
+ëࡷbĮ ߟߞߞߥ vࡇ �ƚżɾʕɟƚ ߞߝ
áŏȘƇȩȒǞˌƚƇ ȘʕȒƚɟǞżŏȀ ȀǞȘƚŏɟ ŏȀǃƚųɟŏࡈ ǀŏɯɾ
�ȩǕȘɯȩȘࡷ�ǞȘƇƚȘɯɾɟŏʕɯɯ ÷ɟŏȘɯǀȩɟȒ

�ĮĆ ÷ŏȘƇȩȘ ëżǕȩȩȀ ȩǀ CȘǃǞȘƚƚɟǞȘǃࡈ Úɟȩǀࡏ +ǕɟǞɯɾȩɔǕƚɟ �ʕɯżȩ

ߝ



ξ˨;̙Ύͻ͖В̥̙ ;ϟͻ̥ξ͖̐˨ͱ ͱ͖;̥˨ξ ˨ͱ͇̥̊ξ˨

�ŏǞȘ ǞƇƚŏࡇ vǀ ʿȩʕ ʶŏȘɾ ɾȩ żȩȒɔʕɾƚ ɯǞȘǃʕȀŏɟ ʲƚżɾȩɟɯ ȩɟ
ƚǞǃƚȘʲƚżɾȩɟɯࡈ ȒʕȀɾǞɔȀʿ ɾʶȩ ȒŏɾɟǞżƚɯࡈ ɯȩȀʲƚ ŏ ɟƚǃɟƚɯɯǞȩȘ
ɔɟȩųȀƚȒࡈ ƚɾżࡇࡏ

ࡏߝ +ȩȒɔɟƚɯɯ ʿȩʕɟ ȒŏɾɟǞżƚɯ ʕɯǞȘǃ ŏ ɟŏȘƇȩȒǞˌƚƇ ȒƚɾǕȩƇࡏ
ࡏߞ ëȩȀʲƚ ɾǕƚ ɔɟȩųȀƚȒ ȩȘ ɾǕƚ ɯȒŏȀȀƚɟ ȩɟ ɯɔŏɟɯƚɟ ȒŏɾɟǞʾࡏ

ࡄ  żŏȀȀƚƇ ŏ ࢆɯǺƚɾżǕࢅ ȩɟ ࢆżȩɟƚɯƚɾࢅ ǀȩɟ ࡏ�

ߞ



ξ˨;̙Ύͻ͖В̥̙ ;ϟͻ̥ξ͖̐˨ͱ ͱ͖;̥˨ξ ˨ͱ͇̥̊ξ˨

�ɔɔɟȩʾǞȒŏɾƚ ȒŏɾɟǞʾ ȒʕȀɾǞɔȀǞżŏɾǞȩȘࡇ

�ɔɔɟȩʾǞȒŏɾƚ ɟƚǃɟƚɯɯǞȩȘࡇ

ߟ



χ̥ͬϑ̥̙̐͑ ξ̥͇ξ̥χχ͖Ύ;

áŏȘƇȩȒǞˌƚƇ ŏɔɔɟȩʾǞȒŏɾƚ ɟƚǃɟƚɯɯǞȩȘ ʕɯǞȘǃ ŏ
�ȩǕȘɯȩȘࡷ�ǞȘƇƚȘɯɾɟŏʕɯɯ �ŏɾɟǞʾࡇ

vȘɔʕɾࡇ � ∈ Rȗ×Ɔࡈ ų ∈ Rȗࡏ

�ȀǃȩɟǞɾǕȒࡇ �ƚɾ ˜ʾ∗ = ŏɟǃȒǞȘʾ ‖Π�ʾ−Πų‖ࡏߞߞ

bȩŏȀࡇ ĦŏȘɾ ‖�˜ʾ∗ − ų‖ߞߞ ≤ +ߝ) ε)ȒǞȘʾ ‖�ʾ− ų‖ߞߞ

vǀ Π ∈ Rȑ×ȗࡈ Ǖȩʶ Ȁŏɟǃƚ Ƈȩƚɯ ȑ ȘƚƚƇ ɾȩ ųƚࡐ vɯ Ǟɾ ƚʲƚȘ żȀƚŏɟ ɾǕǞɯ
ɯǕȩʕȀƇ ʶȩɟǺ ŏɯ ȑ→ ࡐ∞

ߠ

11×4×41:
m

" d d
µ

X '=

arswi-4ltx.sk# I t
↳ "Tatrix.
= ,

1 ¥ 1 2

= - - -



ϑ˨ξ͇̥ϑ ξ̥χϟͱϑ

÷ǕƚȩɟƚȒ áŏȘƇȩȒǞˌƚƇ �ǞȘƚŏɟ áƚǃɟƚɯɯǞȩȘ
�ƙɺ Π ųƙ ŏ ɑɛȧɑƙɛǿʻ ɫżŏǿƙƆ �� ȑŏɺɛǝʺ ɛŏȗƆȧȑࡧ `ŏʑɫɫǝŏȗࡌ ɫǝǂȗࡌ
ɫɑŏɛɫƙ ɛŏȗƆȧȑࡌ ƙɺżࡨࡒ ʲǝɺǔ ȑ = ª

(
Ɔ Ȁȩǃ(ߝ/ε)+Ȁȩǃ(ߝ/δ)

εߞ

)
ɛȧʲɫࡒ

îǔƙȗ ʲǝɺǔ ɑɛȧųŏųǝǿǝɺʻ −ߝ) δ)ࡌ ƿȧɛ ŏȗʻ � ∈ Rȗ×Ɔ ŏȗƆ ų ∈ Rȗࡌ

‖�˜ʾ∗ − ų‖ߞߞ ≤ +ߝ) ε)ȒǞȘ
ʾ

‖�ʾ− ų‖ߞߞ

ʲǔƙɛƙ ˜ʾ∗ = ŏɟǃȒǞȘʾ ‖Π�ʾ−Πų‖ࡒߞߞ

ߡ

M r

=

m e 0(de) w h e n E -04),
w e 0 ( d )



χ̥ͬϑ̥̙̐͑ ξ̥͇ξ̥χχ͖Ύ;

+ȀŏǞȒࡇ ëʕǀ˙żƚɯ ɾȩ ɔɟȩʲƚ ɾǕŏɾ ǀȩɟ ŏȀȀ ʾ ∈ RƆࡈ

−ߝ) ε)‖�ʾ− ų‖ߞߞ ≤ ‖Π�ʾ−Πų‖ߞߞ ≤ +ߝ) ε)‖�ʾ− ų‖ߞߞ

ߢ

- -
= arguyinMAX-blli.

#

want t oprove: HAE '-611}
E ( I te )HAH-BYE.

HAH-BYE
t.tl/ITAxao-lTbllisfzl1ITAx&tTbHE

t
byfact¥ t x p t f o r ITA,T b

E ( I t a ) .
For small E , I I I = I tOlay

- HAH-BAI. q i = E
constant→

sieve,11-a) re s e t-



̙͖χϑξ͖̊ϟϑ͖Ύ;˨ͱ ͩΎ͑;χΎ;ࡷͱ͖;̙̥;χϑξ˨ϟχχ ξ̥ϻ͖̥Ͼ

�ƚȒȒŏ 4ǞɯɾɟǞųʕɾǞȩȘŏȀ ��
sƿ Π ǝɫ żǔȧɫƙȗ ɺȧ ŏ ɑɛȧɑƙɛǿʻ ɫżŏǿƙƆ ɛŏȗƆȧȑ `ŏʑɫɫǝŏȗ ȑŏɺɛǝʺࡌ
ɫǝǂȗ ȑŏɺɛǝʺࡌ ɫɑŏɛɫƙ ɛŏȗƆȧȑ ȑŏɺɛǝʺࡌ ƙɺżࡌࡒ ʲǝɺǔ ª

(
Ȁȩǃ(ߝ/δ

εߞ

)
ɛȧʲɫ

ɺǔƙȗ ƿȧɛ ŏȗʻ ˛ʺƙƆ ʿࡌ

−ߝ) ε)‖ʿ‖ߞߞ ≤ ‖Πʿ‖ߞߞ ≤ +ߝ) ε)‖ʿ‖ߞߞ

ʲǝɺǔ ɑɛȧųŏųǝǿǝɺʻ −ߝ) δ)ࡒ

+ȩɟȩȀȀŏɟʿࡇ _ȩɟ ŏȘʿ ˙ʾƚƇ ʾࡈ ʶǞɾǕ ɔɟȩųŏųǞȀǞɾʿ −ߝ) δ)ࡈ

−ߝ) ε)‖�ʾ− ų‖ߞߞ ≤ ‖Π�ʾ−Πų‖ߞߞ ≤ +ߝ) ε)‖�ʾ− ų‖ߞߞ.

