
+ëࡷbĮ ߟߞߞߥ vࡇ �ƚżɾʕɟƚ ߝߝ
ëɔƚżɾɟŏȀ ǃɟŏɔǕ ɾǕƚȩɟʿ ࣹ ɟŏȘƇȩȒǞˌƚƇ ȘʕȒƚɟǞżŏȀ
ȀǞȘƚŏɟ ŏȀǃƚųɟŏࡏ

�ĮĆ ÷ŏȘƇȩȘ ëżǕȩȩȀ ȩǀ CȘǃǞȘƚƚɟǞȘǃࡈ Úɟȩǀࡏ +ǕɟǞɯɾȩɔǕƚɟ �ʕɯżȩ

ߝ



̥;̐Ύ̙͖;͇ ͇ξ˨θ͑ χ͖ͻ͖ͱ˨ξ͖ϑІ

°ǀɾƚȘ Ƈŏɾŏ Ǟɯ ɟƚɔɟƚɯƚȘɾƚƇ ŏɯ ŏ ǃɟŏɔǕ ŏȘƇ ɯǞȒǞȀŏɟǞɾǞƚɯ żŏȘ ųƚ
ȩųɾŏǞȘƚƇ ǀɟȩȒ ɾǕŏɾ ǃɟŏɔǕࡇ

ߞ



̥;̐Ύ̙͖;͇ ͇ξ˨θ͑ χ͖ͻ͖ͱ˨ξ͖ϑІ

ëɔƚżɾɟŏȀ ǃɟŏɔǕ ɾǕƚȩɟʿ Ȁƚɾɯ ʕɯ ǀȩɟȒŏȀǞˌƚ ɾǕǞɯ ǕƚʕɟǞɯɾǞż ǞƇƚŏࡏ

ߟ



̐ϟϑ ͻ͖;͖ͻ͖В˨ϑ͖Ύ;

bȩŏȀࡇ ÚŏɟɾǞɾǞȩȘ ȘȩƇƚɯ ŏȀȩȘǃ ŏ żʕɾ ɾǕŏɾࡇ

ࡄ mŏɯ ǀƚʶ żɟȩɯɯǞȘǃ ƚƇǃƚɯࡇ |{(ʑ, ʮ) ∈ A : ʑ ∈ ã, ʮ ∈ î}| Ǟɯ ɯȒŏȀȀࡏ
ࡄ ëƚɔŏɟŏɾƚɯ Ȁŏɟǃƚ ɔŏɟɾǞɾǞȩȘɯࡇ |ã|, |î| ŏɟƚ Șȩɾ ɾȩȩ ɯȒŏȀȀࡏ

ߠ



ϑ̥͑ ͱ˨θͱ˨͖̐˨; ϻ͖̥Ͼ

_ȩɟ ŏ ǃɟŏɔǕ ʶǞɾǕ ŏƇǲŏżƚȘżʿ ȒŏɾɟǞʾ � ŏȘƇ Ƈƚǃɟƚƚ ȒŏɾɟǞʾ ࡈ4
� = 4− � Ǟɯ ɾǕƚ ǃɟŏɔǕ �ŏɔȀŏżǞŏȘࡏ

� = $î$ ʶǕƚɟƚ $ Ǟɯ ɾǕƚ ʲƚɟɾƚʾࡷƚƇǃƚࢅ ǞȘżǞƇƚȘżƚࢆ ȒŏɾɟǞʾࡏ

$ =





ߝ ߝ− ߜ ߜ
ߜ ߝ ߝ− ߜ
ߜ ߝ ߜ ߝ−
ߜ ߜ ߝ ߝ−
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ϑ̥͑ ͱ˨θͱ˨͖̐˨; ϻ͖̥Ͼ

_ȩɟ ŏ żʕɾ ǞȘƇǞżŏɾȩɟ ʲƚżɾȩɟ ż ∈ ,ߝ−} ȗ{ߝ ʶǞɾǕ ż(ǝ) = ߝ− ǀȩɟ ǝ ∈ ã
ŏȘƇ ż(ǝ) = ߝ ǀȩɟ ǝ ∈ îࡇ

ࡄ żî�ż = ߠ · żʑɺ(ã, î)ࡏ
ࡄ żîߝ = |î|− |ã|ࡏ

ĦŏȘɾ ɾȩ ȒǞȘǞȒǞˌƚ ųȩɾǕ żî�ż żʕɾ ɯǞˌƚ ŏȘƇ żîߝ ࡏǞȒųŏȀŏȘżƚ
ߢ

-

•
= "imbalance i s cut"



χͻ˨ͱͱ̥χϑ ͱ˨θͱ˨͖̐˨; ̥͖͇̥;ϻ̥̐ϑΎξ

+ȩʕɟŏȘɾࡵ_ǞɯżǕƚɟ ȒǞȘࡷȒŏʾ ɔɟǞȘżǞɔȀƚ

�ƚɾ ģ = [ʲߝ, . . . , ʲȗ] ųƚ ɾǕƚ ƚǞǃƚȘʲƚżɾȩɟɯ ȩǀ ࡏ�

ʲߝ = ŏɟǃȒŏʾ
‖ʲ‖=ߝ

ʲî�ʲ

ʲߞ = ŏɟǃȒŏʾ
‖ʲ‖=ߝ,ʲ⊥ʲߝ

ʲî�ʲ

ʲߟ = ŏɟǃȒŏʾ
‖ʲ‖=ߝ,ʲ⊥ʲߝ,ʲߞ

ʲî�ʲ

ࡏࡏࡏ
ʲȗ = ŏɟǃȒŏʾ

‖ʲ‖=ߝ,ʲ⊥ʲߝ,...,ʲȗ−ߝ

ʲî�ʲ

ߣ

I
forsymuet
m ay



χͻ˨ͱͱ̥χϑ ͱ˨θͱ˨͖̐˨; ̥͖͇̥;ϻ̥̐ϑΎξ

+ȩʕɟŏȘɾࡵ_ǞɯżǕƚɟ ȒǞȘࡷȒŏʾ ɔɟǞȘżǞɔȀƚ

�ƚɾ ģ = [ʲߝ, . . . , ʲȗ] ųƚ ɾǕƚ ƚǞǃƚȘʲƚżɾȩɟɯ ȩǀ ࡏ�

ʲȗ = ŏɟǃȒǞȘ
‖ʲ‖=ߝ

ʲî�ʲ

ʲȗ−ߝ = ŏɟǃȒǞȘ
‖ʲ‖=ߝ,ʲ⊥ʲȗ

ʲî�ʲ

ʲȗ−ߞ = ŏɟǃȒǞȘ
‖ʲ‖=ߝ,ʲ⊥ʲȗ,ʲȗ−ߝ

ʲî�ʲ

ࡏࡏࡏ
ʲߝ = ŏɟǃȒǞȘ

‖ʲ‖=ߝ,ʲ⊥ʲȗ,...,ʲߞ
ʲî�ʲ

ߤ



χͻ˨ͱͱ̥χϑ ͱ˨θͱ˨͖̐˨; ̥͖͇̥;ϻ̥̐ϑΎξ

÷Ǖƚ ɯȒŏȀȀƚɯɾ ƚǞǃƚȘʲƚżɾȩɟࡕɯǞȘǃʕȀŏɟ ʲƚżɾȩɟ ʲȗ ɯŏɾǞɯ˙ƚɯࡇ

ʲȗ =
√ߝ
ȗ
· ߝ = ŏɟǃȒǞȘ

ʮ∈Rȗ ʶǞɾǕ ‖ʲ‖=ߝ
ʲî�ʲ

ʶǞɾǕ ʲîȗ�ʲȗ = ࡏߜ

ߥ

-
a t

→

" "til:]
1) Allo f l ' s eigenvalues a r e 2 0 .

L i s positive semidetuite: B tB = L .

