
+ëࡷbĮ ߟߞߞߥ vࡇ �ƚżɾʕɟƚ ߠߝ
mǞǃǕ 4ǞȒƚȘɯǞȩȘŏȀ bƚȩȒƚɾɟʿ ࣹ࡫ ˙ȘǞɯǕ ʕɔ
żȩȒɔɟƚɯɯƚƇ ɯƚȘɯǞȘǃ࡬
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χθ˨ξχ͖ϑІ ξ̥̐Ύϻ̥ξІ̐ࡕΎͻθξ̥χχ̥̙ χ̥;χ͖;͇

bǞʲƚȘ � ∈ Rȑ×ȗ ʶǞɾǕ ȑ < ȗࡈ ų ∈ Rȑ ʶǞɾǕ ų = �ʾ áƚżȩʲƚɟ ʾࡈ
ʕȘƇƚɟ ɾǕƚ ŏɯɯʕȒɔɾǞȩȘ ɾǕŏɾ Ǟɾ Ǟɯ ǹࡷɯɔŏɟɯƚࡏ

ĦǕŏɾ ɔɟȩɔƚɟɾǞƚɯ ȩǀ � Ȁƚɾ ʕɯ ɯȩȀʲƚ ɾǕǞɯ ɔɟȩųȀƚȒ ƚǀ˙żǞƚȘɾȀ ʿࡏ

ࡄ �ƚŏɯʕɟƚȒƚȘɾ ƚǀ˙żǞƚȘżʿࡇ ëȒŏȀȀ ȑࡏ
ࡄ +ȩȒɔʕɾŏɾǞȩȘŏȀ ƚǀ˙żǞƚȘżʿࡇ ɔȩȀʿȘȩȒǞŏȀ ǞȘ ȗ, ǹࡏ ߞ
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̊˨χ͖̐ ξ̥χϟͱϑ ͂ξΎͻ ͱ˨χϑ ̐ͱ˨χχ

vǀ � Ǟɯ ȒŏɾɟǞʾ ɯŏɾǞɯǀʿǞȘǃ ɾǕƚ (ª(ǹ),ª(ߝ))ࡷ áƚɯɾɟǞżɾƚƇ vɯȩȒƚɾɟʿ
Úɟȩɔƚɟɾʿ ɾǕƚȘ ʾ żŏȘ ųƚ ʕȘǞɛʕƚȀʿ ɟƚżȩʲƚɟƚƇ ǀɟȩȒ ų = �ʾ ǞȘ
ɔȩȀʿȘȩȒǞŏȀ ɾǞȒƚ ʕɯǞȘǃ ɾǕƚ ųŏɯǞɯ ɔʕɟɯʕǞɾ ȀǞȘƚŏɟ ɔɟȩǃɟŏȒࡇ

ʺ = ŏɟǃȒǞȘ
ˌ

ߝ‖ˌ‖ ɯʕųǲƚżɾ ɾȩ �ˌ = ų.

�ƚŏɯʕɟƚȒƚȘɾ żȩȒɔȀƚʾǞɾʿ ȑ ≈ ª(ǹ Ȁȩǃȗ) ǀȩɟࡇ

ࡄ áŏȘƇȩȒ ȒŏɾɟǞżƚɯ ��࡫ ȒŏɾɟǞżƚɯ࡬
ࡄ ëʕųɯŏȒɔȀƚƇ _ȩʕɟǞƚɟ ȒŏɾɟǞżƚɯ

vȘ ȩɾǕƚɟ ʶȩɟƇɯࡈ ɾǕǞɯ Ǟɯ Ǖȩʶ ȒŏȘʿ ɟȩʶɯ ɾǕƚɯƚ ȒŏɾɟǞżƚɯ ȘƚƚƇ ɾȩ
ɯŏɾǞɯǀʿ (ª(ǹ),ª(ߝ))ࡷávÚࡏ
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˨θθͱ͖̐˨ϑ͖Ύ;χ

áŏȘƇȩȒ ȒŏɾɟǞżƚɯ ʕɯƚƇ ǞȘ ŏȀǃȩɟǞɾǕȒɯࡏ Cࡏǃࡏ ɾȩ ɯȩȀʲƚ ɾǕƚ
ǕƚŏʲʿࡷǕǞɾɾƚɟɯ ɔɟȩųȀƚȒࡇ

ëʕųɯŏȒɔȀƚƇ _ȩʕɟǞƚɟ ȒŏɾɟǞżƚɯࡇ ų = �ʾ Ǟɯ ɾǕƚ ƚʲŏȀʕŏɾǞȩȘ ȩǀ ɾǕƚ
_ȩʕɟǞƚɟ ɾɟŏȘɯǀȩɟȒ _ʾ ŏɾ ŏ ɯƚɾ ȩǀ ɟŏȘƇȩȒ ǀɟƚɛʕƚȘżǞƚɯ
ƿߝ, . . . , ƿȑ ∈ ,ߜ} . . . ,ȗ− ࡏ{ߝ vǀ ʶƚ ǕŏƇ ƚȘɾǞɟƚɾʿ ȩǀ _ʾ żȩʕȀƇ ɟƚżȩʲƚɟ
ʾ ʕɯǞȘǃ ǞȘʲƚɟɯƚ _ȩʕɟǞƚɟ ɾɟŏȘɯǀȩɟȒࡏ
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̊ΎІ̥ξࡵͻΎΎξ̥ ͻ˨ͩΎξ͖ϑІ ϻΎϑ̥ ˨ͱ͇Ύξ͖ϑ͑ͻ

vȘɔʕɾࡇ ëɾɟƚŏȒ ȩǀ ȘʕȒųƚɟࡇ ,ߝ ,ߞ ,ߝ ,ߡ ,ߝ ,ߝ ,ߢ . . ࡏ.
°ʕɾɔʕɾࡇ �ŏǲȩɟǞɾʿ ƚȀƚȒƚȘɾ Ǟǀ࡫ ȩȘƚ ƚʾǞɯɾɯ࡬

