
+ëࡷbĮ ߟߞߞߥ vࡇ �ƚżɾʕɟƚ ߞ
+ǕƚɟȘȩǀǀ $ȩʕȘƇɯ ࣹ ëǺƚɾżǕǞȘǃ ŏȘƇ ëɾɟƚŏȒǞȘǃ

�ĮĆ ÷ŏȘƇȩȘ ëżǕȩȩȀ ȩǀ CȘǃǞȘƚƚɟǞȘǃࡈ Úɟȩǀࡏ +ǕɟǞɯɾȩɔǕƚɟ �ʕɯżȩ

ߝ



ͱ˨χϑ ̐ͱ˨χχ

+ƚȘɾɟŏȀ ɛʕƚɯɾǞȩȘ ǞȘ ɟŏȘƇȩȒǞˌƚƇ ŏȀǃȩɟǞɾǕȒɯࡇ mȩʶ ʶƚȀȀ Ƈȩƚɯ ŏ
ɟŏȘƇȩȒ ʲŏɟǞŏųȀƚ Ĥ żȩȘżƚȘɾɟŏɾƚ ŏɟȩʕȘƇ Ǟɾ࢈ɯ ƚʾɔƚżɾŏɾǞȩȘ E[Ĥ]ࡐ

÷ʶȩ +ȩȘżƚȘɾɟŏɾǞȩȘ ųȩʕȘƇɯࡇ

�ŏɟǺȩʲ࢈ɯ vȘƚɛʕŏȀǞɾʿ Úɟ[Ĥ > ǹE[Ĥ]] ≤ ߝ
ǹ

ࡄ áƚɛʕǞɟƚɯ ɾǕŏɾ Ĥ > ߜ ŏȀʶŏʿɯࡏ
+ǕƚųʿɯǕƚʲ࢈ɯ vȘƚɛʕŏȀǞɾʿ Úɟ[|Ĥ− E[Ĥ]| > ǹσ] ≤ ߝ

ǹߞ

ࡄ mƚɟƚ σߞ = ģŏɟ[Ĥ] = E[(Ĥ− E[Ĥ])ߞ]

�ɔɔȀǞżŏɾǞȩȘɯࡇ ëɔŏżƚ ƚǀ˙żǞƚȘɾ ǕŏɯǕ ɾŏųȀƚ ƇƚɯǞǃȘࡈ ʕȘƇƚɟɯɾŏȘƇǞȘǃ
ɟŏȘƇȩȒǞˌƚƇ ȀȩŏƇ ųŏȀŏȘżǞȘǃࡈ ȒŏȘʿ Ȓȩɟƚࡏ

ߞ



ͱ˨χχ̐ࡷ;͖ ̥Ѕ̥ξ͖̐χ̥

ߟ



ͱ˨χχ̐ࡷ;͖ ̥Ѕ̥ξ͖̐χ̥

Úŏɟɾ ࡇ࡬ŏ࡫

ߠ

n : s i z e o f the database

M = number o f queries freedom Captdey

1,17=11,1 ↳ n

l = §i§¥¥§fgo withprout's "I 4 probY ,
# collision,

E C =
§,.se#EIlxi=xiTEC=mcmI

-
2 ¥

I Im." Y " I I I : (l-Yu).O t Y u - I
- I = Y u



ͱ˨χχ̐ࡷ;͖ ̥Ѕ̥ξ͖̐χ̥

Úŏɟɾɯ ࡇ࡬ż࡫ࡕ࡬ų࡫

ߡ

IEC:mCm¥ n=m lm#

" % r t = m (m-i ,
E ↳ c

- t ¥ I f C i s close t o IEC,
i t i s closet o n .

fa.gg#1. → w a n t

(I-E) µ¥. E ¥ ⇐ (lte) ¥g
→ w o - t

a§Ec E C E E # ¥
Sufficesto-prove: LYIECEE.CI#tE)Ef.



ͱ˨χχ̐ࡷ;͖ ̥Ѕ̥ξ͖̐χ̥

Úŏɟɾɯ ࡇ࡬ż࡫ࡕ࡬ų࡫

ߢ

I t i÷ i¥¥E#then
i n= man-1)
z z

G (h-En,u t E n ] ✓

(hebysheu's inequality. Varfc].

varl.IE?g.i1lxi=xiTJ=.?
I,?;varl1lxi=xi3JVarCI3=lElI'3.