BTB
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χ̥̐Ύ;̙ χͻ˨ͱͱ̥χϑ ͱ˨θͱ˨͖̐˨; ̥͖͇̥;ϻ̥̐ϑΎξ

$ʿ +ȩʕɟŏȘɾࡷ_ǞɯżǕƚɟࡈ ʲȗ−ߝ Ǟɯ ǃǞʲƚȘ ųʿࡇ

ʲȗ−ߝ = ŏɟǃȒǞȘ
‖ʲ‖=ߝ, ʲîȗʲ=ߜ

ʲî�ʲ

vǀ ʲȗ−ߝ ʶƚɟƚ ųǞȘŏɟʿࡈ Ǟࡏƚࡏ ∈ ,ߝ−} ࡈȗ{ߝ ɯżŏȀƚƇ ųʿ √ߝ
ȗ ࡈ Ǟɾ ʶȩʕȀƇ Ǖŏʲƚࡇ

ࡄ ʲîȗ−ߝ�ʲȗ−ߝ = żʑɺ(ã, î) ŏɯ ɯȒŏȀȀ ŏɯ ɔȩɯɯǞųȀƚ ǃǞʲƚȘ ɾǕŏɾ
ʲîȗ−ߝߝ = |î|− |ã| = ࡏߜ

ࡄ ʲȗ−ߝ ʶȩʕȀƇ ǞȘƇǞżŏɾƚ ɾǕƚ ɯȒŏȀȀƚɯɾ ɔƚɟǀƚżɾȀʿ ųŏȀŏȘżƚƇ żʕɾࡏ

ʲȗ−ߝ ∈ Rȗ Ǟɯ Șȩɾ ǃƚȘƚɟŏȀȀʿ ųǞȘŏɟ ʿࡈ ųʕɾ ɯɾǞȀȀ ɯŏɾǞɯ˙ƚɯ ŏ ࢈ɟƚȀŏʾƚƇࢇ
ʲƚɟɯǞȩȘ ȩǀ ɾǕǞɯ ɔɟȩɔƚɟɾ ʿࡏ

ߜߝ

V u : 'zit

@ →
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↳
add constraint
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̐ϟϑϑ͖;͇ Ͼ͖ϑ͑ ϑ̥͑ χ̥̐Ύ;̙ ͱ˨θͱ˨͖̐˨; ̥͖͇̥;ϻ̥̐ϑΎξ

_ǞȘƇ ŏ ǃȩȩƇ ɔŏɟɾǞɾǞȩȘ ȩǀ ɾǕƚ ǃɟŏɔǕ ųʿ ʕɯǞȘǃ ŏȘ
ƚǞǃƚȘƇƚżȩȒɔȩɯǞɾǞȩȘ ɾȩ żȩȒɔʕɾƚ

ʲȗ−ߝ = ŏɟǃȒǞȘ
ʮ∈Rȗ ʶǞɾǕ ‖ʲ‖=ߝ, ʲîߜ=ߝ

ʲî�ʲ

ëƚɾ ã ɾȩ ųƚ ŏȀȀ ȘȩƇƚɯ ʶǞɾǕ ʲȗ−ߝ(ǝ) < ࡈߜ ŏȘƇ î ɾȩ ųƚ ŏȀȀ ʶǞɾǕ
ʲȗ−ߝ(ǝ) ≥ ࡏߜ

ߝߝ

unfit



̐ϟϑϑ͖;͇ Ͼ͖ϑ͑ ϑ̥͑ χ̥̐Ύ;̙ ͱ˨θͱ˨͖̐˨; ̥͖͇̥;ϻ̥̐ϑΎξ

_ǞȘƇ ŏ ǃȩȩƇ ɔŏɟɾǞɾǞȩȘ ȩǀ ɾǕƚ ǃɟŏɔǕ ųʿ ʕɯǞȘǃ ŏȘ
ƚǞǃƚȘƇƚżȩȒɔȩɯǞɾǞȩȘ ɾȩ żȩȒɔʕɾƚ

ʲȗ−ߝ = ŏɟǃȒǞȘ
ʮ∈Rȗ ʶǞɾǕ ‖ʲ‖=ߝ, ʲîߜ=ߝ

ʲî�ʲ

ëƚɾ ã ɾȩ ųƚ ŏȀȀ ȘȩƇƚɯ ʶǞɾǕ ʲȗ−ߝ(ǝ) < ࡈߜ ŏȘƇ î ɾȩ ųƚ ŏȀȀ ʶǞɾǕ
ʲȗ−ߝ(ǝ) ≥ ࡏߜ

ߝߝ



χθ̥̐ϑξ˨ͱ θ˨ξϑ͖ϑ͖Ύ;͖;͇ ͖; θξ˨̐ϑ͖̥̐

÷Ǖƚ ëǕǞࡷ�ŏȀǞǺ ȘȩɟȒŏȀǞˌƚƇ żʕɾɯ ŏȀǃȩɟǞɾǕȒ Ǟɯ ȩȘƚ ȩǀ ɾǕƚ Ȓȩɯɾ
żȩȒȒȩȘȀʿ ʕɯƚƇ ʲŏɟǞŏȘɾɯ ȩǀ ɾǕǞɯ ŏɔɔɟȩŏżǕࡈ ʕɯǞȘǃ ɾǕƚ
ȘȩɟȒŏȀǞˌƚƇ �ŏɔȀŏżǞŏȘ � = ࡏߞ/ߝ−�4ߞ/ߝ−4

vȒɔȩɟɾŏȘɾ żȩȘɯǞƇƚɟŏɾǞȩȘࡇ ĦǕŏɾ ɾȩ Ƈȩ ʶǕƚȘ ʶƚ ʶŏȘɾ ɾȩ ɯɔȀǞɾ
ɾǕƚ ǃɟŏɔǕ ǞȘɾȩ Ȓȩɟƚ ɾǕŏȘ ɾʶȩ ɔŏɟɾɯࡐ

ߞߝ

it:i÷¥÷. -i÷.
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χθ̥̐ϑξ˨ͱ θ˨ξϑ͖ϑ͖Ύ;͖;͇ ͖; θξ˨̐ϑ͖̥̐

ëɔƚżɾɟŏȀ +ȀʕɯɾƚɟǞȘǃࡇ

ࡄ +ȩȒɔʕɾƚ ɯȒŏȀȀƚɯɾ ǹ ƚǞǃƚȘʲƚżɾȩɟɯ ʲȗ−ߝ, . . . , ʲȗ−ǹ ȩǀ ࡏ�
ࡄ áƚɔɟƚɯƚȘɾ ƚŏżǕ ȘȩƇƚ ųʿ Ǟɾɯ żȩɟɟƚɯɔȩȘƇǞȘǃ ɟȩʶ ǞȘ ģ ∈ Rȗ×ǹ

ʶǕȩɯƚ ɟȩʶɯ ŏɟƚ ʲȗ−ߝ, . . . ʲȗ−ǹࡏ
ࡄ +Ȁʕɯɾƚɟ ɾǕƚɯƚ ɟȩʶɯ ʕɯǞȘǃ ǹࡷȒƚŏȘɯ żȀʕɯɾƚɟǞȘǃ ȩɟ ɟƚŏȀȀʿ ŏȘʿ
żȀʕɯɾƚɟǞȘǃ ȒƚɾǕȩƇࡏ

ߟߝ



ͱ˨θͱ˨͖̐˨; ̥ͻ̥̙̙͖̊;͇

°ɟǞǃǞȘŏȀ 4ŏɾŏࡇ Șȩɾ ȀǞȘƚŏɟȀʿ ɯƚɔŏɟŏųȀƚ

ߠߝ

g-meow o o •
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ͱ˨θͱ˨͖̐˨; ̥ͻ̥̙̙͖̊;͇