ࡄ ǝɺƙȑ = ;ߜ żȧʑȗɺ = ;ߜ
ࡄ _ȩɟ ƚŏżǕ ƙ ǞȘ ȩʕɟ ɯɾɟƚŏȒࡇ

ࡄ vǀ żȧʑȗɺ == ࡈߜ ǝɺƙȑ = ƙ; żȧʑȗɺ = ;ߝ
ࡄ CȀɯƚ Ǟǀ ǝɺƙȑ == ƙ; żȧʑȗɺ = żȧʑȗɺ+ ;ߝ
ࡄ CȀɯƚ żȧʑȗɺ = żȧʑȗɺ− ;ߝ

ࡄ áƚɾʕɟȘ ǝɺƙȑ

ߡ
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̥͑˨ϻІ͖͑ࡷϑϑ̥ξχ

�ǞɯɟŏࡷbɟǞƚɯ ŏȀǃȩɟǞɾǕȒ

ëȀǞżǺ ǃƚȘƚɟŏȀǞˌŏɾǞȩȘ ȩǀ ɾǕǞɯ ŏȀǃȩɟǞɾǕȒ ǀȩɟ ˙ȘƇǞȘǃ ŏȘʿ ƚȀƚȒƚȘɾ ƙ
ʶǕǞżǕ ŏɔɔƚŏɟɯ Ȓȩɟƚ ɾǕŏȘ ǹ/ߝ ȩǀ ɾǕƚ ɾǞȒƚࡏ Ćɯƚɯ ª(ǹ) ɯɔŏżƚࡏ
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͂˨χϑ̥ξ ͻ̥ϑ͑Ύ̙χ

� Ȁȩɾ ȩǀ ǞȘɾƚɟƚɯɾ ǞȘ ƇƚʲƚȀȩɔǞȘǃ ƚʲƚȘ ǀŏɯɾƚɟ ŏȀǃȩɟǞɾǕȒɯ ɾǕŏɾ
ŏʲȩǞƇ ʕɯǞȘǃ ɾǕƚ Ǖƚŏʲʿࢅ ǕŏȒȒƚɟࢆ ȩǀ ȀǞȘƚŏɟ ɔɟȩǃɟŏȒȒǞȘǃ ŏȘƇ
ɟʕȘ ǞȘ ƚʲƚȘ ǀŏɯɾƚɟ ɾǕŏȘ ª(ȗߡ.ߟ) ɾǞȒƚࡏ

ࡄ vɾƚɟŏɾǞʲƚ mŏɟƇ ÷ǕɟƚɯǕȩȀƇǞȘǃࡇ �ȩȩǺɯ ŏ Ȁȩɾ ȀǞǺƚ ɔɟȩǲƚżɾƚƇ
ǃɟŏƇǞƚȘɾ ƇƚɯżƚȘɾࡏ ëȩȀʲƚ ȒǞȘˌ ‖�ˌ− ų‖ ʶǕǞȀƚ żȩȘɾǞȘʕŏȀȀʿ
ɔɟȩǲƚżɾǞȘǃ ˈ ųŏżǺ ɾȩ ɾǕƚ ɯƚɾ ȩǀ ǹࡷɯɔŏɟɯƚ ʲƚżɾȩɟɯࡏ áʕȘɯ ǞȘ
ɾǞȒƚ ∼ ª(ȗǹ Ȁȩǃȗ) ǀȩɟ bŏʕɯɯǞŏȘ ȒƚŏɯʕɟƚȒƚȘɾ ȒŏɾɟǞżƚɯ
ŏȘƇ ª(ȗ Ȁȩǃȗ) ǀȩɟ ɯʕųɯŏȒɔȀƚƇ _ȩʕɟƚɟ ȒŏɾɟǞżƚɯࡏ

ࡄ °ɾǕƚɟ ɟɯɾ˙ࢅ ȩɟƇƚɟࢆ ɾʿɔƚ ȒƚɾǕȩƇɯࡇ °ɟɾǕȩǃȩȘŏȀ �ŏɾżǕǞȘǃ
ÚʕɟɯʕǞɾࡈ +ȩëŏ�Úࡈ ëʕųɯɔŏżƚ ÚʕɟɯʕǞɾࡈ ƚɾżࡏ

ߣ

-

ahoy



͂˨χϑ̥ξ ͻ̥ϑ͑Ύ̙χ

ĦǕƚȘ � Ǟɯ ŏ ɯʕųɯŏȒɔȀƚƇ _ȩʕɟǞƚɟ ȒŏɾɟǞʾࡈ ɾǕƚɟƚ ŏɟƚ Șȩʶ
ȒƚɾǕȩƇɯ ɾǕŏɾ ɟʕȘ ǞȘ ª(ǹ Ȁȩǃż ȗ) ɾǞȒƚ ࡈmŏɯɯŏȘǞƚǕ࡟ vȘƇʿǺࡈ
�ŏɔɟŏȀȩʲࡈ �ŏɾŏųǞࡈ ÚɟǞżƚࡈ ëǕǞࡈ ƚɾżࡏ ࡏࡠࣹߞߝߜߞ
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χθ˨ξχ̥ ͂Ύϟξ͖̥ξ ϑξ˨;χ͂Ύξͻ

