
+ëࡷbĮ ߟߞߞߥ vࡇ �ƚżɾʕɟƚ ߟ
ëǺƚɾżǕǞȘǃࡈ ɾǕƚ �ȩǕȘɯȩȘࡷ�ǞȘƇƚȘɯɾɟŏʕɯɯ ȀƚȒȒŏ ࣹ
ŏɔɔȀǞżŏɾǞȩȘɯ

�ĮĆ ÷ŏȘƇȩȘ ëżǕȩȩȀ ȩǀ CȘǃǞȘƚƚɟǞȘǃࡈ Úɟȩǀࡏ +ǕɟǞɯɾȩɔǕƚɟ �ʕɯżȩ

ߝ



χϑξ̥˨ͻ͖;͇ ˨ͱ͇Ύξ͖ϑ͑ͻχ

�ųɯɾɟŏżɾ ŏɟżǕǞɾƚżɾʕɟƚ ȩǀ ŏ ɯɾɟƚŏȒǞȘǃ ŏȀǃȩɟǞɾǕȒࡇ

ࡄ bǞʲƚȘ ŏ Ƈŏɾŏɯƚɾ 2 = Ɔߝ, . . . ,Ɔȗ ʶǞɾǕ ȗ ɔǞƚżƚɯ ȩǀ Ƈŏɾŏࡈ ʶƚ
ʶŏȘɾ ɾȩ ȩʕɾɔʕɾ ƿ(2) ǀȩɟ ɯȩȒƚ ǀʕȘżɾǞȩȘ ƿࡏ

ࡄ �ŏǞȘɾŏǞȘ ɯɾŏɾƚ ãɺ ʶǞɾǕ≪ |2| ɯɔŏżƚ ŏɾ ƚŏżǕ ɾǞȒƚ ɯɾƚɔ ɺࡏ
ࡄ ĆɔƇŏɾƚ ɔǕŏɯƚࡇ áƚżƚǞʲƚ Ɔߝ, . . . ,Ɔȗ ǞȘ ɯƚɛʕƚȘżƚࡈ ʕɔƇŏɾƚ
ãɺ ← ý(ãɺ−ߝ,Ɔɺ)ࡏ

ࡄ Úɟȩżƚɯɯ ɔǕŏɯƚࡇ ĆɯǞȘǃ ãȗࡈ żȩȒɔʕɾƚ ŏɔɔɟȩʾǞȒŏɾǞȩȘ ɾȩ ƿ(2)ࡏ

÷ʿɔǞżŏȀ ɯƚɾʕɔ ǀȩɟ ɾɟŏǞȘǞȘǃ ȒȩƇƚȀɯ ǞȘ ȒŏżǕǞȘƚ ȀƚŏɟȘǞȘǃࡈ ɟƚɛʕǞɟƚƇ
ǀȩɟ Ȁŏɟǃƚ ɯżŏȀƚ Ƈŏɾŏ ȒȩȘǞɾȩɟǞȘǃ ࡏǃࡏƚ ɔɟȩżƚɯɯǞȘǃ ɯƚȘɯȩɟ Ƈŏɾŏࡈ
ɾǞȒƚ ɯƚɟǞƚɯࡈ ɯƚǞɯȒǞż Ƈŏɾŏࡈ ɯŏɾƚȀȀǞɾƚ ǞȒŏǃƚɟ ʿࡈ ƚɾżࡏ

ߞ



̙͖χϑ͖;̐ϑ ̥ͱ̥ͻ̥;ϑχ θξΎ̊ͱ̥ͻ

vȘɔʕɾࡇ Ɔߝ, . . . ,Ɔȗ ∈ U ʶǕƚɟƚ U Ǟɯ ŏ Ǖʕǃƚ ʕȘǞʲƚɟɯƚ ȩǀ ǞɾƚȒɯࡏ

°ʕɾɔʕɾࡇ �ʕȒųƚɟ ȩǀ ƇǞɯɾǞȘżɾ ǞȘɔʕɾɯࡈ ࡏ2

CʾŏȒɔȀƚࡇ ƿ(ߝ, ,ߜߝ ,ߜߝ ,ߠ ,ߥ ,ߝ ,ߝ →(ߠ ߠ

�ŏǞʲƚ ɯȩȀʕɾǞȩȘ ɾŏǺƚɯ ª(2) ɯɔŏżƚ ŏȘƇ Ǟɯ ƚʾŏżɾࡏ Ħƚ ʶŏȘɾ
ɯȩȒƚɾǕǞȘǃ ɾǕŏɾ ʕɯƚɯ ȒʕżǕ Ȁƚɯɯ ɯɔŏżƚࡈ ųʕɾ Ǟɯ ŏɔɔɟȩʾǞȒŏɾƚࡏ

vȘ ɔɟŏżɾǞżƚࡇ �ɔɔɟȩʾǞȒŏɾƚ +°Ć�÷4vë÷v�+÷ ǞȘ Ǖʕǃƚ Ƈŏɾŏųŏɯƚɯ
ȩǀ ʶƚųȀȩǃɯࡈ ųǞȩȀȩǃǞżŏȀ Ƈŏɾŏࡈ ƚɾżࡏࡏ

ߟ



̙͖χϑ͖;̐ϑ ̥ͱ̥ͻ̥;ϑχ θξΎ̊ͱ̥ͻ

vȘɔʕɾࡇ Ɔߝ, . . . ,Ɔȗ ∈ U ʶǕƚɟƚ U Ǟɯ ŏ Ǖʕǃƚ ʕȘǞʲƚɟɯƚ ȩǀ ǞɾƚȒɯࡏ

°ʕɾɔʕɾࡇ �ʕȒųƚɟ ȩǀ ƇǞɯɾǞȘżɾ ǞȘɔʕɾɯࡈ ࡏ2

CʾŏȒɔȀƚࡇ ƿ(ߝ, ,ߜߝ ,ߜߝ ,ߠ ,ߥ ,ߝ ,ߝ →(ߠ ߠ

�ŏǞʲƚ ɯȩȀʕɾǞȩȘ ɾŏǺƚɯ ª(2) ɯɔŏżƚ ŏȘƇ Ǟɯ ƚʾŏżɾࡏ Ħƚ ʶŏȘɾ
ɯȩȒƚɾǕǞȘǃ ɾǕŏɾ ʕɯƚɯ ȒʕżǕ Ȁƚɯɯ ɯɔŏżƚࡈ ųʕɾ Ǟɯ ŏɔɔɟȩʾǞȒŏɾƚࡏ

vȘ ɔɟŏżɾǞżƚࡇ �ɔɔɟȩʾǞȒŏɾƚ +°Ć�÷4vë÷v�+÷ ǞȘ Ǖʕǃƚ Ƈŏɾŏųŏɯƚɯ
ȩǀ ʶƚųȀȩǃɯࡈ ųǞȩȀȩǃǞżŏȀ Ƈŏɾŏࡈ ƚɾżࡏࡏ

ߟ



̙͖χϑ͖;̐ϑ ̥ͱ̥ͻ̥;ϑχ θξΎ̊ͱ̥ͻ

vȘɔʕɾࡇ Ɔߝ, . . . ,Ɔȗ ∈ U ʶǕƚɟƚ U Ǟɯ ŏ Ǖʕǃƚ ʕȘǞʲƚɟɯƚ ȩǀ ǞɾƚȒɯࡏ

°ʕɾɔʕɾࡇ �ʕȒųƚɟ ȩǀ ƇǞɯɾǞȘżɾ ǞȘɔʕɾɯࡈ ࡏ2

CʾŏȒɔȀƚࡇ ƿ(ߝ, ,ߜߝ ,ߜߝ ,ߠ ,ߥ ,ߝ ,ߝ →(ߠ ߠ

�ŏǞʲƚ ɯȩȀʕɾǞȩȘ ɾŏǺƚɯ ª(2) ɯɔŏżƚ ŏȘƇ Ǟɯ ƚʾŏżɾࡏ Ħƚ ʶŏȘɾ
ɯȩȒƚɾǕǞȘǃ ɾǕŏɾ ʕɯƚɯ ȒʕżǕ Ȁƚɯɯ ɯɔŏżƚࡈ ųʕɾ Ǟɯ ŏɔɔɟȩʾǞȒŏɾƚࡏ

vȘ ɔɟŏżɾǞżƚࡇ �ɔɔɟȩʾǞȒŏɾƚ +°Ć�÷4vë÷v�+÷ ǞȘ Ǖʕǃƚ Ƈŏɾŏųŏɯƚɯ
ȩǀ ʶƚųȀȩǃɯࡈ ųǞȩȀȩǃǞżŏȀ Ƈŏɾŏࡈ ƚɾżࡏࡏ

ߟ



̙͖χϑ͖;̐ϑ ̥ͱ̥ͻ̥;ϑχ θξΎ̊ͱ̥ͻ

vȘɔʕɾࡇ Ɔߝ, . . . ,Ɔȗ ∈ U ʶǕƚɟƚ U Ǟɯ ŏ Ǖʕǃƚ ʕȘǞʲƚɟɯƚ ȩǀ ǞɾƚȒɯࡏ

°ʕɾɔʕɾࡇ �ʕȒųƚɟ ȩǀ ƇǞɯɾǞȘżɾ ǞȘɔʕɾɯࡏ

CʾŏȒɔȀƚࡇ ƿ(ߝ, ,ߜߝ ,ߜߝ ,ߠ ,ߥ ,ߝ ,ߝ →(ߠ ߠ

$ŏɯǞż ƚɯɾǞȒŏɾȩɟࡇ

E[ã] = ߝ
ߝ+2 . CɯɾǞȒŏɾƚ 2 ≈ ߝ

ã − .ߝ
ߠ



ξ̥θ̥˨ϑ ϑΎ ̊ΎΎχϑ ˨̐̐ϟξ˨̐І

ࡄ +Ǖȩȩɯƚ ǹ ɟŏȘƇȩȒ ǕŏɯǕ ǀʕȘżɾǞȩȘ ǔߝ, . . . ,ǔǹ : U → ,ߜ] ࡏ[ߝ
ࡄ �ŏǞȘɾŏǞȘ ǹ ƚɯɾǞȒŏɾȩɟɯ ãߝ, . . . , ãǹࡏ

ࡄ ëƚɾࡇ ã′ = ߝ
ǹ
∑ǹ

ǝ=ߝ ãǹࡏ
ࡄ CɯɾǞȒŏɾƚࡇ 2 ≈ ߝ

ã′ − ࡏߝ

vǀ ģŏɟ[ã] = σࡈߞ ģŏɟ[ã′] =?

ߡ



ξ̥θ̥˨ϑ ϑΎ ̊ΎΎχϑ ˨̐̐ϟξ˨̐І

ࡄ +Ǖȩȩɯƚ ǹ ɟŏȘƇȩȒ ǕŏɯǕ ǀʕȘżɾǞȩȘ ǔߝ, . . . ,ǔǹ : U → ,ߜ] ࡏ[ߝ
ࡄ �ŏǞȘɾŏǞȘ ǹ ƚɯɾǞȒŏɾȩɟɯ ãߝ, . . . , ãǹࡏ
ࡄ ëƚɾࡇ ã′ = ߝ

ǹ
∑ǹ

ǝ=ߝ ãǹࡏ
ࡄ CɯɾǞȒŏɾƚࡇ 2 ≈ ߝ

ã′ − ࡏߝ

vǀ ģŏɟ[ã] = σࡈߞ ģŏɟ[ã′] =?

ߡ



ξ̥θ̥˨ϑ ϑΎ ̊ΎΎχϑ ˨̐̐ϟξ˨̐І

ࡄ +Ǖȩȩɯƚ ǹ ɟŏȘƇȩȒ ǕŏɯǕ ǀʕȘżɾǞȩȘ ǔߝ, . . . ,ǔǹ : U → ,ߜ] ࡏ[ߝ
ࡄ �ŏǞȘɾŏǞȘ ǹ ƚɯɾǞȒŏɾȩɟɯ ãߝ, . . . , ãǹࡏ
ࡄ ëƚɾࡇ ã′ = ߝ

ǹ
∑ǹ

ǝ=ߝ ãǹࡏ
ࡄ CɯɾǞȒŏɾƚࡇ 2 ≈ ߝ

ã′ − ࡏߝ

vǀ ģŏɟ[ã] = σࡈߞ ģŏɟ[ã′] =?

ߡ



ξ̥θ̥˨ϑ ϑΎ ̊ΎΎχϑ ˨̐̐ϟξ˨̐І

ࡄ +Ǖȩȩɯƚ ǹ ɟŏȘƇȩȒ ǕŏɯǕ ǀʕȘżɾǞȩȘ ǔߝ, . . . ,ǔǹ : U → ,ߜ] ࡏ[ߝ
ࡄ �ŏǞȘɾŏǞȘ ǹ ƚɯɾǞȒŏɾȩɟɯ ãߝ, . . . , ãǹࡏ
ࡄ ëƚɾࡇ ã′ = ߝ

ǹ
∑ǹ

ǝ=ߝ ãǹࡏ
ࡄ CɯɾǞȒŏɾƚࡇ 2 ≈ ߝ

ã′ − ࡏߝ

vǀ ģŏɟ[ã] = σࡈߞ ģŏɟ[ã′] =?

