
+ëࡷbĮ ߟߞߞߥ vࡇ �ƚżɾʕɟƚ ߜߝ
�ɟʿȀȩʲ ȒƚɾǕȩƇɯࡈ ɯɔƚżɾɟŏȀ żȀʕɯɾƚɟǞȘǃࡈ ɯɔƚżɾɟŏȀ
ǃɟŏɔǕ ɾǕƚȩɟ ʿࡏ

�ĮĆ ÷ŏȘƇȩȘ ëżǕȩȩȀ ȩǀ CȘǃǞȘƚƚɟǞȘǃࡈ Úɟȩǀࡏ +ǕɟǞɯɾȩɔǕƚɟ �ʕɯżȩ

ߝ



̐Ύͻθϟϑ˨ϑ͖Ύ; ͖; ͱ͖;̥˨ξ ˨ͱ͇̥̊ξ˨

÷Ǖɟƚƚ żȀŏɯɯƚɯ ȩǀ ȒƚɾǕȩƇɯࡏ

ࡄ 4Ǟɟƚżɾ �ƚɾǕȩƇɯࡇ

ࡄ vɾƚɟŏɾǞʲƚ �ƚɾǕȩƇɯࡇ

ࡄ áŏȘƇȩȒǞˌƚƇ �ƚɾǕȩƇɯࡇ

ߞ

hAt(Ax-b) = P HAX-ski
=

→ uxumetrix

Exact computation o f A " : Gaussian elimination

Q B Algorithm: Olu3) f o r s u p 0143)
eigendecompositions

Bower Method: Top singularvectors.
11/1×-611,2 : Gradient Descent:

Maincost: Mottrix-Vector productw , 14.→
OCH)

Methods based o n I L . h h >(A) = "numbero f
M o n t e r o s i nSGD, S C D A "

I n general compulsory Ax takes OlunalNItimes042)



ͱΎϾࡷξ˨;ͬ ˨θθξΎЅ͖ͻ˨ϑ͖Ύ;

ĦɟǞɾƚ ĭ ŏɯ ŏ ɟŏȘǺ ǹ ǀŏżɾȩɟǞˌŏɾǞȩȘ ųʿ ɔɟȩǲƚżɾǞȘǃ ȩȘɾȩ ɾǕƚ
ɯʕųɯɔŏżƚ ɯɔŏȘȘƚƇ ųʿ ŏȘ ȩɟɾǕŏȘȩɟȒŏȀ ȒŏɾɟǞʾ ģ ∈ RƆ×ǹ

ߟ
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y ,
orthouorual
columns
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χ͖;͇ϟͱ˨ξ ϻ˨ͱϟ̥ ̙̥̐ΎͻθΎχ͖ϑ͖Ύ;

°Șƚࡷɯɾȩɔ ɯǕȩɔ ǀȩɟ żȩȒɔʕɾǞȘǃ ȩɔɾǞȒŏȀ ȀȩʶࡷɟŏȘǺ
ŏɔɔɟȩʾǞȒŏɾǞȩȘɯࡏ

�Șʿ ȒŏɾɟǞʾ ĭ żŏȘ ųƚ ʶɟǞɾɾƚȘࡇ

ĦǕƚɟƚ ĆîĆ = vࡈ ģîģ = vࡈ ŏȘƇ σߝ ≥ σߞ ≥ . . .σƆ ≥ ࡏߜ
ߠ



̐Ύͻθϟϑ˨ϑ͖Ύ;˨ͱ μϟ̥χϑ͖Ύ;

bǞʲƚȘ ŏ ɯʕųɯɔŏżƚ V ɯɔŏȘȘƚƇ ųʿ ɾǕƚ ǹ żȩȀʕȒȘɯ ǞȘ ģࡈ

‖ĭ− ĭģģî‖ߞ] = ȒǞȘ
+

‖ĭ− +ģî‖ߞ]