#F IT
- I n

Yu - Y u n E Yu

Varfo] s M¥1. In
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Úŏɟɾɯ ࡇ࡬ż࡫ࡕ࡬ų࡫

ߣ

E H = M£11 world⇐ " E I '

P r( Ic-E4€E) s Yoo
⇐ " % ,

a
→ dies,shes

P¥E t E¥E#→ whatI w a i t

t oFEE Emer ) K. .11%
t oprove

¥ m - O( E )
Choose M

\t.EE#EfnEE0r--at-on
o w n )



ͱ˨χχ̐ࡷ;͖ ̥Ѕ̥ξ͖̐χ̥

_ȩɟ ɯȒŏȀȀ ϵࡈ −ߝ) ϵ) ≈ +ߝ)/ߝ ϵ) ŏȘƇ +ߝ) ϵ) ≈ −ߝ)/ߝ ϵ)ࡏ

ĆɯƚǀʕȀ ǞƇƚȘɾǞɾǞƚɯࡇ
−ߝ ϵ ≤ ߝ

+ߝ ϵ
≤ −ߝ ϵ/ߞ ǀȩɟ ŏȀȀ ߜ ≤ ϵ ≤ ߝ

+ߝ ϵ ≤ ߝ
−ߝ ϵ

≤ +ߝ ϵߞ ǀȩɟ ŏȀȀ ߜ ≤ ϵ ≤ ߞ/ߝ

ߤ



͖; ̐ͱ˨χχ θξΎ̊ͱ̥ͻ

_ʕȘ ǀŏżɾɯࡇ

ࡄ �ȘȩʶȘ ŏɯ ɾǕƚ ࢆɟƚżŏɔɾʕɟƚࡷŏȘƇࡷȒŏɟǺࢅ ȒƚɾǕȩƇ ǞȘ ƚżȩȀȩǃ ʿࡏ
ࡄ +ŏȘ ŏȀɯȩ ųƚ ʕɯƚƇ ųʿ ʶƚųżɟŏʶȀƚɟɯ ɾȩ ƚɯɾǞȒŏɾƚ ɾǕƚ ɯǞˌƚ ȩǀ
ɾǕƚ ǞȘɾƚɟȘƚɾࡈ ŏ ɯȩżǞŏȀ ȘƚɾʶȩɟǺࡈ ƚɾżࡏ

ߥ



̥̊ІΎ;̙ ̥̐͑̊Іχ̥͑ϻ

�ȩɾǞʲŏɾǞȘǃ ɛʕƚɯɾǞȩȘࡇ vɯ +ǕƚųʿɯǕƚʲ࢈ɯ vȘƚɛʕŏȀǞɾʿ ɾǞǃǕɾࡐ

ߥߥࡷߡߥࡷߤߢ ɟʕȀƚ ǀȩɟ bŏʕɯɯǞŏȘ ųƚȀȀࡷżʕɟʲƚࡏ ĭ ∼ (ߞσ,ߜ)�

+ǕƚųʿɯǕƚʲ࢈ɯ vȘƚɛʕŏȀǞɾʿࡇ
Úɟ (|Ĥ− E[Ĥ]| ≥ (σߝ ≤ %ߜߜߝ
Úɟ (|Ĥ− E[Ĥ]| ≥ (σߞ ≤ %ߡߞ
Úɟ (|Ĥ− E[Ĥ]| ≥ (σߟ ≤ %ߝߝ
Úɟ (|Ĥ− E[Ĥ]| ≥ (σߠ ≤ .%ߢ

÷ɟʕɾǕࡇ
Úɟ (|Ĥ− E[Ĥ]| ≥ (σߝ ≈ %ߞߟ
Úɟ (|Ĥ− E[Ĥ]| ≥ (σߞ ≈ %ߡ
Úɟ (|Ĥ− E[Ĥ]| ≥ (σߟ ≈ %ߝ
Úɟ (|Ĥ− E[Ĥ]| ≥ (σߠ ≈ %ߝߜ. ߜߝ



͇˨ϟχχ͖˨; ̐Ύ;̥̐;ϑξ˨ϑ͖Ύ;

_ȩɟ Ĥ ∼ N (µ,σߞ)ࡇ

Úɟ[Ĥ = µ± ʺ] = ߝ
σ
√
πߞ
ƚ−ʾߞ/ߞσߞ

�ƚȒȒŏ bʕŏɯɯǞŏȘ࡫ ÷ŏǞȀ $ȩʕȘƇ࡬
]ȧɛ Ĥ ∼ N (µ,σߞ)ࡋ

Úɟ[|Ĥ− EĤ| ≥ ǹσ] ≤ ª(ƙ−ǹߞ/ߞ).

ëɾŏȘƇŏɟƇ ʻࡷɯżŏȀƚࡏ �ȩǃŏɟǞɾǕȒǞż ʻࡷɯżŏȀƚࡏ ߝߝ



͖; ̐ͱ˨χχ ̥Ѕ̥ξ͖̐χ̥

bǞʲƚ ŏȘ ƚʾŏȒɔȀƚ ȩǀ ŏ ɟŏȘƇȩȒ ʲŏɟǞŏųȀƚ Ĥ ʶǞɾǕ ʲŏɟǞŏȘżƚ σߞ ǀȩɟ
ʶǕǞżǕ +ǕƚųʿɯǕƚʲ࢈ɯ ǞȘƚɛʕŏȀǞɾʿ Ǟɯ ɾǞǃǕɾࡏ

Úɟ[|Ĥ− EĤ| ≥ ǹσ] ≤ ߝ
ǹߞ .