ߣ

-

O -

f 3

y = Ax - b → belli ¥011:



͂Ύξ ˨;І ϑΎ ͂Ύξ ˨ͱͱ

mȩʶ Ƈȩ ʶƚ ǃȩ ǀɟȩȒ ǀȩɟࢅ ŏȘʿ ˙ʾƚƇ ʾࢆ ɾȩ ǀȩɟࢅ ŏȀȀ ʾ ∈ RƆࡏࢆ

÷ǕǞɯ ɯɾŏɾƚȒƚȘɾ ɟƚɛʕǞɟƚɯ ƚɯɾŏųȀǞɯǕǞȘǃ ŏ �ȩǕȘɯȩȘࡷ�ǞȘƇƚȘɯɾɟŏʕɯɯ
ɾʿɔƚ ųȩʕȘƇ ǀȩɟ ŏȘ ǞȘ˙ȘǞɾʿ ȩǀ ɔȩɯɯǞųȀƚ ʲƚżɾȩɟɯ (�ʾ− ų)ࡈ ʶǕǞżǕ
ȩųʲǞȩʕɯȀʿ żŏȘ࢈ɾ ųƚ ɾŏżǺȀƚƇ ʶǞɾǕ ŏ ʕȘǞȩȘ ųȩʕȘƇ ŏɟǃʕȒƚȘɾࡏ

ߤ

/ , fa l se

Unionboard: prove a statement with

pros. H#events



χϟ̊χθ˨̥̐ ̥ͻ̥̙̙͖̊;͇χ

÷ǕƚȩɟƚȒ ëʕųɯɔŏżƚ CȒųƚƇƇǞȘǃ ǀɟȩȒ ��
�ƙɺ U ⊂ Rȗ ųƙ ŏ ƆࡹƆǝȑƙȗɫǝȧȗŏǿ ǿǝȗƙŏɛ ɫʑųɫɑŏżƙ ǝȗ Rȗࡒ sƿ
Π ∈ Rȑ×Ɔ ǝɫ żǔȧɫƙȗ ƿɛȧȑ ŏȗʻ Ɔǝɫɺɛǝųʑɺǝȧȗ D ɫŏɺǝɫƿʻǝȗǂ ɺǔƙ
2ǝɫɺɛǝųʑɺǝȧȗŏǿ �� �ƙȑȑŏࡌ ɺǔƙȗ ʲǝɺǔ ɑɛȧųŏųǝǿǝɺʻ −ߝ δࡌ

−ߝ) ε)‖ʲ‖ߞߞ ≤ ‖Πʲ‖ߞߞ ≤ +ߝ) ε)‖ʲ‖ߞߞ

ƿȧɛ ŏǿǿ ʲ ∈ U ࡌ ŏɫ ǿȧȗǂ ŏɫ ȑ = ª
(
Ɔ Ȁȩǃ(ߝ/ε)+Ȁȩǃ(ߝ/δ)

εߞ

)
ࡒߝ

ɯ࢈vɾߝ ɔȩɯɯǞųȀƚ ɾȩ ȩųɾŏǞȘ ŏ ɯȀǞǃǕɾȀʿ ɾǞǃǕɾƚɟ ųȩʕȘƇ ȩǀ ª
(
Ɔ+Ȁȩǃ(ߝ/δ)

εߞ

)
ࡏ vɾ࢈ɯ ŏ ȘǞżƚ

żǕŏȀȀƚȘǃƚ ɾȩ ɾɟʿ ɔɟȩʲǞȘǃ ɾǕǞɯࡏ ߥ

0 a m * (E)= ✓

a

o . . ! ; . .→
d dimensional

0



χϟ̊χθ˨̥̐ ̥ͻ̥̙̙͖̊;͇ ϑΎ ˨θθξΎЅ͖ͻ˨ϑ̥ ξ̥͇ξ̥χχ͖Ύ;

+ȩɟȩȀȀŏɟʿࡇ vǀ ʶƚ żǕȩȩɯƚ Π ŏȘƇ ɔɟȩɔƚɟȀʿ ɯżŏȀƚࡈ ɾǕƚȘ ʶǞɾǕ
ª
(
Ɔ/εߞ

)
ɟȩʶɯࡈ

‖�ʾ− ų‖ߞߞ ≤ ‖Π�ʾ−Πų‖ߞߞ ≤ +ߝ) ε)‖�ʾ− ų‖ߞߞ

ǀȩɟ ŏȀȀ ʾ ŏȘƇ ɾǕʕɯ

‖�˜ʾ∗ − ų‖ߞߞ ≤ +ߝ) ε)ȒǞȘ
ʾ

‖�ʾ− ų‖ߞߞ.

vࡏƚࡈࡏ ȩʕɟ ȒŏǞȘ ɾǕƚȩɟƚȒ Ǟɯ ɔɟȩʲƚȘࡏ

Úɟȩȩǀࡇ �ɔɔȀʿ ëʕųɯɔŏżƚ CȒųƚƇƇǞȘǃ ÷ǕȒࡏ ɾȩ ɾǕƚ (Ɔ+ (ߝ
ƇǞȒƚȘɯǞȩȘŏȀ ɯʕųɯɔŏżƚ ɯɔŏȘȘƚƇ ųʿ ɯ࢈� Ɔ żȩȀʕȒȘɯ ŏȘƇ ųࡏ Cʲƚɟʿ
ʲƚżɾȩɟ �ʾ− ų ȀǞƚɯ ǞȘ ɾǕǞɯ ɯʕųɯɔŏżƚࡏ

ߜߝ

-
↳ d¥)

=

-

Qu dimensionvector,}"t.LY?& Ifsspace



χϟ̊χθ˨̥̐ ̥ͻ̥̙̙͖̊;͇χ

÷ǕƚȩɟƚȒ ëʕųɯɔŏżƚ CȒųƚƇƇǞȘǃ ǀɟȩȒ ��
�ƙɺ U ⊂ Rȗ ųƙ ŏ ƆࡹƆǝȑƙȗɫǝȧȗŏǿ ǿǝȗƙŏɛ ɫʑųɫɑŏżƙ ǝȗ Rȗࡒ sƿ
Π ∈ Rȑ×Ɔ ǝɫ żǔȧɫƙȗ ƿɛȧȑ ŏȗʻ Ɔǝɫɺɛǝųʑɺǝȧȗ D ɫŏɺǝɫƿʻǝȗǂ ɺǔƙ
2ǝɫɺɛǝųʑɺǝȧȗŏǿ �� �ƙȑȑŏࡌ ɺǔƙȗ ʲǝɺǔ ɑɛȧųŏųǝǿǝɺʻ −ߝ δࡌ

−ߝ) ε)‖ʲ‖ߞߞ ≤ ‖Πʲ‖ߞߞ ≤ +ߝ) ε)‖ʲ‖ߞߞ ߝ

ƿȧɛ ŏǿǿ ʲ ∈ U ࡌ ŏɫ ǿȧȗǂ ŏɫ ȑ = ª
(
Ɔ Ȁȩǃ(ߝ/ε)+Ȁȩǃ(ߝ/δ)

