CS-GY 9223 I: Lecture 3
Sketching, the Johnson-Lindenstrauss lemma +
applications

NYU Tandon School of Engineering, Prof. Christopher Musco



STREAMING ALGORITHMS

Abstract architecture of a streaming algorithm:

- Given a dataset D = d,...,d, with n pieces of data, we
want to output f(D) for some function f.
- Maintain state S; with <« |D| space at each time step t.
- Update phase: Receive dy,...,d, in sequence, update
St S U(St_1, dt)
- Process phase: Using S,, compute approximation to f(D).
Typical setup for training models in machine learning, required

for large scale data monitoring (e.g. processing sensor data,
time series, seismic data, satellite imagery, etc.)
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DISTINCT ELEMENTS PROBLEM

Input: d4,...,d, € U where U is a huge universe of items.
Output: Number of distinct inputs, D.
Example: f(1,10,10,4,9,1,1,4) — 4
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Input: d4,...,d, € U where U is a huge universe of items.
Output: Number of distinct inputs, D.
Example: f(1,10,10,4,9,1,1,4) — 4

Naive solution takes O(D) space and is exact. We want
something that uses much less space, but is approximate.

In practice: Approximate COUNT(DISTINCT) in huge databases
(of weblogs, biological data, etc.).



DISTINCT ELEMENTS PROBLEM

Input: di,...,d, € U where U is a huge universe of items.
Output: Number of distinct inputs.
Example: f(1,10,10,4,9,1,1,4) — 4

Basic estimator:

S
— h(d;)
—e — ® - —]
0 h(d,) h(d,) h(dg) h(ds) h(d,) 1
h(d,) h(de)
h(d,)

D randomly placed balls

E[S] = 535 Estimate D~ ¢ — 1.
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REPEAT TO BOOST ACCURACY

- Choose k random hash function hq,..., hg : U — [0,1].
- Maintain k estimators Sq, ..., Sy.
S
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- Choose k random hash function hq,..., hg : U — [0,1].
- Maintain k estimators Sq, ..., Sy.

- Set: S =138, S

- Estimate: D~ & — 1.
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REPEAT TO BOOST ACCURACY

- Choose k random hash function hq,..., hg : U — [0,1].

- Maintain k estimators Sq, ..., Sy.
- Set: ' = 138, Spi

- Estimate: D~ & — 1. “
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FINAL BOUND

Applying Chebyshev’s inequality: Neetimators to
return D satisfying:

(1—{@3_[5(1%)@

with probability 9/10.
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In practice, we cannot hash to real numbers on [0, 1]. Instead,
map to bit vectors.
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DISTINCT ELEMENTS IN PRACTICE

In practice, we cannot hash to real numbers on [0, 1]. Instead,
map to bit vectors.

Real Flajolet-Martin / HyperLoglLog:

hix,) 1010010
h(x,) 1001100
hixs) 1001110
h(x,) 1011000

- Estimate # distinct elements

based on maximum number of
trailing zeros m.

- The more distinct hashes we see,

the higher we expect this
maximum to be.
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Flajolet-Durand / HyperLoglLog:

h(x) | 1010010
h(x,) | 1001100
h(x) | 1001110
h(x) | 1011000

- Estimate # distinct elements

based on maximum number of
trailing zeros m.

- The more distinct hashes we see,

the higher we expect this
maximum to be.

With D distinct elements what do we expect m to be?

Pr(h(x;) has logD trailing zeros) = ! =

1
2 logD E

So with D distinct hashes, expect to see 1 with logD trailing

zeros. Expect m ~ logD.



LOGLOG SPACE

Flajolet-Durand / HyperLoglLog:

h(x) | 1010010
h(x,) | 1001100
h(x) | 1001110
h(x) | 1011000

- Estimate # distinct elements

based on maximum number of
trailing zeros m.

- The more distinct hashes we see,

the higher we expect this
maximum to be.

With D distinct elements what do we expect m to be?

Pr(h(x;) has logD trailing zeros) = ! =

1
2 logD E

So with D distinct hashes, expect to see 1 with logD trailing
zeros. Expect m = log D. m takes O(loglog D) bits to store. .
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Total Space: O (‘0272@ + log D) for an e approximate count.