ߡ
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͖͂;˨ͱ ̊Ύϟ;̙

�ɔɔȀʿǞȘǃ +ǕƚųʿɯǕƚʲ࢈ɯ ǞȘƚɛʕŏȀǞɾʿࡇ �ƚƚƇ (ߞϵ/ߝ)° ƚɯɾǞȒŏɾȩɟɯ ɾȩ
ɟƚɾʕɟȘ 2̃ ɯŏɾǞɯǀʿǞȘǃࡇ

−ߝ) ϵ)2 ≤ 2̃ ≤ +ߝ) ϵ)2

ʶǞɾǕ ɔɟȩųŏųǞȀǞɾʿ ࡏߜߝ/ߥ

ߢ

O
O - O



̙͖χϑ͖;̐ϑ ̥ͱ̥ͻ̥;ϑχ ͖; θξ˨̐ϑ͖̥̐

vȘ ɔɟŏżɾǞżƚࡈ ʶƚ żŏȘȘȩɾ ǕŏɯǕ ɾȩ ɟƚŏȀ ȘʕȒųƚɟɯ ȩȘ ,ߜ] ࡏ[ߝ vȘɯɾƚŏƇࡈ
Ȓŏɔ ɾȩ ųǞɾ ʲƚżɾȩɟɯࡏ

áƚŏȀ _ȀŏǲȩȀƚɾࡷ�ŏɟɾǞȘ ࡕ mʿɔƚɟ�ȩǃ�ȩǃࡇ

ࡄ CɯɾǞȒŏɾƚ ࡍ ƇǞɯɾǞȘżɾ ƚȀƚȒƚȘɾɯ
ųŏɯƚƇ ȩȘ ȒŏʾǞȒʕȒ ȘʕȒųƚɟ ȩǀ
ɾɟŏǞȀǞȘǃ ˌƚɟȩɯ Ȓࡏ

ࡄ ÷Ǖƚ Ȓȩɟƚ ƇǞɯɾǞȘżɾ ǕŏɯǕƚɯ ʶƚ ɯƚƚࡈ
ɾǕƚ ǕǞǃǕƚɟ ʶƚ ƚʾɔƚżɾ ɾǕǞɯ
ȒŏʾǞȒʕȒ ɾȩ ųƚࡏ

ߣ



̙͖χϑ͖;̐ϑ ̥ͱ̥ͻ̥;ϑχ ͖; θξ˨̐ϑ͖̥̐

vȘ ɔɟŏżɾǞżƚࡈ ʶƚ żŏȘȘȩɾ ǕŏɯǕ ɾȩ ɟƚŏȀ ȘʕȒųƚɟɯ ȩȘ ,ߜ] ࡏ[ߝ vȘɯɾƚŏƇࡈ
Ȓŏɔ ɾȩ ųǞɾ ʲƚżɾȩɟɯࡏ

áƚŏȀ _ȀŏǲȩȀƚɾࡷ�ŏɟɾǞȘ ࡕ mʿɔƚɟ�ȩǃ�ȩǃࡇ

ࡄ CɯɾǞȒŏɾƚ ࡍ ƇǞɯɾǞȘżɾ ƚȀƚȒƚȘɾɯ
ųŏɯƚƇ ȩȘ ȒŏʾǞȒʕȒ ȘʕȒųƚɟ ȩǀ
ɾɟŏǞȀǞȘǃ ˌƚɟȩɯ Ȓࡏ

ࡄ ÷Ǖƚ Ȓȩɟƚ ƇǞɯɾǞȘżɾ ǕŏɯǕƚɯ ʶƚ ɯƚƚࡈ
ɾǕƚ ǕǞǃǕƚɟ ʶƚ ƚʾɔƚżɾ ɾǕǞɯ
ȒŏʾǞȒʕȒ ɾȩ ųƚࡏ

ߣ

pierced



̙͖χϑ͖;̐ϑ ̥ͱ̥ͻ̥;ϑχ ͖; θξ˨̐ϑ͖̥̐

vȘ ɔɟŏżɾǞżƚࡈ ʶƚ żŏȘȘȩɾ ǕŏɯǕ ɾȩ ɟƚŏȀ ȘʕȒųƚɟɯ ȩȘ ,ߜ] ࡏ[ߝ vȘɯɾƚŏƇࡈ
Ȓŏɔ ɾȩ ųǞɾ ʲƚżɾȩɟɯࡏ

áƚŏȀ _ȀŏǲȩȀƚɾࡷ�ŏɟɾǞȘ ࡕ mʿɔƚɟ�ȩǃ�ȩǃࡇ

ࡄ CɯɾǞȒŏɾƚ ࡍ ƇǞɯɾǞȘżɾ ƚȀƚȒƚȘɾɯ
ųŏɯƚƇ ȩȘ ȒŏʾǞȒʕȒ ȘʕȒųƚɟ ȩǀ
ɾɟŏǞȀǞȘǃ ˌƚɟȩɯ Ȓࡏ

ࡄ ÷Ǖƚ Ȓȩɟƚ ƇǞɯɾǞȘżɾ ǕŏɯǕƚɯ ʶƚ ɯƚƚࡈ
ɾǕƚ ǕǞǃǕƚɟ ʶƚ ƚʾɔƚżɾ ɾǕǞɯ
ȒŏʾǞȒʕȒ ɾȩ ųƚࡏ

ߣ



ͱΎ͇ͱΎ͇ χθ˨̥̐

_ȀŏǲȩȀƚɾ4ࡷʕɟŏȘƇ ࡕ mʿɔƚɟ�ȩǃ�ȩǃࡇ

ࡄ CɯɾǞȒŏɾƚ ࡍ ƇǞɯɾǞȘżɾ ƚȀƚȒƚȘɾɯ
ųŏɯƚƇ ȩȘ ȒŏʾǞȒʕȒ ȘʕȒųƚɟ ȩǀ
ɾɟŏǞȀǞȘǃ ˌƚɟȩɯ Ȓࡏ

ࡄ ÷Ǖƚ Ȓȩɟƚ ƇǞɯɾǞȘżɾ ǕŏɯǕƚɯ ʶƚ ɯƚƚࡈ
ɾǕƚ ǕǞǃǕƚɟ ʶƚ ƚʾɔƚżɾ ɾǕǞɯ
ȒŏʾǞȒʕȒ ɾȩ ųƚࡏ

ĦǞɾǕ 2 ƇǞɯɾǞȘżɾ ƚȀƚȒƚȘɾɯ ʶǕŏɾ Ƈȩ ʶƚ ƚʾɔƚżɾ Ȓ ɾȩ ųƚࡐ

Úɟ(Ǖ(ʺǝ) Ǖŏɯ ʺ ɾɟŏǞȀǞȘǃ ˌƚɟȩɯ) =

ߝ
ʺߞ =

ߝ
2 .

ëȩ ʶǞɾǕ 2 ƇǞɯɾǞȘżɾ ǕŏɯǕƚɯࡈ ƚʾɔƚżɾ ɾȩ ɯƚƚ ߝ ʶǞɾǕ Ȁȩǃ2 ɾɟŏǞȀǞȘǃ
ˌƚɟȩɯࡏ Cʾɔƚżɾ Ȓ ≈ Ȁȩǃ2ࡏ

Ȓ ɾŏǺƚɯ ª(Ȁȩǃ Ȁȩǃ2) ųǞɾɯ ɾȩ ɯɾȩɟƚࡏ

ߤ



ͱΎ͇ͱΎ͇ χθ˨̥̐

_ȀŏǲȩȀƚɾ4ࡷʕɟŏȘƇ ࡕ mʿɔƚɟ�ȩǃ�ȩǃࡇ

ࡄ CɯɾǞȒŏɾƚ ࡍ ƇǞɯɾǞȘżɾ ƚȀƚȒƚȘɾɯ
ųŏɯƚƇ ȩȘ ȒŏʾǞȒʕȒ ȘʕȒųƚɟ ȩǀ
ɾɟŏǞȀǞȘǃ ˌƚɟȩɯ Ȓࡏ

ࡄ ÷Ǖƚ Ȓȩɟƚ ƇǞɯɾǞȘżɾ ǕŏɯǕƚɯ ʶƚ ɯƚƚࡈ
ɾǕƚ ǕǞǃǕƚɟ ʶƚ ƚʾɔƚżɾ ɾǕǞɯ
ȒŏʾǞȒʕȒ ɾȩ ųƚࡏ

ĦǞɾǕ 2 ƇǞɯɾǞȘżɾ ƚȀƚȒƚȘɾɯ ʶǕŏɾ Ƈȩ ʶƚ ƚʾɔƚżɾ Ȓ ɾȩ ųƚࡐ

Úɟ(Ǖ(ʺǝ) Ǖŏɯ ʺ ɾɟŏǞȀǞȘǃ ˌƚɟȩɯ) =

ߝ
ʺߞ =

ߝ
2 .

ëȩ ʶǞɾǕ 2 ƇǞɯɾǞȘżɾ ǕŏɯǕƚɯࡈ ƚʾɔƚżɾ ɾȩ ɯƚƚ ߝ ʶǞɾǕ Ȁȩǃ2 ɾɟŏǞȀǞȘǃ
ˌƚɟȩɯࡏ Cʾɔƚżɾ Ȓ ≈ Ȁȩǃ2ࡏ

Ȓ ɾŏǺƚɯ ª(Ȁȩǃ Ȁȩǃ2) ųǞɾɯ ɾȩ ɯɾȩɟƚࡏ

ߤ



ͱΎ͇ͱΎ͇ χθ˨̥̐

_ȀŏǲȩȀƚɾ4ࡷʕɟŏȘƇ ࡕ mʿɔƚɟ�ȩǃ�ȩǃࡇ

ࡄ CɯɾǞȒŏɾƚ ࡍ ƇǞɯɾǞȘżɾ ƚȀƚȒƚȘɾɯ
ųŏɯƚƇ ȩȘ ȒŏʾǞȒʕȒ ȘʕȒųƚɟ ȩǀ
ɾɟŏǞȀǞȘǃ ˌƚɟȩɯ Ȓࡏ

ࡄ ÷Ǖƚ Ȓȩɟƚ ƇǞɯɾǞȘżɾ ǕŏɯǕƚɯ ʶƚ ɯƚƚࡈ
ɾǕƚ ǕǞǃǕƚɟ ʶƚ ƚʾɔƚżɾ ɾǕǞɯ
ȒŏʾǞȒʕȒ ɾȩ ųƚࡏ

ĦǞɾǕ 2 ƇǞɯɾǞȘżɾ ƚȀƚȒƚȘɾɯ ʶǕŏɾ Ƈȩ ʶƚ ƚʾɔƚżɾ Ȓ ɾȩ ųƚࡐ

Úɟ(Ǖ(ʺǝ) Ǖŏɯ ʺ ɾɟŏǞȀǞȘǃ ˌƚɟȩɯ) =
ߝ
ʺߞ

=
ߝ
2 .

ëȩ ʶǞɾǕ 2 ƇǞɯɾǞȘżɾ ǕŏɯǕƚɯࡈ ƚʾɔƚżɾ ɾȩ ɯƚƚ ߝ ʶǞɾǕ Ȁȩǃ2 ɾɟŏǞȀǞȘǃ
ˌƚɟȩɯࡏ Cʾɔƚżɾ Ȓ ≈ Ȁȩǃ2ࡏ

Ȓ ɾŏǺƚɯ ª(Ȁȩǃ Ȁȩǃ2) ųǞɾɯ ɾȩ ɯɾȩɟƚࡏ

ߤ



ͱΎ͇ͱΎ͇ χθ˨̥̐

_ȀŏǲȩȀƚɾ4ࡷʕɟŏȘƇ ࡕ mʿɔƚɟ�ȩǃ�ȩǃࡇ

ࡄ CɯɾǞȒŏɾƚ ࡍ ƇǞɯɾǞȘżɾ ƚȀƚȒƚȘɾɯ
ųŏɯƚƇ ȩȘ ȒŏʾǞȒʕȒ ȘʕȒųƚɟ ȩǀ
ɾɟŏǞȀǞȘǃ ˌƚɟȩɯ Ȓࡏ

ࡄ ÷Ǖƚ Ȓȩɟƚ ƇǞɯɾǞȘżɾ ǕŏɯǕƚɯ ʶƚ ɯƚƚࡈ
ɾǕƚ ǕǞǃǕƚɟ ʶƚ ƚʾɔƚżɾ ɾǕǞɯ
ȒŏʾǞȒʕȒ ɾȩ ųƚࡏ

ĦǞɾǕ 2 ƇǞɯɾǞȘżɾ ƚȀƚȒƚȘɾɯ ʶǕŏɾ Ƈȩ ʶƚ ƚʾɔƚżɾ Ȓ ɾȩ ųƚࡐ

Úɟ(Ǖ(ʺǝ) Ǖŏɯ ʺ ɾɟŏǞȀǞȘǃ ˌƚɟȩɯ) =
ߝ
ʺߞ

=
ߝ
2 .

ëȩ ʶǞɾǕ 2 ƇǞɯɾǞȘżɾ ǕŏɯǕƚɯࡈ ƚʾɔƚżɾ ɾȩ ɯƚƚ ߝ ʶǞɾǕ Ȁȩǃ2 ɾɟŏǞȀǞȘǃ
ˌƚɟȩɯࡏ Cʾɔƚżɾ Ȓ ≈ Ȁȩǃ2ࡏ

Ȓ ɾŏǺƚɯ ª(Ȁȩǃ Ȁȩǃ2) ųǞɾɯ ɾȩ ɯɾȩɟƚࡏ

ߤ



ͱΎ͇ͱΎ͇ χθ˨̥̐

_ȀŏǲȩȀƚɾ4ࡷʕɟŏȘƇ ࡕ mʿɔƚɟ�ȩǃ�ȩǃࡇ

ࡄ CɯɾǞȒŏɾƚ ࡍ ƇǞɯɾǞȘżɾ ƚȀƚȒƚȘɾɯ
ųŏɯƚƇ ȩȘ ȒŏʾǞȒʕȒ ȘʕȒųƚɟ ȩǀ
ɾɟŏǞȀǞȘǃ ˌƚɟȩɯ Ȓࡏ

ࡄ ÷Ǖƚ Ȓȩɟƚ ƇǞɯɾǞȘżɾ ǕŏɯǕƚɯ ʶƚ ɯƚƚࡈ
ɾǕƚ ǕǞǃǕƚɟ ʶƚ ƚʾɔƚżɾ ɾǕǞɯ
ȒŏʾǞȒʕȒ ɾȩ ųƚࡏ

ĦǞɾǕ 2 ƇǞɯɾǞȘżɾ ƚȀƚȒƚȘɾɯ ʶǕŏɾ Ƈȩ ʶƚ ƚʾɔƚżɾ Ȓ ɾȩ ųƚࡐ

Úɟ(Ǖ(ʺǝ) Ǖŏɯ Ȁȩǃ2 ɾɟŏǞȀǞȘǃ ˌƚɟȩɯ) =
ߝ

ߞ Ȁȩǃ2

=
ߝ
2 .

ëȩ ʶǞɾǕ 2 ƇǞɯɾǞȘżɾ ǕŏɯǕƚɯࡈ ƚʾɔƚżɾ ɾȩ ɯƚƚ ߝ ʶǞɾǕ Ȁȩǃ2 ɾɟŏǞȀǞȘǃ
ˌƚɟȩɯࡏ Cʾɔƚżɾ Ȓ ≈ Ȁȩǃ2ࡏ

Ȓ ɾŏǺƚɯ ª(Ȁȩǃ Ȁȩǃ2) ųǞɾɯ ɾȩ ɯɾȩɟƚࡏ

ߤ



ͱΎ͇ͱΎ͇ χθ˨̥̐

_ȀŏǲȩȀƚɾ4ࡷʕɟŏȘƇ ࡕ mʿɔƚɟ�ȩǃ�ȩǃࡇ

ࡄ CɯɾǞȒŏɾƚ ࡍ ƇǞɯɾǞȘżɾ ƚȀƚȒƚȘɾɯ
ųŏɯƚƇ ȩȘ ȒŏʾǞȒʕȒ ȘʕȒųƚɟ ȩǀ
ɾɟŏǞȀǞȘǃ ˌƚɟȩɯ Ȓࡏ

ࡄ ÷Ǖƚ Ȓȩɟƚ ƇǞɯɾǞȘżɾ ǕŏɯǕƚɯ ʶƚ ɯƚƚࡈ
ɾǕƚ ǕǞǃǕƚɟ ʶƚ ƚʾɔƚżɾ ɾǕǞɯ
ȒŏʾǞȒʕȒ ɾȩ ųƚࡏ

ĦǞɾǕ 2 ƇǞɯɾǞȘżɾ ƚȀƚȒƚȘɾɯ ʶǕŏɾ Ƈȩ ʶƚ ƚʾɔƚżɾ Ȓ ɾȩ ųƚࡐ

Úɟ(Ǖ(ʺǝ) Ǖŏɯ Ȁȩǃ2 ɾɟŏǞȀǞȘǃ ˌƚɟȩɯ) =
ߝ

ߞ Ȁȩǃ2 =
ߝ
2 .