εߞ

)

ߝߝ

•.;§>
radiusI

• o o O
oo ,o o



χϟ̊χθ˨̥̐ ̥ͻ̥̙̙͖̊;͇ θξΎΎ͂

°ųɯƚɟʲŏɾǞȩȘࡇ ÷Ǖƚ ɾǕƚȩɟƚȒ ǕȩȀƇɯ ŏɯ ȀȩȘǃ ŏɯ ߝ ǕȩȀƇɯ ǀȩɟ ŏȀȀ ʶ
ȩȘ ɾǕƚ ʕȘǞɾ ɯɔǕƚɟƚ ǞȘ U ࡏ 4ƚȘȩɾƚ ɾǕƚ ɯɔǕƚɟƚ ãU ࡇ

ãU = {ʶ |ʶ ∈ U ŏȘƇ ‖ʶ‖ߞ = .{ߝ

_ȩȀȀȩʶɯ ǀɟȩȒ ȀǞȘƚŏɟǞɾʿࡇ �Șʿ ɔȩǞȘɾ ʲ ∈ U żŏȘ ųƚ ʶɟǞɾɾƚȘ ŏɯ żʶ
ǀȩɟ ɯȩȒƚ ɯżŏȀŏɟ ż ŏȘƇ ɯȩȒƚ ɔȩǞȘɾ ʶ ∈ ãU ࡏ

ࡄ vǀ −ߝ) ε)‖ʶ‖ߞ ≤ ‖Πʶ‖ߞ ≤ +ߝ) ε)‖ʶ‖ࡏߞ
ࡄ ɾǕƚȘ ż(ߝ− ε)‖ʶ‖ߞ ≤ ż‖Πʶ‖ߞ ≤ ż(ߝ+ ε)‖ʶ‖ࡈߞ
ࡄ ŏȘƇ ɾǕʕɯ −ߝ) ε)‖żʶ‖ߞ ≤ ‖Πżʶ‖ߞ ≤ +ߝ) ε)‖żʶ‖ࡏߞ

ߞߝ

O
e -

=

nth H&rHr



χϟ̊χθ˨̥̐ ̥ͻ̥̙̙͖̊;͇ θξΎΎ͂

vȘɾʕǞɾǞȩȘࡇ ÷Ǖƚɟƚ ŏɟƚ Șȩɾ ɾȩȩ ȒŏȘʿ ࢆƇǞǀǀƚɟƚȘɾࢅ ɔȩǞȘɾɯ ȩȘ ŏ
ƆࡷƇǞȒƚȘɯǞȩȘŏȀ ɯɔǕƚɟƚࡇ

�ε Ǟɯ żŏȀȀƚƇ ŏȘ ࡏȘƚɾࡷࢆεࢅ

vǀ ʶƚ żŏȘ ɔɟȩʲƚ

−ߝ) ε) ≤ ‖Πʶ‖ߞ ≤ +ߝ) ε)

ǀȩɟ ŏȀȀ ɔȩǞȘɾɯ ʶ ∈ �εࡈ ʶƚ żŏȘ ǕȩɔƚǀʕȀȀʿ ƚʾɾƚȘƇ ɾȩ ŏȀȀ ȩǀ ãU ࡏ ߟߝ

→ n e t

o

11Wh HwI n



εࡷ;̥ϑ ͂Ύξ ϑ̥͑ χθ̥͑ξ̥

�ƚȒȒŏ Șƚɾࡷε ǀȩɟ ɾǕƚ ɯɔǕƚɟƚ

]ȧɛ ŏȗʻ ε ≤ ࡌߝ ɺǔƙɛƙ ƙʺǝɫɺɫ ŏ ɫƙɺ �ε ⊂ ãU ʲǝɺǔ |�ε| =
ߠ)
ε

)Ɔ ɫʑżǔ
ɺǔŏɺ ∀ʲ ∈ ãU ࡌ

ȒǞȘ
ʶ∈�ε

‖ʲ− ʶ‖ ≤ ε.

ߠߝ

#



χϟ̊χθ˨̥̐ ̥ͻ̥̙̙͖̊;͇ θξΎΎ͂

ࡏߝ ÚɟƚɯƚɟʲǞȘǃ ȘȩɟȒɯ ȩǀ ŏȀȀ ɔȩǞȘɾɯ ǞȘ Șƚɾ �εࡏ

ëƚɾ δ′ =
(
ε
ߠ
)Ɔ · δࡏ $ʿ ŏ ʕȘǞȩȘ ųȩʕȘƇࡈ ʶǞɾǕ ɔɟȩųŏųǞȀǞɾʿ −ߝ δࡈ ǀȩɟ

ŏȀȀ ʶ ∈ �εࡈ

−ߝ) ε) ≤ ‖Πʶ‖ߞ ≤ +ߝ) ε).

ŏɯ ȀȩȘǃ ŏɯ Π Ǖŏɯ ª
(
Ȁȩǃ(ߝ/δ′)

εߞ

)
= ª

(
Ɔ Ȁȩǃ(ߝ/ε)+Ȁȩǃ(ߝ/δ)

εߞ

)
ɟȩʶɯࡏ

ߡߝ

→ 1/11%1
t -

d

"will, l-s'.11%1

" w t f
1gCY8Yelogl@1Td.g): log148)t log(E)d)

=log%#og%



χϟ̊χθ˨̥̐ ̥ͻ̥̙̙͖̊;͇ θξΎΎ͂

ࡏߞ ĦɟǞɾǞȘǃ ŏȘʿ ɔȩǞȘɾ ǞȘ ɯɔǕƚɟƚ ŏɯ ȀǞȘƚŏɟ żȩȒųࡏ ȩǀ ɔȩǞȘɾɯ ǞȘ �εࡏ

_ȩɟ ɯȩȒƚ ʶߜ,ʶߝ,ʶߞ . . . ∈ �εࡈ ŏȘʿ ʲ ∈ ãU ࡏ żŏȘ ųƚ ʶɟǞɾɾƚȘࡇ

ʲ = ʶߜ + żߝʶߝ + żߞʶߞ + . . .

ǀȩɟ żȩȘɯɾŏȘɾɯ żߝ, żߞ, . . . ʶǕƚɟƚ |żǝ| ≤ εǝࡏ

ߢߝ

→2 ear e a r e a r
- . . . .

#

=

/ >
w o

✓= w o + p
→
remainder

o ' ✓ o
→ o

whe re 11roll, E E
"'
"
'

'j''..
µ%,= w , t r ,o

r o = K i w i +11611€)
- -

s q n o r m s a n



χϟ̊χθ˨̥̐ ̥ͻ̥̙̙͖̊;͇ θξΎΎ͂

ࡏߟ ÚɟƚɯƚɟʲǞȘǃ ȘȩɟȒ ȩǀ ʲࡏ

�ɔɔȀʿǞȘǃ ɾɟǞŏȘǃȀƚ ǞȘƚɛʕŏȀǞɾ ʿࡈ ʶƚ Ǖŏʲƚ

‖Πʲ‖ߞ = ‖Πʶߜ + żߝΠʶߝ + żߞΠʶߞ + . . . ‖
≤ ‖Πʶߜ‖+ ε‖Πʶߝ‖+ εߞ‖Πʶߞ‖+ . . .

≤ +ߝ) ε) + ε(ߝ+ ε) + εߝ)ߞ+ ε) + . . .

≤ +ߝ ª(ε).