ߞߝ

Describe random variable × such t h a t

P r[1×-111×7/746] = ¥ o r
=,ou÷ - - - -



͇˨ϟχχ͖˨; ̐Ύ;̥̐;ϑξ˨ϑ͖Ύ;

÷ŏǺƚŏʶŏʿࡇ bŏʕɯɯǞŏȘ ɟŏȘƇȩȒ ʲŏɟǞŏųȀƚɯ żȩȘżƚȘɾɟŏɾƚ ȒʕżǕ
ɾǞǃǕɾƚɟ ŏɟȩʕȘƇ ɾǕƚǞɟ ƚʾɔƚżɾŏɾǞȩȘ ɾǕŏȘ ʲŏɟǞŏȘżƚ ŏȀȩȘƚ ɔɟƚƇǞżɾɯࡏ

ĦǕʿ Ƈȩƚɯ ɾǕǞɯ Ȓŏɾɾƚɟ ǀȩɟ ŏȀǃȩɟǞɾǕȒ ƇƚɯǞǃȘࡐ

ߟߝ



̥̐;ϑξ˨ͱ ͱ͖ͻ͖ϑ ϑ̥͑Ύξ̥ͻ

÷ǕƚȩɟƚȒ ÷�+࡫ ࡵ vȘǀȩɟȒŏȀ࡬
�ȗʻ ɫʑȑ ȧƿ ǝȗƆƙɑƙȗƆƙȗɺࡌ ǝƆƙȗɺǝżŏǿǿʻࡧ ƆǝɫɺɛǝųʑɺƙƆࡨ ɛࡒʮࢊࡒɫ
Ĥߝ, . . . , Ĥȗ ʲǝɺǔ ȑƙŏȗ µ ŏȗƆ ˛ȗǝɺƙ ʮŏɛǝŏȗżƙ σߞ żȧȗʮƙɛǂƙɫ ɺȧ ŏ
`ŏʑɫɫǝŏȗ ɛࡒʮࡒ ʲǝɺǔ ȑƙŏȗ ȗ · µ ŏȗƆ ʮŏɛǝŏȗżƙ ȗ · σࡌߞ ŏɫ ȗ→∞ࡒ

ã =
ȗ∑

ǝ=ߝ
Ĥǝ =⇒ N (ȗ · µ,ȗ · σߞ).

ߠߝ

1163.-n.n Vara . -n-G '



͖;̙̥θ̥;̙̥;̥̐

4ƚ˙ȘǞɾǞȩȘ �ʕɾʕŏȀ࡫ vȘƇƚɔƚȘƇƚȘżƚ࡬
áŏȘƇȩȒ ʲŏɟǞŏųȀƚɯ Ĥߝ, . . . , Ĥȗ ŏɟƚ ȒʕɾʕŏȀȀʿ ǞȘƇƚɔƚȘƇƚȘɾ Ǟǀࡈ ǀȩɟ
ŏȀȀ ɔȩɯɯǞųȀƚ ʲŏȀʕƚɯ ʮߝ, . . . , ʮȗࡈ

Úɟ[Ĥߝ = ʮߝ, . . . , Ĥȗ = ʮȗ] = Úɟ[Ĥߝ = ʮߝ] · . . . · Úɟ[Ĥȗ = ʮȗ]

ëɾɟǞżɾȀʿ ɯɾɟȩȘǃƚɟ ɾǕŏȘ ɔŏǞɟʶǞɯƚ ǞȘƇƚɔƚȘƇƚȘżƚࡏ

ߡߝ

Prfkiav i ]PrEx;=v;] --Praisui,
Xiu;]

fora l li , j



ͱ˨χχ̐ࡷ;͖ ̥Ѕ̥ξ͖̐χ̥

Įȩʕ Ǖŏʲƚ ŏżżƚɯɯ ɾȩ ŏ żȩǞȘ ŏȘƇ ʶŏȘɾ ɾȩ ƇƚɾƚɟȒǞȘƚ Ǟǀ Ǟɾ࢈ɯ ϵࡷżȀȩɯƚ ɾȩ
ʕȘųǞŏɯƚƇࡏ ÷ȩ Ƈȩ ɯȩࡈ ʿȩʕ ˚Ǟɔ ɾǕƚ żȩǞȘ ɟƚɔƚŏɾƚƇȀʿ ŏȘƇ żǕƚżǺ ɾǕŏɾ ɾǕƚ
ɟŏɾǞȩ ȩǀ ǕƚŏƇɯ ˚Ǟɔɯ Ǟɯ ųƚɾʶƚƚȘ −ߞ/ߝ ϵ ŏȘƇ +ߞ/ߝ ϵࡏ vǀ Ǟɾ Ǟɯ Șȩɾࡈ ʿȩʕ
ɟƚǲƚżɾ ɾǕƚ żȩǞȘ ŏɯ ȩʲƚɟȀʿ ųǞŏɯƚƇࡏ

࡬ŏ࡫ mȩʶ ȒŏȘʿ ˚Ǟɔɯ ȗ ŏɟƚ ɟƚɛʕǞɟƚƇ ɯȩ ɾǕŏɾࡈ ʶǞɾǕ ɔɟȩųŏųǞȀǞɾʿ −ߝ) δ)ࡈ
ʿȩʕ Ƈȩ Șȩɾ ŏżżǞƇƚȘɾŏȀȀʿ ɟƚǲƚżɾ ŏ ɾɟʕȀʿ ʕȘųǞŏɯƚƇ żȩǞȘࡐ Įȩʕ
ɯȩȀʕɾǞȩȘ ʶǞɾǕ ƇƚɔƚȘƇ ȩȘ ϵ ŏȘƇ δࡏ