“Using an auxiliary memory smaller than the size of this abstract, the
LogLog algorithm makes it possible to estimate in a single pass and

within a few percents the number of different words in the whole of
Shakespeare’'s works.” - Flajolet, Durand.



LOGLOG SPACE

Total Space: O (‘0272@ + log D) for an e approximate count.

“Using an auxiliary memory smaller than the size of this abstract, the
LogLog algorithm makes it possible to estimate in a single pass and

within a few percents the number of different words in the whole of
Shakespeare’'s works.” - Flajolet, Durand.

Using HyperlLoglLog to count 1 billion distinct items with 2% accuracy:

space used =0 ( oglogD + log D)
6

_ 1041108, 108, D, 10g, b1 bits
€
= 1.04-5 -+ 30 = 13030 bits ~ 1.6 kB!
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DISTRIBUTED DISTINCT ELEMENTS

d11-r dk11'r d2k‘|1'rd d3k11-rd4
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HYPERLOGLOG IN PRACTICE

Implementations: Google PowerDrill, Facebook Presto, Twitter
Algebird, Amazon Redshift.

Use Case: Exploratory SQL-like queries on tables with 100’s of
billions of rows.
- Count number of distinct users in Germany that made at least

one search containing the word ‘auto’ in the last month.

- Count number of distinct subject lines in emails sent by users
that have registered in the last week, in comparison to number
of emails sent overall (to estimate rates of spam accounts).
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HYPERLOGLOG IN PRACTICE

Implementations: Google PowerDrill, Facebook Presto, Twitter
Algebird, Amazon Redshift.

Use Case: Exploratory SQL-like queries on tables with 100’s of
billions of rows.
- Count number of distinct users in Germany that made at least

one search containing the word ‘auto’ in the last month.

- Count number of distinct subject lines in emails sent by users
that have registered in the last week, in comparison to number
of emails sent overall (to estimate rates of spam accounts).

Answering a query requires a (distributed) linear scan over the
database: 2 seconds in Google's distributed implementation.
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HYPERLOGLOG IN PRACTICE

“The system has been in production since end of 2008 and was
made available for internal users across all of Google mid
2009. Each month it is used by more than 800 users sending
out about 4 million SQL queries. After a hard day’s work, one
of our top users has spent over 6 hours in the Ul, triggering
up to 12 thousand queries. When using our column-store as a
backend, this may amount to scanning as much as 525 trillion
cells in (hypothetical) full scans.”
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SKETCHING ALGORITHMS

Abstract architecture of a sketching algorithm:

- Given a dataset D = dy, ..., d, with n pieces of data, we
want to output f(D) for some function f.
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SKETCHING ALGORITHMS

Abstract architecture of a sketching algorithm:

- Given a dataset D = dy, ..., d, with n pieces of data, we
want to output f(D) for some function f.

- Sketch phase: Foreach i€ 1,...,n, compute s; = C(d)),
where Cis some compression function and |s;| < d.

- Process phase: Using (lower dimensional) dataset
S1,...,Sp, COmpute an approximation to f(D).

Sketching phase is easily
distributed, parallelized, etc.
Better space complexity,
communication complexity,
runtime, all at once.
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SIMILARITY ESTIMATION

How does Shazam match a song clip against a library of 8
million songs (32 TB of data) in a fraction of a second?
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SIMILARITY ESTIMATION

How does Shazam match a song clip against a library of 8
million songs (32 TB of data) in a fraction of a second?

vvvvvv

Spectrogram extracted ~ Processed spectrogram:

from audio clip. used to construct audio
“fingerprint” q € {0,1}¢.

Each clip is represented by a high dimensional binary vector q.
1 111 1 111 1
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SIMILARITY ESTIMATION

Given g, find any nearby “fingerprint” y in a database - i.e. any
y with dist(y, q) small.
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SIMILARITY ESTIMATION

Given g, find any nearby “fingerprint” y in a database - i.e. any
y with dist(y, q) small.

Challenges:

- Database is possibly huge: O(nd) bits.
- Expensive to compute dist(y, q): O(d) time.