ëȩ ʶǞɾǕ 2 ƇǞɯɾǞȘżɾ ǕŏɯǕƚɯࡈ ƚʾɔƚżɾ ɾȩ ɯƚƚ ߝ ʶǞɾǕ Ȁȩǃ2 ɾɟŏǞȀǞȘǃ
ˌƚɟȩɯࡏ Cʾɔƚżɾ Ȓ ≈ Ȁȩǃ2ࡏ

Ȓ ɾŏǺƚɯ ª(Ȁȩǃ Ȁȩǃ2) ųǞɾɯ ɾȩ ɯɾȩɟƚࡏ

ߤ



ͱΎ͇ͱΎ͇ χθ˨̥̐

_ȀŏǲȩȀƚɾ4ࡷʕɟŏȘƇ ࡕ mʿɔƚɟ�ȩǃ�ȩǃࡇ

ࡄ CɯɾǞȒŏɾƚ ࡍ ƇǞɯɾǞȘżɾ ƚȀƚȒƚȘɾɯ
ųŏɯƚƇ ȩȘ ȒŏʾǞȒʕȒ ȘʕȒųƚɟ ȩǀ
ɾɟŏǞȀǞȘǃ ˌƚɟȩɯ Ȓࡏ

ࡄ ÷Ǖƚ Ȓȩɟƚ ƇǞɯɾǞȘżɾ ǕŏɯǕƚɯ ʶƚ ɯƚƚࡈ
ɾǕƚ ǕǞǃǕƚɟ ʶƚ ƚʾɔƚżɾ ɾǕǞɯ
ȒŏʾǞȒʕȒ ɾȩ ųƚࡏ

ĦǞɾǕ 2 ƇǞɯɾǞȘżɾ ƚȀƚȒƚȘɾɯ ʶǕŏɾ Ƈȩ ʶƚ ƚʾɔƚżɾ Ȓ ɾȩ ųƚࡐ

Úɟ(Ǖ(ʺǝ) Ǖŏɯ Ȁȩǃ2 ɾɟŏǞȀǞȘǃ ˌƚɟȩɯ) =
ߝ

ߞ Ȁȩǃ2 =
ߝ
2 .

ëȩ ʶǞɾǕ 2 ƇǞɯɾǞȘżɾ ǕŏɯǕƚɯࡈ ƚʾɔƚżɾ ɾȩ ɯƚƚ ߝ ʶǞɾǕ Ȁȩǃ2 ɾɟŏǞȀǞȘǃ
ˌƚɟȩɯࡏ Cʾɔƚżɾ Ȓ ≈ Ȁȩǃ2ࡏ

Ȓ ɾŏǺƚɯ ª(Ȁȩǃ Ȁȩǃ2) ųǞɾɯ ɾȩ ɯɾȩɟƚࡏ

ߤ



ͱΎ͇ͱΎ͇ χθ˨̥̐

_ȀŏǲȩȀƚɾ4ࡷʕɟŏȘƇ ࡕ mʿɔƚɟ�ȩǃ�ȩǃࡇ

ࡄ CɯɾǞȒŏɾƚ ࡍ ƇǞɯɾǞȘżɾ ƚȀƚȒƚȘɾɯ
ųŏɯƚƇ ȩȘ ȒŏʾǞȒʕȒ ȘʕȒųƚɟ ȩǀ
ɾɟŏǞȀǞȘǃ ˌƚɟȩɯ Ȓࡏ

ࡄ ÷Ǖƚ Ȓȩɟƚ ƇǞɯɾǞȘżɾ ǕŏɯǕƚɯ ʶƚ ɯƚƚࡈ
ɾǕƚ ǕǞǃǕƚɟ ʶƚ ƚʾɔƚżɾ ɾǕǞɯ
ȒŏʾǞȒʕȒ ɾȩ ųƚࡏ

ĦǞɾǕ 2 ƇǞɯɾǞȘżɾ ƚȀƚȒƚȘɾɯ ʶǕŏɾ Ƈȩ ʶƚ ƚʾɔƚżɾ Ȓ ɾȩ ųƚࡐ

Úɟ(Ǖ(ʺǝ) Ǖŏɯ Ȁȩǃ2 ɾɟŏǞȀǞȘǃ ˌƚɟȩɯ) =
ߝ

ߞ Ȁȩǃ2 =
ߝ
2 .

ëȩ ʶǞɾǕ 2 ƇǞɯɾǞȘżɾ ǕŏɯǕƚɯࡈ ƚʾɔƚżɾ ɾȩ ɯƚƚ ߝ ʶǞɾǕ Ȁȩǃ2 ɾɟŏǞȀǞȘǃ
ˌƚɟȩɯࡏ Cʾɔƚżɾ Ȓ ≈ Ȁȩǃ2ࡏ Ȓ ɾŏǺƚɯ ª(Ȁȩǃ Ȁȩǃ2) ųǞɾɯ ɾȩ ɯɾȩɟƚࡏ ߤ



ͱΎ͇ͱΎ͇ χθ˨̥̐

÷ȩɾŏȀ ëɔŏżƚࡇ ª
(
Ȁȩǃ Ȁȩǃ2

ϵߞ + Ȁȩǃ2
)
ǀȩɟ ŏȘ ϵ ŏɔɔɟȩʾǞȒŏɾƚ żȩʕȘɾࡏ

ĆɯǞȘǃࢅ ŏȘ ŏʕʾǞȀǞŏɟʿ ȒƚȒȩɟʿ ɯȒŏȀȀƚɟ ɾǕŏȘ ɾǕƚ ɯǞˌƚ ȩǀ ɾǕǞɯ ŏųɯɾɟŏżɾࡈ ɾǕƚ
�ȩǃ�ȩǃ ŏȀǃȩɟǞɾǕȒ ȒŏǺƚɯ Ǟɾ ɔȩɯɯǞųȀƚ ɾȩ ƚɯɾǞȒŏɾƚ ǞȘ ŏ ɯǞȘǃȀƚ ɔŏɯɯ ŏȘƇ
ʶǞɾǕǞȘ ŏ ǀƚʶ ɔƚɟżƚȘɾɯ ɾǕƚ ȘʕȒųƚɟ ȩǀ ƇǞǀǀƚɟƚȘɾ ʶȩɟƇɯ ǞȘ ɾǕƚ ʶǕȩȀƚ ȩǀ
ëǕŏǺƚɯɔƚŏɟƚ࢈ɯ ʶȩɟǺɯࢆࡏ ࡵ _ȀŏǲȩȀƚɾࡈ 4ʕɟŏȘƇࡏ

ĆɯǞȘǃ mʿɔƚɟ�ȩǃ�ȩǃ ɾȩ żȩʕȘɾ ߝ ųǞȀȀǞȩȘ ƇǞɯɾǞȘżɾ ǞɾƚȒɯ ʶǞɾǕ %ߞ ŏżżʕɟŏżʿࡇ

ɯɔŏżƚ ʕɯƚƇ = ª
( Ȁȩǃ Ȁȩǃ2

ϵߞ
+ Ȁȩǃ2

)

=
ߠߜ.ߝ · ⌈Ȁȩǃߞ Ȁȩǃߞ 2⌉

ϵߞ
+ ⌈Ȁȩǃߞ 2⌉ ųǞɾɯ

=
ߠߜ.ߝ · ߡ
ߞߞߜ. + ߜߟ = ߜߟߜߟߝ ųǞɾɯ ≈ ߢ.ߝ ǹ$!

ߥ

O -



ͱΎ͇ͱΎ͇ χθ˨̥̐

÷ȩɾŏȀ ëɔŏżƚࡇ ª
(
Ȁȩǃ Ȁȩǃ2

ϵߞ + Ȁȩǃ2
)
ǀȩɟ ŏȘ ϵ ŏɔɔɟȩʾǞȒŏɾƚ żȩʕȘɾࡏ

ĆɯǞȘǃࢅ ŏȘ ŏʕʾǞȀǞŏɟʿ ȒƚȒȩɟʿ ɯȒŏȀȀƚɟ ɾǕŏȘ ɾǕƚ ɯǞˌƚ ȩǀ ɾǕǞɯ ŏųɯɾɟŏżɾࡈ ɾǕƚ
�ȩǃ�ȩǃ ŏȀǃȩɟǞɾǕȒ ȒŏǺƚɯ Ǟɾ ɔȩɯɯǞųȀƚ ɾȩ ƚɯɾǞȒŏɾƚ ǞȘ ŏ ɯǞȘǃȀƚ ɔŏɯɯ ŏȘƇ
ʶǞɾǕǞȘ ŏ ǀƚʶ ɔƚɟżƚȘɾɯ ɾǕƚ ȘʕȒųƚɟ ȩǀ ƇǞǀǀƚɟƚȘɾ ʶȩɟƇɯ ǞȘ ɾǕƚ ʶǕȩȀƚ ȩǀ
ëǕŏǺƚɯɔƚŏɟƚ࢈ɯ ʶȩɟǺɯࢆࡏ ࡵ _ȀŏǲȩȀƚɾࡈ 4ʕɟŏȘƇࡏ

ĆɯǞȘǃ mʿɔƚɟ�ȩǃ�ȩǃ ɾȩ żȩʕȘɾ ߝ ųǞȀȀǞȩȘ ƇǞɯɾǞȘżɾ ǞɾƚȒɯ ʶǞɾǕ %ߞ ŏżżʕɟŏżʿࡇ

ɯɔŏżƚ ʕɯƚƇ = ª
( Ȁȩǃ Ȁȩǃ2

ϵߞ
+ Ȁȩǃ2

)

=
ߠߜ.ߝ · ⌈Ȁȩǃߞ Ȁȩǃߞ 2⌉

ϵߞ
+ ⌈Ȁȩǃߞ 2⌉ ųǞɾɯ

=
ߠߜ.ߝ · ߡ
ߞߞߜ. + ߜߟ = ߜߟߜߟߝ ųǞɾɯ ≈ ߢ.ߝ ǹ$!

ߥ



ͱΎ͇ͱΎ͇ χθ˨̥̐

÷ȩɾŏȀ ëɔŏżƚࡇ ª
(
Ȁȩǃ Ȁȩǃ2

ϵߞ + Ȁȩǃ2
)
ǀȩɟ ŏȘ ϵ ŏɔɔɟȩʾǞȒŏɾƚ żȩʕȘɾࡏ

ĆɯǞȘǃࢅ ŏȘ ŏʕʾǞȀǞŏɟʿ ȒƚȒȩɟʿ ɯȒŏȀȀƚɟ ɾǕŏȘ ɾǕƚ ɯǞˌƚ ȩǀ ɾǕǞɯ ŏųɯɾɟŏżɾࡈ ɾǕƚ
�ȩǃ�ȩǃ ŏȀǃȩɟǞɾǕȒ ȒŏǺƚɯ Ǟɾ ɔȩɯɯǞųȀƚ ɾȩ ƚɯɾǞȒŏɾƚ ǞȘ ŏ ɯǞȘǃȀƚ ɔŏɯɯ ŏȘƇ
ʶǞɾǕǞȘ ŏ ǀƚʶ ɔƚɟżƚȘɾɯ ɾǕƚ ȘʕȒųƚɟ ȩǀ ƇǞǀǀƚɟƚȘɾ ʶȩɟƇɯ ǞȘ ɾǕƚ ʶǕȩȀƚ ȩǀ
ëǕŏǺƚɯɔƚŏɟƚ࢈ɯ ʶȩɟǺɯࢆࡏ ࡵ _ȀŏǲȩȀƚɾࡈ 4ʕɟŏȘƇࡏ

ĆɯǞȘǃ mʿɔƚɟ�ȩǃ�ȩǃ ɾȩ żȩʕȘɾ ߝ ųǞȀȀǞȩȘ ƇǞɯɾǞȘżɾ ǞɾƚȒɯ ʶǞɾǕ %ߞ ŏżżʕɟŏżʿࡇ

ɯɔŏżƚ ʕɯƚƇ = ª
( Ȁȩǃ Ȁȩǃ2

ϵߞ
+ Ȁȩǃ2

)

=
ߠߜ.ߝ · ⌈Ȁȩǃߞ Ȁȩǃߞ 2⌉

ϵߞ
+ ⌈Ȁȩǃߞ 2⌉ ųǞɾɯ

=
ߠߜ.ߝ · ߡ
ߞߞߜ. + ߜߟ = ߜߟߜߟߝ ųǞɾɯ ≈ ߢ.ߝ ǹ$!