+ȩɟȩȀȀŏɟʿࡇ ĦǕƚȘ ʾ Ǟɯ ǹࡷɯɔŏɟɯƚࡈ ʶƚ żŏȘ żȩȒɔʕɾƚ ɾǕƚ ǞȘʲƚɟɯƚ
_ȩʕɟǞƚɟ ɾɟŏȘɯǀȩɟȒ _∗_ʾ ȩǀ _ʾ ǞȘ ª(ǹ Ȁȩǃż ȗ) ɾǞȒƚࡋ

ࡄ áŏȘƇȩȒȀʿ ɯʕųɯŏȒɔȀƚ _ʾࡏ
ࡄ _ƚƚƇ ɾǕŏɾ ǞȘɔʕɾ ǞȘɾȩ ȩʕɟ ɯɔŏɟɯƚ ɟƚżȩʲƚɟʿ ŏȀǃȩɟǞɾǕȒ ɾȩ
ƚʾɾɟŏżɾ ʾࡏ

_ȩʕɟǞƚɟ ŏȘƇ ǞȘʲƚɟɯƚ _ȩʕɟǞƚɟ ɾɟŏȘɯǀȩɟȒɯ ǞȘ ɯʕųȀǞȘƚŏɟ ɾǞȒƚ ʶǕƚȘ
ɾǕƚ ȩʕɾɔʕɾ Ǟɯ ɯɔŏɟɯƚࡏ

�ɔɔȀǞżŏɾǞȩȘɯ ǞȘࡇ ĦǞɟƚȀƚɯɯ żȩȒȒʕȘǞżŏɾǞȩȘɯࡈ bÚëࡈ ɔɟȩɾƚǞȘ
ǞȒŏǃǞȘǃࡈ ɟŏƇǞȩ ŏɯɾɟȩȘȩȒ ʿࡈ ƚɾżࡏ ƚɾżࡏ ߥ
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͖͇͑͑ ̙͖ͻ̥;χ͖Ύ;˨ͱ ͇̥Ύͻ̥ϑξІ
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ϟ;͖͂І͖;͇ ϑ̥͑ͻ̥ Ύ͂ ϑ̥͑ ̐Ύϟξχ̥

mȩʶ Ƈȩ ʶƚ ƇƚŏȀ ʶǞɾǕ Ƈŏɾŏ ǞȘ ǕǞǃǕ ƇǞȒƚȘɯǞȩȘɯࡐ

ࡄ áŏȘƇȩȒǞˌƚƇ ɯǺƚɾżǕǞȘǃ ࣹ ƇǞȒƚȘɯǞȩȘŏȀǞɾʿ ɟƚƇʕżɾǞȩȘࡏ
ࡄ �ȩżŏȀǞɾʿ ɯƚȘɯǞɾǞʲƚ ǕŏɯǕǞȘǃ ǀȩɟ ɯǞȒǞȀŏɟǞɾʿ ɯƚŏɟżǕࡏ
ࡄ vɾƚɟŏɾǞʲƚ ȒƚɾǕȩƇɯ ǀȩɟ ȩɔɾǞȒǞˌǞȘǃ ǀʕȘżɾǞȩȘɯ ɾǕŏɾ ƇƚɔƚȘƇ ȩȘ
ȒŏȘʿ ʲŏɟǞŏųȀƚɯࡏ

ࡄ ëģ4 ࣹ ȀȩʶࡷɟŏȘǺ ŏɔɔɟȩʾǞȒŏɾǞȩȘ ɾȩ ˙ȘƇ ŏȘƇ ʲǞɯʕŏȀǞˌƚ
ȀȩʶࡷƇǞȒƚȘɯǞȩȘŏȀ ɯɾɟʕżɾʕɟƚࡏ

ࡄ +ȩȘʲƚɟɾ Ȁŏɟǃƚ ǃɟŏɔǕɯ ɾȩ ǕǞǃǕ ƇǞȒƚȘɯǞȩȘŏȀ ʲƚżɾȩɟ Ƈŏɾŏࡏ

ߜߝ



ϻ͖χϟ˨ͱ͖В͖;͇ ͖͇͑͑ ̙͖ͻ̥;χ͖Ύ;˨ͱ ̙˨ϑ˨

°ǀɾƚȘ ʲǞɯʕŏȀǞˌƚ ŏȀǃȩɟǞɾǕȒɯ ǞȘ ࡈߞࡈߝ ȩɟ ߟ ƇǞȒƚȘɯǞȩȘɯࡏ

÷ǕǞɯ Ǟɯ Șȩɾ ŏȀʶŏʿɯ ŏ ǃȩȩƇ ɾǕǞȘǃ ɾȩ Ƈȩࡇ ǕǞǃǕࡷƇǞȒƚȘɯǞȩȘŏȀ ɯɔŏżƚ
ȀȩȩǺɯ ʲƚɟʿ ƇǞǀǀƚɟƚȘɾ ǀɟȩȒ ȀȩʶࡷƇǞȒƚȘɯǞȩȘŏȀ ɯɔŏżƚࡏ

ߝߝ



Ύξϑ͑Ύ͇Ύ;˨ͱ ϻ̥̐ϑΎξχ

ĦǕŏɾ Ǟɯ ɾǕƚ Ȁŏɟǃƚɯɾ ɯƚɾ ȩǀ ȒʕɾʕŏȀȀʿ ȩɟɾǕȩǃȩȘŏȀ ʕȘǞɾ ʲƚżɾȩɟɯ ǞȘ
ƆࡷƇǞȒƚȘɯǞȩȘŏȀ ɯɔŏżƚࡐ