_ȩɟ ɾǕǞɯ ɔɟȩųȀƚȒࡈ ʿȩʕ żŏȘ ŏɯɯʕȒƚ ɾǕƚ +�÷ ǕȩȀƇɯ ƚʾŏżɾȀʿ ǀȩɟ ŏ ɯʕȒ ȩǀ
ǞȘƇƚɔƚȘƇƚȘɾ ɟŏȘƇȩȒ ʲŏɟǞŏųȀƚɯ ࡵ Ǟࡏƚࡈࡏ ɾǕŏɾ ɾǕǞɯ ɯʕȒ ȀȩȩǺɯ ƚʾŏżɾȀʿ ȀǞǺƚ
ŏ bŏʕɯɯǞŏȘ ɟŏȘƇȩȒ ʲŏɟǞŏųȀƚࡏ
�ƚȒȒŏ bʕŏɯɯǞŏȘ࡫ ÷ŏǞȀ $ȩʕȘƇ࡬
]ȧɛ Ĥ ∼ N (µ,σߞ)ࡋ

Úɟ[|Ĥ− EĤ| ≥ ǹσ] ≤ ª(ƙ−ǹߞ/ߞ).
ߢߝ
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ߣߝ
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μϟ˨;ϑ͖ϑ˨ϑ͖ϻ̥ ϻ̥ξχ͖Ύ;χ Ύ͂ ϑ̥͑ ̐ͱϑ

÷Ǖƚɯƚ ųŏżǺࡷȩǀࡷɾǕƚࡷƚȘʲƚȀȩɔ żŏȀżʕȀŏɾǞȩȘɯ żŏȘ ųƚ ȒŏƇƚ
ɟǞǃȩɟȩʕɯࡋ �ȩɾɯ ȩǀ ƇǞǀǀƚɟƚȘɾ ࢆʲƚɟɯǞȩȘɯࢅ ȩǀ ųȩʕȘƇ ʶǕǞżǕ Ƈȩ ɯȩࡏ

ࡄ +ǕƚɟȘȩǀǀ ųȩʕȘƇ
ࡄ $ƚɟȘɯɾƚǞȘ ųȩʕȘƇ
ࡄ mȩƚǀǀƇǞȘǃ ųȩʕȘƇ
ࡄ . . .

4ǞǀǀƚɟƚȘɾ ŏɯɯʕȒɔɾǞȩȘɯ ȩȘ ɟŏȘƇȩȒ ʲŏɟǞųȀƚɯ ࡏǃࡏƚ࡫ ųǞȘŏɟ ʿࡈ
ųȩʕȘƇƚƇࡈ ǞࡏǞࡏƇࡈ࡬ ƇǞǀǀƚɟƚȘɾ ǀȩɟȒɯ ŏƇƇǞɾǞʲƚ࡫ ʲɯࡏ ȒʕȀɾǞɔȀǞżŏɾǞʲƚ

ƚɟɟȩɟࡈ࡬ ƚɾżࡏ ĦǞǺǞɔƚƇǞŏ Ǟɯ ʿȩʕɟ ǀɟǞƚȘƇࡏ

ߤߝ



μϟ˨;ϑ͖ϑ˨ϑ͖ϻ̥ ϻ̥ξχ͖Ύ;χ Ύ͂ ϑ̥͑ ̐ͱϑ

÷ǕƚȩɟƚȒ ƚɟȘɯɾƚǞȘ$࡫ vȘƚɛʕŏȀǞɾʿ࡬
�ƙɺ Ĥߝ, Ĥߞ, . . . , Ĥȗ ųƙ ǝȗƆƙɑƙȗƆƙȗɺ ɛŏȗƆȧȑ ʮŏɛǝŏųǿƙɫ ʲǝɺǔ ƙŏżǔ
Ĥǝ ∈ ,ߝ−] ࡒ[ߝ �ƙɺ µǝ = E[Ĥǝ] ŏȗƆ σߞǝ = ʮŏɛ[Ĥǝ]ࡒ �ƙɺ µ =

∑
ǝ µǝ ŏȗƆ

σߞ =
∑

ǝ σ
ߞ
ǝ ࡒ îǔƙȗࡌ ƿȧɛ ǹ ≤

ߝ
ࡌσߞ ã =

∑
ǝ Ĥǝ ɫŏɺǝɫ˛ƙɫ

Úɟ[|ã− µ| > ǹσ] ≤ ߞ ƚʾɔ(−ǹ
ߞ

ߠ ).