15



SIMILARITY ESTIMATION

Goal: Design a more compact sketch for comparing
q,y € {0,1}9. Ideally < d space/time complexity.
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SIMILARITY ESTIMATION

Goal: Design a more compact sketch for comparing
q,y € {0,1}9. Ideally < d space/time complexity.

C(q) € R
C(y) € RF

[1]0]1]1]o]ofo[1]0o]ofo]0o[1][1]0]1]
lc
ol es 0]z

Homomorphic Compression:

C(q) should be similar to C(y) if q is similar toy.

16



JACCARD SIMILARITY

Definition (Jaccard Similarity)

lgNy| #of non-zero entries in common
lquYy| total # of non-zero entries

Natural similarity measure for binary vectors. 0 < J(q,y) < 1.

Other applications:

- Change detection in documents (high speed web caches).

- Analyzing seismic data (matching signatures of
earthquakes).

- User recommendations on social networking sites.

17



JACCARD SIMILARITY FOR DOCUMENT COMPARISON

“Bag-of-words” model:

Thisis|a|sentencel.

O T I T T T A T T T T T T T T T T T T T T T T T T T T T T T T AT T T T 0]

a aardvark z00

How many words do a pair of documents have in common?
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JACCARD SIMILARITY FOR DOCUMENT COMPARISON

“Bag-of-words” model:

Thislis|a sentence]

[T I T I T I I T I T T T T I T I T I T I T T I T T

How many bigrams do a pair of documents have in common?
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JACCARD SIMILARITY FOR DOCUMENT COMPARISON

“Bag-of-words” model:

Thislis alsentence]

(I T T I I T I T T I T T I T I T T I I T T T T

How many trigrams do a pair of documents have in common?

18



JACCARD SIMILARITY FOR SEISMIC DATA

Feature extract pipeline for earthquake data.

19



SIMILARITY ESTIMATION

Goal: Design a compact sketch C: {0,1} — R

[1]o]1[1]o]ofo[1]ofofo]o[1]1]o]1]

lc
sl 10]3]

Homomorphic Compression: Want to use C(q), C(y) to
approximately compute the Jaccard similarity J(q,Y).

20



MINHASH

MinHash (Broder, '97):

- Choose k random hash functions
hy,...;heg: {1,...,n} = [0,1].

- Foriel,...,k let¢ = minLqF1 hi()).

- Ca) =[c, ..., cl-

21



MINHASH

MinHash (Broder, '97):

- Choose k random hash functions
hy,...;heg: {1,...,n} = [0,1].

- Forie,...,R letc = mir1j-7qj.:1 hi()).

- C(q) =[c1y. .., Ch-

¢ ¢ G C
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MINHASH

- Choose k random hash functions
hy,....hg: {1,...,n} — [0,1].

- Forie,...,R let¢ = minj,qjﬁ hi()).

- C(q) =[c1y. -, Crl-

1 111 1 171 1

0 \ 1
24
G, G G C
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MINHASH ANALYSIS

Claim: Pr[ci(q) = ci(y)] “)((6/3) : 1

C(<)
vy o [ey) -6 Q)]
@TJ :’L
y (L3

o] —— Bl
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MINHASH ANALYSIS

o\ /\ "\ A
Claim: Pr[cafq) =ay)]=Jay). ~ u
YV

ql1]0[1]1,
y| 1

/

N

Y-

Total ¥ »f distwet ver|  volwes %U‘{
TO&O\ 2 06 ﬂﬂ‘)‘,d— " Po)'a’f'!rh‘ ' Q(/\Y

Y
.\;\_p\__‘

1

\o4q

23



MINHASH ANALYSIS

Return j =

Unbiased estimate for Jaccard S|m|lar|ty\IEj =J(q, y_l

col iz (s

8

v oo

/.12) 98 (.76?.11
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MINHASH ANALYSIS

Chernoff bound: Analysis is the same as summing ragdom
coin flips. As long as k = O (‘%2C4)) ‘then with prob21 —A,]

(0.¥) —e <T(C(@): ) <J(@.y) e

—

Ir K> does vt hepper
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MINHASH ANALYSIS

Chernoff bound: Analysis is the same as summing random
coin flips. As longas k = O <M> then with prob. 1 —4,4
(. ————

J(a,y) — e <T(C(a), C(y)) < J(a,y) +e.