Ħƚ ʶŏȘɾ ɾȩ ˙ȘƇ ɾǕƚ ųƚɯɾ ģ ∈ RƆ×ǹࡇ

ȒǞȘ
ȩɟɾǕȩȘȩɟȒŏȀ ģ∈RƆ×ǹ

‖ĭ− ĭģģî‖ߞ] ߝ

�ȩɾƚ ɾǕŏɾ ‖ĭ− ĭģģî‖ߞ] = ‖ĭ‖ߞ] − ‖ĭģģî‖ߞ] ǀȩɟ ŏȀȀ ȩɟɾǕȩȘȩɟȒŏȀ ģ
ɯǞȘżƚ ģģî Ǟɯ ŏ ɔɟȩǲƚżɾǞȩȘࡏ CɛʕǞʲŏȀƚȘɾ ǀȩɟȒࡇ

Ȓŏʾ
ȩɟɾǕȩȘȩɟȒŏȀ ģ∈RƆ×ǹ

‖ĭģģî‖ߞ] = ‖ĭģ‖ߞ] ߞ

ߡ



χ͖;͇ϟͱ˨ξ ϻ˨ͱϟ̥ ̙̥̐ΎͻθΎχ͖ϑ͖Ύ;

+ŏȘ ɟƚŏƇ ȩǀǀ ȩɔɾǞȒŏȀ ȀȩʶࡷɟŏȘǺ ŏɔɔɟȩʾǞȒŏɾǞȩȘɯ ǀɟȩȒ ɾǕƚ ëģ4ࡇ

ĭǹ = ĆǹĆîǹĭ = ĭģǹģîǹࡏ

ģǹ = ŏɟǃȒǞȘ
ȩɟɾǕȩȘȩɟȒŏȀ ģ∈RƆ×ǹ

‖ĭ− ĭģģî‖ߞ] = ŏɟǃȒŏʾ
ȩɟɾǕȩȘȩɟȒŏȀ ģ∈RƆ×ǹ

‖ĭģģî‖ߞ]

ߢ
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θΎϾ̥ξ ͻ̥ϑ͑Ύ̙

bȩŏȀࡇ _ǞȘƇ ɯȩȒƚ ˌ ≈ ʲࡏߝ

vȘɔʕɾࡇ ĭ ∈ Rȗ×Ɔ ʶǞɾǕ ëģ4 ĆΣģࡏ

Úȩʶƚɟ ȒƚɾǕȩƇࡇ

ࡄ +Ǖȩȩɯƚ (ߜ)ˌ ɟŏȘƇȩȒȀ ʿࡏ Cࡏǃࡏ ߜˌ ∼ N ,ߜ) ࡏ(ߝ
ࡄ _ȩɟ ǝ = ,ߝ . . . , î

ࡄ ˌ(ǝ) = ĭî · (ĭˌ(ǝ−ߝ))
ࡄ ȗǝ = ‖ˌ(ǝ)‖ߞ
ࡄ ˌ(ǝ) = ˌ(ǝ)/ȗǝ

áƚɾʕɟȘ ˌî

ߣ

y
'" ' I I I .I s "

X "
•

A nuzlx) t ime
- F - u n zCX)

= + F



θΎϾ̥ξ ͻ̥ϑ͑Ύ̙ ̐Ύ;ϻ̥ξ͇̥;̥̐

÷ǕƚȩɟƚȒ Úȩʶƚɟ �ƚɾǕȩƇ +ȩȘʲƚɟǃƚȘżƚ
�ƙɺ γ = σߝ−σߞ

σߝ
ųƙ ɑŏɛŏȑƙɺƙɛ żŏɑɺʑɛǝȗǂ ɺǔƙ ࢈ǂŏɑࢇ ųƙɺʲƙƙȗ ɺǔƙ

˛ɛɫɺ ŏȗƆ ɫƙżȧȗƆ ǿŏɛǂƙɫɺ ɫǝȗǂʑǿŏɛ ʮŏǿʑƙɫࡒ sƿ Óȧʲƙɛ �ƙɺǔȧƆ ǝɫ
ǝȗǝɺǝŏǿǝˈƙƆ ʲǝɺǔ ŏ ɛŏȗƆȧȑ `ŏʑɫɫǝŏȗ ʮƙżɺȧɛ ɺǔƙȗࡌ ʲǝɺǔ ǔǝǂǔ
ɑɛȧųŏųǝǿǝɺ ࡌ̒ ŏƿɺƙɛ î = ª

(
Ȁȩǃ Ɔ/ε

γ

)
ɫɺƙɑɫࡌ ʲƙ ǔŏʮƙࡋ

‖ʲߝ − ˌ(î)‖ߞ ≤ ε.