ߣߝ

(l-E)E Httwoll,E ( l t e )
fo r ¥ w oENE

HMootltrk
-

Ellltwolle
- - - thitrll-⇒ - w

- d d huge?
E L E 1 2% 2 e v e ni f

A rn ie

111%11- E (Hole)) "Ulla



χϟ̊χθ˨̥̐ ̥ͻ̥̙̙͖̊;͇ θξΎΎ͂

ࡏߟ ÚɟƚɯƚɟʲǞȘǃ ȘȩɟȒ ȩǀ ʲࡏ

ëǞȒǞȀŏɟȀ ʿࡈ

‖Πʲ‖ߞ = ‖Πʶߜ + żߝΠʶߝ + żߞΠʶߞ + . . . ‖
≥ ‖Πʶߜ‖ − ε‖Πʶߝ‖ − εߞ‖Πʶߞ‖ − . . .

≥ −ߝ) ε)− ε(ߝ+ ε)− εߝ)ߞ+ ε)− . . .

≥ −ߝ ª(ε).

ߤߝ

- -

• =



χϟ̊χθ˨̥̐ ̥ͻ̥̙̙͖̊;͇ θξΎΎ͂

ëȩ ʶƚ Ǖŏʲƚ ɔɟȩʲƚȘ

−ߝ ª(ε) ≤ ‖Πʲ‖ߞ ≤ +ߝ ª(ε)

ǀȩɟ ŏȀȀ ʲ ∈ ãU ࡈ ʶǕǞżǕ ǞȘ ɾʕɟȘ ǞȒɔȀǞƚɯ ǀȩɟ ɯȒŏȀȀ εࡈ

−ߝ ª(ε) ≤ ‖Πʲ‖ߞߞ ≤ +ߝ ª(ε)

�ƇǲʕɯɾǞȘǃ ε ɔɟȩʲƚɯ ɾǕƚ ëʕųɯɔŏżƚ CȒųƚƇƇǞȘǃ ɾǕƚȩɟƚȒࡏ

ߥߝ

⇒



χϟ̊χθ˨̥̐ ̥ͻ̥̙̙͖̊;͇χ

÷ǕƚȩɟƚȒ ëʕųɯɔŏżƚ CȒųƚƇƇǞȘǃ ǀɟȩȒ ��
�ƙɺ U ⊂ Rȗ ųƙ ŏ ƆࡹƆǝȑƙȗɫǝȧȗŏǿ ǿǝȗƙŏɛ ɫʑųɫɑŏżƙ ǝȗ Rȗࡒ sƿ
Π ∈ Rȑ×Ɔ ǝɫ żǔȧɫƙȗ ƿɛȧȑ ŏȗʻ Ɔǝɫɺɛǝųʑɺǝȧȗ D ɫŏɺǝɫƿʻǝȗǂ ɺǔƙ
2ǝɫɺɛǝųʑɺǝȧȗŏǿ �� �ƙȑȑŏࡌ ɺǔƙȗ ʲǝɺǔ ɑɛȧųŏųǝǿǝɺʻ −ߝ δࡌ

−ߝ) ε)‖ʲ‖ߞ ≤ ‖Πʲ‖ߞ ≤ +ߝ) ε)‖ʲ‖ߞ ߞ

ƿȧɛ ŏǿǿ ʲ ∈ U ࡌ ŏɫ ǿȧȗǂ ŏɫ ȑ = ª
(
Ɔ Ȁȩǃ(ߝ/ε)+Ȁȩǃ(ߝ/δ)

εߞ

)

ߜߞ



͖͂;˨ͱ ξ̥χϟͱϑ

÷ǕƚȩɟƚȒ áŏȘƇȩȒǞˌƚƇ �ǞȘƚŏɟ áƚǃɟƚɯɯǞȩȘ
�ƙɺ Π ųƙ ŏ ɑɛȧɑƙɛǿʻ ɫżŏǿƙƆ �� ȑŏɺɛǝʺ ɛŏȗƆȧȑࡧ `ŏʑɫɫǝŏȗࡌ ɫǝǂȗࡌ
ɫɑŏɛɫƙ ɛŏȗƆȧȑࡌ ƙɺżࡨࡒ ʲǝɺǔ ȑ = ª

(
Ɔ Ȁȩǃ(ߝ/ε)+Ȁȩǃ(ߝ/δ)

εߞ

)
ɛȧʲɫࡒ

îǔƙȗ ʲǝɺǔ ɑɛȧųŏųǝǿǝɺʻ −ߝ) δ)ࡌ ƿȧɛ ŏȗʻ � ∈ Rȗ×Ɔ ŏȗƆ ų ∈ Rȗࡌ

‖�˜ʾ∗ − ų‖ߞߞ ≤ +ߝ) ε)ȒǞȘ
ʾ

‖�ʾ− ų‖ߞߞ

ʲǔƙɛƙ ˜ʾ∗ = ŏɟǃȒǞȘʾ ‖Π�ʾ−Πų‖ࡒߞߞ

ëʕųɯɔŏżƚ ƚȒųƚƇƇǞȘǃɯ Ǖŏʲƚ ȒŏȘʿ ȩɾǕƚɟ ŏɔɔȀǞżŏɾǞȩȘɯࡋ

_ȩɟ ƚʾŏȒɔȀƚࡈ Ǟǀ ȑ = ª(ǹ/ε)ࡈ Π� żŏȘ ųƚ ʕɯƚƇ ɾȩ żȩȒɔʕɾƚ ŏȘ
ŏɔɔɟȩʾǞȒŏɾƚ ɔŏɟɾǞŏȀ ëģ4ࡈ ʶǕǞżǕ ȀƚŏƇɯ ɾȩ ŏ +ߝ) ε) ŏɔɔɟȩʾǞȒŏɾƚ
ȀȩʶࡷɟŏȘǺ ŏɔɔɟȩʾǞȒŏɾǞȩȘ ǀȩɟ ࡏ�

ߝߞ

@



εࡷ;̥ϑ ͂Ύξ ϑ̥͑ χθ̥͑ξ̥

�ƚȒȒŏ Șƚɾࡷε ǀȩɟ ɾǕƚ ɯɔǕƚɟƚ

]ȧɛ ŏȗʻ ε ≤ ࡌߝ ɺǔƙɛƙ ƙʺǝɫɺɫ ŏ ɫƙɺ �ε ⊂ ãU ʲǝɺǔ |�ε| =
ߠ)
ε

)Ɔ ɫʑżǔ
ɺǔŏɺ ∀ʲ ∈ ãU ࡌ

ȒǞȘ
ʶ∈�ε

‖ʲ− ʶ‖ ≤ ε.

vȒŏǃǞȘŏɟʿ ŏȀǃȩɟǞɾǕȒ ǀȩɟ żȩȘɯɾɟʕżɾǞȘǃ �εࡇ

ࡄ ëƚɾ �ε = {}
ࡄ ĦǕǞȀƚ ɯʕżǕ ŏ ɔȩǞȘɾ ƚʾǞɯɾɯࡈ żǕȩȩɯƚ ŏȘ ŏɟųǞɾɟŏɟʿ ɔȩǞȘɾ ʲ ∈ ãU
ʶǕƚɟƚ !ʶ ∈ �ε ʶǞɾǕ ‖ʲ− ʶ‖ ≤ εࡏ ëƚɾ �ε = �ε ∪ {ʶ}ࡏ

�ǀɾƚɟ ɟʕȘȘǞȘǃ ɾǕǞɯ ɔɟȩżƚƇʕɟƚࡈ ʶƚ Ǖŏʲƚ �ε = {ʶߝ, . . . ,ʶ|�ε|} ŏȘƇ
ȒǞȘʶ∈�ε ‖ʲ− ʶ‖ ≤ ε ǀȩɟ ŏȀȀ ʲ ∈ ãU ŏɯ ƇƚɯǞɟƚƇࡏ