And J only takes O(k) time to compute! Independent of
original fingerprint dimension d.

25



MINHASH ANALYSIS

T R
C——

J= 4 20 1ci(a) = i(y)]

Suffices to prove:
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MINHASH ANALYSIS

Theorem (Chernoff Bound, 1)

Let X1,X5, ..., X, be independent {0,1}-valued random variables
and let p; = E[Xi], where 0 < p; < 1. Then the sum = Zﬁ; Xi,
which has mean pu = ZL p;, satisfies

Waut h gro\!ti &,
2 PriX> (1+0)u] < e o .
?fi;T 7’_3/)"’] éé 1§ K- Or[nﬁf‘/g);— ) ]_ €

A ) A w ~
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MINHASH ANALYSIS

Theorem (Chernoff Bound, 2)
Let X1,X5, ..., X, be independent {0, 1}-valued random variables
and let p; = E[Xi], where 0 < p; < 1. Then the suml = Zﬁ; Xi,
which has mean u = Y2, p;, satisfies X
Wowk do  groves
wifca-el s g

PrIX<(1—d)u] <e 5
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REMAINDER OF CLASS

One incredibly powerful theorem:

The Johnson-Lindenstrauss Lemma.
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EUCLIDEAN DIMENSIONALITY REDUCTION

.45/.681.10 .92
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EUCLIDEAN DIMENSIONALITY REDUCTION

.62(.93/.00|.11 |.31|.45|.21 |.17

.89/.88|.50 (.42 (.86 |.34 |.71

2
C

A
.45/.68 .10 (.92
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EUCLIDEAN DIMENSIONALITY REDUCTION

( A
.621.93(.00(.11 |.31 |.45|.21 |.17 |.12 |.89|.88|.50 |.42 |.86 |.34 |.71

T 2

.45/.68 .10 (.92

Euclidean norm / distance:

- Given q,y € Rd, distance deﬁned as |la =yl

—_—
p—
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EUCLIDEAN DIMENSIONALITY REDUCTION

.62(.93/.00|.11 |.31|.45|.21 |.17

.89/.88|.50 (.42 (.86 |.34 |.71

2
C

A
.45/.68 .10 (.92

Euclidean norm / distance:

- Given g € RY, ||q]> = /2L, q(i)2.
- Given g,y € RY, distance defined as ||q — y||,.

Can we find compact sketches that preserve Euclidean
distance, just as we did for Jaccard similarity?

31



EUCLIDEAN DIMENSIONALITY REDUCTION

Lemma (Johnson-Lindenstrauss, 1984) T

For any set of n data points s, . .., qn € RY there exists a
linear map M : R% — R* where k= 0 (log”> such that for all
[y —_—

(1=e)llai — qjll2 < [Mg; — Agjll> < (1+ €)lla =yl

w1 E
l

lop (1)
O( 4,

3 |-

-
A
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EUCLIDEAN DIMENSIONALITY REDUCTION

Remarkably, I can be chosen completely at random!

One possible construction: Random Gaussian.

ny=—nE1 LP=° ]
ij = )1 —
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EUCLIDEAN DIMENSIONALITY REDUCTION

Remarkably, I can be chosen completely at random!

One possible construction: Random Gaussian.

1
ii=—=N(0,1
) \/E ( )

The map M is oblivious to the data set. This stands in
constrast to e.g. PCA, amoungst other differences.

n
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EUCLIDEAN DIMENSIONALITY REDUCTION

Remarkably, I can be chosen completely at random!

One possible construction: Random Gaussian.

1
ij= WN(OJ)
The map M is oblivious to the data set. This stands in
constrast to e.g. PCA, amoungst other differences.

n

[Indyk, Motwani 1998] [Arriage, Vempala 1999] [Achlioptas 2001]
[Dasgupta, Gupta 2003].

Many other possible choices suffice - you can use random
{+1,—1} variables, sparse random matrices, pseudorandom Tl.
Each with different advantages. We should have time to

discuss a few examples next lecture.
33



EUCLIDEAN DIMENSIONALITY REDUCTION

Intermediate result: (which we already know how to prove)

Lemma (Distributional JL Lemma)

Let M € R be chosen so that each entry equals - I=N(0,7),
where N(0,1) denotes a standard Gaussian ranclom var/able.