ǹࡷ�ƚŏɟƚɯɾ �ƚǞǃǕųȩɟɯ bɟŏɔǕࡇ

ߡߝ

→ 5 o r l o

r p
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ͱ˨θͱ˨͖̐˨; ̥ͻ̥̙̙͖̊;͇

CȒųƚƇƇǞȘǃ ʶǞɾǕ ƚǞǃƚȘʲƚżɾȩɟɯ ʲȗ−ߝ, ʲȗ−ࡇߞ ȀǞȘƚŏɟȀʿ ɯƚɔŏɟŏųȀƚ

ߢߝ

✓d u
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͇̥;̥ξ˨ϑ͖ϻ̥ ͻΎ̙̥ͱχ

ëȩ ǀŏɟࡇ ëɔƚżɾɟŏȀ żȀʕɯɾƚɟǞȘǃ ɔŏɟɾǞɾǞȩȘɯ ŏ ǃɟŏɔǕ ŏȀȩȘǃ ŏ ɯȒŏȀȀ żʕɾ
ųƚɾʶƚƚȘ Ȁŏɟǃƚ ɔǞƚżƚɯࡏ

ࡄ �ȩ ǀȩɟȒŏȀ ǃʕŏɟŏȘɾƚƚ ȩȘ ɾǕƚ ࢈ɛʕŏȀǞɾʿࢇ ȩǀ ɾǕƚ ɔŏɟɾǞɾǞȩȘǞȘǃࡏ
ࡄ ĦȩʕȀƇ ųƚ ƇǞǀ˙żʕȀɾ ɾȩ ŏȘŏȀʿˌƚ ǀȩɟ ǃƚȘƚɟŏȀ ǞȘɔʕɾ ǃɟŏɔǕɯࡏ

+ȩȒȒȩȘ ŏɔɔɟȩŏżǕࡇ bǞʲƚ ŏ ȘŏɾʕɟŏȀ ǃƚȘƚɟŏɾǞʲƚ ȒȩƇƚȀ ǀȩɟ ʶǕǞżǕ
ɔɟȩƇʕżƚɯ ɟŏȘƇȩȒ ųʕɾ ɟƚŏȀǞɯɾǞż ǞȘɔʕɾɯ ŏȘƇ ŏȘŏȀʿˌƚ Ǖȩʶ ɾǕƚ
ŏȀǃȩɟǞɾǕȒ ɔƚɟǀȩɟȒɯ ȩȘ ǞȘɔʕɾɯ ƇɟŏʶȘ ǀɟȩȒ ɾǕǞɯ ȒȩƇƚȀࡏ

ࡄ ģƚɟʿ żȩȒȒȩȘ ǞȘ ŏȀǃȩɟǞɾǕȒ ƇƚɯǞǃȘ ǀȩɟ Ƈŏɾŏ
ŏȘŏȀʿɯǞɯࡕȒŏżǕǞȘƚ ȀƚŏɟȘǞȘǃ żŏȘ ųƚ ʕɯƚƇ ɾȩ ǲʕɯɾǞǀʿ ߞ! ȀǞȘƚŏɟ
ɟƚǃɟƚɯɯǞȩȘࡈ ǹࡷȒƚŏȘɯ żȀʕɯɾƚɟǞȘǃࡈ Ú+ࡈ� ƚɾżࡏ

ߣߝ
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¥
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χϑΎ̐͑˨χϑ͖̐ ̊ͱΎ̐ͬ ͻΎ̙̥ͱ

vƇƚŏɯ ǀȩɟ ŏ ǃƚȘƚɟŏɾǞʲƚ ȒȩƇƚȀ ǀȩɟ ǃɟŏɔǕɯ ɾǕŏɾ ʶȩʕȀƇ ŏȀȀȩʶ ʕɯ ɾȩ
ʕȘƇƚɟɯɾŏȘƇ ɔŏɟɾǞɾǞȩȘǞȘǃࡐ

ߤߝ

u
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χϑΎ̐͑˨χϑ͖̐ ̊ͱΎ̐ͬ ͻΎ̙̥ͱ

ëɾȩżǕŏɯɾǞż $ȀȩżǺ �ȩƇƚȀ ÚȀŏȘɾƚƇ ÚŏɟɾǞɾǞȩȘ �ȩƇƚȀࡇ

�ƚɾ `ȗ(ɑ,ɗ) ųƚ ŏ ƇǞɯɾɟǞųʕɾǞȩȘ ȩʲƚɟ ǃɟŏɔǕɯ ȩȘ ȗ ȘȩƇƚɯࡈ ɯɔȀǞɾ
ƚɛʕŏȀȀʿ ǞȘɾȩ ɾʶȩ ǃɟȩʕɔɯ $ ŏȘƇ ࡈ* ƚŏżǕ ʶǞɾǕ ȗ/ߞ ȘȩƇƚɯࡏ

ࡄ �Șʿ ɾʶȩ ȘȩƇƚɯ ǞȘ ɾǕƚ ɯŏȒƚ ǃɟȩʕɔ ŏɟƚ żȩȘȘƚżɾƚƇ ʶǞɾǕ
ɔɟȩųŏųǞȀǞɾʿ ɑ ǞȘżȀʕƇǞȘǃ ɯƚȀǀࡷȀȩȩɔɯࡏ

ࡄ �Șʿ ɾʶȩ ȘȩƇƚɯ ǞȘ ƇǞǀǀƚɟƚȘɾ ǃɟȩʕɔɯ ŏɟƚ żȩȘȘƚżɾƚƇ ʶǞɾǕ
ɔɟȩųࡏ ɗ < ɑࡏ

ߥߝ

- - a
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ͱ͖;̥˨ξ ˨ͱ͇̥̊ξ˨͖̐ ϻ͖̥Ͼ

�ƚɾ ` ųƚ ŏ ɯɾȩżǕŏɯɾǞż ųȀȩżǺ ȒȩƇƚȀ ǃɟŏɔǕ ƇɟŏʶȘ ǀɟȩȒ `ȗ(ɑ,ɗ)ࡏ

ࡄ �ƚɾ � ∈ Rȗ×ȗ ųƚ ɾǕƚ ŏƇǲŏżƚȘżʿ ȒŏɾɟǞʾ ȩǀ ࡏ` ĦǕŏɾ Ǟɯ E[�]ࡐ

ߜߞ

005



̥Ѕθ̥̐ϑ̥̙ ˨̙ͩ˨̥̐;̐І χθ̥̐ϑξϟͻ

�ƚɾɾǞȘǃ ` ųƚ ŏ ɯɾȩżǕŏɯɾǞż ųȀȩżǺ ȒȩƇƚȀ ǃɟŏɔǕ ƇɟŏʶȘ ǀɟȩȒ
`ȗ(ɑ,ɗ) ŏȘƇ � ∈ Rȗ×ȗ ųƚ Ǟɾɯ ŏƇǲŏżƚȘżʿ ȒŏɾɟǞʾࡏ (E[�])ǝ,Ǳ = ɑ ǀȩɟ
ǝ, Ǳ ǞȘ ɯŏȒƚ ǃɟȩʕɔࡈ (E[�])ǝ,Ǳ = ɗ ȩɾǕƚɟʶǞɯƚࡏ

ĦǕŏɾ ŏɟƚ ɾǕƚ
ƚǞǃƚȘʲƚżɾȩɟɯ ŏȘƇ
ƚǞǃƚȘʲŏȀʕƚɯ ȩǀ E[�]ࡐ

ߝߞ

ER



̥Ѕθ̥̐ϑ̥̙ ˨̙ͩ˨̥̐;̐І χθ̥̐ϑξϟͻ

�ƚɾɾǞȘǃ ` ųƚ ŏ ɯɾȩżǕŏɯɾǞż ųȀȩżǺ ȒȩƇƚȀ ǃɟŏɔǕ ƇɟŏʶȘ ǀɟȩȒ
`ȗ(ɑ,ɗ) ŏȘƇ � ∈ Rȗ×ȗ ųƚ Ǟɾɯ ŏƇǲŏżƚȘżʿ ȒŏɾɟǞʾࡈ ʶǕŏɾ ŏɟƚ ɾǕƚ
ƚǞǃƚȘʲƚżɾȩɟɯ ŏȘƇ ƚǞǃƚȘʲŏȀʕƚɯ ȩǀ E[�]ࡐ