ߞߞ

-

• a •a:O :• •
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εࡷ;̥ϑ ͂Ύξ ϑ̥͑ χθ̥͑ξ̥

mȩʶ ȒŏȘʿ ɯɾƚɔɯ Ƈȩƚɯ ɾǕǞɯ ɔɟȩżƚƇʕɟƚ ɾŏǺƚࡐ

+ŏȘ ɔȀŏżƚ ŏ ųŏȀȀ ȩǀ ɟŏƇǞʕɯ ε/ߞ ŏɟȩʕȘƇ ƚŏżǕ ʶǝ ʶǞɾǕȩʕɾ
ǞȘɾƚɟɯƚżɾǞȘǃ ŏȘʿ ȩɾǕƚɟ ųŏȀȀɯࡏ �ȀȀ ȩǀ ɾǕƚɯƚ ųŏȀȀɯ ȀǞʲƚ ǞȘ ŏ ųŏȀȀ ȩǀ
ɟŏƇǞʕɯ +ߝ ε/ࡏߞ ߟߞ

i÷÷€÷÷a÷
a÷÷i÷÷..:*.
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εࡷ;̥ϑ ͂Ύξ ϑ̥͑ χθ̥͑ξ̥

ģȩȀʕȒƚ ȩǀ Ɔ ƇǞȒƚȘɯǞȩȘŏȀ ųŏȀȀ ȩǀ ɟŏƇǞʕɯ ɛ Ǟɯ

ʲȩȀ(Ɔ, ɛ) = ż · ɛƆ,

ʶǕƚɟƚ ż Ǟɯ ŏ żȩȘɯɾŏȘɾ ɾǕŏɾ ƇƚɔƚȘƇɯ ȩȘ Ɔࡈ ųʕɾ Șȩɾ ɛࡏ _ɟȩȒ

ɔɟƚʲǞȩʕɯ ɯȀǞƇƚ ʶƚ Ǖŏʲƚࡇ

ʲȩȀ(Ɔ, ε/ߞ) · |�ε| ≤ ʲȩȀ(Ɔ, +ߝ ε/ߞ)

|�ε| ≤
ʲȩȀ(Ɔ, +ߝ ε/ߞ)
ʲȩȀ(Ɔ, ε/ߞ)

≤
ߠ)
ε

)Ɔ

ߠߞ

O r

,
⇐ 2
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ξϟ;ϑ͖ͻ̥ ̐Ύ;χ͖̙̥ξ˨ϑ͖Ύ;

_ȩɟ ε, δ = ª(ߝ)ࡈ ʶƚ ȘƚƚƇ Π ɾȩ Ǖŏʲƚ ȑ = ª(Ɔ) ɟȩʶɯࡏ

ࡄ +ȩɯɾ ɾȩ ɯȩȀʲƚ ‖�ʾ− ų‖ࡇߞߞ
ࡄ ª(ȗƆߞ) ɾǞȒƚ ǀȩɟ ƇǞɟƚżɾ ȒƚɾǕȩƇࡏ �ƚƚƇ ɾȩ żȩȒɔʕɾƚ
(�î�)−ߝ�îųࡏ

ࡄ ª(ȗƆ) · ࡍ ȩǀ ǞɾƚɟŏɾǞȩȘɯ ɾǞȒƚ ǀȩɟ ǞɾƚɟŏɾǞʲƚ ȒƚɾǕȩƇ ࡈb4 �b4ࡈ
żȩȘǲʕǃŏɾƚ ǃɟŏƇǞƚȘɾ ȒƚɾǕȩƇࡏ

ࡄ +ȩɯɾ ɾȩ ɯȩȀʲƚ ‖Π�ʾ−Πų‖ࡇߞߞ
ࡄ ª(Ɔߟ) ɾǞȒƚ ǀȩɟ ƇǞɟƚżɾ ȒƚɾǕȩƇࡏ
ࡄ ª(Ɔߞ) · ࡍ ȩǀ ǞɾƚɟŏɾǞȩȘɯ ɾǞȒƚ ǀȩɟ ǞɾƚɟŏɾǞʲƚ ȒƚɾǕȩƇࡏ

ߡߞ

T
I A tA→ 0 (nd)

2AtAx-2A#→0,1=1
-

=



ξϟ;ϑ͖ͻ̥ ̐Ύ;χ͖̙̥ξ˨ϑ͖Ύ;

$ʕɾ ɾǞȒƚ ɾȩ żȩȒɔʕɾƚ Π� Ǟɯ ŏȘ (ȑ× ȗ)× (ȗ× Ɔ) ȒŏɾɟǞʾ
ȒʕȀɾǞɔȀʿࡇ ª(ȑȗƆ) = ª(ȗƆߞ) ɾǞȒƚࡏ

bȩŏȀࡇ 4ƚʲƚȀȩɔ ǀŏɯɾƚɟ �ȩǕȘɯȩȘࡷ�ǞȘƇƚȘɯɾɟŏʕɯɯ ɔɟȩǲƚżɾǞȩȘɯࡏ

÷ʿɔǞżŏȀȀʿ ʕɯǞȘǃ ɯɔŏɟɯƚ ŏȘƇ ɯɾɟʕżɾʕɟƚƇ ȒŏɾɟǞżƚɯࡏ

ߢߞ

- .

-
ForcouputeITA.
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w -



ϑ̥͑ ͂˨χϑ ͩΎ͑;χΎ;ࡷͱ͖;̙̥;χϑξ˨ϟχχ ϑξ˨;χ͂Ύξͻ

ëʕųɯŏȒɔȀƚƇ áŏȘƇȩȒǞˌƚƇ mŏƇŏȒŏɟƇ ÷ɟŏȘɯǀȩɟȒ ÷ëmá
ࡈǕŏˌƚȀȀƚ+ࡷ�ǞȀȩȘ ࡇߢߜߜߞ

+ȩȘɯɾɟʕżɾ Π ∈ Rȑ×ȗ ŏɯ ǀȩȀȀȩʶɯࡇ

Π =

√
ȗ
ȑ · ëm4, ʶǕƚɟƚ

ࡄ ë ∈ Rȑ×ȗ Ǟɯ ŏ ɟȩʶ ɯʕųɯŏȒɔȀǞȘǃ ȒŏɾɟǞʾࡏ CŏżǕ ɟȩʶ Ǖŏɯ ŏ
ɯǞȘǃȀƚ ߝ ǞȘ ŏ ɟŏȘƇȩȒ żȩȀʕȒȘࡈ ŏȀȀ ȩɾǕƚɟ ƚȘɾɟǞƚɯ ࡏߜ

ࡄ 4 ∈ ȗ× ȗ Ǟɯ ŏ ƇǞŏǃȩȘŏȀ ȒŏɾɟǞʾ ʶǞɾǕ ƚŏżǕ ƚȘɾɟʿ ʕȘǞǀȩɟȒ ࡏߝ±
ࡄ m ∈ ȗ× ȗ Ǟɯ ŏ mŏƇŏȒŏɟƇ ȒŏɾɟǞʾࡏ

ߣߞ

0 0 " i →
D"