÷ȩɾŏȀ ɟʕȘɾǞȒƚࡇ ª(î · ȘȘˌ(ĭ)) ≤ ª(î · ȗƆ)

ߤ

d
-

t:#iii.
→



ͬξІͱΎϻ χϟ̊χθ˨̥̐ ͻ̥ϑ͑Ύ̙χ

ˌ(ɗ) = ż ·
(
ĭîĭ

)ɗ · ǃ

ˌ(ɗ) = ż ·
[
żߝ · σߞɗߝ ʲߝ + żߞ · σߞɗߞ ʲߞ + . . .+ żȗ · σߞɗȗ ʲȗ

]

ߥ

suds q:#gotEgregiou
s

gaussian
^

eiss →
- =

g:c,v , + C r "•
t . . . Ca rd

r i b
× A •

•

. . . . . • ✓
646,

*
→

18428

- a =
d d d

- - -
6,28 0,28 6,28



ͬξІͱΎϻ χϟ̊χθ˨̥̐ ͻ̥ϑ͑Ύ̙χ

ˌ(ɗ) = ż ·
(
ĭîĭ

)ɗ · ǃ

�ȀȩȘǃ ɾǕƚ ʶŏʿ ʶƚ żȩȒɔʕɾƚƇࡇ

Kɗ =
[
ǃ,
(
ĭîĭ

)
· ǃ,

(
ĭîĭ

ߞ( · ǃ, . . . ,
(
ĭîĭ

)ɗ · ǃ
]

K Ǟɯ żŏȀȀƚƇ ɾǕƚ �ɟʿȀȩʲ ɯʕųɯɔŏżƚ ȩǀ Ƈƚǃɟƚƚ ɗࡏ

vƇƚŏ ųƚǕǞȘƇ �ɟȀʿȩʲ ȒƚɾǕȩƇɯࡇ 4ȩȘ࢈ɾ ɾǕɟȩʶ ŏʶŏʿ ƚʲƚɟʿɾǕǞȘǃ
ųƚǀȩɟƚ

(
ĭîĭ

)ɗ · ǃࡏ ĦǕŏɾ ʿȩʕ࢈ɟƚ ʕɯǞȘǃ ʶǕƚȘ ʿȩʕ ɟʕȘ ãú�ã ȩɟ
�°¨ã ǞȘ ��÷��$ ȩɟ ÚʿɾǕȩȘࡏ

ߜߝ

* (x ( E #
- - - -



ͬξІͱΎϻ χϟ̊χθ˨̥̐ ͻ̥ϑ͑Ύ̙χ

ĦŏȘɾ ɾȩ ˙ȘƇ ʲࡈ ʶǕǞżǕ ȒǞȘǞȒǞˌƚɯ ‖ĭ− ĭʲʲî‖ࡏ[ߞ

�ŏȘżˌȩɯ ȒƚɾǕȩƇࡇ

ࡄ �ƚɾ ß ∈ RƆ×ǹ ųƚ ŏȘ ȩɟɾǕȩȘȩɟȒŏȀ ɯɔŏȘ ǀȩɟ ɾǕƚ ʲƚżɾȩɟɯ ǞȘ Kࡏ
ࡄ ëȩȀʲƚ ȒǞȘʲ=ßʶ ‖ĭ− ĭʲʲî‖ࡏ[ߞ

ࡄ _ǞȘƇ ųƚɯɾ ʲƚżɾȩɟ ǞȘ ɾǕƚ �ɟʿȀȩʲ ɯʕųɯɔŏżƚࡈ ǞȘɯɾƚŏƇ ȩǀ
ǲʕɯɾ ʕɯǞȘǃ Ȁŏɯɾ ʲƚżɾȩɟࡏ

ࡄ +ŏȘ ųƚ ƇȩȘƚ ǞȘ ª
(
ȘȘˌ(ĭ) · ǹ+ Ɔǹߞ

)
ɾǞȒƚࡏ

ߝߝ

KIND → o lder )
- 9 q

-
→ needt o compute S U D

QTxtXQ
-

# of

thin 11X-XvvtH¥ → optimal r a h l

= d
approximation

Require SVD.