ëŏȒɔȀƚ �ɔɔȀǞżŏɾǞȩȘࡇ _ȀǞɔ ɟŏȘƇȩȒ żȩǞȘ ȗ ɾǞȒƚɯࡏ �ɯ ȀȩȘǃ ŏɯ
ȗ ≥ ª

(
Ȁȩǃ(ߝ/δ)

ϵߞ

)
ࡈ

Úɟ[|ࡍ ǕƚŏƇɯ− ȗ/ߞ| ≥ ϵȗ] ≤ δ

Úŏʿ ʲƚɟʿ ȀǞɾɾȀƚ ǀȩɟ ǕǞǃǕƚɟ ɔɟȩųŏųǞȀǞɾʿ ࡵ Ǟǀ ʿȩʕ ǞȘżɟƚŏɯƚ ɾǕƚ
ȘʕȒųƚɟ ȩǀ żȩǞȘ ˚Ǟɔɯ ųʿ ࡈʾߞ δ ǃȩƚɯ ǀɟȩȒ →ߜߝ/ߝ →ߜߜߝ/ߝ ߜߜߜߜ/ߝ

ߥߝ



μϟ˨;ϑ͖ϑ˨ϑ͖ϻ̥ ϻ̥ξχ͖Ύ;χ Ύ͂ ϑ̥͑ ̐ͱϑ

÷ǕƚȩɟƚȒ ǕƚɟȘȩǀǀ+࡫ $ȩʕȘƇ࡬
�ƙɺ Ĥߝ, Ĥߞ, . . . , Ĥȗ ųƙ ǝȗƆƙɑƙȗƆƙȗɺ ,ߜ} ʮŏǿʑƙƆࡹ{ߝ ɛŏȗƆȧȑ
ʮŏɛǝŏųǿƙɫ ŏȗƆ ǿƙɺ ɑǝ = E[Ĥǝ]ࡌ ʲǔƙɛƙ ߜ < ɑǝ < ࡒߝ îǔƙȗ ɺǔƙ ɫʑȑ
ã =

∑ȗ
ǝ=ߝ Ĥǝࡌ ʲǔǝżǔ ǔŏɫ ȑƙŏȗ µ =

∑ȗ
ǝ=ߝ ɑǝࡌ ɫŏɺǝɫ˛ƙɫ

Úɟ[Ĥ ≥ +ߝ) ϵ)µ] ≤ ƙ
−ϵߞµ
ϵߟ+ߟ .

�Șʿ ǃʕƚɯɯ ǀȩɟ Ǖȩʶ ɾǕƚɯƚ ųȩʕȘƇɯ ŏɟƚ ɔɟȩʲƚȘࡐ

ߜߞ

Higher order moments. t E ¥±9
EH-EH"]

-



ͱΎ˨̙ ̊˨ͱ˨;͖̐;͇

�ɯ ǞȘ ɾǕƚ ɔɟƚʲǞȩʕɯ Ȁƚżɾʕɟƚࡈ ʶƚ ʶŏȘɾ ɾȩ ʕɯƚ żȩȘżƚȘɾɟŏɾǞȩȘ ųȩʕȘƇɯ ɾȩ
ɯɾʕƇʿ ɾǕƚ ɟŏȘƇȩȒǞˌƚƇ ȀȩŏƇ ųŏȀŏȘżǞȘǃ ɔɟȩųȀƚȒࡏ ȗ ǲȩųɯ ŏɟƚ ƇǞɯɾɟǞųʕɾƚƇ
ɟŏȘƇȩȒȀʿ ɾȩ ȗ ɯƚɟʲƚɟɯ ʕɯǞȘǃ ŏ ǕŏɯǕ ǀʕȘżɾǞȩȘࡏ �ƚɾ ãǝ ųƚ ɾǕƚ ȘʕȒųƚɟ ȩǀ
ǲȩųɯ ɯƚȘɾ ɾȩ ɯƚɟʲƚɟ ǝࡏ ĦǕŏɾ࢈ɯ ɾǕƚ ɯȒŏȀȀƚɯɾ $ ǀȩɟ ʶǕǞżǕ ʶƚ żŏȘ ɔɟȩʲƚࡇ

Úɟ[ȑŏʺǝãǝ ≥ $] ≤ ߜߝ/ߝ

áƚżŏȀȀࡇ ëʕǀ˙żƚɯ ɾȩ ɔɟȩʲƚ ɾǕŏɾࡈ ǀȩɟ ŏȘʿ ǝࡈ Úɟ[ãǝ ≥ $] ≤ ࡇȗߜߝ/ߝ
Úɟ[ȑŏʺǝãǝ ≥ $] = Úɟ[ãߝ ≥ $ ȩɟ . . . ȩɟ ãߝ ≥ $]

≤ Úɟ[ãߝ ≥ $] + . . .+ Úɟ[ãȗ ≥ $] ʕȘǞȩȘ࡫ ųȩʕȘƇ࡬.