✓
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͑˨̙˨ͻ˨ξ̙ ͻ˨ϑξ͖̥̐χ

�ɯɯʕȒƚ ǀȩɟ Șȩʶ ɾǕŏɾ ȗ Ǟɯ ŏ ɔȩʶƚɟ ȩǀ ࡏߞ _ȩɟ ǝ = ,ߜ ,ߝ . . . , kǝ Ǟɯ ŏ
mŏƇŏȒŏɟƇ ȒŏɾɟǞʾ ʶǞɾǕ ƇǞȒƚȘɯǞȩȘ ǝߞ × ࡏǝߞ

kߜ = ߝ kߝ =
√ߝ
ߞ

[
ߝ ߝ
ߝ ߝ−

]
kߞ =

√ߝ
ߠ





ߝ ߝ ߝ ߝ
ߝ ߝ− ߝ ߝ−
ߝ ߝ ߝ− ߝ−
ߝ ߝ− ߝ− ߝ





kǹ =
√ߝ
ߞ

[
kǹ−ߝ kǹ−ߝ
kǹ−ߝ −kǹ−ߝ

]

mȩʶ ȀȩȘǃ Ƈȩƚɯ Ǟɾ ɾŏǺƚ ɾȩ żȩȒɔʕɾƚ mʾ ǀȩɟ ŏ ʲƚżɾȩɟ ʾ ∈ Rȗࡐ

ߤߞ

- =
Q ⇒
= - E E

I t y . - § H D µ



͑˨̙˨ͻ˨ξ̙ ͻ˨ϑξ͖̥̐χ

Úɟȩɔƚɟɾʿ ࡇߝ +ŏȘ żȩȒɔʕɾƚ Πʾ = ëm4ʾ ǞȘ ª(ȗ Ȁȩǃȗ) ɾǞȒƚࡏ

+ȩȒɔŏɟƚ ɾȩ ª(ȗȑ) ɾǞȒƚ ǀȩɟ ɟŏȘƇȩȒ bŏʕɯɯǞŏȘ ȩɟ ߝ± Π ∈ Rȑ×ȗࡏ

ߥߞ

airmail-su) t i m e
→

I T

I t y
' H' w h e r e helog} ,

Dx--£

Her--III. III.If}:) --featheryHay, -HuiJ u
computer. I t ,- ,Y i ,Hu.ly/
Tu=2Tr#n7Tn=culos.n↳

→ mlog-12)
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ξ˨;̙Ύͻ͖В̥̙ ͑˨̙˨ͻ˨ξ̙ ϑξ˨;χ͂Ύξͻ

4ƚɾƚɟȒǞȘǞɯɾǞż
mŏƇŏȒŏɟƇ ȒŏɾɟǞʾࡏ

áŏȘƇȩȒǞˌƚƇ
mŏƇŏȒŏɟƇ Úm4ࡏ

_ʕȀȀʿ ɟŏȘƇȩȒ ɯǞǃȘ
ȒŏɾɟǞʾࡏ

ߜߟ

M I Z ①

=



ͩΎ͑;χΎ;ࡷͱ͖;̙̥;χϑξ˨ϟχχ Ͼ͖ϑ͑ ëmá÷χ

÷ǕƚȩɟƚȒ �� ǀɟȩȒ ëám÷
�ƙɺ Π ∈ Rȑ×ȗ ųƙ ŏ ɫʑųɫŏȑɑǿƙƆ ɛŏȗƆȧȑǝˈƙƆ kŏƆŏȑŏɛƆ
ɺɛŏȗɫƿȧɛȑ ʲǝɺǔ ȑ = ª

(
Ȁȩǃ(ȗ/δ)ߞ Ȁȩǃ(ߝ/δ)

εߞ

)
ɛȧʲɫࡒ îǔƙȗ ƿȧɛ ŏȗʻ

˛ʺƙƆ ʿࡌ

−ߝ) ε)‖ʿ‖ߞߞ ≤ ‖Πʿ‖ߞߞ ≤ +ߝ) ε)‖ʿ‖ߞߞ

ʲǝɺǔ ɑɛȧųŏųǝǿǝɺʻ −ߝ) δ)ࡒ

ߝߟ

y e
.

Hell costi s embedding dimension

( L.-ol¥¥
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͑˨̙˨ͻ˨ξ̙ ͻ˨ϑξ͖̥̐χ ˨ξ̥ Ύξϑ͑Ύ͇Ύ;˨ͱ

Úɟȩɔƚɟɾʿ ࡇߞ _ȩɟ ŏȘʿ ǹ = ,ߜ ,ߝ . . ࡈ. ʶƚ Ǖŏʲƚ mîǹmǹ = vࡏ

ߞߟ

-

¥:÷÷ii÷fEi¥÷.
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ξ˨;̙Ύͻ͖В̥̙ ͑˨̙˨ͻ˨ξ̙ ˨;˨ͱІχ͖χ

Ħƚ ʶŏȘɾ ɾȩ ɯǕȩʶ ɾǕŏɾ ‖
√

ߝ
ȑëm4ʿ‖ߞߞ ≈ ‖ʿ‖ࡏߞߞ

�ƚɾ ˌ ∈ Rȗ = m4ʿࡏ

ࡄ +ȀŏǞȒࡇ ߞߞ‖ˌ‖ = ‖ʿ‖ࡈߞߞ ƚʾŏżɾȀ ʿࡏ
ࡄ ‖ëm4ʿ‖ߞߞ = ȗ

ȑ‖ëˌ‖ߞߞ = ɯʕųɯŏȒɔȀƚ ȩǀ ࡏˌ
ࡄ E

[ ȗ
ȑ‖ëˌ‖ߞߞ

]
= ࡏߞߞ‖ˌ‖

ĦǕŏɾ ʶȩʕȀƇ ˌ Ǖŏʲƚ ɾȩ ȀȩȩǺ ȀǞǺƚ ǀȩɟ ‖ëˌ‖ߞߞ ɾȩ ȀȩȩǺ ʲƚɟʿ ƇǞǀǀƚɟƚȘɾ
ǀɟȩȒ ߞߞ‖ˌ‖ ʶǞɾǕ ǕǞǃǕ ɔɟȩųŏųǞȀǞɾʿࡐ vࡏƚࡏ ʶǕƚȘ Ƈȩƚɯ ɯʕųɯŏȒɔȀǞȘǃ
ǀŏǞȀࡏ ĦǕƚȘ Ƈȩƚɯ ɯʕųɯŏȒɔȀǞȘǃ ʶȩɟǺࡐ

ߟߟ

÷
I t

= w

me
"Dollie--ytDDyellylli

- HHDolli
# ytDHtHDy=HDjl,
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ξ˨;̙Ύͻ͖В̥̙ ͑˨̙˨ͻ˨ξ̙ ˨;˨ͱІχ͖χ

�ƚȒȒŏ ÷ëmá ȒǞʾǞȘǃ ȀƚȒȒŏ
�ƙɺ m ųƙ ŏȗ (ȗ× ȗ) kŏƆŏȑŏɛƆ ȑŏɺɛǝʺ ŏȗƆ 4 ŏ ɛŏȗƆȧȑ ߝ±
Ɔǝŏǂȧȗŏǿ ȑŏɺɛǝʺࡒ �ƙɺ ˌ = m4ʿ ƿȧɛ ɫȧȑƙ ʿ ∈ Rȗࡒ ĝǝɺǔ
ɑɛȧųŏųǝǿǝɺʻ −ߝ δࡌ

|ˌǝ| ≤ ż ·
√
Ȁȩǃ(ȗ/δ)

ȗ ‖ʿ‖ߞ

ƿȧɛ ɫȧȑƙ ˛ʺƙƆ żȧȗɫɺŏȗɺ żࡒ

vǀ ŏȀȀ ƚȘɾɟǞƚɯ ǞȘ ˌ ʶƚɟƚ ʕȘǞǀȩɟȒ ȒŏǃȘǞɾʕƇƚࡈ ʶƚ ʶȩʕȀƇ Ǖŏʲƚ
|ˌǝ| = √ߝ

ȗ‖ʿ‖ࡏߞ ëȩ ʶƚ ŏɟƚ ʲƚɟʿ żȀȩɯƚ ɾȩ ʕȘǞǀȩɟȒ ʶǞɾǕ ǕǞǃǕ
ɔɟȩųŏųǞȀǞɾʿࡏ

ߠߟ

- -

= -

O O

-
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ξ˨;̙Ύͻ͖В̥̙ ͑˨̙˨ͻ˨ξ̙ ˨;˨ͱІχ͖χ

ëmá÷ ȒǞʾǞȘǃ ȀƚȒȒŏ ɔɟȩȩǀࡇ

�ƚɾ Ǖîǝ ųƚ ɾǕƚ ǝɾǕ ɟȩʶ ȩǀ mࡏ ˌǝ = Ǖîǝ 4ʿ ʶǕƚɟƚࡇ

Ǖîǝ 4 =
√ߝ
ȗ

[
ߝ ߝ ߝ− ߝ−

]





Úߝ
Úߞ

Úߟ
Úߠ





ʶǕƚɟƚ Úߝ, . . . ,Úȗ ŏɟƚ ɟŏȘƇȩȒ ࡏɯ࢈ߝ±

÷ǕǞɯ Ǟɯ ƚɛʕǞʲŏȀƚȘɾ ɾȩ

Ǖîǝ 4 =
√ߝ
ȗ

[
Úߝ Úߞ Úߟ Úߠ

]
.