ߥ

-



̙͖χϑξ͖̊ϟϑ̥̙ ̙͖χϑ͖;̐ϑ ̥ͱ̥ͻ̥;ϑχ

ߜߝ



͑Іθ̥ξͱΎ͇ͱΎ͇ ͖; θξ˨̐ϑ͖̥̐

vȒɔȀƚȒƚȘɾŏɾǞȩȘɯࡇ bȩȩǃȀƚ Úȩʶƚɟ4ɟǞȀȀࡈ _ŏżƚųȩȩǺ Úɟƚɯɾȩࡈ ÷ʶǞɾɾƚɟ
�ȀǃƚųǞɟƇࡈ �ȒŏˌȩȘ áƚƇɯǕǞǀɾࡏ

Ćɯƚ +ŏɯƚࡇ CʾɔȀȩɟŏɾȩɟʿ ëßࡷ�ȀǞǺƚ ɛʕƚɟǞƚɯ ȩȘ ɾŏųȀƚɯ ʶǞɾǕ ɯ࢈ߜߜߝ ȩǀ
ųǞȀȀǞȩȘɯ ȩǀ ɟȩʶɯࡏ

ࡄ +ȩʕȘɾ ȘʕȒųƚɟ ȩǀ ƇǞɯɾǞȘżɾ ʕɯƚɟɯ ǞȘ bƚɟȒŏȘʿ ɾǕŏɾ ȒŏƇƚ ŏɾ Ȁƚŏɯɾ
ȩȘƚ ɯƚŏɟżǕ żȩȘɾŏǞȘǞȘǃ ɾǕƚ ʶȩɟƇ ࢈ŏʕɾȩࢇ ǞȘ ɾǕƚ Ȁŏɯɾ ȒȩȘɾǕࡏ

ࡄ +ȩʕȘɾ ȘʕȒųƚɟ ȩǀ ƇǞɯɾǞȘżɾ ɯʕųǲƚżɾ ȀǞȘƚɯ ǞȘ ƚȒŏǞȀɯ ɯƚȘɾ ųʿ ʕɯƚɟɯ
ɾǕŏɾ Ǖŏʲƚ ɟƚǃǞɯɾƚɟƚƇ ǞȘ ɾǕƚ Ȁŏɯɾ ʶƚƚǺࡈ ǞȘ żȩȒɔŏɟǞɯȩȘ ɾȩ ȘʕȒųƚɟ
ȩǀ ƚȒŏǞȀɯ ɯƚȘɾ ȩʲƚɟŏȀȀ ɾȩ ƚɯɾǞȒŏɾƚ ɟŏɾƚɯ ȩǀ ɯɔŏȒ ŏżżȩʕȘɾɯࡏ

�ȘɯʶƚɟǞȘǃ ŏ ɛʕƚɟʿ ɟƚɛʕǞɟƚɯ ŏ ƇǞɯɾɟǞųʕɾƚƇ ȀǞȘƚŏɟ ɯżŏȘ ȩʲƚɟ ɾǕƚ
Ƈŏɾŏųŏɯƚࡇ ߞ ɯƚżȩȘƇɯ ǞȘ bȩȩǃȀƚ࢈ɯ ƇǞɯɾɟǞųʕɾƚƇ ǞȒɔȀƚȒƚȘɾŏɾǞȩȘࡏ

ߝߝ



͑Іθ̥ξͱΎ͇ͱΎ͇ ͖; θξ˨̐ϑ͖̥̐

vȒɔȀƚȒƚȘɾŏɾǞȩȘɯࡇ bȩȩǃȀƚ Úȩʶƚɟ4ɟǞȀȀࡈ _ŏżƚųȩȩǺ Úɟƚɯɾȩࡈ ÷ʶǞɾɾƚɟ
�ȀǃƚųǞɟƇࡈ �ȒŏˌȩȘ áƚƇɯǕǞǀɾࡏ

Ćɯƚ +ŏɯƚࡇ CʾɔȀȩɟŏɾȩɟʿ ëßࡷ�ȀǞǺƚ ɛʕƚɟǞƚɯ ȩȘ ɾŏųȀƚɯ ʶǞɾǕ ɯ࢈ߜߜߝ ȩǀ
ųǞȀȀǞȩȘɯ ȩǀ ɟȩʶɯࡏ

ࡄ +ȩʕȘɾ ȘʕȒųƚɟ ȩǀ ƇǞɯɾǞȘżɾ ʕɯƚɟɯ ǞȘ bƚɟȒŏȘʿ ɾǕŏɾ ȒŏƇƚ ŏɾ Ȁƚŏɯɾ
ȩȘƚ ɯƚŏɟżǕ żȩȘɾŏǞȘǞȘǃ ɾǕƚ ʶȩɟƇ ࢈ŏʕɾȩࢇ ǞȘ ɾǕƚ Ȁŏɯɾ ȒȩȘɾǕࡏ

ࡄ +ȩʕȘɾ ȘʕȒųƚɟ ȩǀ ƇǞɯɾǞȘżɾ ɯʕųǲƚżɾ ȀǞȘƚɯ ǞȘ ƚȒŏǞȀɯ ɯƚȘɾ ųʿ ʕɯƚɟɯ
ɾǕŏɾ Ǖŏʲƚ ɟƚǃǞɯɾƚɟƚƇ ǞȘ ɾǕƚ Ȁŏɯɾ ʶƚƚǺࡈ ǞȘ żȩȒɔŏɟǞɯȩȘ ɾȩ ȘʕȒųƚɟ
ȩǀ ƚȒŏǞȀɯ ɯƚȘɾ ȩʲƚɟŏȀȀ ɾȩ ƚɯɾǞȒŏɾƚ ɟŏɾƚɯ ȩǀ ɯɔŏȒ ŏżżȩʕȘɾɯࡏ

�ȘɯʶƚɟǞȘǃ ŏ ɛʕƚɟʿ ɟƚɛʕǞɟƚɯ ŏ ƇǞɯɾɟǞųʕɾƚƇ ȀǞȘƚŏɟ ɯżŏȘ ȩʲƚɟ ɾǕƚ
Ƈŏɾŏųŏɯƚࡇ ߞ ɯƚżȩȘƇɯ ǞȘ bȩȩǃȀƚ࢈ɯ ƇǞɯɾɟǞųʕɾƚƇ ǞȒɔȀƚȒƚȘɾŏɾǞȩȘࡏ

ߝߝ



͑Іθ̥ξͱΎ͇ͱΎ͇ ͖; θξ˨̐ϑ͖̥̐

Ǖƚ÷ࢅ ɯʿɯɾƚȒ Ǖŏɯ ųƚƚȘ ǞȘ ɔɟȩƇʕżɾǞȩȘ ɯǞȘżƚ ƚȘƇ ȩǀ ߤߜߜߞ ŏȘƇ ʶŏɯ
ȒŏƇƚ ŏʲŏǞȀŏųȀƚ ǀȩɟ ǞȘɾƚɟȘŏȀ ʕɯƚɟɯ ŏżɟȩɯɯ ŏȀȀ ȩǀ bȩȩǃȀƚ ȒǞƇ
ࡏߥߜߜߞ CŏżǕ ȒȩȘɾǕ Ǟɾ Ǟɯ ʕɯƚƇ ųʿ Ȓȩɟƚ ɾǕŏȘ ߜߜߤ ʕɯƚɟɯ ɯƚȘƇǞȘǃ
ȩʕɾ ŏųȩʕɾ ߠ ȒǞȀȀǞȩȘ ëß� ɛʕƚɟǞƚɯࡏ �ǀɾƚɟ ŏ ǕŏɟƇ Ƈŏʿ࢈ɯ ʶȩɟǺࡈ ȩȘƚ
ȩǀ ȩʕɟ ɾȩɔ ʕɯƚɟɯ Ǖŏɯ ɯɔƚȘɾ ȩʲƚɟ ߢ Ǖȩʕɟɯ ǞȘ ɾǕƚ Ćvࡈ ɾɟǞǃǃƚɟǞȘǃ
ʕɔ ɾȩ ߞߝ ɾǕȩʕɯŏȘƇ ɛʕƚɟǞƚɯࡏ ĦǕƚȘ ʕɯǞȘǃ ȩʕɟ żȩȀʕȒȘࡷɯɾȩɟƚ ŏɯ ŏ
ųŏżǺƚȘƇࡈ ɾǕǞɯ Ȓŏʿ ŏȒȩʕȘɾ ɾȩ ɯżŏȘȘǞȘǃ ŏɯ ȒʕżǕ ŏɯ ߡߞߡ ɾɟǞȀȀǞȩȘ
żƚȀȀɯ ǞȘ ǕʿɔȩɾǕƚɾǞżŏȀ ǀʕȀȀ ɯżŏȘɯࢆࡏ

ߞߝ



χ̥ͬϑ͖̐͑;͇ ˨ͱ͇Ύξ͖ϑ͑ͻχ

�ųɯɾɟŏżɾ ŏɟżǕǞɾƚżɾʕɟƚ ȩǀ ŏ ɯǺƚɾżǕǞȘǃ ŏȀǃȩɟǞɾǕȒࡇ

ࡄ bǞʲƚȘ ŏ Ƈŏɾŏɯƚɾ 2 = Ɔߝ, . . . ,Ɔȗ ʶǞɾǕ ȗ ɔǞƚżƚɯ ȩǀ Ƈŏɾŏࡈ ʶƚ
ʶŏȘɾ ɾȩ ȩʕɾɔʕɾ ƿ(2) ǀȩɟ ɯȩȒƚ ǀʕȘżɾǞȩȘ ƿࡏ

ࡄ ëǺƚɾżǕ ɔǕŏɯƚࡇ _ȩɟ ƚŏżǕ ǝ ∈ ,ߝ . . . ,ȗࡈ żȩȒɔʕɾƚ ɫǝ = *(Ɔǝ)ࡈ
ʶǕƚɟƚ * Ǟɯ ɯȩȒƚ żȩȒɔɟƚɯɯǞȩȘ ǀʕȘżɾǞȩȘ ŏȘƇ |ɫǝ|≪ Ɔǝࡏ

ࡄ Úɟȩżƚɯɯ ɔǕŏɯƚࡇ ĆɯǞȘǃ Ȁȩʶƚɟ ƇǞȒƚȘɯǞȩȘŏȀ Ƈŏɾŏɯƚɾ
ɫߝ, . . . , ɫȗࡈ żȩȒɔʕɾƚ ŏȘ ŏɔɔɟȩʾǞȒŏɾǞȩȘ ɾȩ ƿ(2)ࡏ

ëǺƚɾżǕǞȘǃ ɔǕŏɯƚ Ǟɯ ƚŏɯǞȀʿ
ƇǞɯɾɟǞųʕɾƚƇࡈ ɔŏɟŏȀȀƚȀǞˌƚƇࡈ ƚɾżࡏ
$ƚɾɾƚɟ ɯɔŏżƚ żȩȒɔȀƚʾǞɾ ʿࡈ
żȩȒȒʕȘǞżŏɾǞȩȘ żȩȒɔȀƚʾǞɾ ʿࡈ
ɟʕȘɾǞȒƚࡈ ŏȀȀ ŏɾ ȩȘżƚࡏ

ߟߝ



χ̥ͬϑ͖̐͑;͇ ˨ͱ͇Ύξ͖ϑ͑ͻχ

�ųɯɾɟŏżɾ ŏɟżǕǞɾƚżɾʕɟƚ ȩǀ ŏ ɯǺƚɾżǕǞȘǃ ŏȀǃȩɟǞɾǕȒࡇ

ࡄ bǞʲƚȘ ŏ Ƈŏɾŏɯƚɾ 2 = Ɔߝ, . . . ,Ɔȗ ʶǞɾǕ ȗ ɔǞƚżƚɯ ȩǀ Ƈŏɾŏࡈ ʶƚ
ʶŏȘɾ ɾȩ ȩʕɾɔʕɾ ƿ(2) ǀȩɟ ɯȩȒƚ ǀʕȘżɾǞȩȘ ƿࡏ

ࡄ ëǺƚɾżǕ ɔǕŏɯƚࡇ _ȩɟ ƚŏżǕ ǝ ∈ ,ߝ . . . ,ȗࡈ żȩȒɔʕɾƚ ɫǝ = *(Ɔǝ)ࡈ
ʶǕƚɟƚ * Ǟɯ ɯȩȒƚ żȩȒɔɟƚɯɯǞȩȘ ǀʕȘżɾǞȩȘ ŏȘƇ |ɫǝ|≪ Ɔǝࡏ

ࡄ Úɟȩżƚɯɯ ɔǕŏɯƚࡇ ĆɯǞȘǃ Ȁȩʶƚɟ ƇǞȒƚȘɯǞȩȘŏȀ Ƈŏɾŏɯƚɾ
ɫߝ, . . . , ɫȗࡈ żȩȒɔʕɾƚ ŏȘ ŏɔɔɟȩʾǞȒŏɾǞȩȘ ɾȩ ƿ(2)ࡏ

ëǺƚɾżǕǞȘǃ ɔǕŏɯƚ Ǟɯ ƚŏɯǞȀʿ
ƇǞɯɾɟǞųʕɾƚƇࡈ ɔŏɟŏȀȀƚȀǞˌƚƇࡈ ƚɾżࡏ
$ƚɾɾƚɟ ɯɔŏżƚ żȩȒɔȀƚʾǞɾ ʿࡈ
żȩȒȒʕȘǞżŏɾǞȩȘ żȩȒɔȀƚʾǞɾ ʿࡈ
ɟʕȘɾǞȒƚࡈ ŏȀȀ ŏɾ ȩȘżƚࡏ

ߟߝ



χ̥ͬϑ͖̐͑;͇ ˨ͱ͇Ύξ͖ϑ͑ͻχ

�ųɯɾɟŏżɾ ŏɟżǕǞɾƚżɾʕɟƚ ȩǀ ŏ ɯǺƚɾżǕǞȘǃ ŏȀǃȩɟǞɾǕȒࡇ

ࡄ bǞʲƚȘ ŏ Ƈŏɾŏɯƚɾ 2 = Ɔߝ, . . . ,Ɔȗ ʶǞɾǕ ȗ ɔǞƚżƚɯ ȩǀ Ƈŏɾŏࡈ ʶƚ
ʶŏȘɾ ɾȩ ȩʕɾɔʕɾ ƿ(2) ǀȩɟ ɯȩȒƚ ǀʕȘżɾǞȩȘ ƿࡏ

ࡄ ëǺƚɾżǕ ɔǕŏɯƚࡇ _ȩɟ ƚŏżǕ ǝ ∈ ,ߝ . . . ,ȗࡈ żȩȒɔʕɾƚ ɫǝ = *(Ɔǝ)ࡈ
ʶǕƚɟƚ * Ǟɯ ɯȩȒƚ żȩȒɔɟƚɯɯǞȩȘ ǀʕȘżɾǞȩȘ ŏȘƇ |ɫǝ|≪ Ɔǝࡏ

ࡄ Úɟȩżƚɯɯ ɔǕŏɯƚࡇ ĆɯǞȘǃ Ȁȩʶƚɟ ƇǞȒƚȘɯǞȩȘŏȀ Ƈŏɾŏɯƚɾ
ɫߝ, . . . , ɫȗࡈ żȩȒɔʕɾƚ ŏȘ ŏɔɔɟȩʾǞȒŏɾǞȩȘ ɾȩ ƿ(2)ࡏ

ëǺƚɾżǕǞȘǃ ɔǕŏɯƚ Ǟɯ ƚŏɯǞȀʿ
ƇǞɯɾɟǞųʕɾƚƇࡈ ɔŏɟŏȀȀƚȀǞˌƚƇࡈ ƚɾżࡏ
$ƚɾɾƚɟ ɯɔŏżƚ żȩȒɔȀƚʾǞɾ ʿࡈ
żȩȒȒʕȘǞżŏɾǞȩȘ żȩȒɔȀƚʾǞɾ ʿࡈ
ɟʕȘɾǞȒƚࡈ ŏȀȀ ŏɾ ȩȘżƚࡏ