ͱ˨;̐ВΎχ ͻ̥ϑ͑Ύ̙ ˨;˨ͱІχ͖χ

+ȀŏǞȒ ࡇߝ _ȩɟ ŏȘʿ Ƈƚǃɟƚƚ ɗ ɔȩȀʿȘȩȒǞŏȀ ɑࡈ ʶƚ żŏȘ ʶɟǞɾƚ ɑ(ĭîĭ) · ǃ
ŏɯ ßʶ ǀȩɟ ɯȩȒƚ ʶࡏ

+ȀŏǞȒ ࡇߞ

ȒǞȘ
ʲ=ßʶ

‖ĭ− ĭʲʲî‖ߞ] = ȒǞȘ
Ƈƚǃɟƚƚ ɗ ɔȩȀʿȘȩȒǞŏȀɑ

‖ĭ− ĭʲɑʲîɑ‖ߞ]

ʶǕƚɟƚ ʲɑ = ɑ(ĭîĭ) · ǃࡏ

+ȀŏǞȒ ࡇߟ

ˌ(ɗ) = ż ·
[
żߝ · ɑ(σߝߞ )ʲߝ + żߞ · ɑ(σߞߞ)ʲߞ + . . .+ żȗ · ɑ(σߞȗ)ʲȗ

]

ߞߝ

t
= (41K¥+ C u t t . - t cqCx¥§g

= p( x x )g

#

a

plxtxo-pc.TO-Fbi)
@txYgic.fc,6,28U, t . . . ( d6,28-d]



ͱ˨;̐ВΎχ ͻ̥ϑ͑Ύ̙ ˨;˨ͱІχ͖χ

+ȀŏǞȒࡇ ÷Ǖƚɟƚ Ǟɯ ŏȘ ª
(√

ɗ Ȁȩǃ ߝ
ε

)
Ƈƚǃɟƚƚ ɔȩȀʿȘȩȒǞŏȀ ɑ̂

ŏɔɔɟȩʾǞȒŏɾǞȘǃ ʾɗ ʕɔ ɾȩ ƚɟɟȩɟ ε ȩȘ ߝߞσ,ߜ] ࡏ[

‖ĭ− ĭʲɑ∗ʲîɑ∗‖ߞ] ≤ ‖ĭ− ĭʲɑ̂ʲîɑ̂‖ߞ] ≈ ‖ĭ− ĭʲʺɗʲîʺɗ‖ߞ] ≈ ‖ĭ− ĭʲߝʲîߞ‖ߝ]

áʕȘɾǞȒƚࡇ ª
(
Ȁȩǃ(Ɔ/ε)√

γ · ȘȘˌ(ĭ)
)
ʲɯࡏ ª

(
Ȁȩǃ(Ɔ/ε)

γ · ȘȘˌ(ĭ)
)

ߟߝ

r a
-

p ,
r e t p

p(bi) (bi)
§ ) ¥60

q

'" '" I : #n.pe#pl6i)1-rrnIqn § closeto""
6£ z e r o

-



θΎϾ̥ξ ͻ̥ϑ͑Ύ̙ ࡵ ;Ύ ͇˨θ ̙̥θ̥;̙̥;̥̐

+ȩȘʲƚɟǃƚȘżƚ Ǟɯ ɯȀȩʶ ʶǕƚȘ γ = σߝ−σߞ
σߝ

Ǟɯ ɯȒŏȀȀࡏ ˌ(ɗ) Ǖŏɯ Ȁŏɟǃƚ
żȩȒɔȩȘƚȘɾɯ ȩǀ ųȩɾǕ ʲߝ ŏȘƇ ʲࡏߞ $ʕɾ ǞȘ ɾǕǞɯ żŏɯƚࡇ

‖ĭ− ĭʲߝʲîߞ‖ߝ] =
∑

ǝ ߝ=%
σߞǝ ≈

∑

ǝ ߞ=%
= σߞǝ ‖ĭ− ĭʲߞʲîߞ‖ߞ].

