ëʕɔɔȩɯƚ ǀȩɟ ɯǞȒɔȀǞżǞɾʿ ɾǕŏɾ ∥ʾ∥ߞߞ = ∥ʿ∥ߞߞ = ࡏߝ

ߥߟ



χ͖ͻ͑˨χ͑

�ȩżŏȀǞɾʿ ɯƚȘɯǞɾǞʲƚ ǕŏɯǕ ǀȩɟ żȩɯǞȘƚ ɯǞȒǞȀŏɟǞɾʿࡇ

ࡄ �ƚɾ ǃ ∈ RƆ ųƚ ɟŏȘƇȩȒȀʿ żǕȩɯƚȘ ʶǞɾǕ ƚŏżǕ ƚȘɾɟʿ N ,ߜ) ࡏ(ߝ
ࡄ ǔ : RƆ → ,ߝ−} {ߝ Ǟɯ Ƈƚ˙ȘǞƚƇ ǔ(ʾ) = ɯǞǃȘ(⟨ǃ, ʾ⟩)ࡏ

vǀ żȩɯ(θ(ʾ, ʿ)) = ʮࡈ ʶǕŏɾ Ǟɯ Úɟ[ǔ(ʾ == ǔ(ʿ)]ࡐ

ߜߠ



χ͖ͻ͑˨χ͑

vȘɯɔǞɟƚƇ ųʿ �ȩǕȘɯȩȘࡷ�ǞȘƇƚȘɯɾɟŏʕɯɯ ɯǺƚɾżǕǞȘǃ

ߝߠ



χ͖ͻ͑˨χ͑

�ȩżŏȀǞɾʿ ɯƚȘɯǞɾǞʲƚ ǕŏɯǕ ǀȩɟ żȩɯǞȘƚ ɯǞȒǞȀŏɟǞɾʿࡇ

ࡄ �ƚɾ ǃ ∈ RƆ ųƚ ɟŏȘƇȩȒȀʿ żǕȩɯƚȘ ʶǞɾǕ ƚŏżǕ ƚȘɾɟʿ N ,ߜ) ࡏ(ߝ
ࡄ ǔ : RƆ → ,ߝ−} {ߝ Ǟɯ Ƈƚ˙ȘǞƚƇ ǔ(ʾ) = ɯǞǃȘ(⟨ǃ, ʾ⟩)ࡏ

vǀ żȩɯ(θ(ʾ, ʿ)) = ʮࡈ ʶǕŏɾ Ǟɯ Úɟ[ǔ(ʾ == ǔ(ʿ)]ࡐ

ߞߠ



χ͖ͻ͑˨χ͑ ˨;˨ͱІχ͖χ

1ߟߠ .ocee,
p i



χ͖ͻ͑˨χ͑ ˨;˨ͱІχ͖χ

ߠߠ



χ͖ͻ͑˨χ͑ ϑΎ χθ̥̥̙ϟθ ;̥ϟξ˨ͱ ;̥ϑϾΎξͬχ

ĦȩɟǺ ȩǀ �ȘɯǕʕȒŏȀǞ ëǕɟǞʲŏɯɾŏʲŏ ŏɾ áǞżƚ ĆȘǞʲƚɟɯǞɾʿ ŏȘƇ
żȩŏʕɾǕȩɟɯࡏ

ࡄ �ʕȒųƚɟ ȩǀ ȒʕȀɾǞɔȀǞżŏɾǞȩȘɯ ɾȩ ƚʲŏȀʕŏɾƚ N (ʾ)ࡇ
|ʾ| · |Ȁŏʿƚɟ +|ߝ |Ȁŏʿƚɟ |ߝ · |Ȁŏʿƚɟ +|ߞ |Ȁŏʿƚɟ |ߞ · |Ȁŏʿƚɟ +|ߟ . . ࡏ.