ߟߝ



χ̥ͬϑ͖̐͑;͇ ˨ͱ͇Ύξ͖ϑ͑ͻχ

�ųɯɾɟŏżɾ ŏɟżǕǞɾƚżɾʕɟƚ ȩǀ ŏ ɯǺƚɾżǕǞȘǃ ŏȀǃȩɟǞɾǕȒࡇ

ࡄ bǞʲƚȘ ŏ Ƈŏɾŏɯƚɾ 2 = Ɔߝ, . . . ,Ɔȗ ʶǞɾǕ ȗ ɔǞƚżƚɯ ȩǀ Ƈŏɾŏࡈ ʶƚ
ʶŏȘɾ ɾȩ ȩʕɾɔʕɾ ƿ(2) ǀȩɟ ɯȩȒƚ ǀʕȘżɾǞȩȘ ƿࡏ

ࡄ ëǺƚɾżǕ ɔǕŏɯƚࡇ _ȩɟ ƚŏżǕ ǝ ∈ ,ߝ . . . ,ȗࡈ żȩȒɔʕɾƚ ɫǝ = *(Ɔǝ)ࡈ
ʶǕƚɟƚ * Ǟɯ ɯȩȒƚ żȩȒɔɟƚɯɯǞȩȘ ǀʕȘżɾǞȩȘ ŏȘƇ |ɫǝ|≪ Ɔǝࡏ

ࡄ Úɟȩżƚɯɯ ɔǕŏɯƚࡇ ĆɯǞȘǃ Ȁȩʶƚɟ ƇǞȒƚȘɯǞȩȘŏȀ Ƈŏɾŏɯƚɾ
ɫߝ, . . . , ɫȗࡈ żȩȒɔʕɾƚ ŏȘ ŏɔɔɟȩʾǞȒŏɾǞȩȘ ɾȩ ƿ(2)ࡏ

ëǺƚɾżǕǞȘǃ ɔǕŏɯƚ Ǟɯ ƚŏɯǞȀʿ
ƇǞɯɾɟǞųʕɾƚƇࡈ ɔŏɟŏȀȀƚȀǞˌƚƇࡈ ƚɾżࡏ
$ƚɾɾƚɟ ɯɔŏżƚ żȩȒɔȀƚʾǞɾ ʿࡈ
żȩȒȒʕȘǞżŏɾǞȩȘ żȩȒɔȀƚʾǞɾ ʿࡈ
ɟʕȘɾǞȒƚࡈ ŏȀȀ ŏɾ ȩȘżƚࡏ

ߟߝ



χ͖ͻ͖ͱ˨ξ͖ϑІ ̥χϑ͖ͻ˨ϑ͖Ύ;

mȩʶ Ƈȩƚɯ ëǕŏˌŏȒ ȒŏɾżǕ ŏ ɯȩȘǃ żȀǞɔ ŏǃŏǞȘɯɾ ŏ ȀǞųɟŏɟʿ ȩǀ ߤ
ȒǞȀȀǞȩȘ ɯȩȘǃɯ ߞߟ ÷$ ȩǀ Ƈŏɾŏ ǞȘ ŏ ǀɟŏżɾǞȩȘ ȩǀ ŏ ɯƚżȩȘƇࡐ

ëɔƚżɾɟȩǃɟŏȒ ƚʾɾɟŏżɾƚƇ
ǀɟȩȒ ŏʕƇǞȩ żȀǞɔࡏ

ÚɟȩżƚɯɯƚƇ ɯɔƚżɾɟȩǃɟŏȒࡇ
ʕɯƚƇ ɾȩ żȩȘɯɾɟʕżɾ ŏʕƇǞȩ
ࢆȘǃƚɟɔɟǞȘɾ˙ࢅ ɛ ∈ ,ߜ} ࡏƆ{ߝ

CŏżǕ żȀǞɔ Ǟɯ ɟƚɔɟƚɯƚȘɾƚƇ ųʿ ŏ ǕǞǃǕ ƇǞȒƚȘɯǞȩȘŏȀ ųǞȘŏɟʿ ʲƚżɾȩɟ ɛࡏ

ߠߝ



χ͖ͻ͖ͱ˨ξ͖ϑІ ̥χϑ͖ͻ˨ϑ͖Ύ;

mȩʶ Ƈȩƚɯ ëǕŏˌŏȒ ȒŏɾżǕ ŏ ɯȩȘǃ żȀǞɔ ŏǃŏǞȘɯɾ ŏ ȀǞųɟŏɟʿ ȩǀ ߤ
ȒǞȀȀǞȩȘ ɯȩȘǃɯ ߞߟ ÷$ ȩǀ Ƈŏɾŏ ǞȘ ŏ ǀɟŏżɾǞȩȘ ȩǀ ŏ ɯƚżȩȘƇࡐ

ëɔƚżɾɟȩǃɟŏȒ ƚʾɾɟŏżɾƚƇ
ǀɟȩȒ ŏʕƇǞȩ żȀǞɔࡏ

ÚɟȩżƚɯɯƚƇ ɯɔƚżɾɟȩǃɟŏȒࡇ
ʕɯƚƇ ɾȩ żȩȘɯɾɟʕżɾ ŏʕƇǞȩ
ࢆȘǃƚɟɔɟǞȘɾ˙ࢅ ɛ ∈ ,ߜ} ࡏƆ{ߝ

CŏżǕ żȀǞɔ Ǟɯ ɟƚɔɟƚɯƚȘɾƚƇ ųʿ ŏ ǕǞǃǕ ƇǞȒƚȘɯǞȩȘŏȀ ųǞȘŏɟʿ ʲƚżɾȩɟ ɛࡏ

ߠߝ



χ͖ͻ͖ͱ˨ξ͖ϑІ ̥χϑ͖ͻ˨ϑ͖Ύ;

bǞʲƚȘ ɛࡈ ˙ȘƇ ŏȘʿ Șƚŏɟųʿ ࢆȘǃƚɟɔɟǞȘɾ˙ࢅ ʿ ǞȘ ŏ Ƈŏɾŏųŏɯƚ ࡵ Ǟࡏƚࡏ ŏȘʿ
ʿ ʶǞɾǕ ƇǞɯɾ(ʿ,ɛ) ɯȒŏȀȀࡏ

+ǕŏȀȀƚȘǃƚɯࡇ

ࡄ 4ŏɾŏųŏɯƚ Ǟɯ ɔȩɯɯǞųȀʿ Ǖʕǃƚࡇ ª(ȗƆ) ųǞɾɯࡏ
ࡄ CʾɔƚȘɯǞʲƚ ɾȩ żȩȒɔʕɾƚ ƇǞɯɾ(ʿ,ɛ)ࡇ ª(Ɔ) ɾǞȒƚࡏ

ߡߝ



χ͖ͻ͖ͱ˨ξ͖ϑІ ̥χϑ͖ͻ˨ϑ͖Ύ;

bǞʲƚȘ ɛࡈ ˙ȘƇ ŏȘʿ Șƚŏɟųʿ ࢆȘǃƚɟɔɟǞȘɾ˙ࢅ ʿ ǞȘ ŏ Ƈŏɾŏųŏɯƚ ࡵ Ǟࡏƚࡏ ŏȘʿ
ʿ ʶǞɾǕ ƇǞɯɾ(ʿ,ɛ) ɯȒŏȀȀࡏ

+ǕŏȀȀƚȘǃƚɯࡇ

ࡄ 4ŏɾŏųŏɯƚ Ǟɯ ɔȩɯɯǞųȀʿ Ǖʕǃƚࡇ ª(ȗƆ) ųǞɾɯࡏ
ࡄ CʾɔƚȘɯǞʲƚ ɾȩ żȩȒɔʕɾƚ ƇǞɯɾ(ʿ,ɛ)ࡇ ª(Ɔ) ɾǞȒƚࡏ

ߡߝ



χ͖ͻ͖ͱ˨ξ͖ϑІ ̥χϑ͖ͻ˨ϑ͖Ύ;

bȩŏȀࡇ 4ƚɯǞǃȘ ŏ Ȓȩɟƚ żȩȒɔŏżɾ ɯǺƚɾżǕ ǀȩɟ żȩȒɔŏɟǞȘǃ
ɛ, ʿ ∈ ,ߜ} ࡏƆ{ߝ vƇƚŏȀȀʿ≪ Ɔ ɯɔŏżƚࡕɾǞȒƚ żȩȒɔȀƚʾǞɾ ʿࡏ

*(ɛ) ∈ Rǹ

*(ʿ) ∈ Rǹ

mȩȒȩȒȩɟɔǕǞż +ȩȒɔɟƚɯɯǞȩȘࡇ

*(ɛ) ɯǕȩʕȀƇ ųƚ ɯǞȒǞȀŏɟ ɾȩ *(ʿ) Ǟǀ ɛ Ǟɯ ɯǞȒǞȀŏɟ ɾȩ ʿࡏ

ߢߝ



χ͖ͻ͖ͱ˨ξ͖ϑІ ̥χϑ͖ͻ˨ϑ͖Ύ;

bȩŏȀࡇ 4ƚɯǞǃȘ ŏ Ȓȩɟƚ żȩȒɔŏżɾ ɯǺƚɾżǕ ǀȩɟ żȩȒɔŏɟǞȘǃ
ɛ, ʿ ∈ ,ߜ} ࡏƆ{ߝ vƇƚŏȀȀʿ≪ Ɔ ɯɔŏżƚࡕɾǞȒƚ żȩȒɔȀƚʾǞɾ ʿࡏ

*(ɛ) ∈ Rǹ

*(ʿ) ∈ Rǹ

mȩȒȩȒȩɟɔǕǞż +ȩȒɔɟƚɯɯǞȩȘࡇ

*(ɛ) ɯǕȩʕȀƇ ųƚ ɯǞȒǞȀŏɟ ɾȩ *(ʿ) Ǟǀ ɛ Ǟɯ ɯǞȒǞȀŏɟ ɾȩ ʿࡏ

ߢߝ



χ͖ͻ͖ͱ˨ξ͖ϑІ ̥χϑ͖ͻ˨ϑ͖Ύ;

bȩŏȀࡇ 4ƚɯǞǃȘ ŏ Ȓȩɟƚ żȩȒɔŏżɾ ɯǺƚɾżǕ ǀȩɟ żȩȒɔŏɟǞȘǃ
ɛ, ʿ ∈ ,ߜ} ࡏƆ{ߝ vƇƚŏȀȀʿ≪ Ɔ ɯɔŏżƚࡕɾǞȒƚ żȩȒɔȀƚʾǞɾ ʿࡏ

*(ɛ) ∈ Rǹ

*(ʿ) ∈ Rǹ

mȩȒȩȒȩɟɔǕǞż +ȩȒɔɟƚɯɯǞȩȘࡇ

*(ɛ) ɯǕȩʕȀƇ ųƚ ɯǞȒǞȀŏɟ ɾȩ *(ʿ) Ǟǀ ɛ Ǟɯ ɯǞȒǞȀŏɟ ɾȩ ʿࡏ

ߢߝ



ͩ˨̐̐˨ξ̙ χ͖ͻ͖ͱ˨ξ͖ϑІ

4ƚ˙ȘǞɾǞȩȘ �ŏżżŏɟƇ ëǞȒǞȀŏɟǞɾʿ

�(ɛ, ʿ) = |ɛ ∩ ʿ|
|ɛ ∪ ʿ| =

ࡍ ȩǀ ȘȩȘࡷˌƚɟȩ ƚȘɾɟǞƚɯ ǞȘ żȩȒȒȩȘ
ɾȩɾŏȀ ࡍ ȩǀ ȘȩȘࡷˌƚɟȩ ƚȘɾɟǞƚɯ

�ŏɾʕɟŏȀ ɯǞȒǞȀŏɟǞɾʿ Ȓƚŏɯʕɟƚ ǀȩɟ ųǞȘŏɟʿ ʲƚżɾȩɟɯࡏ ߜ ≤ �(ɛ, ʿ) ≤ ࡏߝ

°ɾǕƚɟ ŏɔɔȀǞżŏɾǞȩȘɯࡇ

ࡄ +ǕŏȘǃƚ ƇƚɾƚżɾǞȩȘ ǞȘ ƇȩżʕȒƚȘɾɯ ǕǞǃǕ ɯɔƚƚƇ ʶƚų żŏżǕƚɯࡏ
ࡄ �ȘŏȀʿˌǞȘǃ ɯƚǞɯȒǞż Ƈŏɾŏ ȒŏɾżǕǞȘǃ ɯǞǃȘŏɾʕɟƚɯ ȩǀ
ƚŏɟɾǕɛʕŏǺƚɯࡏ

ࡄ Ćɯƚɟ ɟƚżȩȒȒƚȘƇŏɾǞȩȘɯ ȩȘ ɯȩżǞŏȀ ȘƚɾʶȩɟǺǞȘǃ ɯǞɾƚɯࡏ

ߣߝ



ͩ˨̐̐˨ξ̙ χ͖ͻ͖ͱ˨ξ͖ϑІ ͂Ύξ ̙Ύ̐ϟͻ̥;ϑ ̐Ύͻθ˨ξ͖χΎ;

ࢆʶȩɟƇɯࡷȩǀࡷŏǃ$ࢅ ȒȩƇƚȀࡇ

mȩʶ ȒŏȘʿ ʶȩɟƇɯ Ƈȩ ŏ ɔŏǞɟ ȩǀ ƇȩżʕȒƚȘɾɯ Ǖŏʲƚ ǞȘ żȩȒȒȩȘࡐ

ߤߝ



ͩ˨̐̐˨ξ̙ χ͖ͻ͖ͱ˨ξ͖ϑІ ͂Ύξ ̙Ύ̐ϟͻ̥;ϑ ̐Ύͻθ˨ξ͖χΎ;

ࢆʶȩɟƇɯࡷȩǀࡷŏǃ$ࢅ ȒȩƇƚȀࡇ

mȩʶ ȒŏȘʿ ųǞǃɟŏȒɯ Ƈȩ ŏ ɔŏǞɟ ȩǀ ƇȩżʕȒƚȘɾɯ Ǖŏʲƚ ǞȘ żȩȒȒȩȘࡐ

ߤߝ



ͩ˨̐̐˨ξ̙ χ͖ͻ͖ͱ˨ξ͖ϑІ ͂Ύξ ̙Ύ̐ϟͻ̥;ϑ ̐Ύͻθ˨ξ͖χΎ;