ߞߞ

** t.IE#.
*"' "I:÷÷÷÷1
*¥. A

÷:::::::::::# '" '" ' "fi÷÷÷*
÷Eigenvector 2 : In¥;)

→ u



̥Ѕθ̥̐ϑ̥̙ ˨̙ͩ˨̥̐;̐І χθ̥̐ϑξϟͻ

ࡄ ʲߝ = ʲߝ ʶǞɾǕ ƚǞǃƚȘʲŏȀʕƚ λߝ =
(ɑ+ɗ)ȗ

ߞ ࡏ
ࡄ ʲߞ = χ$,* ʶǞɾǕ ƚǞǃƚȘʲŏȀʕƚ λߞ =

(ɑ−ɗ)ȗ
ߞ ࡏ

ࡄ χ$,*(ǝ) = ߝ Ǟǀ ǝ ∈ $ ŏȘƇ χ$,*(ǝ) = ߝ− ǀȩɟ ǝ ∈ ࡏ*

vǀ ʶƚ żȩȒɔʕɾƚ ʲߞ ɾǕƚȘ ʶƚ ɟƚżȩʲƚɟ ɾǕƚ żȩȒȒʕȘǞɾǞƚɯ $ ŏȘƇ ࡋ*

ߟߞ

O
-



̥Ѕθ̥̐ϑ̥̙ ͱ˨θͱ˨͖̐˨; χθ̥̐ϑξϟͻ

�ƚɾɾǞȘǃ ` ųƚ ŏ ɯɾȩżǕŏɯɾǞż ųȀȩżǺ ȒȩƇƚȀ ǃɟŏɔǕ ƇɟŏʶȘ ǀɟȩȒ
`ȗ(ɑ,ɗ)ࡈ � ∈ Rȗ×ȗ ųƚ Ǟɾɯ ŏƇǲŏżƚȘżʿ ȒŏɾɟǞʾ ŏȘƇ � ųƚ Ǟɾɯ
�ŏɔȀŏżǞŏȘࡈ ʶǕŏɾ ŏɟƚ ɾǕƚ ƚǞǃƚȘʲƚżɾȩɟɯ ŏȘƇ ƚǞǃƚȘʲŏȀʕƚɯ ȩǀ E[�]ࡐ

ߠߞ



̥Ѕθ̥̐ϑ̥̙ ͱ˨θͱ˨͖̐˨; χθ̥̐ϑξϟͻ

ĆɔɯǕȩɾࡇ ÷Ǖƚ ɯƚżȩȘƇ ɯȒŏȀȀ ƚǞǃƚȘʲƚżɾȩɟ ȩǀ E[�] Ǟɯ χ$,* ࡵ ɾǕƚ
ǞȘƇǞżŏɾȩɟ ʲƚżɾȩɟ ǀȩɟ ɾǕƚ żʕɾ ųƚɾʶƚƚȘ ɾǕƚ żȩȒȒʕȘǞɾǞƚɯࡏ

ࡄ vǀ ɾǕƚ ɟŏȘƇȩȒ ǃɟŏɔǕ ` ƚɛʕǞʲǞȀŏȘɾȀʿ � ŏȘƇ � ʶƚɟƚ ƚʾŏżɾȀʿ
ƚɛʕŏȀ ɾȩ Ǟɾɯ ƚʾɔƚżɾŏɾǞȩȘࡈ ɔŏɟɾǞɾǞȩȘǞȘǃ ʕɯǞȘǃ ɾǕǞɯ
ƚǞǃƚȘʲƚżɾȩɟ ʶȩʕȀƇ ƚʾŏżɾȀʿ ɟƚżȩʲƚɟ żȩȒȒʕȘǞɾǞƚɯ $ ŏȘƇ ࡏ*

mȩʶ Ƈȩ ʶƚ ɯǕȩʶ ɾǕŏɾ ŏ ȒŏɾɟǞʾ ࡈࡏǃࡏƚ � Ǟɯ żȀȩɯƚ ɾȩ Ǟɾɯ
ƚʾɔƚżɾŏɾǞȩȘࡐ �ŏɾɟǞʾ żȩȘżƚȘɾɟŏɾǞȩȘ ǞȘƚɛʕŏȀǞɾǞƚɯࡏ

ࡄ �ȘŏȀȩǃȩʕɯ ɾȩ ɯżŏȀŏɟ żȩȘżƚȘɾɟŏɾǞȩȘ ǞȘƚɛʕŏȀǞɾǞƚɯ ȀǞǺƚ
�ŏɟǺȩʲɯࡈ +ǕƚųʿɯǕƚʲɯࡈ $ƚɟȘɯɾƚǞȘɯࡏ

ߡߞ



ͻ˨ϑξ͖Ѕ ̐Ύ;̥̐;ϑξ˨ϑ͖Ύ;

�ŏɾɟǞʾ +ȩȘżƚȘɾɟŏɾǞȩȘ vȘƚɛʕŏȀǞɾʿࡇ vǀ ɑ ≥ ª
(
Ȁȩǃߠ ȗ
ȗ

)
ࡈ ɾǕƚȘ

ʶǞɾǕ ǕǞǃǕ ɔɟȩųŏųǞȀǞɾʿ

‖�− E[�]‖ߞ ≤ ª(√ɑȗ).

ʶǕƚɟƚ ‖ · ߞ‖ Ǟɯ ɾǕƚ ȒŏɾɟǞʾ ɯɔƚżɾɟŏȀ ȘȩɟȒ ȩɔƚɟŏɾȩɟ ȘȩɟȒࡏ

_ȩɟ ĭ ∈ Rȗ×Ɔࡈ ‖ĭ‖ߞ = Ȓŏʾˈ∈RƆ:‖ˈ‖ߝ=ߞ ‖ĭˈ‖ࡏߞ

CʾƚɟżǞɯƚࡇ ëǕȩʶ ɾǕŏɾ ‖ĭ‖ߞ Ǟɯ ƚɛʕŏȀ ɾȩ ɾǕƚ Ȁŏɟǃƚɯɾ ɯǞȘǃʕȀŏɟ ʲŏȀʕƚ
ȩǀ ĭࡏ _ȩɟ ɯʿȒȒƚɾɟǞż ĭ ȀǞǺƚ �− E[�] ɯǕȩʶ ɾǕŏɾ Ǟɾ Ǟɯ ƚɛʕŏȀ ɾȩ ɾǕƚ
ȒŏǃȘǞɾʕƇƚ ȩǀ ɾǕƚ Ȁŏɟǃƚɯɾ ȒŏǃȘǞɾʕƇƚ ƚǞǃƚȘʲŏȀʕƚࡏ

_ȩɟ ɾǕƚ ɯɾȩżǕŏɯɾǞż ųȀȩżǺ ȒȩƇƚȀ ŏɔɔȀǞżŏɾǞȩȘࡈ ʶƚ ʶŏȘɾ ɾȩ ɯǕȩʶ
ɾǕŏɾ ɾǕƚ ɯƚżȩȘƇ ƚǞǃƚȘʲƚżɾȩɟɯ ȩǀ � ŏȘƇ E[�] ŏɟƚ żȀȩɯƚࡏ mȩʶ
Ƈȩƚɯ ɾǕǞɯ ɟƚȀŏɾƚ ɾȩ ɾǕƚǞɟ ƇǞǀǀƚɟƚȘżƚ ǞȘ ɯɔƚżɾɟŏȀ ȘȩɟȒࡐ ߢߞ

→
random

-

- O
-

→vector

-
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C͖͇̥;ϻ̥̐ϑΎξ Ú̥ξϑϟξ̊˨ϑ͖Ύ;