ߞߝ

§f.... §,
wait, u.it#0 f o r
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How large a n q be?
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Ύξϑ͑Ύ͇Ύ;˨ͱ ϻ̥̐ϑΎξχ

ĦǕŏɾ Ǟɯ ɾǕƚ Ȁŏɟǃƚɯɾ ɯƚɾ ȩǀ ʕȘǞɾ ʲƚżɾȩɟɯ ǞȘ ƆࡷƇǞȒƚȘɯǞȩȘŏȀ ɯɔŏżƚ
ʶǞɾǕ ǞȘȘƚɟ ɔɟȩƇʕżɾ |ʾîʿ| ≤ εࡐ

ࡏߝ Ɔ ࡏߞ Θ(Ɔ) ࡏߟ Θ(Ɔߞ) ࡏߠ Θ(Ɔ)ߞ

ߟߝ

-
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Ύξϑ͑Ύ͇Ύ;˨ͱ ϻ̥̐ϑΎξχ

+ȀŏǞȒࡇ ÷Ǖƚɟƚ Ǟɯ ŏȘ ƚʾɔȩȘƚȘɾǞŏȀ ȘʕȒųƚɟ ȩǀ ȘƚŏɟȀʿ ȩɟɾǕȩǃȩȘŏȀ
ʕȘǞɾ ʲƚżɾȩɟɯ ǞȘ Ɔ ƇǞȒƚȘɯǞȩȘŏȀ ɯɔŏżƚࡏ

Úɟȩȩǀࡇ �ƚɾ ʾߝ, . . . , ʾɺ ŏȀȀ Ǖŏʲƚ ǞȘƇƚɔƚȘƇƚȘɾ ɟŏȘƇȩȒ ƚȘɾɟǞƚɯࡈ ƚŏżǕ
ɯƚɾ ɾȩ ± √ߝ

Ɔ ʶǞɾǕ ƚɛʕŏȀ ɔɟȩųŏųǞȀǞɾ ʿࡏ

ࡄ ‖ʾǝ‖ߞ =

ࡄ E[ʾîǝ ʾǱ] =

ߠߝ

O

✓ =
E d = 1 .

¥,X i } xp. . yd for a l l i

-
IEI I xile)x ;l e t = §,Exile)x;(e)
- nfori t ; I ±,'§..": "Ipa.'¥0



Ύξϑ͑Ύ͇Ύ;˨ͱ ϻ̥̐ϑΎξχ

_ȩɟ ŏȘʿ ǝ, Ǳ ɔŏǞɟࡈ Úɟ[|ʾîǝ ʾǱ| < ε] ≥ −ߝ .ߟ/Ɔߞƙ−εߞ

$ʿ ŏ ʕȘǞȩȘ ųȩʕȘƇࡇ

_ȩɟ ŏȀȀ ǝ, Ǳ ɔŏǞɟɯ ɯǞȒʕȀɾŏȘƚȩʕɯȀ ʿࡈ Úɟ[|ʾîǝ ʾǱ| < ε] ≥ −ߝ ɺߞ · .ߟ/Ɔߞƙ−εߞ

ߡߝ
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Ύξϑ͑Ύ͇Ύ;˨ͱ ϻ̥̐ϑΎξχ

_ǞȘŏȀ ɟƚɯʕȀɾࡇ vȘ ƆࡷƇǞȒƚȘɯǞȩȘŏȀ ɯɔŏżƚࡈ ɾǕƚɟƚ ŏɟƚ (Ɔߞε)θߞ ʕȘǞɾ
ʲƚżɾȩɟɯ ʶǞɾǕ ŏȀȀ ɔŏǞɟʶǞɯƚ ǞȘȘƚɟ ɔɟȩƇʕżɾɯ ≤ εࡏ

+ȩɟȩȀȀŏɟʿࡇ áŏȘƇȩȒ ʲƚżɾȩɟɯ ŏɟƚ ŏȀȀ ŏɔɔɟȩʾǞȒŏɾƚȀʿ ɾǕƚ ɯŏȒƚ
ƇǞɯɾŏȘżƚ ǀɟȩȒ ƚŏżǕ ȩɾǕƚɟࡏ

ߢߝ

⇒
a log( d )Edel.... ell-1)E 'd 206't) = eocead)

11Xi-Xilin i Axillfthxilli-2xitx;
I t n

I I
E l-e, a]
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̐ϟξχ̥ Ύ͂ ̙͖ͻ̥;χ͖Ύ;˨ͱ͖ϑІ

+ʕɟɯƚ ȩǀ ƇǞȒƚȘɯǞȩȘŏȀǞɾʿࡇ ëʕɔɔȩɯƚ ʶƚ ʶŏȘɾ ɾȩ ʕɯƚ ƚࡏǃࡏ
ǹࡷȘƚŏɟƚɯɾ ȘƚǞǃǕųȩɟɯ ɾȩ ȀƚŏɟȘ ŏ ǀʕȘżɾǞȩȘ ȩɟ żȀŏɯɯǞǀʿ ɔȩǞȘɾɯ ǞȘ
RƆࡏ vǀ ȩʕɟ Ƈŏɾŏ ƇǞɯɾɟǞųʕɾǞȩȘ Ǟɯ ɾɟʕȀʿ ɟŏȘƇȩȒࡈ ʶƚ ɾʿɔǞżŏȀȀʿ ȘƚƚƇ
ŏȘ ƚʾɔȩȘƚȘɾǞŏȀ ŏȒȩʕȘɾ ȩǀ Ƈŏɾŏࡏ