If we choose kR = O (%) then for any vector q, with
probability (1 —0):

(T=9llal2 < INqll2 < (1 + ¢)l[all2
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EUCLIDEAN DIMENSIONALITY REDUCTION

Intermediate result: (which we already know how to prove)

Lemma (Distributional JL Lemma)

Let M € R be chosen so that each entry equals - I=N(0,7),
where N(0,1) denotes a standard Gaussian ranclom var/able.

If we choose kR = O (%) then for any vector q, with
probability (1 —0): /) 5 -3 }W
(1- 6)HQHz < |INqll; < (1 +€)||CI||2

MGy gl = D77 g - Mg

Twp\\‘!}bl — ‘]‘_-6 K= O(\Os u,/£>) en  with P(o\v, °l/lD
(Olgigh, € U g; Tigilly, < (e gl dor ol 2y 6 2vovd 3



IN CLASS EXERCISE
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IN CLASS EXERCISE
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PROOF OF DISTRIBUTIONAL JL

Want to argue that with high probability, [|[[q|l, = (1 + €)]|q]|»-
It suffices to prove that, with probability (1 — §),

(1= 9)llall < [Nql3 < (1+¢)llall3
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PROOF OF DISTRIBUTIONAL JL

Want to argue that with high probability, [|[[q|l, = (1 + €)]|q]|»-
It suffices to prove that, with probability (1 — §),

(1= 9)llall < [Nql3 < (1+¢)llall3

Claim: E[|Mq|3 = [|q]}>
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PROOF OF DISTRIBUTIONAL JL

Want to argue that with high probability, [|[[q|l, = (1 + €)]|q]|»-
It suffices to prove that, with probability (1 — §),

(1= 9)llall < [Nql3 < (1+¢)llall3

d Claim: E[|Nq]5 = [|qll?. =
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PROOF OF DISTRIBUTIONAL JL
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STABLE RANDOM VARIABLES

. . (o
What type of random variable |;l [I'Iq],'z?g - \{
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STABLE RANDOM VARIABLES

What type of random variable i@ [Mq]??

Fact (Stabili i i

N(M170—'12) +N(M270—§) = N(/M + M270—12 —+ O—%)

Y
l-\/\/ )
N (o, \l%\‘“>
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STABLE RANDOM VARIABLES

What type of random variable is [Mq]??

Fact (Stability of Gaussian random variables)

N(M170—'12) +N(M270—§) = N(/M + M270—12 —+ O—%)

@is the square of a Gaussian random variable and |Mx|13
is a sum of k squared Gaussian random variables.
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STABLE RANDOM VARIABLES

What type of random variable is [Mq]??

Fact (Stability of Gaussian random variables)

N(M170—'12) +N(M270—§) = N(/M + M270—12 —+ O—%)

[Mq]? is the square of a Gaussian random variable and ||Mx||3
is a sum of k squared Gaussian random variables.
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CONCENTRATION OF CHI-SQUARED RANDOM VARIABLES

Lemma

Let X be a chi-squared random variable with k degrees of
freedom.

Pr{|EX — X| > €EX] < 2e~k'/®
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SAMPLE APPLICATION

k-means clustering: Give data points Xq,..., Xy, find centers
[, - . ., ik to minimize: M
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K-MEANS CLUSTERING

Equivalent formulation: Find clusters Cy,...,C, C {1,...,n} to
minimize: @@D D, @O
Cost(Cy, ..., Cp) Z > X = XI5

= || R
N uyec=—""
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K-MEANS CLUSTERING

Approximation algorithm: Find optimal clusters Gy, ..., C for
the k = 0(!%8") dimension data set MX;, . .., MX,.
P

€2
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K-MEANS CLUSTERING

k
Cost(Ci,..., G 221’ Xe = X[
J=1 J u,ve(
~ 5 L +
éo>’(’ (C,/ .-./(\4> Zr),]()] \?\;{C- \\TTXM ’T’X\I nw

(1-9) Il £ L < (1ol
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