ߡߟ

.EE#tDf
①

←
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ξ˨;̙Ύͻ͖В̥̙ ͑˨̙˨ͻ˨ξ̙ ˨;˨ͱІχ͖χ

ëmá÷ ȒǞʾǞȘǃ ȀƚȒȒŏ ɔɟȩȩǀࡇ

ëȩ ʶƚ Ǖŏʲƚࡈ ǀȩɟ ŏȀȀ ǝࡈ

ˌǝ = Ǖîǝ 4ʿ =
√ߝ
ȗ

ȗ∑

ǝ=ߝ
Úǝʻǝ.

ࡄ
√
ȗ · ˌǝ Ǟɯ ŏ ɟŏȘƇȩȒ ʲŏɟǞŏųȀƚ ʶǞɾǕ ȒƚŏȘ ߜ ŏȘƇ ʲŏɟǞŏȘżƚ

‖ʿ‖ࡈߞߞ ʶǕǞżǕ Ǟɯ ŏ ɯʕȒ ȩǀ ǞȘƇƚɔƚȘƇƚȘɾ ɟŏȘƇȩȒ ʲŏɟǞŏųȀƚɯࡏ
ࡄ $ʿ +ƚȘɾɟŏȀ �ǞȒǞɾ ÷ǕƚȩɟƚȒࡈ ʶƚ ƚʾɔƚżɾ ɾǕŏɾࡇ

Úɟ[|
√
ȗ · ˌǝ| ≥ ɺ‖ʿ‖ߞ] ≤ ƙ−ª(ɺߞ).

ࡄ ëƚɾɾǞȘǃ ɺ ǃǞʲƚɯ Úɟ
[
|ˌǝ| ≥ ª

(√
Ȁȩǃ(ȗ/δ)

ȗ ‖ʿ‖ߞ
)]

≤ δ
ȗ ࡏ

ࡄ �ɔɔȀʿǞȘǃ ŏ ʕȘǞȩȘ ųȩʕȘƇ ɾȩ ŏȀȀ ȗ ƚȘɾɟǞƚɯ ȩǀ ˌ ǃǞʲƚɯ ɾǕƚ ëmá÷
ȒǞʾǞȘǃ ȀƚȒȒŏࡏ

ߢߟ
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ξ˨̙̥ͻ˨̥̐͑ξ ̐Ύ;̥̐;ϑξ˨ϑ͖Ύ;

_ȩɟȒŏȀȀ ʿࡈ ȘƚƚƇ ɾȩ ʕɯƚ $ƚɟȘɯɾƚǞȘ ɾʿɔƚ żȩȘżƚȘɾɟŏɾǞȩȘ ǞȘƚɛʕŏȀǞɾʿ
ɾȩ ɔɟȩʲƚ ɾǕƚ ųȩʕȘƇࡇ

�ƚȒȒŏ áŏƇƚȒŏżǕƚɟ +ȩȘżƚȘɾɟŏɾǞȩȘ
�ƙɺ Úߝ, . . . ,Úȗ ųƙ ÚŏƆƙȑŏżǔƙɛ ɛŏȗƆȧȑ ʮŏɛǝŏųǿƙɫ ࡒƙࡒǝࡧ ʑȗǝƿȧɛȑ
ࡒࡨɫࢊߝ± îǔƙȗ ƿȧɛ ŏȗʻ ʮƙżɺȧɛ ŏ ∈ Rȗࡌ

Úɟ
[ ȗ∑

ǝ=ߝ
Úǝŏǝ ≥ ɺ‖ŏ‖ߞ

]
≤ ƙ−ɺߞ/ߞ.

ߣߟ

-

-0, -

y from previous
page



͖͂;͖χ͖͑;͇ ϟθ

ĦǞɾǕ ɔɟȩųŏųǞȀǞɾʿ −ߝ δࡈ ʶƚ Ǖŏʲƚ ɾǕŏɾ ŏȀȀ ˌǝ ≤ ª
(√

Ȁȩǃ(ȗ/δ)
ȗ ‖ʿ‖ߞ

)
ࡏ

Ħƚ ʶŏȘɾ ɾȩ ŏȘŏȀʿˌƚࡇ

� = ‖
√
ȗ
ȑëm4‖ߞߞ =

ߝ
ȑ‖

√
Șëˌ‖ߞߞ =

ߝ
ȑ

ȑ∑

ǝ=ߝ
(
√
ȗˌǱǝ)

ߞ

ʶǕƚɟƚ Ǳǝ Ǟɯ ŏ ɟŏȘƇȩȒ ǞȘƇƚʾ ǞȘ ,ߝ . . . ,ȗࡏ

Ħƚ Ǖŏʲƚ ɾǕŏɾ E� = ߞߞ‖ˌ‖ = ‖ʿ‖ߞߞ ŏȘƇ � Ǟɯ ŏ ɯʕȒ ȩǀ ɟŏȘƇȩȒ
ʲŏɟǞŏųȀƚɯࡈ ƚŏżǕ ųȩʕȘƇƚƇ ųʿ ª (Ȁȩǃ(ȗ/δ))ࡈ ʶǕǞżǕ ȒƚŏȘɯ ɾǕƚʿ
Ǖŏʲƚ ųȩʕȘƇƚƇ ʲŏɟǞŏȘżƚࡏ

�ɔɔȀʿ ŏ +ǕƚɟȘȩǀǀࡕmȩƚǀǀƇǞȘǃ ųȩʕȘƇ ɾȩ ǃƚɾ ɾǕŏɾ∣∣� = ‖ʿ‖ߞߞ
∣∣ ≤ ε‖ʿ‖ߞߞ ʶǞɾǕ ɔɟȩųŏųǞȀǞɾʿ −ߝ δ ŏɯ ȀȩȘǃ ŏɯࡇ

ȑ ≥ ª
(
Ȁȩǃߞ(ȗ/δ) Ȁȩǃ(ߝ/δ)

εߞ

)
.

ߤߟ
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ͩΎ͑;χΎ;ࡷͱ͖;̙̥;χϑξ˨ϟχχ Ͼ͖ϑ͑ ëmá÷χ

÷ǕƚȩɟƚȒ �� ǀɟȩȒ ëám÷
�ƙɺ Π ∈ Rȑ×ȗ ųƙ ŏ ɫʑųɫŏȑɑǿƙƆ ɛŏȗƆȧȑǝˈƙƆ kŏƆŏȑŏɛƆ
ɺɛŏȗɫƿȧɛȑ ʲǝɺǔ ȑ = ª

(
Ȁȩǃ(ȗ/δ)ߞ Ȁȩǃ(ߝ/δ)

εߞ

)
ɛȧʲɫࡒ îǔƙȗ ƿȧɛ ŏȗʻ

˛ʺƙƆ ʿࡌ

−ߝ) ε)‖ʿ‖ߞߞ ≤ ‖Πʿ‖ߞߞ ≤ +ߝ) ε)‖ʿ‖ߞߞ

ʲǝɺǔ ɑɛȧųŏųǝǿǝɺʻ −ߝ) δ)ࡒ

+ŏȘ ųƚ ǞȒɔɟȩʲƚƇ ɾȩ ȑ = ª
(
Ȁȩǃ(ȗ/δ) Ȁȩǃ(ߝ/δ)

εߞ

)
ࡏ

ĆɔɯǕȩɾ ǀȩɟ ɟƚǃɟƚɯɯǞȩȘࡇ +ȩȒɔʕɾƚ Π� ǞȘ ª(ȗƆ Ȁȩǃȗ) ɾǞȒƚ
ǞȘɯɾƚŏƇ ȩǀ ª(ȗƆߞ) ɾǞȒƚࡏ +ȩȒɔɟƚɯɯ ɔɟȩųȀƚȒ ƇȩʶȘ ɾȩ  ʶǞɾǕ
ª(Ɔߞ) ƇǞȒƚȘɯǞȩȘɯࡏ

ߥߟ

- .