ࢆʶȩɟƇɯࡷȩǀࡷŏǃ$ࢅ ȒȩƇƚȀࡇ

mȩʶ ȒŏȘʿ ɾɟǞǃɟŏȒɯ Ƈȩ ŏ ɔŏǞɟ ȩǀ ƇȩżʕȒƚȘɾɯ Ǖŏʲƚ ǞȘ żȩȒȒȩȘࡐ

ߤߝ



ͩ˨̐̐˨ξ̙ χ͖ͻ͖ͱ˨ξ͖ϑІ ͂Ύξ χ̥͖χͻ͖̐ ̙˨ϑ˨

_ƚŏɾʕɟƚ ƚʾɾɟŏżɾ ɔǞɔƚȀǞȘƚ ǀȩɟ ƚŏɟɾǕɛʕŏǺƚ Ƈŏɾŏࡏ

ߥߝ



χ͖ͻ͖ͱ˨ξ͖ϑІ ̥χϑ͖ͻ˨ϑ͖Ύ;

bȩŏȀࡇ 4ƚɯǞǃȘ ŏ żȩȒɔŏżɾ ɯǺƚɾżǕ * : ,ߜ} →{ߝ Rǹࡇ

mȩȒȩȒȩɟɔǕǞż +ȩȒɔɟƚɯɯǞȩȘࡇ ĦŏȘɾ ɾȩ ʕɯƚ *(ɛ), *(ʿ) ɾȩ
ŏɔɔɟȩʾǞȒŏɾƚȀʿ żȩȒɔʕɾƚ ɾǕƚ �ŏżżŏɟƇ ɯǞȒǞȀŏɟǞɾʿ �(ɛ, ʿ)ࡏ

ߜߞ



ͻ͖;͑˨χ͑

�ǞȘmŏɯǕ ࡈɟȩƇƚɟ$ ࡇߣߥ࢈

ࡄ +Ǖȩȩɯƚ ǹ ɟŏȘƇȩȒ ǕŏɯǕ ǀʕȘżɾǞȩȘɯ
ǔߝ, . . . ,ǔǹ : ,ߝ} . . . ,ȗ}→ ,ߜ] ࡏ[ߝ

ࡄ _ȩɟ ǝ ∈ ,ߝ . . . , ǹࡈ Ȁƚɾ żǝ = ȒǞȘǱ,ɛǱ=ߝ ǔǝ(Ǳ)ࡏ
ࡄ *(ɛ) = [żߝ, . . . , żǹ]ࡏ

ߝߞ



ͻ͖;͑˨χ͑

�ǞȘmŏɯǕ ࡈɟȩƇƚɟ$ ࡇߣߥ࢈

ࡄ +Ǖȩȩɯƚ ǹ ɟŏȘƇȩȒ ǕŏɯǕ ǀʕȘżɾǞȩȘɯ
ǔߝ, . . . ,ǔǹ : ,ߝ} . . . ,ȗ}→ ,ߜ] ࡏ[ߝ

ࡄ _ȩɟ ǝ ∈ ,ߝ . . . , ǹࡈ Ȁƚɾ żǝ = ȒǞȘǱ,ɛǱ=ߝ ǔǝ(Ǳ)ࡏ
ࡄ *(ɛ) = [żߝ, . . . , żǹ]ࡏ

ߝߞ



ͻ͖;͑˨χ͑

ࡄ +Ǖȩȩɯƚ ǹ ɟŏȘƇȩȒ ǕŏɯǕ ǀʕȘżɾǞȩȘɯ
ǔߝ, . . . ,ǔǹ : ,ߝ} . . . ,ȗ}→ ,ߜ] ࡏ[ߝ

ࡄ _ȩɟ ǝ ∈ ,ߝ . . . , ǹࡈ Ȁƚɾ żǝ = ȒǞȘǱ,ɛǱ=ߝ ǔǝ(Ǳ)ࡏ
ࡄ *(ɛ) = [żߝ, . . . , żǹ]ࡏ

ߞߞ



ͻ͖;͑˨χ͑ ˨;˨ͱІχ͖χ

+ȀŏǞȒࡇ Úɟ[żǝ(ɛ) = żǝ(ʿ)] = �(ɛ, ʿ)ࡏ

ߟߞ

O Hq,y): I
Y - I Prficq):c:b))

- D A H¥ 1 = L
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1 ¥ → t . I E#o i



ͻ͖;͑˨χ͑ ˨;˨ͱІχ͖χ

+ȀŏǞȒࡇ Úɟ[żǝ(ɛ) = żǝ(ʿ)] = �(ɛ, ʿ)ࡏ

ߟߞ

pw" → w i n

a m = Q I
QUY

¥..¥÷¥.
- - - -

a s

Total#of distiset real values: GUY
total # o f "repeat" positions:gnu,



ͻ͖;͑˨χ͑ ˨;˨ͱІχ͖χ

áƚɾʕɟȘࡇ �̃ = ߝ
ǹ
∑ǹ

ǝ=ߝ [żǝ(ɛ) = żǝ(ʿ)]ࡏ

ĆȘųǞŏɯƚƇ ƚɯɾǞȒŏɾƚ ǀȩɟ �ŏżżŏɟƇ ɯǞȒǞȀŏɟǞɾʿࡇ Ẽ� = �(ɛ, ʿ)ࡏ

ߠߞ

- i t . '
✓ / i . - 3 -

↳
O O O O
i r . . - - K



ͻ͖;͑˨χ͑ ˨;˨ͱІχ͖χ

+ǕƚɟȘȩǀǀ ųȩʕȘƇࡇ �ȘŏȀʿɯǞɯ Ǟɯ ɾǕƚ ɯŏȒƚ ŏɯ ɯʕȒȒǞȘǃ ɟŏȘƇȩȒ
żȩǞȘ ˚Ǟɔɯࡏ �ɯ ȀȩȘǃ ŏɯ ǹ = ª

(
Ȁȩǃ(ߝ/δ)

ϵߞ

)
ࡈ ɾǕƚȘ ʶǞɾǕ ɔɟȩųࡏ −ߝ δࡈ

�(ɛ, ʿ)− ϵ ≤ �̃ (*(ɛ), *(ʿ)) ≤ �(ɛ, ʿ) + ϵ.

�ȘƇ �̃ ȩȘȀʿ ɾŏǺƚɯ ª(ǹ) ɾǞȒƚ ɾȩ żȩȒɔʕɾƚࡋ vȘƇƚɔƚȘƇƚȘɾ ȩǀ
ȩɟǞǃǞȘŏȀ ˙ȘǃƚɟɔɟǞȘɾ ƇǞȒƚȘɯǞȩȘ Ɔࡏ

ߡߞ

→ B
- = -

Pr this doesn o t happen

⇐ 8



ͻ͖;͑˨χ͑ ˨;˨ͱІχ͖χ

+ǕƚɟȘȩǀǀ ųȩʕȘƇࡇ �ȘŏȀʿɯǞɯ Ǟɯ ɾǕƚ ɯŏȒƚ ŏɯ ɯʕȒȒǞȘǃ ɟŏȘƇȩȒ
żȩǞȘ ˚Ǟɔɯࡏ �ɯ ȀȩȘǃ ŏɯ ǹ = ª

(
Ȁȩǃ(ߝ/δ)

ϵߞ

)
ࡈ ɾǕƚȘ ʶǞɾǕ ɔɟȩųࡏ −ߝ δࡈ

�(ɛ, ʿ)− ϵ ≤ �̃ (*(ɛ), *(ʿ)) ≤ �(ɛ, ʿ) + ϵ.

�ȘƇ �̃ ȩȘȀʿ ɾŏǺƚɯ ª(ǹ) ɾǞȒƚ ɾȩ żȩȒɔʕɾƚࡋ vȘƇƚɔƚȘƇƚȘɾ ȩǀ
ȩɟǞǃǞȘŏȀ ˙ȘǃƚɟɔɟǞȘɾ ƇǞȒƚȘɯǞȩȘ Ɔࡏ

ߡߞ

as • s
-



ͻ͖;͑˨χ͑ ˨;˨ͱІχ͖χ

�̃ = ߝ
ǹ
∑ǹ

ǝ=ߝ [żǝ(ɛ) = żǝ(ʿ)]

ëʕǀ˙żƚɯ ɾȩ ɔɟȩʲƚࡇ

ࡄ �̃ ≤ �+ ϵ ʶǞɾǕ ɔɟȩųŏųǞȀǞɾʿ −ߝ) δ/ࡏ(ߞ
ࡄ �̃ ≥ �− ϵ ʶǞɾǕ ɔɟȩųŏųǞȀǞɾʿ −ߝ) δ/ࡏ(ߞ

ߢߞ

PAID a P¥3tPrl¥

→
A

" = :@I:÷±#"7) a J-e)s she
→ B

p ,fneither A n o r B ] happens witpro,>i - s
PrlAorB#µ



ͻ͖;͑˨χ͑ ˨;˨ͱІχ͖χ

÷ǕƚȩɟƚȒ ǕƚɟȘȩǀǀ+ $ȩʕȘƇࡈ ߝ
�ƙɺ Ĥߝ, Ĥߞ, . . . , Ĥǹ ųƙ ǝȗƆƙɑƙȗƆƙȗɺ ,ߜ} ʮŏǿʑƙƆࡹ{ߝ ɛŏȗƆȧȑ ʮŏɛǝŏųǿƙɫ
ŏȗƆ ǿƙɺ ɑǝ = E[Ĥǝ]ࡌ ʲǔƙɛƙ ߜ < ɑǝ < ࡒߝ îǔƙȗ ɺǔƙ ɫʑȑ ã =

∑ǹ
ǝ=ߝ Ĥǝࡌ

ʲǔǝżǔ ǔŏɫ ȑƙŏȗ µ =
∑ǹ

ǝ=ߝ ɑǝࡌ ɫŏɺǝɫ˛ƙɫ

Úɟ[Ĥ ≥ +ߝ) δ)µ] ≤ ƙ
−δߞµ
δߟ+ߟ .

ߣߞ

•
×

Wantt o prove:
IP r f f75+4 E r i f u.-01108¥')
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ͻ͖;͑˨χ͑ ˨;˨ͱІχ͖χ

÷ǕƚȩɟƚȒ ǕƚɟȘȩǀǀ+ $ȩʕȘƇࡈ ߞ
�ƙɺ Ĥߝ, Ĥߞ, . . . , Ĥǹ ųƙ ǝȗƆƙɑƙȗƆƙȗɺ ,ߜ} ʮŏǿʑƙƆࡹ{ߝ ɛŏȗƆȧȑ ʮŏɛǝŏųǿƙɫ
ŏȗƆ ǿƙɺ ɑǝ = E[Ĥǝ]ࡌ ʲǔƙɛƙ ߜ < ɑǝ < ࡒߝ îǔƙȗ ɺǔƙ ɫʑȑ ã =

∑ǹ
ǝ=ߝ Ĥǝࡌ

ʲǔǝżǔ ǔŏɫ ȑƙŏȗ µ =
∑ǹ

ǝ=ߝ ɑǝࡌ ɫŏɺǝɫ˛ƙɫ

Úɟ[Ĥ ≤ −ߝ) δ)µ] ≤ ƙ
−δߞµ

ߟ .

ƿȧɛ ŏǿǿ ߜ < δ < ࡒߝ

ߤߞ

•
X

wantt oprove:
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ξ̥ͻ˨͖;̙̥ξ Ύ͂ ̐ͱ˨χχ

°Șƚ ǞȘżɟƚƇǞųȀʿ ɔȩʶƚɟǀʕȀ ɾǕƚȩɟƚȒࡇ

÷Ǖƚ �ȩǕȘɯȩȘࡷ�ǞȘƇƚȘɯɾɟŏʕɯɯ �ƚȒȒŏࡏ

ߥߞ



̥ϟ̐ͱ͖̙̥˨; ̙͖ͻ̥;χ͖Ύ;˨ͱ͖ϑІ ξ̥̙ϟ̐ϑ͖Ύ;

ߜߟ



̥ϟ̐ͱ͖̙̥˨; ̙͖ͻ̥;χ͖Ύ;˨ͱ͖ϑІ ξ̥̙ϟ̐ϑ͖Ύ;

CʕżȀǞƇƚŏȘ ȘȩɟȒ ࡕ ƇǞɯɾŏȘżƚࡇ

ࡄ bǞʲƚȘ ɛ ∈ RƆࡈ ∥ɛ∥ߞ =
√∑Ɔ

ǝ=ߝ ɗ(ǝ)ࡏߞ
ࡄ bǞʲƚȘ ɛ, ʿ ∈ RƆࡈ ƇǞɯɾŏȘżƚ Ƈƚ˙ȘƚƇ ŏɯ ∥ɛ− ʿ∥ࡏߞ

+ŏȘ ʶƚ ˙ȘƇ żȩȒɔŏżɾ ɯǺƚɾżǕƚɯ ɾǕŏɾ ɔɟƚɯƚɟʲƚ CʕżȀǞƇƚŏȘ
ƇǞɯɾŏȘżƚࡈ ǲʕɯɾ ŏɯ ʶƚ ƇǞƇ ǀȩɟ �ŏżżŏɟƇ ɯǞȒǞȀŏɟǞɾʿࡐ

ߝߟ



̥ϟ̐ͱ͖̙̥˨; ̙͖ͻ̥;χ͖Ύ;˨ͱ͖ϑІ ξ̥̙ϟ̐ϑ͖Ύ;

CʕżȀǞƇƚŏȘ ȘȩɟȒ ࡕ ƇǞɯɾŏȘżƚࡇ

ࡄ bǞʲƚȘ ɛ ∈ RƆࡈ ∥ɛ∥ߞ =
√∑Ɔ

ǝ=ߝ ɗ(ǝ)ࡏߞ
ࡄ bǞʲƚȘ ɛ, ʿ ∈ RƆࡈ ƇǞɯɾŏȘżƚ Ƈƚ˙ȘƚƇ ŏɯ ∥ɛ− ʿ∥ࡏߞ

+ŏȘ ʶƚ ˙ȘƇ żȩȒɔŏżɾ ɯǺƚɾżǕƚɯ ɾǕŏɾ ɔɟƚɯƚɟʲƚ CʕżȀǞƇƚŏȘ
ƇǞɯɾŏȘżƚࡈ ǲʕɯɾ ŏɯ ʶƚ ƇǞƇ ǀȩɟ �ŏżżŏɟƇ ɯǞȒǞȀŏɟǞɾʿࡐ

ߝߟ

i d

R

o o
-



̥ϟ̐ͱ͖̙̥˨; ̙͖ͻ̥;χ͖Ύ;˨ͱ͖ϑІ ξ̥̙ϟ̐ϑ͖Ύ;

CʕżȀǞƇƚŏȘ ȘȩɟȒ ࡕ ƇǞɯɾŏȘżƚࡇ

ࡄ bǞʲƚȘ ɛ ∈ RƆࡈ ∥ɛ∥ߞ =
√∑Ɔ

ǝ=ߝ ɗ(ǝ)ࡏߞ
ࡄ bǞʲƚȘ ɛ, ʿ ∈ RƆࡈ ƇǞɯɾŏȘżƚ Ƈƚ˙ȘƚƇ ŏɯ ∥ɛ− ʿ∥ࡏߞ

+ŏȘ ʶƚ ˙ȘƇ żȩȒɔŏżɾ ɯǺƚɾżǕƚɯ ɾǕŏɾ ɔɟƚɯƚɟʲƚ CʕżȀǞƇƚŏȘ
ƇǞɯɾŏȘżƚࡈ ǲʕɯɾ ŏɯ ʶƚ ƇǞƇ ǀȩɟ �ŏżżŏɟƇ ɯǞȒǞȀŏɟǞɾʿࡐ

ߝߟ



̥ϟ̐ͱ͖̙̥˨; ̙͖ͻ̥;χ͖Ύ;˨ͱ͖ϑІ ξ̥̙ϟ̐ϑ͖Ύ;

�ƚȒȒŏ ࡈ�ǞȘƇƚȘɯɾɟŏʕɯɯࡷ�ȩǕȘɯȩȘ ߠߤߥߝ
]ȧɛ ŏȗʻ ɫƙɺ ȧƿ ȗ Ɔŏɺŏ ɑȧǝȗɺɫ ɛߝ, . . . ,ɛȗ ∈ RƆ ɺǔƙɛƙ ƙʺǝɫɺɫ ŏ
ǿǝȗƙŏɛ ȑŏɑ Π : RƆ → Rǹ ʲǔƙɛƙ ǹ = ª

(
Ȁȩǃ ȗ
ϵߞ

)
ɫʑżǔ ɺǔŏɺ ƿȧɛ ŏǿǿ

ǝ, Ǳࡌ

−ߝ) ϵ)∥ɛǝ − ɛǱ∥ߞ ≤ ∥Πɛǝ −ΠɛǱ∥ߞ ≤ +ߝ) ϵ)∥ɛǝ − ɛǱ∥ߞ.