÷Ǖƚ ƚʾǞɯɾƚȘżƚ ȩǀ Ȁȩʶƚɟ ƇǞȒƚȘɯǞȩȘŏȀ ɯɾɟʕżɾʕɟƚ Ǟɯ ȩʕɟ Ƈŏɾŏ Ǟɯ
ȩǀɾƚȘ ɾǕƚ ȩȘȀʿ ɟƚŏɯȩȘ ʶƚ żŏȘ Ǖȩɔƚ ɾȩ ȀƚŏɟȘࡏ

ߣߝ



ϻ˨ͱϟ̥ Ύ͂ ͻ˨;І Ύξϑ͑Ύ͇Ύ;˨ͱ ϻ̥̐ϑΎξχ

4ƚ˙ȘǞɾǞȩȘ ,ɗ)࡫ ε)ࡷáƚɯɾɟǞżɾƚƇ vɯȩȒƚɾɟʿ Úɟȩɔƚɟɾʿ࡬
� ȒŏɾɟǞʾ � ɯŏɾǞɯ˙ƚɯ (ɗ, ε)ࡷávÚ Ǟǀࡈ ǀȩɟ ŏȀȀ ʾ ʶǞɾǕ ‖ʾ‖ߜ ≤ ɗࡈ

−ߝ) ε)‖ʾ‖ߞߞ ≤ ‖�ʾ‖ߞߞ ≤ +ߝ) ε)‖ʾ‖ߞߞ.

Cʲƚɟʿ ɯʕųɯƚɾ ȩǀ ǹ żȩȀʕȒȘɯ Ć ∈ Rȑ×ǹ Ǟɯ ŏɔɔɟȩʾǞȒŏɾƚ ǞɯȩȒƚɾɟʿࡏ

ĆîĆ ≈ v. ߤߝ

= -

g
K

DD D) a 1+1=11×11.
w e k.nu#Eiirn.*x-

K I

-



ϻ˨ͱϟ̥ Ύ͂ ͻ˨;І Ύξϑ͑Ύ͇Ύ;˨ͱ ϻ̥̐ϑΎξχ

vǀ ĆîĆ ≈ vࡈ Ǟɾ ųƚɾɾƚɟ ųƚ ɾǕŏɾ ŏȘʿ ɾʶȩ żȩȀʕȒȘɯ ʕǝ,ʕǱ ŏɟƚ
ŏɔɔɟȩʾǞȒŏɾƚȀʿ ȩɟɾǕȩǃȩȘŏȀࡏ

4ƚƇʕżƚࡇ �ȀȀ ɔŏǞɟɯ ȩǀ żȩȀʕȒȘɯ ǞȘ � ŏɟƚ ŏɔɔɟȩʾǞȒŏɾƚȀʿ
ȩɟɾǕȩǃȩȘŏȀࡏ

÷ǕǞȘǺ ȩǀ ǹ ŏɯ ŏ żȩȘɯɾŏȘɾࡇ ǹ = ª(ߝ)ࡏ Ħƚ Ǖŏʲƚ Ɔ ȘƚŏɟȀʿ ȩɟɾǕȩǃȩȘŏȀ
ʲƚżɾȩɟɯ ȀǞʲǞȘǃ ǞȘ ª(ǹ ȀȩǃƆ) = ª(ȀȩǃƆ) ƇǞȒƚȘɯǞȩȘŏȀ ɯɔŏżƚࡏ

ߥߝ

2 .120400d ) = go,,o,
blithe;s . I

• -

-
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ϟ;͖ϑ ̊˨ͱͱ ͖; ͖͇͑͑ ̙͖ͻ̥;χ͖Ύ;χ

�ƚɾ BƆ ųƚ ɾǕƚ ʕȘǞɾ ųŏȀȀ ǞȘ Ɔ ƇǞȒƚȘɯǞȩȘɯࡇ

BƆ = {ʾ ∈ RƆ : ‖ʾ‖ߞ ≤ .{ߝ

ĦǕŏɾ ɔƚɟżƚȘɾŏǃƚ ȩǀ ʲȩȀʕȒƚ ȩǀ BƆ ǀŏȀȀɯ ʶǞɾǕ ε ȩǀ Ǟɾɯ ɯʕɟǀŏżƚࡐ

ģȩȀʕȒƚ ȩǀ ɟŏƇǞʕɯ Ú ųŏȀȀ Ǟɯ πƆ/ߞ

(Ɔ/ߞ)! · ÚƆࡏ ߜߞ

÷÷÷
¥÷.

"

"o÷÷÷÷
÷÷÷-

o 'EEE.it#..
.

-
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͖χΎθ̥ξ͖ͻ̥ϑξ͖̐ ͖;̥μϟ˨ͱ͖ϑІ

�ȀȀ ųʕɾ ŏȘ ƙΘ(−εƆ) ǀɟŏżɾǞȩȘ ȩǀ ŏ ʕȘǞɾ ųŏȀȀ࢈ɯ ʲȩȀʕȒƚ Ǟɯ ʶǞɾǕǞȘ ε ȩǀ
Ǟɾɯ ɯʕɟǀŏżƚࡏ

vɯȩɔƚɟǞȒƚɾɟǞż vȘƚɛʕŏȀǞɾʿࡇ

ߝߞ

For au#shape, the r a t i o
o f jurfaceourea i s minimized b y the

volume bball .