ĦǕŏɾ Ƈȩ ʿȩʕ ƚʾɔƚżɾ ɾǕƚ ŏȘɯʶƚɟ ɾȩ ųƚࡐ
ߝߞ



ͱΎ˨̙ ̊˨ͱ˨;͖̐;͇

÷ǕƚȩɟƚȒ ǕƚɟȘȩǀǀ+࡫ $ȩʕȘƇ࡬
�ƙɺ Ĥߝ, Ĥߞ, . . . , Ĥȗ ųƙ ǝȗƆƙɑƙȗƆƙȗɺ ,ߜ} ʮŏǿʑƙƆࡹ{ߝ ɛŏȗƆȧȑ
ʮŏɛǝŏųǿƙɫ ŏȗƆ ǿƙɺ ɑǝ = E[Ĥǝ]ࡌ ʲǔƙɛƙ ߜ < ɑǝ < ࡒߝ îǔƙȗ ɺǔƙ ɫʑȑ
ã =

∑ȗ
ǝ=ߝ Ĥǝࡌ ʲǔǝżǔ ǔŏɫ ȑƙŏȗ µ =

∑ȗ
ǝ=ߝ ɑǝࡌ ɫŏɺǝɫ˛ƙɫ

Úɟ[Ĥ ≥ +ߝ) ϵ)µ] ≤ ƙ
−ϵߞµ
ϵߟ+ߟ .

ߞߞ

S ; = §,1 (ballj loud,i s b i n i ] p i -Y,
a s #
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θΎϾ̥ξ Ύ͂ ϑϾΎ ̐͑Ύ͖̥̐χ

Úȩʶƚɟ ȩǀ ߞ +ǕȩǞżƚɯࡇ vȘɯɾƚŏƇ ȩǀ ŏɯɯǞǃȘǞȘǃ ǲȩų ɾȩ ŏ ɟŏȘƇȩȒ
ɯƚɟʲƚɟࡈ żǕȩȩɯƚ ߞ ɟŏȘƇȩȒ ɯƚɟʲƚɟɯ ŏȘƇ ŏɯɯǞǃȘ ɾȩ ɾǕƚ Ȁƚŏɯɾ
ȀȩŏƇƚƇࡏ ĦǞɾǕ ɔɟȩųŏųǞȀǞɾʿ ߜߝ/ߝ ɾǕƚ ȒŏʾǞȒʕȒ ȀȩŏƇ Ǟɯ ųȩʕȘƇƚƇ
ųʿࡇ

࡬ŏ࡫ ª(Ȁȩǃȗ)
࡬ų࡫ ª(

√
Ȁȩǃȗ)

࡬ż࡫ ª(Ȁȩǃ ǿȧǂȗ)
࡬Ƈ࡫ ª(ߝ)

Úȩʶƚɟ ȩǀ ߟ żǕȩǞżƚɯࡐ ª(Ȁȩǃ Ȁȩǃȗ/ Ȁȩǃ(ߟ))

ߟߞ

doo(d )



χϑξ̥˨ͻ͖;͇ ˨ͱ͇Ύξ͖ϑ͑ͻχ

�ųɯɾɟŏżɾ ŏɟżǕǞɾƚżɾʕɟƚ ȩǀ ŏ ɯɾɟƚŏȒǞȘǃ ŏȀǃȩɟǞɾǕȒࡇ

ࡄ bǞʲƚȘ ŏ Ƈŏɾŏɯƚɾ 2 = Ɔߝ, . . . ,Ɔȗ ʶǞɾǕ ȗ ɔǞƚżƚɯ ȩǀ Ƈŏɾŏࡈ ʶƚ
ʶŏȘɾ ɾȩ ȩʕɾɔʕɾ ƿ(2) ǀȩɟ ɯȩȒƚ ǀʕȘżɾǞȩȘ ƿࡏ

ࡄ �ŏǞȘɾŏǞȘ ɯɾŏɾƚ ãɺ ʶǞɾǕ≪ |2| ɯɔŏżƚ ŏɾ ƚŏżǕ ɾǞȒƚ ɯɾƚɔ ɺࡏ
ࡄ ĆɔƇŏɾƚ ɔǕŏɯƚࡇ áƚżƚǞʲƚ Ɔߝ, . . . ,Ɔȗ ǞȘ ɯƚɛʕƚȘżƚࡈ ʕɔƇŏɾƚ
ãɺ ← ý(ãɺ−ߝ,Ɔɺ)ࡏ

ࡄ Úɟȩżƚɯɯ ɔǕŏɯƚࡇ ĆɯǞȘǃ ãȗࡈ żȩȒɔʕɾƚ ŏɔɔɟȩʾǞȒŏɾǞȩȘ ɾȩ ƿ(2)ࡏ

÷ʿɔǞżŏȀ ɯƚɾʕɔ ǀȩɟ ɾɟŏǞȘǞȘǃ ȒȩƇƚȀɯ ǞȘ ȒŏżǕǞȘƚ ȀƚŏɟȘǞȘǃࡈ ɟƚɛʕǞɟƚƇ
ǀȩɟ Ȁŏɟǃƚ ɯżŏȀƚ Ƈŏɾŏ ȒȩȘǞɾȩɟǞȘǃ ࡏǃࡏƚ࡫ ɔɟȩżƚɯɯǞȘǃ ɯƚȘɯȩɟ Ƈŏɾŏࡈ
ɾǞȒƚ ɯƚɟǞƚɯࡈ ɯƚǞɯȒǞż Ƈŏɾŏࡈ ɯŏɾƚȀȀǞɾƚ ǞȒŏǃƚɟ ʿࡈ ƚɾż࡬ࡏ