4ŏʲǞɯࡷ�ŏǕŏȘ CǞǃƚȘʲƚżɾȩɟ ÚƚɟɾʕɟųŏɾǞȩȘ ÷ǕƚȩɟƚȒࡇ ëʕɔࡷ
ɔȩɯƚ �,� ∈ RƆ×Ɔ ŏɟƚ ɯʿȒȒƚɾɟǞż ʶǞɾǕ ‖� − ߞ‖� ≤ ε

ŏȘƇ ƚǞǃƚȘʲƚżɾȩɟɯ ʮߝ, ʮߞ, . . . , ʮƆ ŏȘƇ ʮ̄ߝ, ʮ̄ߞ, . . . , ʮ̄Ɔࡏ �ƚɾɾǞȘǃ
θ(ʮǝ, ʮ̄ǝ) ƇƚȘȩɾƚ ɾǕƚ ŏȘǃȀƚ ųƚɾʶƚƚȘ ʮǝ ŏȘƇ ʮ̄ǝࡈ ǀȩɟ ŏȀȀ ǝࡇ

ɯǞȘ[θ(ʮǝ, ʮ̄ǝ)] ≤
ε

ȒǞȘǱ'=ǝ |λǝ − λǱ|

ʶǕƚɟƚ λߝ, . . . ,λƆ ŏɟƚ ɾǕƚ ƚǞǃƚȘʲŏȀʕƚɯ ȩǀ ࡏ�

÷Ǖƚ ƚɟɟȩɟ ǃƚɾɯ Ȁŏɟǃƚɟ Ǟǀ ɾǕƚɟƚ ŏɟƚ ƚǞǃƚȘʲŏȀʕƚɯ ʶǞɾǕ ɯǞȒǞȀŏɟ
ȒŏǃȘǞɾʕƇƚɯࡏ

ߣߞ

→ 1974

-

- -

measure
o f "'

" e " betweeny ;y

← -
-



̥͖͇̥;ϻ̥̐ϑΎξ θ̥ξϑϟξ̊˨ϑ͖Ύ;

ߤߞ

v , U v
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˨θθͱ͖̐˨ϑ͖Ύ; ϑΎ χϑΎ̐͑˨χϑ͖̐ ̊ͱΎ̐ͬ ͻΎ̙̥ͱ

+ȀŏǞȒ ߝ �ŏɾɟǞʾ +ȩȘżƚȘɾɟŏɾǞȩȘࡇ _ȩɟ ɑ ≥ ª
(
Ȁȩǃߠ ȗ
ȗ

)
ࡈ

‖�− E[�]‖ߞ ≤ ª(√ɑȗ).

+ȀŏǞȒ ߞ ࡇ�ŏǕŏȘࡷ4ŏʲǞɯ _ȩɟ ɑ ≥ ª
(
Ȁȩǃߠ ȗ
ȗ

)
ࡈ

ɯǞȘ θ(ʮߞ, ʮ̄ߞ) ≤
ª(√ɑȗ)

ȒǞȘǱ!=ǝ |λǝ − λǱ|
≤ ª(√ɑȗ)

(ɑ− ɗ)ȗ/ߞ = ª
( √ɑ
(ɑ− ɗ)

√
ȗ

)

áƚżŏȀȀࡇ E[�]ࡈ Ǖŏɯ ƚǞǃƚȘʲŏȀʕƚɯ λߝ = (ɑ+ɗ)ȗ
ߞ ࡈ λߞ = (ɑ−ɗ)ȗ

ߞ ࡈ λǝ = ߜ ǀȩɟ ǝ ≥ ࡏߟ

ȒǞȘ
Ǳ!=ǝ

|λǝ − λǱ| = ȒǞȘ
(
ɗȗ, (ɑ− ɗ)ȗ

ߞ

)
.

�ɯɯʕȒƚ (ɑ−ɗ)ȗ
ߞ ʶǞȀȀ ųƚ ɾǕƚ ȒǞȘǞȒʕȒ ȩǀ ɾǕƚɯƚ ɾʶȩ ǃŏɔɯࡏ

ߥߞ

⇒ E

= ÷ : ,
1 = 1

#
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˨θθͱ͖̐˨ϑ͖Ύ; ϑΎ χϑΎ̐͑˨χϑ͖̐ ̊ͱΎ̐ͬ ͻΎ̙̥ͱ

ëȩ _ŏɟࡇ ɯǞȘ θ(ʮߞ, ʮ̄ߞ) ≤ ª
( √ɑ

(ɑ−ɗ)
√
ȗ

)
ࡏ ĦǕŏɾ Ƈȩƚɯ ɾǕǞɯ ǃǞʲƚ ʕɯࡐ

ࡄ +ŏȘ ɯǕȩʶ ɾǕŏɾ ɾǕǞɯ ǞȒɔȀǞƚɯ ‖ʮߞ − ʮ̄ߞߞ‖ߞ ≤ ª
(

ɑ
(ɑ−ɗ)ߞȗ

)
ࡏƚʾƚɟżǞɯƚ

ࡄ ʮ̄ߞ Ǟɯ √ߝ
ȗχ$,*ࡇ ɾǕƚ żȩȒȒʕȘǞɾʿ ǞȘƇǞżŏɾȩɟ ʲƚżɾȩɟࡏ

ࡄ Cʲƚɟʿ ǝ ʶǕƚɟƚ ʮߞ(ǝ)ࡈ ʮ̄ߞ(ǝ) ƇǞǀǀƚɟ ǞȘ ɯǞǃȘ żȩȘɾɟǞųʕɾƚɯ ≥ ߝ
ȗ ɾȩ

‖ʮߞ − ʮ̄ߞߞ‖ߞ.

ࡄ ëȩ ɾǕƚʿ ƇǞǀǀƚɟ ǞȘ ɯǞǃȘ ǞȘ ŏɾ Ȓȩɯɾ ª
(

ɑ
(ɑ−ɗ)ߞ

)
ɔȩɯǞɾǞȩȘɯࡏ

ߜߟ

- -
I

⇐
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˨θθͱ͖̐˨ϑ͖Ύ; ϑΎ χϑΎ̐͑˨χϑ͖̐ ̊ͱΎ̐ͬ ͻΎ̙̥ͱ

ĆɔɯǕȩɾࡇ vǀ ` Ǟɯ ŏ ɯɾȩżǕŏɯɾǞż ųȀȩżǺ ȒȩƇƚȀ ǃɟŏɔǕ ʶǞɾǕ ŏƇǲŏżƚȘżʿ
ȒŏɾɟǞʾ ࡈ� Ǟǀ ʶƚ żȩȒɔʕɾƚ Ǟɾɯ ɯƚżȩȘƇ Ȁŏɟǃƚ ƚǞǃƚȘʲƚżɾȩɟ ʮߞ ŏȘƇ
ŏɯɯǞǃȘ ȘȩƇƚɯ ɾȩ żȩȒȒʕȘǞɾǞƚɯ ŏżżȩɟƇǞȘǃ ɾȩ ɾǕƚ ɯǞǃȘ ɔŏɾɾƚɟȘ ȩǀ
ɾǕǞɯ ʲƚżɾȩɟࡈ ʶƚ ʶǞȀȀ żȩɟɟƚżɾȀʿ ŏɯɯǞǃȘ ŏȀȀ ųʕɾ ª