ߞߟ
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̥ϟ̐ͱ͖̙̥˨; ̙͖ͻ̥;χ͖Ύ;˨ͱ͖ϑІ ξ̥̙ϟ̐ϑ͖Ύ;

áƚȒŏɟǺŏųȀ ʿࡈ Π żŏȘ ųƚ żǕȩɯƚȘ żȩȒɔȀƚɾƚȀʿ ŏɾ ɟŏȘƇȩȒࡋ

°Șƚ ɔȩɯɯǞųȀƚ żȩȘɯɾɟʕżɾǞȩȘࡇ áŏȘƇȩȒ bŏʕɯɯǞŏȘࡏ

Πǝ,Ǳ =
√ߝ
ǹ
N ,ߜ) (ߝ

÷Ǖƚ Ȓŏɔ Π Ǟɯ ȩųȀǞʲǞȩʕɯ ɾȩ ɾǕƚ Ƈŏɾŏ ɯƚɾࡏ ÷ǕǞɯ ɯɾŏȘƇɯ ǞȘ
żȩȘɯɾɟŏɯɾ ɾȩ ƚࡏǃࡏ Ú+ࡈ� ŏȒȩʕȘǃɯɾ ȩɾǕƚɟ ƇǞǀǀƚɟƚȘżƚɯࡏ

ࡈvȘƇʿǺ �ȩɾʶŏȘǞ ࡠߤߥߥߝ ࡈ�ɟɟǞŏǃƚ ģƚȒɔŏȀŏ ࡠߥߥߥߝ �żǕȀǞȩɔɾŏɯ ࡠߝߜߜߞ
ࡈ4ŏɯǃʕɔɾŏ bʕɔɾŏ ࡏࡠߟߜߜߞ

�ŏȘʿ ȩɾǕƚɟ ɔȩɯɯǞųȀƚ żǕȩǞżƚɯ ɯʕǀ˙żƚ ࡵ ʿȩʕ żŏȘ ʕɯƚ ɟŏȘƇȩȒ
{ߝ−,ߝ+} ʲŏɟǞŏųȀƚɯࡈ ɯɔŏɟɯƚ ɟŏȘƇȩȒ ȒŏɾɟǞżƚɯࡈ ɔɯƚʕƇȩɟŏȘƇȩȒ Πࡏ
CŏżǕ ʶǞɾǕ ƇǞǀǀƚɟƚȘɾ ŏƇʲŏȘɾŏǃƚɯࡏ Ħƚ ɯǕȩʕȀƇ Ǖŏʲƚ ɾǞȒƚ ɾȩ
ƇǞɯżʕɯɯ ŏ ǀƚʶ ƚʾŏȒɔȀƚɯ Șƚʾɾ Ȁƚżɾʕɟƚࡏ

ߟߟ

- - t r u I I



̥ϟ̐ͱ͖̙̥˨; ̙͖ͻ̥;χ͖Ύ;˨ͱ͖ϑІ ξ̥̙ϟ̐ϑ͖Ύ;

áƚȒŏɟǺŏųȀ ʿࡈ Π żŏȘ ųƚ żǕȩɯƚȘ żȩȒɔȀƚɾƚȀʿ ŏɾ ɟŏȘƇȩȒࡋ

°Șƚ ɔȩɯɯǞųȀƚ żȩȘɯɾɟʕżɾǞȩȘࡇ áŏȘƇȩȒ bŏʕɯɯǞŏȘࡏ

Πǝ,Ǳ =
√ߝ
ǹ
N ,ߜ) (ߝ

÷Ǖƚ Ȓŏɔ Π Ǟɯ ȩųȀǞʲǞȩʕɯ ɾȩ ɾǕƚ Ƈŏɾŏ ɯƚɾࡏ ÷ǕǞɯ ɯɾŏȘƇɯ ǞȘ
żȩȘɯɾɟŏɯɾ ɾȩ ƚࡏǃࡏ Ú+ࡈ� ŏȒȩʕȘǃɯɾ ȩɾǕƚɟ ƇǞǀǀƚɟƚȘżƚɯࡏ

ࡈvȘƇʿǺ �ȩɾʶŏȘǞ ࡠߤߥߥߝ ࡈ�ɟɟǞŏǃƚ ģƚȒɔŏȀŏ ࡠߥߥߥߝ �żǕȀǞȩɔɾŏɯ ࡠߝߜߜߞ
ࡈ4ŏɯǃʕɔɾŏ bʕɔɾŏ ࡏࡠߟߜߜߞ

�ŏȘʿ ȩɾǕƚɟ ɔȩɯɯǞųȀƚ żǕȩǞżƚɯ ɯʕǀ˙żƚ ࡵ ʿȩʕ żŏȘ ʕɯƚ ɟŏȘƇȩȒ
{ߝ−,ߝ+} ʲŏɟǞŏųȀƚɯࡈ ɯɔŏɟɯƚ ɟŏȘƇȩȒ ȒŏɾɟǞżƚɯࡈ ɔɯƚʕƇȩɟŏȘƇȩȒ Πࡏ
CŏżǕ ʶǞɾǕ ƇǞǀǀƚɟƚȘɾ ŏƇʲŏȘɾŏǃƚɯࡏ Ħƚ ɯǕȩʕȀƇ Ǖŏʲƚ ɾǞȒƚ ɾȩ
ƇǞɯżʕɯɯ ŏ ǀƚʶ ƚʾŏȒɔȀƚɯ Șƚʾɾ Ȁƚżɾʕɟƚࡏ

ߟߟ



̥ϟ̐ͱ͖̙̥˨; ̙͖ͻ̥;χ͖Ύ;˨ͱ͖ϑІ ξ̥̙ϟ̐ϑ͖Ύ;

áƚȒŏɟǺŏųȀ ʿࡈ Π żŏȘ ųƚ żǕȩɯƚȘ żȩȒɔȀƚɾƚȀʿ ŏɾ ɟŏȘƇȩȒࡋ

°Șƚ ɔȩɯɯǞųȀƚ żȩȘɯɾɟʕżɾǞȩȘࡇ áŏȘƇȩȒ bŏʕɯɯǞŏȘࡏ

Πǝ,Ǳ =
√ߝ
ǹ
N ,ߜ) (ߝ

÷Ǖƚ Ȓŏɔ Π Ǟɯ ȩųȀǞʲǞȩʕɯ ɾȩ ɾǕƚ Ƈŏɾŏ ɯƚɾࡏ ÷ǕǞɯ ɯɾŏȘƇɯ ǞȘ
żȩȘɯɾɟŏɯɾ ɾȩ ƚࡏǃࡏ Ú+ࡈ� ŏȒȩʕȘǃɯɾ ȩɾǕƚɟ ƇǞǀǀƚɟƚȘżƚɯࡏ

ࡈvȘƇʿǺ �ȩɾʶŏȘǞ ࡠߤߥߥߝ ࡈ�ɟɟǞŏǃƚ ģƚȒɔŏȀŏ ࡠߥߥߥߝ �żǕȀǞȩɔɾŏɯ ࡠߝߜߜߞ
ࡈ4ŏɯǃʕɔɾŏ bʕɔɾŏ ࡏࡠߟߜߜߞ

�ŏȘʿ ȩɾǕƚɟ ɔȩɯɯǞųȀƚ żǕȩǞżƚɯ ɯʕǀ˙żƚ ࡵ ʿȩʕ żŏȘ ʕɯƚ ɟŏȘƇȩȒ
{ߝ−,ߝ+} ʲŏɟǞŏųȀƚɯࡈ ɯɔŏɟɯƚ ɟŏȘƇȩȒ ȒŏɾɟǞżƚɯࡈ ɔɯƚʕƇȩɟŏȘƇȩȒ Πࡏ
CŏżǕ ʶǞɾǕ ƇǞǀǀƚɟƚȘɾ ŏƇʲŏȘɾŏǃƚɯࡏ Ħƚ ɯǕȩʕȀƇ Ǖŏʲƚ ɾǞȒƚ ɾȩ
ƇǞɯżʕɯɯ ŏ ǀƚʶ ƚʾŏȒɔȀƚɯ Șƚʾɾ Ȁƚżɾʕɟƚࡏ

ߟߟ

-



̥ϟ̐ͱ͖̙̥˨; ̙͖ͻ̥;χ͖Ύ;˨ͱ͖ϑІ ξ̥̙ϟ̐ϑ͖Ύ;

vȘɾƚɟȒƚƇǞŏɾƚ ɟƚɯʕȀɾࡇ ʶǕǞżǕ ʶƚ ŏȀɟƚŏƇʿ ǺȘȩʶ Ǖȩʶ ɾȩ ɔɟȩʲƚ
�ƚȒȒŏ 4ǞɯɾɟǞųʕɾǞȩȘŏȀ �� �ƚȒȒŏ
�ƙɺ Π ∈ Rǹ×Ɔ ųƙ żǔȧɫƙȗ ɫȧ ɺǔŏɺ ƙŏżǔ ƙȗɺɛʻ ƙɗʑŏǿɫ √ߝ

ǹN ,ߜ) ࡌ(ߝ
ʲǔƙɛƙ N ,ߜ) (ߝ Ɔƙȗȧɺƙɫ ŏ ɫɺŏȗƆŏɛƆ `ŏʑɫɫǝŏȗ ɛŏȗƆȧȑ ʮŏɛǝŏųǿƙࡒ

sƿ ʲƙ żǔȧȧɫƙ ǹ = ª
(
Ȁȩǃ(ߝ/δ)

ϵߞ

)
ࡌ ɺǔƙȗ ƿȧɛ ŏȗʻ ʮƙżɺȧɛ ɛࡌ ʲǝɺǔ

ɑɛȧųŏųǝǿǝɺʻ −ߝ) δ)ࡋ

−ߝ) ϵ)∥ɛ∥ߞ ≤ ∥Πɛ∥ߞ ≤ +ߝ) ϵ)∥ɛ∥ߞ

vȘ żȀŏɯɯ ƚʾƚɟżǞɯƚࡇ bǞʲƚȘ ɾǕǞɯ ȀƚȒȒŏࡈ ɔɟȩʲƚ ɾǕƚ
�ȩǕȘɯȩȘࡷ�ǞȘƇƚȘɯɾɟŏʕɯɯ ȀƚȒȒŏࡏ

ߠߟ



̥ϟ̐ͱ͖̙̥˨; ̙͖ͻ̥;χ͖Ύ;˨ͱ͖ϑІ ξ̥̙ϟ̐ϑ͖Ύ;

vȘɾƚɟȒƚƇǞŏɾƚ ɟƚɯʕȀɾࡇ ʶǕǞżǕ ʶƚ ŏȀɟƚŏƇʿ ǺȘȩʶ Ǖȩʶ ɾȩ ɔɟȩʲƚ
�ƚȒȒŏ 4ǞɯɾɟǞųʕɾǞȩȘŏȀ �� �ƚȒȒŏ
�ƙɺ Π ∈ Rǹ×Ɔ ųƙ żǔȧɫƙȗ ɫȧ ɺǔŏɺ ƙŏżǔ ƙȗɺɛʻ ƙɗʑŏǿɫ √ߝ

ǹN ,ߜ) ࡌ(ߝ
ʲǔƙɛƙ N ,ߜ) (ߝ Ɔƙȗȧɺƙɫ ŏ ɫɺŏȗƆŏɛƆ `ŏʑɫɫǝŏȗ ɛŏȗƆȧȑ ʮŏɛǝŏųǿƙࡒ

sƿ ʲƙ żǔȧȧɫƙ ǹ = ª
(
Ȁȩǃ(ߝ/δ)

ϵߞ

)
ࡌ ɺǔƙȗ ƿȧɛ ŏȗʻ ʮƙżɺȧɛ ɛࡌ ʲǝɺǔ

ɑɛȧųŏųǝǿǝɺʻ −ߝ) δ)ࡋ

−ߝ) ϵ)∥ɛ∥ߞ ≤ ∥Πɛ∥ߞ ≤ +ߝ) ϵ)∥ɛ∥ߞ

vȘ żȀŏɯɯ ƚʾƚɟżǞɯƚࡇ bǞʲƚȘ ɾǕǞɯ ȀƚȒȒŏࡈ ɔɟȩʲƚ ɾǕƚ
�ȩǕȘɯȩȘࡷ�ǞȘƇƚȘɯɾɟŏʕɯɯ ȀƚȒȒŏࡏ

ߠߟ

→ qi-qi forays
r ~ ~

HITCgi-gills= HITqi-Ng;Ha

Implies:→ I f k =odognler) then with prob. 9/10
a .a )Hoi-G;D,E 111Tq ;-Hq;112s (Ira)Hq:-filla forally i .j G { b .- i n }



͖; ̐ͱ˨χχ ̥Ѕ̥ξ͖̐χ̥

ߡߟ

For a n y i , ; i f h e 0 ( '08%1)
then w / probability 4-8) S F
(I-E)Kofi-Gill, Ellltqi-Hq;11nsHe)llqi-fill.

q,...q , (Y) i , ; pairs → 0 (na)
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# Prk , and s i , and s in----)

v i ."2¥)>oa.su, t a t -1¥
(I) - l - i o -%



͖; ̐ͱ˨χχ ̥Ѕ̥ξ͖̐χ̥
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θξΎΎ͂ Ύ͂ ̙͖χϑξ͖̊ϟϑ͖Ύ;˨ͱ ͩͱ

ĦŏȘɾ ɾȩ ŏɟǃʕƚ ɾǕŏɾ ʶǞɾǕ ǕǞǃǕ ɔɟȩųŏųǞȀǞɾ ʿࡈ ∥Πɛ∥ߞ = ±ߝ) ϵ)∥ɛ∥ࡏߞ
vɾ ɯʕǀ˙żƚɯ ɾȩ ɔɟȩʲƚ ɾǕŏɾࡈ ʶǞɾǕ ɔɟȩųŏųǞȀǞɾʿ −ߝ) δ)ࡈ

−ߝ) ϵ)∥ɛ∥ߞߞ ≤ |Πɛ∥ߞߞ ≤ +ߝ) ϵ)∥ɛ∥ߞߞ

+ȀŏǞȒࡇ E∥Πɛ∥ߞߞ = ∥ɛ∥ߞߞ.