ߠߞ



̙͖χϑ͖;̐ϑ ̥ͱ̥ͻ̥;ϑχ θξΎ̊ͱ̥ͻ

vȘɔʕɾࡇ Ɔߝ, . . . ,Ɔȗ ∈ U ʶǕƚɟƚ U Ǟɯ ŏ Ǖʕǃƚ ʕȘǞʲƚɟɯƚ ȩǀ ǞɾƚȒɯࡏ

°ʕɾɔʕɾࡇ �ʕȒųƚɟ ȩǀ ƇǞɯɾǞȘżɾ ǞȘɔʕɾɯࡏ

CʾŏȒɔȀƚࡇ ƿ(ߝ, ,ߜߝ ,ߜߝ ,ߠ ,ߥ ,ߝ ,ߝ →(ߠ ߠ

�ɔɔȀǞżŏɾǞȩȘɯࡇ

ࡄ vȘ ɔɟŏżɾǞżƚࡇ bȩȩǃȀƚ ࡈëŏʶˌŏȀȀ࡫ 4ɟƚȒƚȀࡈ Úȩʶƚɟ4ɟǞȀȀࡈ࡬ ĮŏǕȩȩࡈ
÷ʶǞɾɾƚɟࡈ _ŏżƚųȩȩǺ Úɟƚɯɾȩࡈ ƚɾżࡏ ƚɾżࡏ

ࡄ 4ǞɯɾǞȘżɾ ʕɯƚɟɯ ǕǞɾɾǞȘǃ ŏ ʶƚųɔŏǃƚࡏ
ࡄ 4ǞɯɾǞȘżɾ ʲŏȀʕƚɯ ǞȘ ŏ Ƈŏɾŏųŏɯƚ żȩȀʕȒȘ ࡏǃࡏƚ࡫ ǀȩɟ ƚɯɾǞȒŏɾǞȘǃ
ɾǕƚ ɯǞˌƚ ȩǀ ǃɟȩʕɔ ųʿ ɛʕƚɟǞƚɯ࡬

ࡄ �ʕȒųƚɟ ȩǀ ƇǞɯɾǞȘżɾ ɛʕƚɟǞƚɯ ɾȩ ŏ ɯƚŏɟżǕ ƚȘǃǞȘƚࡏ
ࡄ 4ǞɯɾǞȘżɾ ȒȩɾǞǀɯ ǞȘ 4�� ɯƚɛʕƚȘżƚࡏ

ߡߞ



̙͖χϑ͖;̐ϑ ̥ͱ̥ͻ̥;ϑχ θξΎ̊ͱ̥ͻ

vȘɔʕɾࡇ Ɔߝ, . . . ,Ɔȗ ∈ U ʶǕƚɟƚ U Ǟɯ ŏ Ǖʕǃƚ ʕȘǞʲƚɟɯƚ ȩǀ ǞɾƚȒɯࡏ

°ʕɾɔʕɾࡇ �ʕȒųƚɟ ȩǀ ƇǞɯɾǞȘżɾ ǞȘɔʕɾɯࡏ

CʾŏȒɔȀƚࡇ ƿ(ߝ, ,ߜߝ ,ߜߝ ,ߠ ,ߥ ,ߝ ,ߝ →(ߠ ߠ

_ȀŏǲȩȀƚɾࡵ�ŏɟɾǞȘ ࡇ࡬ɯǞȒɔȀǞ˙ƚƇ࡫

ࡄ +Ǖȩȩɯƚ ɟŏȘƇȩȒ ǕŏɯǕ ǀʕȘżɾǞȩȘ ǔ : U → ,ߜ] ࡏ[ߝ
ࡄ ã =∞
ࡄ _ȩɟ ǝ = ,ߝ . . . ,ȗ

ࡄ ã← ȒǞȘ(ã,ǔ(Ɔǝ))
ࡄ áƚɾʕɟȘࡇ ãߝ − ߝ

ߢߞ
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ĦǕŏɾ Ǟɯ Eãࡐ

�ƚɾ 2 ƚɛʕŏȀ ɾǕƚ ȘʕȒųƚɟ ȩǀ ƇǞɯɾǞȘżɾ ƚȀƚȒƚȘɾɯ ǞȘ ȩʕɟ ɯɾɟƚŏȒࡏ

�ƚȒȒŏ
Eã = ߝ

ߝ+2 ࡒ

ߣߞ

P r(ballot, i s closest t o 0 ] = I f s ]
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Eã = ߝ
ߝ+2

CɯɾǞȒŏɾƚࡇ 2̃ = ߝ
ã − ࡏߝ

vǀ |ã− Eã| ≤ ϵ
ߠ · Eãࡈ ɾǕƚȘࡇ

−ߝ) ϵ)2 ≤ 2̃ ≤ +ߝ) ϵ)2.