(
ɑ

(ɑ−ɗ)ߞ
)
ȘȩƇƚɯࡏ

ࡄ ĦǕʿ Ƈȩƚɯ ɾǕƚ ƚɟɟȩɟ ǞȘżɟƚŏɯƚ ŏɯ ɗ ǃƚɾɯ żȀȩɯƚ ɾȩ ɑࡐ
ࡄ CʲƚȘ ʶǕƚȘ ɑ−ɗ = ª(ߝ/

√
ȗ)ࡈ ŏɯɯǞǃȘ ŏȀȀ ųʕɾ ŏȘ ª(ȗ) ǀɟŏżɾǞȩȘ

ȩǀ ȘȩƇƚɯ żȩɟɟƚżɾȀ ʿࡏ Cࡏǃࡈࡏ ŏɯɯǞǃȘ %ߥߥ ȩǀ ȘȩƇƚɯ żȩɟɟƚżɾȀ ʿࡏ

=p-qߝߟ 0 ( th r ) ⇒ c¥q,= o o ' n



ξ˨;̙Ύͻ͖В̥̙ ;ϟͻ̥ξ͖̐˨ͱ ͱ͖;̥˨ξ ˨ͱ͇̥̊ξ˨

_ȩɟǃƚɾ ŏųȩʕɾ ɾǕƚ ɔɟƚʲǞȩʕɯ ɔɟȩųȀƚȒࡈ ųʕɾ ɯɾǞȀȀ żȩȘɯǞƇƚɟ ɾǕƚ
ȒŏɾɟǞʾ � = E[�]ࡏ

ࡄ 4ƚȘɯƚ ȗ× ȗ ȒŏɾɟǞʾࡏ
ࡄ +ȩȒɔʕɾǞȘǃ ɾȩɔ ƚǞǃƚȘʲƚżɾȩɟɯ ɾŏǺƚɯ ≈ ª(ȗߞ/√ε) ɾǞȒƚࡏ

vǀ ɯȩȒƚȩȘƚ ŏɯǺƚƇ ʿȩʕ ɾȩ ɯɔƚƚƇ ɾǕǞɯ ʕɔ ŏȘƇ ɟƚɾʕɟȘ
ŏɔɔɟȩʾǞȒŏɾƚ ɾȩɔ ƚǞǃƚȘʲƚżɾȩɟɯࡈ ʶǕŏɾ żȩʕȀƇ ʿȩʕ Ƈȩࡏࡐ

ߞߟ

÷ni÷÷÷÷n÷÷
= ETA] A



ξ˨;̙Ύͻ͖В̥̙ ;ϟͻ̥ξ͖̐˨ͱ ͱ͖;̥˨ξ ˨ͱ͇̥̊ξ˨

�ŏǞȘ ǞƇƚŏࡇ vǀ ʿȩʕ ʶŏȘɾ ɾȩ żȩȒɔʕɾƚ ɯǞȘǃʕȀŏɟ ʲƚżɾȩɟɯ ȩɟ
ƚǞǃƚȘʲƚżɾȩɟɯࡈ ȒʕȀɾǞɔȀʿ ɾʶȩ ȒŏɾɟǞżƚɯࡈ ɯȩȀʲƚ ŏ ɟƚǃɟƚɯɯǞȩȘ
ɔɟȩųȀƚȒࡈ ƚɾżࡇࡏ

ࡏߝ +ȩȒɔɟƚɯɯ ʿȩʕɟ ȒŏɾɟǞżƚɯ ʕɯǞȘǃ ŏ ɟŏȘƇȩȒǞˌƚƇ ȒƚɾǕȩƇࡏ
ࡏߞ ëȩȀʲƚ ɾǕƚ ɔɟȩųȀƚȒ ȩȘ ɾǕƚ ɯȒŏȀȀƚɟ ȩɟ ɯɔŏɟɯƚɟ ȒŏɾɟǞʾࡏ

ࡄ  żŏȀȀƚƇ ŏ ࢆɯǺƚɾżǕࢅ ȩɟ ࢆżȩɟƚɯƚɾࢅ ǀȩɟ ࡏ�

ߟߟ

/ ,
sampling

a -
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ξ˨;̙Ύͻ͖В̥̙ ;ϟͻ̥ξ͖̐˨ͱ ͱ͖;̥˨ξ ˨ͱ͇̥̊ξ˨

�ɔɔɟȩʾǞȒŏɾƚ ȒŏɾɟǞʾ ȒʕȀɾǞɔȀǞżŏɾǞȩȘࡇ

�ɔɔɟȩʾǞȒŏɾƚ ɟƚǃɟƚɯɯǞȩȘࡇ

ߠߟ

y ,
@xm)

u

o d

m : [ "t

l I I n ;



̐Ύͻθ˨ξ͖χΎ;

�ƚɾǕȩƇࡇ

ëɔƚƚƇࡇ

�żżʕɟŏżʿࡇ

4Ǟɟƚżɾ vɾƚɟŏɾǞʲƚ áŏȘƇȩȒǞˌƚƇ

ߡߟ

Gaussian

Eliminati
on Gradient

Descent
sketch

Q R
Algorithm

+ power
method L

+ Kylou
Methods sampling,

randomprojectios

-Obi) for
*
exons)@ ( w )

inverse,
eigendecoup du)-l#of

+ e w ,
s l ow Fast matrixporous

e t c .
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χ̥ͬϑ̥̙̐͑ ξ̥͇ξ̥χχ͖Ύ;

áŏȘƇȩȒǞˌƚƇ ŏɔɔɟȩʾǞȒŏɾƚ ɟƚǃɟƚɯɯǞȩȘ ʕɯǞȘǃ ŏ
�ȩǕȘɯȩȘࡷ�ǞȘƇƚȘɯɾɟŏʕɯɯ �ŏɾɟǞʾࡇ

vȘɔʕɾࡇ � ∈ Rȗ×Ɔࡈ ų ∈ Rȗࡏ

bȩŏȀࡇ ĦŏȘɾ ȒǞȘʾ ‖Π�ʾ−Πų‖ߞߞ ≤ +ߝ) ε)ȒǞȘʾ ‖�ʾ− ų‖ߞߞ

+ȀŏǞȒࡇ ëʕǀ˙żƚɯ ɾȩ ɔɟȩʲƚ ɾǕŏɾ ǀȩɟ ŏȀȀ ʾ ∈ RƆࡈ

‖�ʾ− ų‖ߞߞ ≤ ‖Π�ʾ−Πų‖ߞߞ ≤ +ߝ) ε)‖�ʾ− ų‖ߞߞ ߢߟ

•

Infixion
& adlai) ← x →

I → T b
" T A

n

m i n HAX-BHT

** . . argmin HIT#×-THE

M i n n e w a n a
t o p rove : HnyAtb5 s l I t #Aµb . l i

m e
where ×&=

(4-9
) - -

- I arsnin11Ax-blk



̙͖χϑξ͖̊ϟϑ͖Ύ;˨ͱ ͩΎ͑;χΎ;ࡷͱ͖;̙̥;χϑξ˨ϟχχ ξ̥ϻ͖̥Ͼ

�ƚȒȒŏ 4ǞɯɾɟǞųʕɾǞȩȘŏȀ ��
sƿ Π ǝɫ żǔȧɫƙȗ ɺȧ ŏ ɑɛȧɑƙɛǿʻ ɫżŏǿƙƆ ɛŏȗƆȧȑ `ŏʑɫɫǝŏȗ ȑŏɺɛǝʺࡌ
ɫǝǂȗ ȑŏɺɛǝʺࡌ ɫɑŏɛɫƙ ɛŏȗƆȧȑ ȑŏɺɛǝʺࡌ ƙɺżࡌࡒ ʲǝɺǔ ª

(
Ȁȩǃ(ߝ/δ

εߞ

)
ɛȧʲɫ

ɺǔƙȗ ƿȧɛ ŏȗʻ ˛ʺƙƆ ʿࡌ

‖ʿ‖ߞߞ ≤ ‖Πʿ‖ߞߞ ≤ +ߝ) ε)‖ʿ‖ߞߞ

ʲǝɺǔ ɑɛȧųŏųǝǿǝɺʻ −ߝ) δ)ࡒ

+ȩɟȩȀȀŏɟʿࡇ _ȩɟ ŏȘʿ ˙ʾƚƇ ʾࡈ ʶǞɾǕ ɔɟȩųŏųǞȀǞɾʿ −ߝ) δ)ࡈ

‖�ʾ− ų‖ߞߞ ≤ ‖Π�ʾ−Πų‖ߞߞ ≤ +ߝ) ε)‖�ʾ− ų‖ߞߞ.