∥Πɛ∥ߞߞ =
ǹ∑

ǝ=ߝ
[Πɛ]ߞǝ

E∥Πɛ∥ߞߞ =
ǹ∑

ǝ=ߝ
E
(
[Πɛ]ߞǝ

)

ߣߟ



θξΎΎ͂ Ύ͂ ̙͖χϑξ͖̊ϟϑ͖Ύ;˨ͱ ͩͱ

ĦŏȘɾ ɾȩ ŏɟǃʕƚ ɾǕŏɾ ʶǞɾǕ ǕǞǃǕ ɔɟȩųŏųǞȀǞɾ ʿࡈ ∥Πɛ∥ߞ = ±ߝ) ϵ)∥ɛ∥ࡏߞ
vɾ ɯʕǀ˙żƚɯ ɾȩ ɔɟȩʲƚ ɾǕŏɾࡈ ʶǞɾǕ ɔɟȩųŏųǞȀǞɾʿ −ߝ) δ)ࡈ

−ߝ) ϵ)∥ɛ∥ߞߞ ≤ |Πɛ∥ߞߞ ≤ +ߝ) ϵ)∥ɛ∥ߞߞ

+ȀŏǞȒࡇ E∥Πɛ∥ߞߞ = ∥ɛ∥ߞߞ.

∥Πɛ∥ߞߞ =
ǹ∑

ǝ=ߝ
[Πɛ]ߞǝ

E∥Πɛ∥ߞߞ =
ǹ∑

ǝ=ߝ
E
(
[Πɛ]ߞǝ

)

ߣߟ



θξΎΎ͂ Ύ͂ ̙͖χϑξ͖̊ϟϑ͖Ύ;˨ͱ ͩͱ

ĦŏȘɾ ɾȩ ŏɟǃʕƚ ɾǕŏɾ ʶǞɾǕ ǕǞǃǕ ɔɟȩųŏųǞȀǞɾ ʿࡈ ∥Πɛ∥ߞ = ±ߝ) ϵ)∥ɛ∥ࡏߞ
vɾ ɯʕǀ˙żƚɯ ɾȩ ɔɟȩʲƚ ɾǕŏɾࡈ ʶǞɾǕ ɔɟȩųŏųǞȀǞɾʿ −ߝ) δ)ࡈ

−ߝ) ϵ)∥ɛ∥ߞߞ ≤ |Πɛ∥ߞߞ ≤ +ߝ) ϵ)∥ɛ∥ߞߞ

+ȀŏǞȒࡇ E∥Πɛ∥ߞߞ = ∥ɛ∥ߞߞ.

∥Πɛ∥ߞߞ =
ǹ∑

ǝ=ߝ
[Πɛ]ߞǝ

E∥Πɛ∥ߞߞ =
ǹ∑

ǝ=ߝ
E
(
[Πɛ]ߞǝ

)

ߣߟ
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θξΎΎ͂ Ύ͂ ̙͖χϑξ͖̊ϟϑ͖Ύ;˨ͱ ͩͱ

bȩŏȀࡇ �ƚɾ Į =
√
ǹ · [Πɛ]ǝࡏ CʲŏȀʕŏɾƚ E[Įߞ]ࡏ

ߤߟ
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χϑ˨̊ͱ̥ ξ˨;̙Ύͻ ϻ˨ξ͖˨̊ͱ̥χ

ĦǕŏɾ ɾʿɔƚ ȩǀ ɟŏȘƇȩȒ ʲŏɟǞŏųȀƚ Ǟɯ [Πɛ]ߞǝ ࡐ

_ŏżɾ ëɾŏųǞȀǞɾʿ ȩǀ bŏʕɯɯǞŏȘ ɟŏȘƇȩȒ ʲŏɟǞŏųȀƚɯ

N (µߝ,σ
ߞ
ߝ ) +N (µߞ,σ

ߞ
(ߞ = N (µߝ + µߞ,σ

ߞ
ߝ + σߞߞ)

[Πɛ]ߞǝ Ǟɯ ɾǕƚ ɯɛʕŏɟƚ ȩǀ ŏ bŏʕɯɯǞŏȘ ɟŏȘƇȩȒ ʲŏɟǞŏųȀƚ ŏȘƇ ∥Πʾ∥ߞߞ
Ǟɯ ŏ ɯʕȒ ȩǀ ǹ ɯɛʕŏɟƚƇ bŏʕɯɯǞŏȘ ɟŏȘƇȩȒ ʲŏɟǞŏųȀƚɯࡏ

ɯɛʕŏɟƚƇࡷǕǞ+ࢅ ɟŏȘƇȩȒ ʲŏɟǞŏųȀƚ ʶǞɾǕ ǹ Ƈƚǃɟƚƚɯ ȩǀ ǀɟƚƚƇȩȒࢆࡏ

ߥߟ

] = Y '



χϑ˨̊ͱ̥ ξ˨;̙Ύͻ ϻ˨ξ͖˨̊ͱ̥χ

ĦǕŏɾ ɾʿɔƚ ȩǀ ɟŏȘƇȩȒ ʲŏɟǞŏųȀƚ Ǟɯ [Πɛ]ߞǝ ࡐ

_ŏżɾ ëɾŏųǞȀǞɾʿ ȩǀ bŏʕɯɯǞŏȘ ɟŏȘƇȩȒ ʲŏɟǞŏųȀƚɯ

N (µߝ,σ
ߞ
ߝ ) +N (µߞ,σ

ߞ
(ߞ = N (µߝ + µߞ,σ

ߞ
ߝ + σߞߞ)

[Πɛ]ߞǝ Ǟɯ ɾǕƚ ɯɛʕŏɟƚ ȩǀ ŏ bŏʕɯɯǞŏȘ ɟŏȘƇȩȒ ʲŏɟǞŏųȀƚ ŏȘƇ ∥Πʾ∥ߞߞ
Ǟɯ ŏ ɯʕȒ ȩǀ ǹ ɯɛʕŏɟƚƇ bŏʕɯɯǞŏȘ ɟŏȘƇȩȒ ʲŏɟǞŏųȀƚɯࡏ

ɯɛʕŏɟƚƇࡷǕǞ+ࢅ ɟŏȘƇȩȒ ʲŏɟǞŏųȀƚ ʶǞɾǕ ǹ Ƈƚǃɟƚƚɯ ȩǀ ǀɟƚƚƇȩȒࢆࡏ

ߥߟ
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χϑ˨̊ͱ̥ ξ˨;̙Ύͻ ϻ˨ξ͖˨̊ͱ̥χ

ĦǕŏɾ ɾʿɔƚ ȩǀ ɟŏȘƇȩȒ ʲŏɟǞŏųȀƚ Ǟɯ [Πɛ]ߞǝ ࡐ

_ŏżɾ ëɾŏųǞȀǞɾʿ ȩǀ bŏʕɯɯǞŏȘ ɟŏȘƇȩȒ ʲŏɟǞŏųȀƚɯ

N (µߝ,σ
ߞ
ߝ ) +N (µߞ,σ

ߞ
(ߞ = N (µߝ + µߞ,σ

ߞ
ߝ + σߞߞ)

[Πɛ]ߞǝ Ǟɯ ɾǕƚ ɯɛʕŏɟƚ ȩǀ ŏ bŏʕɯɯǞŏȘ ɟŏȘƇȩȒ ʲŏɟǞŏųȀƚ ŏȘƇ ∥Πʾ∥ߞߞ
Ǟɯ ŏ ɯʕȒ ȩǀ ǹ ɯɛʕŏɟƚƇ bŏʕɯɯǞŏȘ ɟŏȘƇȩȒ ʲŏɟǞŏųȀƚɯࡏ

ɯɛʕŏɟƚƇࡷǕǞ+ࢅ ɟŏȘƇȩȒ ʲŏɟǞŏųȀƚ ʶǞɾǕ ǹ Ƈƚǃɟƚƚɯ ȩǀ ǀɟƚƚƇȩȒࢆࡏ

ߥߟ

O -



χϑ˨̊ͱ̥ ξ˨;̙Ύͻ ϻ˨ξ͖˨̊ͱ̥χ

ĦǕŏɾ ɾʿɔƚ ȩǀ ɟŏȘƇȩȒ ʲŏɟǞŏųȀƚ Ǟɯ [Πɛ]ߞǝ ࡐ

_ŏżɾ ëɾŏųǞȀǞɾʿ ȩǀ bŏʕɯɯǞŏȘ ɟŏȘƇȩȒ ʲŏɟǞŏųȀƚɯ

N (µߝ,σ
ߞ
ߝ ) +N (µߞ,σ

ߞ
(ߞ = N (µߝ + µߞ,σ

ߞ
ߝ + σߞߞ)

[Πɛ]ߞǝ Ǟɯ ɾǕƚ ɯɛʕŏɟƚ ȩǀ ŏ bŏʕɯɯǞŏȘ ɟŏȘƇȩȒ ʲŏɟǞŏųȀƚ ŏȘƇ ∥Πʾ∥ߞߞ
Ǟɯ ŏ ɯʕȒ ȩǀ ǹ ɯɛʕŏɟƚƇ bŏʕɯɯǞŏȘ ɟŏȘƇȩȒ ʲŏɟǞŏųȀƚɯࡏ

ɯɛʕŏɟƚƇࡷǕǞ+ࢅ ɟŏȘƇȩȒ ʲŏɟǞŏųȀƚ ʶǞɾǕ ǹ Ƈƚǃɟƚƚɯ ȩǀ ǀɟƚƚƇȩȒࢆࡏ

ߥߟ



̐Ύ;̥̐;ϑξ˨ϑ͖Ύ; Ύ͂ χμϟ˨ξ̥̙ࡷ͖͑̐ ξ˨;̙Ύͻ ϻ˨ξ͖˨̊ͱ̥χ

�ƚȒȒŏ
�ƙɺ Ĥ ųƙ ŏ żǔǝࡹɫɗʑŏɛƙƆ ɛŏȗƆȧȑ ʮŏɛǝŏųǿƙ ʲǝɺǔ ǹ Ɔƙǂɛƙƙɫ ȧƿ
ƿɛƙƙƆȧȑࡒ

Úɟ[|EĤ− Ĥ| ≥ ϵEĤ] ≤ ߤ/ߞƙ−ǹϵߞ

ߜߠ



χ˨ͻθͱ̥ ˨θθͱ͖̐˨ϑ͖Ύ;

ǺࡷȒƚŏȘɯ żȀʕɯɾƚɟǞȘǃࡇ bǞʲƚ Ƈŏɾŏ ɔȩǞȘɾɯ ĭߝ, . . . , ĭȗࡈ ˙ȘƇ żƚȘɾƚɟɯ
µߝ, . . . , µǹ ɾȩ ȒǞȘǞȒǞˌƚࡇ

*ȧɫɺ(µߝ, . . . , µǹ) =
ȗ∑

ǝ=ߝ
ȒǞȘ
Ǳ=ߝ,...,ǹ

∥µǱ − ĭǝ∥ߞߞ

ߝߠ

K
o =
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⇐ =
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ͻ̥˨;χࡷͬ ̐ͱϟχϑ̥ξ͖;͇

CɛʕǞʲŏȀƚȘɾ ǀȩɟȒʕȀŏɾǞȩȘࡇ _ǞȘƇ żȀʕɯɾƚɟɯ ,ߝ* . . . , *ǹ ⊆ ,ߝ} . . . ,ȗ} ɾȩ
ȒǞȘǞȒǞˌƚࡇ

*ȧɫɺ(*ߝ, . . . , *ǹ) =
ǹ∑

Ǳ=ߝ

ߝ
|Ǳ*|ߞ

∑

ʑ,ʮ∈*Ǳ

∥ĭʑ − ĭʮ∥ߞߞ.

ߞߠ

1 % 0 × 0 0
=

-



ͻ̥˨;χࡷͬ ̐ͱϟχϑ̥ξ͖;͇

�ɔɔɟȩʾǞȒŏɾǞȩȘ ŏȀǃȩɟǞɾǕȒࡇ _ǞȘƇ ȩɔɾǞȒŏȀ żȀʕɯɾƚɟɯ ,ߝ̃* . . . , *̃ǹ ǀȩɟ
ɾǕƚ ǹ = ª( Ȁȩǃ ȗ

ϵߞ ) ƇǞȒƚȘɯǞȩȘ Ƈŏɾŏ ɯƚɾ Πĭߝ, . . . ,Πĭȗ.

ߟߠ

a -



ͻ̥˨;χࡷͬ ̐ͱϟχϑ̥ξ͖;͇

*ȧɫɺ(*ߝ, . . . , *ǹ) =
ǹ∑

Ǳ=ߝ

ߝ
|Ǳ*|ߞ

∑

ʑ,ʮ∈*Ǳ

∥ĭʑ − ĭʮ∥ߞߞ.

ߠߠ

cost( c . . . . . ,cu)=;&¥, Etc;Htx¥Xl:
11-E)IN.-KelliE

& E (HENK-KII

lag).

G-E)Costa,...4)s cost(c . , . .(n)£ Cost (c.....lu)