÷ȩ ɯǕȩʶ żȩȘżƚȘɾɟŏɾǞȩȘࡈ ȘƚƚƇ ŏ ʲŏɟǞŏȘżƚ ųȩʕȘƇ ǀȩɟ ãࡏ

ߤߞ
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�ƚȒȒŏ
ģŏɟ[ã] = E[ãߞ]− E[ã]ߞ = ߞ

(ߞ+2)(ߝ+2) −
ߝ

ߞ(ߝ+2) ≤
ߝ

ߞ(ߝ+2) ࡒ

Úɟȩȩǀࡇ

E[ãߞ] =
∫ ߝ

ߜ
Úɟ[ãߞ ≥ λ]Ɔλ CʾƚɟżǞɯƚࡇ ĦǕʿࡐ

=

∫ ߝ

ߜ
Úɟ[ã ≥

√
λ]Ɔλ

=

∫ ߝ

ߜ
−ߝ)

√
λ)2Ɔλ

=
ߞ

(2+ +2)(ߝ (ߞ

ûûûϙûÐÂ§ß�È�ÂÜ­�ϙ�ÐÈϟ°ÉÜïêϟϚ°и°Éê�¨ß�Âя§ßÐÈя΀яêÐя΁я
Ð§яэ΂Έ΁ϾãÞßêэ΂ΈĀэ΂Ήэ΂Ήэ΅�� ߥߞ
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ࡄ E[ã] = ߝ
ߝ+2 = µ.

ࡄ ģŏɟ[ã] = µߞ

ࡄ ĦŏȘɾ ɾȩ ųȩʕȘƇ Úɟ[|ã− µ| ≤ ϵµ] ≤ δࡏ
ࡄ ĦȩȘ࢈ɾ ǃƚɾ ŏ ǃȩȩƇ ųȩʕȘƇ ʶǞɾǕ ȩȘƚ ƚɯɾǞȒŏɾȩɟ ŏȀȩȘƚࡏࡏࡏ

÷ɟǞżǺ ȩǀ ɾǕƚ ɾɟŏƇƚࡇ áƚɔƚŏɾ ȒŏȘʿ ǞȘƇƚɔƚȘƇƚȘɾ ɾɟǞŏȀɯ ŏȘƇ ʕɯƚ ŏ
+ǕƚɟȘȩǀǀࡕ$ƚɟȘɯɾƚǞȘ ųȩʕȘƇࡏ

ߜߟ



͂ͻ ˨;˨ͱІχ͖χ

ߝ ƚɯɾǞȒŏɾȩɟࡇ

ࡄ E[ã] = ߝ
ߝ+2 = µ.

ࡄ ģŏɟ[ã] = µߞ

ǹ ƚɯɾǞȒŏɾȩɟɯࡇ

ࡄ E[ã] = ߝ
ߝ+2 = µ.

ࡄ ģŏɟ[ã] = (µߞ · ǹ)/ǹߞ = µߞ/ǹ
ࡄ $ʿ $ƚɟȘɯɾƚǞȘࡈ Úɟ[|ã− Eã| ≤ żµ/

√
ǹ] ≤ ƙ−żߞ ࡏ

ëƚɾɾǞȘǃ ǹ = ª
(
Ȁȩǃ(ߝ/δ)

ϵߞ

)
ǃǞʲƚɯࡇ

Úɟ[|ã− µ| ≤ ϵµ] ≤ δ.

÷ȩɾŏȀ ɯɔŏżƚ żȩȒɔȀƚʾǞɾʿࡇ ª
(
Ȁȩǃ(ߝ/δ)

ϵߞ

)
ɾȩ ƚɯɾǞȒŏɾƚ ƇǞɯɾǞȘżɾ

ƚȀƚȒƚȘɾɯ ʕɔ ɾȩ ƚɟɟȩɟ ϵ ʶǞɾǕ ɯʕżżƚɯɯ ɔɟȩųŏųǞȀǞɾʿ −ߝ δࡏ
ߞߟ



͂ͻ ˨;˨ͱІχ͖χ

ߝ ƚɯɾǞȒŏɾȩɟࡇ

ࡄ E[ã] = ߝ
ߝ+2 = µ.

ࡄ ģŏɟ[ã] = µߞ

ǹ ƚɯɾǞȒŏɾȩɟɯࡇ

ࡄ E[ã] = ߝ
ߝ+2 = µ.

ࡄ ģŏɟ[ã] = (µߞ · ǹ)/ǹߞ = µߞ/ǹ
ࡄ $ʿ +ǕƚųʿɯǕƚʲࡈ Úɟ[|ã− Eã| ≥ żµ/

√
ǹ] ≤ ߝ

żߞ ࡏ

ëƚɾɾǞȘǃ ż = /ߝ
√
δ ŏȘƇ ǹ = ª

( ߝ
ϵߞδ

)
ǃǞʲƚɯࡇ

Úɟ[|ã− µ| ≥ ϵµ] ≤ δ.

÷ȩɾŏȀ ɯɔŏżƚ żȩȒɔȀƚʾǞɾʿࡇ ª
( ߝ
ϵߞδ

)
ɾȩ ƚɯɾǞȒŏɾƚ ƇǞɯɾǞȘżɾ ƚȀƚȒƚȘɾɯ

ʕɔ ɾȩ ƚɟɟȩɟ ϵ ʶǞɾǕ ɯʕżżƚɯɯ ɔɟȩųŏųǞȀǞɾʿ −ߝ δࡏ

ߞߟ