ߣߟ

a -a)
⇒ t

-

y eA X I
0

( I #



͂Ύξ ˨;І ϑΎ ͂Ύξ ˨ͱͱ

mȩʶ Ƈȩ ʶƚ ǃȩ ǀɟȩȒ ǀȩɟࢅ ŏȘʿ ˙ʾƚƇ ʾࢆ ɾȩ ǀȩɟࢅ ŏȀȀ ʾ ∈ RƆࡏࢆ

÷ǕǞɯ ɯɾŏɾƚȒƚȘɾ ɟƚɛʕǞɟƚɯ ƚɯɾŏųȀǞɯǕǞȘǃ ŏ �ȩǕȘɯȩȘࡷ�ǞȘƇƚȘɯɾɟŏʕɯɯ
ɾʿɔƚ ųȩʕȘƇ ǀȩɟ ŏȘ ǞȘ˙ȘǞɾʿ ȩǀ ɔȩɯɯǞųȀƚ ʲƚżɾȩɟɯ (�ʾ− ų)ࡈ ʶǕǞżǕ
ȩųʲǞȩʕɯȀʿ żŏȘ࢈ɾ ųƚ ɾŏżǺȀƚƇ ʶǞɾǕ ŏ ʕȘǞȩȘ ųȩʕȘƇ ŏɟǃʕȒƚȘɾࡏ

ߤߟ

0 0

X , X x - - - - X- oo - n -

O(10¥) then f o r e a ch X i

Hanible = ( I tE )HITAXI-tbh}
with pros. I - s ,

s o with prob 1 - l o o s this holds
f o r x . , . . . . , X i a o



χϟ̊χθ˨̥̐ ̥ͻ̥̙̙͖̊;͇χ

÷ǕƚȩɟƚȒ ëʕųɯɔŏżƚ CȒųƚƇƇǞȘǃ ǀɟȩȒ ��
�ƙɺ U ⊂ Rȗ ųƙ ŏ ƆࡹƆǝȑƙȗɫǝȧȗŏǿ ǿǝȗƙŏɛ ɫʑųɫɑŏżƙ ǝȗ Rȗࡒ sƿ
Π ∈ Rȑ×Ɔ ǝɫ żǔȧɫƙȗ ƿɛȧȑ ŏȗʻ Ɔǝɫɺɛǝųʑɺǝȧȗ D ɫŏɺǝɫƿʻǝȗǂ ɺǔƙ
2ǝɫɺࡒ �� �ƙȑȑŏࡌ ɺǔƙȗ ʲǝɺǔ ɑɛȧųŏųǝǿǝɺʻ −ߝ δࡌ

−ߝ) ε)‖ʲ‖ߞ ≤ ‖Πʲ‖ߞ ≤ +ߝ) ε)‖ʲ‖ߞ

ƿȧɛ ŏǿǿ ʲ ∈ U ࡌ ŏɫ ǿȧȗǂ ŏɫ ȑ = ª
(
Ɔ Ȁȩǃ(ߝ/ε)+Ȁȩǃ(ߝ/δ)

εߞ

)
ࡒߝ

ɯ࢈vɾߝ ɔȩɯɯǞųȀƚ ɾȩ ȩųɾŏǞȘ ŏ ɯȀǞǃǕɾȀʿ ɾǞǃǕɾƚɟ ųȩʕȘƇ ȩǀ ª
(
Ɔ+Ȁȩǃ(ߝ/δ)

εߞ

)
ࡏ vɾ࢈ɯ ŏ ȘǞżƚ

żǕŏȀȀƚȘǃƚ ɾȩ ɾɟʿ ɔɟȩʲǞȘǃ ɾǕǞɯࡏ ߥߟ

- I

¥ 7 .
E l



χϟ̊χθ˨̥̐ ̥ͻ̥̙̙͖̊;͇ ϑΎ ˨θθξΎЅ͖ͻ˨ϑ̥ ξ̥͇ξ̥χχ͖Ύ;

+ȩɟȩȀȀŏɟʿࡇ vǀ ʶƚ żǕȩȩɯƚ Π ŏȘƇ ɔɟȩɔƚɟȀʿ ɯżŏȀƚ ɾǕƚȘࡈ ʶǞɾǕ
ª
(
Ɔ/εߞ

)
ɟȩʶɯࡈ ɾǕƚȘ ʶǞɾǕ ǕǞǃǕ ɔɟȩųŏųǞȀǞɾ ʿࡈ

‖�ʾ− ų‖ߞߞ ≤ ‖Π�ʾ−Πų‖ߞߞ ≤ +ߝ) ε)‖�ʾ− ų‖ߞߞ

ǀȩɟ ŏȀȀ ʾ ŏȘƇ ɾǕʕɯ

ȒǞȘ
ʾ

‖Π�ʾ−Πų‖ߞߞ ≤ +ߝ) ε)ȒǞȘ
ʾ

‖�ʾ− ų‖ߞߞ.

vࡏƚࡏ ʶƚ żŏȘ ɯȩȀʲƚ ȀǞȘƚŏɟ ɟƚǃɟƚɯɯǞȩȘ ŏɔɔɟȩʾǞȒŏɾƚȀʿ ʕɯǞȘǃ ɾǕƚ
ª
(
Ɔ/εߞ

)
× Ɔ ȒŏɾɟǞʾ Π� ǞȘ ɔȀŏżƚ ȩǀ ࡏ�

Úɟȩȩǀࡇ �ɔɔȀʿ ëʕųɯɔŏżƚ CȒųƚƇƇǞȘǃ ÷ǕȒࡏ ɾȩ ɾǕƚ (Ɔ+ (ߝ
ƇǞȒƚȘɯǞȩȘŏȀ ɯʕųɯɔŏżƚ ɯɔŏȘȘƚƇ ųʿ ɯ࢈� Ɔ żȩȀʕȒȘɯ ŏȘƇ ųࡏ Cʲƚɟʿ
ʲƚżɾȩɟ �ʾ− ų ȀǞƚɯ ǞȘ ɾǕǞɯ ɯʕųɯɔŏżƚࡏ

ߜߠ

-E -
d given a s Ax - b ,

wan t a-411011: E 11%11,2
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χϟ̊χθ˨̥̐ ̥ͻ̥̙̙͖̊;͇χ

÷ǕƚȩɟƚȒ ëʕųɯɔŏżƚ CȒųƚƇƇǞȘǃ ǀɟȩȒ ��
�ƙɺ U ⊂ Rȗ ųƙ ŏ ƆࡹƆǝȑƙȗɫǝȧȗŏǿ ǿǝȗƙŏɛ ɫʑųɫɑŏżƙ ǝȗ Rȗࡒ sƿ
Π ∈ Rȑ×Ɔ ǝɫ żǔȧɫƙȗ ƿɛȧȑ ŏȗʻ Ɔǝɫɺɛǝųʑɺǝȧȗ D ɫŏɺǝɫƿʻǝȗǂ ɺǔƙ
2ǝɫɺࡒ �� �ƙȑȑŏࡌ ɺǔƙȗ ʲǝɺǔ ɑɛȧųŏųǝǿǝɺʻ −ߝ δࡌ

−ߝ) ε)‖ʲ‖ߞ ≤ ‖Πʲ‖ߞ ≤ +ߝ) ε)‖ʲ‖ߞ ߝ

ƿȧɛ ŏǿǿ ʲ ∈ U ࡌ ŏɫ ǿȧȗǂ ŏɫ ȑ = ª
(
Ɔ Ȁȩǃ(ߝ/ε)+Ȁȩǃ(ߝ/δ)

εߞ

)
ࡒߞ

ɯ࢈vɾߞ ɔȩɯɯǞųȀƚ ɾȩ ȩųɾŏǞȘ ŏ ɯȀǞǃǕɾȀʿ ɾǞǃǕɾƚɟ ųȩʕȘƇ ȩǀ ª
(
Ɔ+Ȁȩǃ(ߝ/δ)