ëȩ ʶƚ ƇȩȘ࢈ɾ żŏɟƚࡋ CǞɾǕƚɟ ʲߝ ȩɟ ʲߞ ǃǞʲƚ ǃȩȩƇ ɟŏȘǺߝࡷ
ŏɔɔɟȩʾǞȒŏɾǞȩȘɯࡏ

+ȀŏǞȒࡇ ÷ȩ ŏżǕǞƚʲƚ
‖ĭ− ĭˌˌî‖ߞ] ≤ +ߝ) ε)‖ĭ− ĭʲߝʲîߞ‖ߝ]

ʶƚ ȘƚƚƇ ª
(
Ȁȩǃ(Ɔ/ε)

ε

)
ɔȩʶƚɟ ȒƚɾǕȩƇ ǞɾƚɟŏɾǞȩȘɯ ȩɟ ª

(
Ȁȩǃ(Ɔ/ε)√

ε

)

�ŏȘżˌȩɯ ǞɾƚɟŏɾǞȩȘɯࡏ
ߠߝ

O

qq.gg +4,6?-6?, = 11X-Xuzville
-

a u r u m
- → §6i"- 6 2

O O



͇̥;̥ξ˨ͱ͖В˨ϑ͖Ύ;χ ϑΎ ͱ˨ξ͇̥ξ ǹ

ࡄ $ȀȩżǺ Úȩʶƚɟ �ƚɾǕȩƇ ŏǺŏ ëǞȒʕȀɾŏȘƚȩʕɯ vɾƚɟŏɾǞȩȘ ŏǺŏ
ëʕųɯɔŏżƚ vɾƚɟŏɾǞȩȘ ŏǺŏ °ɟɾǕȩǃȩȘŏȀ vɾƚɟŏɾǞȩȘ

ࡄ $ȀȩżǺ �ɟʿȀȩʲ ȒƚɾǕȩƇɯ

ࡄ �ƚɾ b ∈ RƆ×ǹ ųƚ ŏ ɟŏȘƇȩȒ bŏʕɯɯǞŏȘ ȒŏɾɟǞʾࡏ
ࡄ Kɗ =

[
b,

(
ĭîĭ

)
· b,

(
ĭîĭ

ߞ( · b, . . . ,
(
ĭîĭ

)ɗ · b
]

áʕȘɾǞȒƚࡇ ª
(
ȘȘˌ(ĭ) · ǹ · Ȁȩǃ Ɔ/ε√

ε

)
ɾȩ ȩųɾŏǞȘ ŏ ȘƚŏɟȀʿ ȩɔɾǞȒŏȀ

ȀȩʶࡷɟŏȘǺ ŏɔɔɟȩʾǞȒŏɾǞȩȘࡏ

ߡߝ

(X-x.v.at) ¥5759 ,

$
g b

Frthonormolize
→ r eVu,

Cathy µ t x5q . . . . )
(G, L x ' x ¥ EG , E x ) rooth(b))



ξ˨;̙Ύͻ͖В̥̙ ͻ̥ϑ͑Ύ̙χ

ĦǕŏɾ Ƈȩ ʿȩʕ ɾǕǞȘǺ ŏ ɯɾȩżǕŏɯɾǞż ʲƚɟɯǞȩȘ ȩǀ �ɟʿȀȩʲ ɯʕųɯɔŏżƚ
ȒƚɾǕȩƇ ʶȩʕȀƇ ȀȩȩǺ ȀǞǺƚࡐ

Kɗ =
[
ǃ,
(
ĭîĭ

)
· ǃ,

(
ĭîĭ

ߞ( · ǃ, . . . ,
(
ĭîĭ

)ɗ · ǃ
]

ߢߝ

1 ) G i l i t y

¥µµ 211¥11-Atb

xtxg 111M¥#Bg
W E E
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̥;ϑ͖ϑІ ̥ͻ̥̙̙͖̊;͇χ