¥
¥§fu

-

- =

f . . O(ed) logluled) -log(yet)
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̊ξ͖̥͂ ̐Ύͻͻ̥;ϑ Ύ; Ύϑ̥͑ξ ͻ̥ϑ͑Ύ̙χ

ª(ȗƆ Ȁȩǃȗ) Ǟɯ ȘƚŏɟȀʿ ȀǞȘƚŏɟ ǞȘ ɾǕƚ ɯǞˌƚ ȩǀ � ʶǕƚȘ � Ǟɯ ƇƚȘɯƚࡏ

+ȀŏɟǺɯȩȘࡷĦȩȩƇɟʕǀǀ ࡈߟߝߜߞ ë÷°+ $ƚɯɾ Úŏɔƚɟࡇ ÚȩɯɯǞųȀƚ ɾȩ
żȩȒɔʕɾƚ  ʶǞɾǕ ɔȩȀʿ(Ɔ) ɟȩʶɯ ǞȘࡇ

ª (ȘȘˌ(�)) ɾǞȒƚࡏ

Π Ǟɯ żǕȩɯƚȘ ɾȩ ųƚ ŏȘ ʕȀɾɟŏࡷɯɔŏɟɯƚ ɟŏȘƇȩȒ ȒŏɾɟǞʾࡏ Ćɯƚɯ ɾȩɾŏȀȀʿ
ƇǞǀǀƚɟƚȘɾ ɾƚżǕȘǞɛʕƚɯ ʿȩʕ żŏȘ࢈ɾ Ƈȩ �� ࣹ εࡷȘƚɾࡏ

�ƚŏƇ ɾȩ ŏ ʶǕȩȀƚ żȀȩɯƚ ȩǀ ȒŏɾɟǞʾ ŏȀǃȩɟǞɾǕȒɯ ǀȩɟ ɟƚǃɟƚɯɯǞȩȘࡈ ëģ4ࡈ
ƚɾżࡏ ʶǕǞżǕ ɟʕȘ ǞȘ ɾǞȒƚࡇ

ª (ȘȘˌ(�)) + ɔȩȀʿ(Ɔ, ε).
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Ͼ͑˨ϑ Ͼ̥ξ̥ ˨͖ͱΎ; ˨;̙ ̐͑˨В̥ͱͱ̥ ϑ͖͑;͖ͬ;͇ࡐ

ëǞȒɔȀƚࡈ ǞȘɯɔǞɟƚƇ ŏȀǃȩɟǞɾǕȒ ɾǕŏɾ Ǖŏɯ ųƚƚȘ ʕɯƚƇ ǀȩɟ ŏżżƚȀƚɟŏɾǞȘǃࡇ
ࡄ ģƚżɾȩɟ ƇǞȒƚȘɯǞȩȘŏȀǞɾʿ ɟƚƇʕżɾǞȩȘ

ࡄ �ǞȘƚŏɟ ŏȀǃƚųɟŏ

ࡄ �ȩżŏȀǞɾʿ ɯƚȘɯǞɾǞʲƚ ǕŏɯǕǞȘǃ
ëǞȒmŏɯǕ

ࡄ áŏȘƇȩȒǞˌƚƇ ǺƚɟȘƚȀ ȀƚŏɟȘǞȘǃ
ȒƚɾǕȩƇɯ ʶƚ ʶǞȀȀ ƇǞɯżʕɯɯ ŏǀɾƚɟ
÷ǕŏȘǺɯǃǞʲǞȘǃ ߝߠ

1



Ͼ͑˨ϑ Ͼ̥ξ̥ ˨͖ͱΎ; ˨;̙ ̐͑˨В̥ͱͱ̥ ϑ͖͑;͖ͬ;͇ࡐ

÷Ǖƚ mŏƇŏȒŏɟƇ ÷ɟŏȘɯǀȩɟȒ Ǟɯ żȀȩɯƚȀʿ ɟƚȀŏɾƚƇ ɾȩ ɾǕƚ 4Ǟɯżɟƚɾƚ
_ȩʕɟǞƚɟ ÷ɟŏȘɯǀȩɟȒࡏ

_Ǳ,ǹ = ƙ−ߞπǝ
Ǳ·ǹ
ȗ , _∗_ = v.

áƚŏȀ ɔŏɟɾ ȩǀ _Ǳ,ǹࡏ

_ʿ żȩȒɔʕɾƚɯ ɾǕƚ _ȩʕɟǞƚɟࡷɾɟŏȘɯǀȩɟȒ ȩǀ ɾǕƚ ʲƚżɾȩɟ ʿࡏ +ŏȘ ųƚ
żȩȒɔʕɾƚƇ ǞȘ ª(ȗ Ȁȩǃȗ) ɾǞȒƚ ʕɯǞȘǃ ŏ ƇǞʲǞƇƚ ŏȘƇ żȩȘɛʕƚɟ
ŏȀǃȩɟǞɾǕȒ ɾǕƚ _ŏɯɾ _ȩʕɟǞƚɟ ÷ɟŏȘɯǀȩɟȒࡏ ߞߠ

i sf t

① u

u t 'e÷÷±i

← -



ϑ̥͑ ϟ;̥̐ξϑ˨͖;ϑІ θξ͖;͖̐θ˨ͱ

÷Ǖƚ ĆȘżƚɟɾŏǞȘɾʿ ÚɟǞȘżǞɔŏȀ ࡇǞȘǀȩɟȒŏȀ � ǀʕȘżɾǞȩȘ ŏȘƇ Ǟɾ࢈ɯ
_ȩʕɟǞƚɟ ɾɟŏȘɯǀȩɟȒ żŏȘȘȩɾ ųȩɾǕ ųƚ żȩȘżƚȘɾɟŏɾƚƇࡏ

ģƚżɾȩɟ ʿ. _ȩʕɟǞƚɟ ɾɟŏȘɯǀȩɟȒ _ʿ.

ߟߠ
i Q → ± n



ϑ̥͑ ϟ;̥̐ξϑ˨͖;ϑІ θξ͖;͖̐θ˨ͱ

ëŏȒɔȀǞȘǃ Ƈȩƚɯ Șȩɾ ɔɟƚɯƚɟʲƚ ȘȩɟȒɯࡈ Ǟࡏƚࡏ ‖ëʿ‖ߞ .≈ ‖ʿ‖ߞ ʶǕƚȘ ʿ
Ǖŏɯ ŏ ǀƚʶ Ȁŏɟǃƚ ƚȘɾɟǞƚɯࡏ

÷ŏǺǞȘǃ ŏ _ȩʕɟǞƚɟ ɾɟŏȘɯǀȩɟȒ ƚʾŏżɾȀʿ ƚȀǞȒǞȘŏɾƚɯ ɾǕǞɯ ǕŏɟƇ żŏɯƚࡈ
ʶǞɾǕȩʕɾ żǕŏȘǃǞȘǃ ʿ࢈ɯ ȘȩɟȒࡏ

ߠߠ

5 F y
→ S I T → S HD y