͖;ϑϟ͖ϑ͖Ύ;

ɯʕɟǀŏżƚ żʕųƚɯ
ɾȩɾŏȀ żʕųƚɯ =

ߞߞ

tenth
ahhh

h i



͖;ϑϟ͖ϑ͖Ύ;

ɯʕɟǀŏżƚ żʕųƚɯ
ɾȩɾŏȀ żʕųƚɯ =

ࡄ ߝ ƇǞȒƚȘɯǞȩȘࡇ ߜߝࡕߞ ࣌ ߞࡏ
ࡄ ߞ ƇǞȒƚȘɯǞȩȘࡇ ߜߜߝࡕߤߟ ࣌ ߤߟࡏ
ࡄ ߟ ƇǞȒƚȘɯǞȩȘࡇ ߜߜߜߝࡕߠߤߠ ࣌ ߠߤߠࡏ

ߟߞ

2h10



χͱ͖̥̐χ Ύ͂ ϑ̥͑ ϟ;͖ϑ ̊˨ͱͱ

ĦǕŏɾ ɔƚɟżƚȘɾŏǃƚ ȩǀ ɾǕƚ ʲȩȀʕȒƚ ȩǀ BƆ ǀŏȀȀɯ ʶǞɾǕǞȘ ε ȩǀ Ǟɾɯ
ƚɛʕŏɾȩɟࡐ

ã = {ʾ ∈ BƆ : |ʾ(ߝ)| ≤ ε} ߠߞ

x
"

,
×

- -



χͱ͖̥̐χ Ύ͂ ϑ̥͑ ϟ;͖ϑ ̊˨ͱͱ

ĦǕŏɾ ɔƚɟżƚȘɾŏǃƚ ȩǀ ɾǕƚ ʲȩȀʕȒƚ ȩǀ BƆ ǀŏȀȀɯ ʶǞɾǕǞȘ ε ȩǀ Ǟɾɯ
ƚɛʕŏɾȩɟࡐ �Șɯʶƚɟࡇ ŏȀȀ ųʕɾ ŏ (Ɔߞε−)Θߞ ǀɟŏżɾǞȩȘࡏ

$ʿ ɯʿȒȒƚɾɟ ʿࡈ ɾǕǞɯ Ǟɯ ɾɟʕƚ ǀȩɟ ŏȘʿ ƚɛʕŏɾȩɟࡇ
ãɾ = {ʾ ∈ BƆ : ʾîɾ ≤ ε}ࡏ ߡߞ

- I-20C-aid)

maimi
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⇐



͖̊В˨ξξ̥ χ͑˨θ̥ Ύ͂ ϟ;͖ϑ ̊˨ͱͱ

ࡏߝ −ߝ) ƙΘ(−εƆ)) ǀɟŏżɾǞȩȘ ȩǀ ʲȩȀʕȒƚ ȀǞƚɯ ε żȀȩɯƚ ɾȩ ɯʕɟǀŏżƚࡏ
ࡏߞ −ߝ) ƙΘ(−εߞƆ)) ǀɟŏżɾǞȩȘ ȩǀ ʲȩȀʕȒƚ ȀǞƚɯ ε żȀȩɯƚ ɾȩ ŏȘʿ ƚɛʕŏɾȩɟࡏ

mǞǃǕࡷƇǞȒƚȘɯǞȩȘŏȀ ųŏȀȀ ȀȩȩǺɯ ȘȩɾǕǞȘǃ ȀǞǺƚ 4ߞ ųŏȀȀࡋ ߢߞ

ref::÷÷÷
o÷:O.•



̐Ύ;̥̐;ϑξ˨ϑ͖Ύ; ˨ϑ ̥μϟ˨ϑΎξ

+ȀŏǞȒࡇ �ȀȀ ųʕɾ ŏ ƙΘ(−εߞƆ) ǀɟŏżɾǞȩȘ ȩǀ ɾǕƚ ʲȩȀʕȒƚ ȩǀ ɾǕƚ ųŏȀȀ ǀŏȀȀɯ
ʶǞɾǕǞȘ ε ȩǀ Ǟɾɯ ƚɛʕŏɾȩɟࡏ

CɛʕǞʲŏȀƚȘɾࡇ vǀ ʶƚ Ƈɟŏʶ ŏ ɔȩǞȘɾ ʾ ɟŏȘƇȩȒȀʿ ǀɟȩȒ ɾǕƚ ʕȘǞɾ ųŏȀȀࡈ
|ʾ(ߝ)| ≤ ε ʶǞɾǕ ɔɟȩųŏųǞȀǞɾʿ ≥ −ߝ ƙΘ(−εߞƆ)ࡏ

ߣߞ

I

- I



̐Ύ;̥̐;ϑξ˨ϑ͖Ύ; ˨ϑ ̥μϟ˨ϑΎξ

�ƚɾ ʶ = ʾ
‖ʾ‖ߞ ࡏ

Úɟ [|ʾ(ߝ)| ≤ ε] ≥ Úɟ [|ʶ(ߝ)| ≤ ε] .

mȩʶ żŏȘ ʶƚ ǃƚȘƚɟŏɾƚ ʶࡈ ʶǕǞżǕ Ǟɯ ŏ ɟŏȘƇȩȒ ʲƚżɾȩɟ ɾŏǺƚȘ ųʿ
ɯżŏȀǞȘǃ ŏ ɟŏȘƇȩȒ ʾ ∈ BƆࡐ