�ɔɔȀǞżŏɾǞȩȘɯ ȩǀ ɔŏɟɾǞŏȀ ɯǞȘǃʕȀŏɟ ʲŏȀʕƚ ƇƚżȩȒɔȩɯǞɾǞȩȘࡇ

ࡄ �ȩʶࡷɟŏȘǺ ŏɔɔɟȩʾǞȒŏɾǞȩȘ Ƈŏɾŏ żȩȒɔɟƚɯɯǞȩȘ
ࡄ 4ƚȘȩǞɯǞȘǃࡈ ǞȘࡷɔŏǞȘɾǞȘǃࡈ ȒŏɾɟǞʾ żȩȒɔȀƚɾǞȩȘ
ࡄ ëƚȒŏȘɾǞż ƚȒųƚƇƇǞȘǃɯ

ߣߝ

TATH
y

ATA A -' x
A x



̥Ѕ˨ͻθͱ̥ࡇ ͱ˨ϑ̥;ϑ χ̥ͻ˨;ϑ͖̐ ˨;˨ͱІχ͖χ

ࡄ 〈$̒ ǝ,$̍ŏ〉 ≈ ߝ ʶǕƚȘ Ɔȧżǝ żȩȘɾŏǞȘɯ ʲȧɛƆŏࡏ
ࡄ vǀ Ɔȧżǝ ŏȘƇ Ɔȧżǝ ųȩɾǕ żȩȘɾŏǞȘ ʲȧɛƆŏࡈ 〈$̒ ǝ,$̍ŏ〉 ≈ 〈$̒ Ǳ,$̍ŏ〉 = ࡏߝ

ߤߝ

= D a

- a

w o m a nN a b

I f doing:-[
"" I and Y i ' a n ,

word i s : > am



̥Ѕ˨ͻθͱ̥ࡇ ͱ˨ϑ̥;ϑ χ̥ͻ˨;ϑ͖̐ ˨;˨ͱІχ͖χ

ࡄ ÷Ǖƚ żȩȀʕȒȘɯ ,ߞ̍$,ߝ̍$ . . . ǃǞʲƚ ɟƚɔɟƚɯƚȘɾŏɾǞȩȘɯ ȩǀ ʶȩɟƇɯࡈ ʶǞɾǕ
$̍ǝ ŏȘƇ $̍Ǳ ɾƚȘƇǞȘǃ ɾȩ Ǖŏʲƚ ǕǞǃǕ Ƈȩɾ ɔɟȩƇʕżɾ Ǟǀ ʲȧɛƆǝ ŏȘƇ
ʲȧɛƆǱ ŏɔɔƚŏɟ ǞȘ ȒŏȘʿ ȩǀ ɾǕƚ ɯŏȒƚ ƇȩżʕȒƚȘɾɯࡏ

ࡄ Ļ żȩɟɟƚɯɔȩȘƇɯ ɾȩ ɾǕƚ ɾȩɔ ǹ ɟǞǃǕɾ ɯǞȘǃʕȀŏɟ ʲƚżɾȩɟɯࡇ ɾǕƚ
ƚǞǃƚȘʲƚżɾȩɟɯ ȩǀ ĭĭîࡏ vȘɾʕǞɾǞʲƚȀ ʿࡈ ʶǕŏɾ Ǟɯ ĭĭîࡐ

ࡄ (ĭĭî)ǝ,Ǳ =

ߥߝ

iff l? .....,÷:x÷i'

M M
o f X D x i x
yay word,..word' # o f documents
↳ wordy}(xtx);j= both wordi .

w o r d n - a n d j appeari n .