εߞ

)
ࡏ vɾ࢈ɯ ŏ ȘǞżƚ

żǕŏȀȀƚȘǃƚ ɾȩ ɾɟʿ ɔɟȩʲǞȘǃ ɾǕǞɯࡏ ߝߠ

- O

O. .% ,o '



χϟ̊χθ˨̥̐ ̥ͻ̥̙̙͖̊;͇ θξΎΎ͂

°ųɯƚɟʲŏɾǞȩȘࡇ ÷Ǖƚ ɾǕƚȩɟƚȒ ǕȩȀƇɯ ŏɯ ȀȩȘǃ ŏɯ ߝ ǕȩȀƇɯ ǀȩɟ ŏȀȀ ʶ
ȩȘ ɾǕƚ ʕȘǞɾ ɯɔǕƚɟƚ ǞȘ U ࡏ 4ƚȘȩɾƚ ɾǕƚ ɯɔǕƚɟƚ ãU ࡇ

ãU = {ʶ |ʶ ∈ U ŏȘƇ ‖ʶ‖ߞ = .{ߝ

_ȩȀȀȩʶɯ ǀɟȩȒ ȀǞȘƚŏɟǞɾʿࡇ �Șʿ ɔȩǞȘɾ ʲ ∈ U żŏȘ ųƚ ʶɟǞɾɾƚȘ ŏɯ żʶ
ǀȩɟ ɯȩȒƚ ɯżŏȀŏɟ ż ŏȘƇ ɯȩȒƚ ɔȩǞȘɾ ʶ ∈ ãU ࡏ

ࡄ vǀ −ߝ) ε)‖ʶ‖ߞ ≤ ‖Πʶ‖ߞ ≤ +ߝ) ε)‖ʶ‖ࡏߞ
ࡄ ɾǕƚȘ ż(ߝ− ε)‖ʶ‖ߞ ≤ ż‖Πʶ‖ߞ ≤ ż(ߝ+ ε)‖ʶ‖ࡈߞ
ࡄ ŏȘƇ ɾǕʕɯ −ߝ) ε)‖żʶ‖ߞ ≤ ‖Πżʶ‖ߞ ≤ +ߝ) ε)‖żʶ‖ࡏߞ

ߞߠ

O
- t

-

-

F i rm¥ .
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χϟ̊χθ˨̥̐ ̥ͻ̥̙̙͖̊;͇ θξΎΎ͂

vȘɾʕǞɾǞȩȘࡇ ÷Ǖƚɟƚ ŏɟƚ Șȩɾ ɾȩȩ ȒŏȘʿ ࢆƇǞǀǀƚɟƚȘɾࢅ ɔȩǞȘɾɯ ȩȘ ŏ
ƆࡷƇǞȒƚȘɯǞȩȘŏȀ ɯɔǕƚɟƚࡇ

�ε Ǟɯ żŏȀȀƚƇ ŏȘ ࡏȘƚɾࡷࢆεࢅ

vǀ ʶƚ żŏȘ ɔɟȩʲƚ

−ߝ) ε) ≤ ‖Πʶ‖ߞ ≤ +ߝ) ε)

ǀȩɟ ŏȀȀ ɔȩǞȘɾɯ ʶ ∈ �εࡈ ʶƚ żŏȘ ǕȩɔƚǀʕȀȀʿ ƚʾɾƚȘƇ ɾȩ ŏȀȀ ȩǀ ãU ࡏ ߟߠ

Olie)
@ -

•
Y o

o (to)
O (tea)

Hull 11who

=



εࡷ;̥ϑ ͂Ύξ ϑ̥͑ χθ̥͑ξ̥

�ƚȒȒŏ Șƚɾࡷε ǀȩɟ ɾǕƚ ɯɔǕƚɟƚ

]ȧɛ ŏȗʻ ε ≤ ࡌߝ ɺǔƙɛƙ ƙʺǝɫɺɫ ŏ ɫƙɺ �ε ⊂ ãU ʲǝɺǔ |�ε| =
ߠ)
ε

)Ɔ ɫʑżǔ
ɺǔŏɺ ∀ʲ ∈ ãU ࡌ

ȒǞȘ
ʶ∈�ε

‖ʲ− ʶ‖ ≤ ε.

ߠߠ

#

want a ) →whlwlli 2-11%11?⇐ Hultz'.( l t e )

t o hold t h e w t Na.

S e t 8 = 1 hy(Yd) 10841111)
Wal -logCled)

= dlogfle)



χϟ̊χθ˨̥̐ ̥ͻ̥̙̙͖̊;͇ θξΎΎ͂

ࡏߝ ëƚɾ δ =
(
ε
ߤ
)Ɔࡏ $ʿ ŏ ʕȘǞȩȘ ųȩʕȘƇࡈ ʶǞɾǕ ǕǞǃǕ ɔɟȩųŏųǞȀǞɾ ʿࡈ ǀȩɟ

ŏȀȀ ʶ ∈ �εࡈ

−ߝ) ε) ≤ ‖Πʶ‖ߞ ≤ +ߝ) ε).

ŏɯ ȀȩȘǃ ŏɯ Π Ǖŏɯ ª
(
Ȁȩǃ(ߝ/δ)

εߞ

)
= ª

(
Ɔ Ȁȩǃ(ߝ/ε

εߞ

)
ɟȩʶɯࡏ

ߡߠ



χϟ̊χθ˨̥̐ ̥ͻ̥̙̙͖̊;͇ θξΎΎ͂

ࡏߞ +ȩȘɯǞƇƚɟ ŏȘʿ ʲ ∈ ãU ࡏ Įȩʕ żŏȘ żǕƚżǺ ɾǕŏɾࡈ ǀȩɟ ɯȩȒƚ
ʶߜ,ʶߝ,ʶߞ . . . ∈ �εࡈ ʮ żŏȘ ųƚ ʶɟǞɾɾƚȘࡇ

ʲ = ʶߜ + żߝʶߝ + żߞʶߞ + . . .

ǀȩɟ żȩȘɯɾŏȘɾɯ żߝ, żߞ, . . . ʶǕƚɟƚ |żǝ| ≤ εǝࡏ
ࡏߟ �ɔɔȀʿǞȘǃ ɾɟǞŏȘǃȀƚ ǞȘƚɛʕŏȀǞɾ ʿࡈ ʶƚ Ǖŏʲƚ

‖Πʲ‖ߞ = ‖Πʶߜ + żߝΠʶߝ + żߞΠʶߞ + . . . ‖
≤ ‖Πʶߜ‖+ ε‖Πʶߝ‖+ εߞ‖Πʶߞ‖+ . . .

≤ +ߝ) ε) + ε(ߝ+ ε) + εߝ)ߞ+ ε) + . . .

≤ +ߝ ª(ε).

ߢߠ



χϟ̊χθ˨̥̐ ̥ͻ̥̙̙͖̊;͇ θξΎΎ͂

ࡏߠ ëǞȒǞȀŏɟȀ ʿࡈ

‖Πʲ‖ߞ = ‖Πʶߜ + żߝΠʶߝ + żߞΠʶߞ + . . . ‖
≥ ‖Πʶߜ‖ − ε‖Πʶߝ‖ − εߞ‖Πʶߞ‖ − . . .

≥ −ߝ) ε)− ε(ߝ+ ε)− εߝ)ߞ+ ε)− . . .

≥ −ߝ ª(ε).

ëȩ ʶƚ Ǖŏʲƚ ɔɟȩʲƚȘ

−ߝ ª(ε) ≤ ‖Πʲ‖ߞ ≤ +ߝ ª(ε)

ǀȩɟ ŏȀȀ ʮ ǞȘ ãU ࡏ

�ƇǲʕɯɾǞȘǃ ε ɔɟȩʲƚɯ ɾǕƚ ëʕųɯɔŏżƚ CȒųƚƇƇǞȘǃ ɾǕƚȩɟƚȒࡏ

ߣߠ