ߤߞ

-
o -



̐Ύ;̥̐;ϑξ˨ϑ͖Ύ; ˨ϑ ̥μϟ˨ϑΎξ

�ƚɾ ǃ ųƚ ŏ ɟŏȘƇȩȒ bŏʕɯɯǞŏȘ ʲƚżɾȩɟ ࡵ ƚŏżǕ ƚȘɾɟʿ Ǟɯ N ,ߜ) ࡏ(ߝ ëƚɾ
ʶ = ǃ/‖ǃ‖ࡏߞ

ࡄ E[‖ǃ‖ߞߞ] =

ࡄ Úɟ
[
‖ǃ‖ ≤ ߝ

[ߞߞ‖ǃ‖]Eߞ
]
≤

ߥߞ

- -

- 0 want t o s h ow Iwa)l i s small.
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̐Ύ;̥̐;ϑξ˨ϑ͖Ύ; ˨ϑ ̥μϟ˨ϑΎξ

_ȩɟ −ߝ Θ(Ɔ)ߞ ǀɟŏżɾǞȩȘ ȩǀ ʲƚżɾȩɟɯ ǃࡈ ‖ǃ‖ߞ ≥
√
Ɔ/ࡏߞ +ȩȘƇǞɾǞȩȘ ȩȘ

ƚʲƚȘ ɾǕŏɾ ʶƚ ǃƚɾ ŏ ɟŏȘƇȩȒ ʲƚżɾȩɟ ǞȘ ɾǕǞɯ ɯƚɾࡏ

Úɟ [|ʶ(ߝ)| ≤ ε] = Úɟ
[
|ʶ(ߝ)| ·

√
Ɔ/ߞ ≤ ε ·

√
Ɔ/ߞ

]

≥ Úɟ
[
|ǃ(ߝ)| ≤ ε ·

√
Ɔ/ߞ

]

≥ −ߝ θߞ
(
−(ε·

√
Ɔ/ߞ(ߞ

)

ߜߟ

- -
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͖͇͑͑ ̙͖ͻ̥;χ͖Ύ;˨ͱ ̐ϟ̥̊

�ƚɾ CƆ ųƚ ɾǕƚ ƆࡷƇǞȒƚȘɯǞȩȘŏȀ żʕųƚࡇ

CƆ = {ʾ ∈ RƆ : |ʾ(ǝ)| ≤ ߝ ∀ǝ}.

vȘ ɾʶȩ ƇǞȒƚȘɯǞȩȘɯࡈ ɾǕƚ żʕųƚ Ǟɯ ɔɟƚɾɾʿ ɯǞȒǞȀŏɟ ɾȩ ɾǕƚ ųŏȀȀࡏ

$ʕɾ ʲȩȀʕȒƚ ȩǀ CƆ Ǟɯ Ɔߞ ʶǕǞȀƚ ʲȩȀʕȒƚ ȩǀ ʕȘǞɾ ųŏȀȀ Ǟɯ πƆ/ߞ

(Ɔ/ߞ)! .

÷ǕǞɯ Ǟɯ ŏ Ǖʕǃƚ ǃŏɔࡏࡋ ߝߟ

- -

emma.fi
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=
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͖͇͑͑ ̙͖ͻ̥;χ͖Ύ;˨ͱ ̐ϟ̥̊

ëȩȒƚ ȩɾǕƚɟ ʶŏʿɯ ɾȩ ɯƚƚ ɾǕƚɯƚ ɯǕŏɔƚɯ ŏɟƚ ʲƚɟʿ ƇǞǀǀƚɟƚȘɾࡇ

ࡄ Ȓŏʾʾ∈BƆ ‖ʾ‖ߞߞ =
ࡄ Ȓŏʾʾ∈CƆ ‖ʾ‖ߞߞ =

ߞߟ

1
I l k i l l 1113115=D



͖͇͑͑ ̙͖ͻ̥;χ͖Ύ;˨ͱ ̐ϟ̥̊

ëȩȒƚ ȩɾǕƚɟ ʶŏʿɯ ɾȩ ɯƚƚ ɾǕƚɯƚ ɯǕŏɔƚɯ ŏɟƚ ʲƚɟʿ ƇǞǀǀƚɟƚȘɾࡇ

ࡄ Eʾ∼BƆ‖ʾ‖ߞߞ
ࡄ Eʾ∼CƆ‖ʾ‖ߞߞ =

ߟߟ

113⇐ I m

¥,Efxci))- = d / 3
t

uniform from f-I , I ]



͖͇͑͑ ̙͖ͻ̥;χ͖Ύ;˨ͱ ̐ϟ̥̊

�ȀȒȩɯɾ ŏȀȀ ȩǀ ɾǕƚ ʲȩȀʕȒƚ ȩǀ ɾǕƚ ʕȘǞɾ żʕųƚ ǀŏȀȀɯ ǞȘ Ǟɾɯ żȩɟȘƚɟɯࡈ
ŏȘƇ ɾǕƚɯƚ żȩɟȘƚɟɯ ȀǞƚ ǀŏɟ ȩʕɾɯǞƇƚ ɾǕƚ ʕȘǞɾ ųŏȀȀࡏ

ߠߟ

¥



̐Ύ;;̥̐ϑ͖Ύ; ϑΎ ̙͖ͻ̥;χ͖Ύ;˨ͱ͖ϑІ ξ̥̙ϟ̐ϑ͖Ύ;

vǀ ǕǞǃǕ ƇǞȒƚȘɯǞȩȘŏȀ ǃƚȩȒƚɾɟʿ Ǟɯ ɯȩ ƇǞǀǀƚɟƚȘɾ ǀɟȩȒ
ȀȩʶࡷƇǞȒƚȘɯǞȩȘŏȀ ǃƚȩȒƚɾɟ ʿࡈ ʶǕʿ Ǟɯ ƇǞȒƚȘɯǞȩȘŏȀǞɾʿ ɟƚƇʕżɾǞȩȘ
ɔȩɯɯǞųȀƚࡐ 4ȩƚɯȘ࢈ɾ �ȩǕȘɯȩȘࡷ�ǞȘƇƚȘɯɾɟŏʕɯɯ ɾƚȀȀ ʕɯ ɾǕŏɾ
ǕǞǃǕࡷƇǞȒƚȘɯǞȩȘŏȀ ǃƚȩȒƚɾɟʿ żŏȘ ųƚ ŏɔɔɟȩʾǞȒŏɾƚƇ ǞȘ Ȁȩʶ
ƇǞȒƚȘɯǞȩȘɯࡐ