ࡄ _ȩɟ ŏȘ ŏɔɔɟȩʾǞȒŏɾƚ ɯȩȀʕɾǞȩȘࡈ ȩȘȀʿ żȩȘɯǞƇƚɟ ȘƚʕɟȩȘɯ ȩȘ
ƚŏżǕ ƚŏżǕ ʶǞɾǕ ǕǞǃǕ ŏżɾǞʲŏɾǞȩȘࡏ

ߡߠ



χ͖ͻ͑˨χ͑ ϑΎ χθ̥̥̙ϟθ ;̥ϟξ˨ͱ ;̥ϑϾΎξͬχ

ĦȩɟǺ ȩǀ �ȘɯǕʕȒŏȀǞ ëǕɟǞʲŏɯɾŏʲŏ ŏɾ áǞżƚ ĆȘǞʲƚɟɯǞɾʿ ŏȘƇ
żȩŏʕɾǕȩɟɯࡏ

ࡄ mǞǃǕ ŏżɾǞʲŏɾǞȩȘ = Ȁŏɟǃƚ ʲŏȀʕƚ ȩǀ σ(⟨ʶǝ, ʾ⟩)ࡏ
ࡄ ÷ʿɔǞżŏȀȀʿ σ(⟨ʶǝ, ʾ⟩) ǞȘżɟƚŏɯƚɯ ŏɯ ⟨ʶǝ, ʾ⟩ ǞȘżɟƚŏɯƚɯࡏ
ࡄ Ćɯƚ �ëmࡕëǞȒmŏɯǕ ɾȩ ɛʕǞżǺȀʿ ˙ȘƇ ŏȀȀ ʶǝ ǀȩɟ ʶǕǞżǕ ⟨ʶǝ, ʾ⟩ Ǟɯ
Ȁŏɟǃƚ ŏȘƇ ȩȘȀʿ ǞȘżȀʕƇƚ ɾǕƚɯƚ ɾƚɟȒɯ ǞȘ ɾǕƚ ɯʕȒࡏ

ߢߠ



͂˨χϑ ͩΎ͑;χΎ;ࡷͱ͖;̙̥;χϑξ˨ϟχχ ϑ͖ͻ̥࡫ θ̥ξͻ͖ϑϑ͖;͇࡬

ĦǕʿ żŏȘ࢈ɾ ʶƚ ǲʕɯɾ ɯŏȒɔȀƚ ƚȘɾɟǞƚɯ ǀɟȩȒ ʲƚżɾȩɟɯࡐ

ߣߠ



͂˨χϑ ͩΎ͑;χΎ;ࡷͱ͖;̙̥;χϑξ˨ϟχχ ϑ͖ͻ̥࡫ θ̥ξͻ͖ϑϑ͖;͇࡬

ࡈ�ǞȀȩȘ࡟ +ǕŏˌƚȀȀƚࡈ ߥߜߜߞ ࡵ ÷Ǖƚ _ŏɯɾ �ȩǕȘɯȩȘࡷ�ǞȘƇƚȘɯɾɟŏʕɯɯ
÷ɟŏȘɯǀȩɟȒࡠ

ߤߠ



͂˨χϑ ͩΎ͑;χΎ;ࡷͱ͖;̙̥;χϑξ˨ϟχχ ϑ͖ͻ̥࡫ θ̥ξͻ͖ϑϑ͖;͇࡬

ࡈ�ǞȀȩȘ࡟ +ǕŏˌƚȀȀƚࡈ ߥߜߜߞ ࡵ ÷Ǖƚ _ŏɯɾ �ȩǕȘɯȩȘࡷ�ǞȘƇƚȘɯɾɟŏʕɯɯ
÷ɟŏȘɯǀȩɟȒࡠ

ߥߠ



͂˨χϑ ͩΎ͑;χΎ;ࡷͱ͖;̙̥;χϑξ˨ϟχχ ϑ͖ͻ̥࡫ θ̥ξͻ͖ϑϑ͖;͇࡬

4ƚɾƚɟȒǞȘǞɯɾǞż
mŏƇŏȒŏɟƇ ȒŏɾɟǞʾࡏ

áŏȘƇȩȒǞˌƚƇ
mŏƇŏȒŏɟƇ k2ࡏ

_ʕȀȀʿ ɟŏȘƇȩȒ ɯǞǃȘ
ȒŏɾɟǞʾࡏ

ߜߡ



͂˨χϑ ͩΎ͑;χΎ;ࡷͱ͖;̙̥;χϑξ˨ϟχχ ϑ͖ͻ̥࡫ θ̥ξͻ͖ϑϑ͖;͇࡬

ߝߡ