ߡߟ



̐Ύ;;̥̐ϑ͖Ύ; ϑΎ ̙͖ͻ̥;χ͖Ύ;˨ͱ͖ϑІ ξ̥̙ϟ̐ϑ͖Ύ;

mŏɟƇ żŏɯƚࡇ ʾߝ, . . . , ʾȗ ∈ RƆ ŏɟƚ ŏȀȀ ȒʕɾʕŏȀȀʿ ȩɟɾǕȩǃȩȘŏȀ ʕȘǞɾ
ʲƚżɾȩɟɯࡇ

‖ʾǝ − ʾǱ‖ߞߞ = ߞ ǀȩɟ ŏȀȀ ǝ, Ǳࡏ

_ɟȩȒ ȩʕɟ ɟƚɯʕȀɾ ƚŏɟȀǞƚɟࡈ ǞȘ ª(Ȁȩǃȗ/εߞ) ƇǞȒƚȘɯǞȩȘɯࡈ ɾǕƚɟƚ ƚʾǞɯɾɯ
Ȁȩǃ·ߞª(εߞ ȗ/εߞ) ≥ ȗ ʕȘǞɾ ʲƚżɾȩɟɯ ɾǕŏɾ ŏɟƚ żȀȩɯƚ ɾȩ ȒʕɾʕŏȀȀʿ
ȩɟɾǕȩǃȩȘŏȀࡏ

ª(Ȁȩǃȗ/εߞ) ࣌ ǲʕɯɾ ƚȘȩʕǃǕ ƇǞȒƚȘɯǞȩȘɯࡏ

ߢߟ

H ,
-

I

T
-

I n d dimension therealways
exists 2016'd)

264%4/64 unit vectors t h a t a r e

2 h q close t o orthogonal,

nearly orthogonal u n i t vectors.



ϑ͑˨;ͬ ІΎϟξ ͂Ύξ ˨ ͇ξ̥˨ϑ χ̥ͻ̥χϑ̥ξࡋ

ߢߟ



̥;̙ Ύ͂ χ̥ͻ̥χϑ̥ξ

CʾŏȒ ǀȩɟȒŏɾࡇ

ࡄ +ŏȘ Ǖŏʲƚ ߝ ƇȩʕųȀƚ ɯǞƇƚƇ ɯǕƚƚɾ ȩǀ ȘȩɾƚɯࡕƚɛʕŏɾǞȩȘɯࡏ
ࡄ ĦǞȀȀ ųƚ ƇƚɯǞǃȘƚƇ ǀȩɟ ߡࡏߝ Ǖȩʕɟɯࡈ ųʕɾ ʶȩȘ࢈ɾ żʕɾ ȩǀǀ ʕȘɾǞȀ ߞ
Ǖȩʕɟɯࡏ

ߣߟ



̥;̙ Ύ͂ χ̥ͻ̥χϑ̥ξ

CʾŏȒ ɾȩɔǞżɯࡇ

ࡄ ģƚɟʿ ƚȘƇ ȩǀ żȩȘʲƚʾ ȩɔɾǞȒǞˌŏɾǞȩȘ ࡈɔɟƚżȩȘƇǞɾǞȩȘǞȘǃ࡫
żȩȩɟƇǞȘŏɾƚ ƇƚɯżƚȘɾࡈ ࣹ ǃɟŏƇǞƚȘɾ ƇƚɯżƚȘɾ ǀȩɟ ȘȩȘࡷżȩȘʲƚʾ
ǀʕȘżɾǞȩȘɯࡏ࡬

ࡄ ëǞȘǃʕȀŏɟ ʲŏȀʕƚ ƇƚżȩȒɔȩɯǞɾǞȩȘ ŏȘƇ ȀȩʶࡷɟŏȘǺ
ŏɔɔɟȩʾǞȒŏɾǞȩȘࡏ

ࡄ ëɔƚżɾɟŏȀ ǃɟŏɔǕ ɾǕƚȩɟʿ ɯɾȩżǕŏɯɾǞż࡫ ųȀȩżǺ ȒȩƇƚȀࡈ ȒŏɾɟǞʾ
ɔƚɟɾʕɟųŏɾǞȩȘࡈ ƚɾżࡏ࡬

ࡄ áŏȘƇȩȒǞˌƚƇ ȀǞȘƚŏɟ ŏȀǃƚųɟŏ ɯʕųɯɔŏżƚ࡫ ƚȒųƚƇƇǞȘǃɯࡈ
ŏɔɔɟȩʾǞȒŏɾƚ ɟƚǃɟƚɯɯǞȩȘࡈ εࡷȘƚɾɯ

ࡄ ëɔŏɟɯƚ ɟƚżȩʲƚɟʿ ɟƚɯɾɟǞżɾƚƇ࡫ ǞɯȩȒƚɾɟʿ ɔɟȩɔƚɟɾ ʿࡈ ųŏɯǞɯ
ɔʕɟɯʕǞɾ࡬
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ÚȀƚŏɯƚ ʶɟǞɾƚ ŏ żȩʕɟɯƚ ɟƚʲǞƚʶࡋ
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