̥Ѕ˨ͻθͱ̥ࡇ ϾΎξ̙ ̥ͻ̥̙̙͖̊;͇

�ȩɾ ȩųʲǞȩʕɯ Ǖȩʶ ɾȩ żȩȘʲƚɟɾ ŏ ʶȩɟƇ ǞȘɾȩ ŏ ǀƚŏɾʕɟƚ ʲƚżɾȩɟ ɾǕŏɾ
żŏɔɾʕɟƚɯ ɾǕƚ ȒƚŏȘǞȘǃ ȩǀ ɾǕŏɾ ʶȩɟƇࡏ �ɔɔɟȩŏżǕ ɯʕǃǃƚɯɾƚƇ ųʿ
�ëࡇ� ųʕǞȀƇ ŏ Ɔ× Ɔ ɯʿȒȒƚɾɟǞż ɯǞȒǞȀŏɟǞɾʿࢅ ȒŏɾɟǞʾࢆ � ųƚɾʶƚƚȘ
ʶȩɟƇɯࡈ ŏȘƇ ǀŏżɾȩɟǞˌƚࡇ � ≈ __î ǀȩɟ ɟŏȘǺ ǹ ࡏ_

ࡄ ëǞȒǞȀŏɟǞɾʿ Ȓƚŏɯʕɟƚɯࡇ mȩʶ ȩǀɾƚȘ Ƈȩ ʲȧɛƆǝ,ʲȧɛƆǱ ŏɔɔƚŏɟ ǞȘ
ɾǕƚ ɯŏȒƚ ɯƚȘɾƚȘżƚࡈ ǞȘ ɾǕƚ ɯŏȒƚ ʶǞȘƇȩʶ ȩǀ ʲ ʶȩɟƇɯࡈ ǞȘ
ɯǞȒǞȀŏɟ ɔȩɯǞɾǞȩȘɯ ȩǀ ƇȩżʕȒƚȘɾɯ ǞȘ ƇǞǀǀƚɟƚȘɾ ȀŏȘǃʕŏǃƚɯࡐ

ࡄ áƚɔȀŏżǞȘǃ ĭĭî ʶǞɾǕ ɾǕƚɯƚ ƇǞǀǀƚɟƚȘɾ ȒƚɾɟǞżɯ ɯȩȒƚɾǞȒƚɯ
ŏɔɔɟȩɔɟǞŏɾƚȀʿ ɾɟŏȘɯǀȩɟȒƚƇ ȀƚŏƇɯ ɾȩ ɔȩɔʕȀŏɟ ʶȩɟƇ
ƚȒųƚƇƇǞȘǃ ŏȀǃȩɟǞɾǕȒɯࡇ ûÐß�úࡈ�� $ÂÐqࡈ� ƚɾżࡏ

ߜߞ

=

"µ#biff t f <bi,bi>= Mi;

similarity

between
words



̥Ѕ˨ͻθͱ̥ࡇ Ύξ̙ Cͻ̥̙̙͖̊;͇

ûÐß�ú�� ʶŏɯ ȩɟǞǃǞȘŏȀȀʿ ƇƚɯżɟǞųƚƇ ŏɯ ŏ ȘƚʕɟŏȀࡷȘƚɾʶȩɟǺ
ȒƚɾǕȩƇࡈ ųʕɾ �ƚʲʿ ŏȘƇ bȩȀƇųƚɟǃ ɯǕȩʶ ɾǕŏɾ Ǟɾ Ǟɯ ɯǞȒɔȀʿ ȀȩʶࡷɟŏȘǺ
ŏɔɔɟȩʾǞȒŏɾǞȩȘ ȩǀ ŏ ɯɔƚżǞ˙ż ɯǞȒǞȀŏɟǞɾʿ ȒŏɾɟǞʾࡏ �ƙʑɛŏǿ ʲȧɛƆ

ƙȑųƙƆƆǝȗǂ ŏɫ ǝȑɑǿǝżǝɺ ȑŏɺɛǝʺ ƿŏżɺȧɛǝˈŏɺǝȧȗࡒ
ߝߞ

• a

• a•

word→
vector

••
•

•

•
•



̥;̐Ύ̙͖;͇ ͇ξ˨θ͑ χ͖ͻ͖ͱ˨ξ͖ϑІ

°ǀɾƚȘ Ƈŏɾŏ Ǟɯ ɟƚɔɟƚɯƚȘɾƚƇ ŏɯ ŏ ǃɟŏɔǕ ŏȘƇ ɯǞȒǞȀŏɟǞɾǞƚɯ żŏȘ ųƚ
ȩųɾŏǞȘƚƇ ǀɟȩȒ ɾǕŏɾ ǃɟŏɔǕࡇ

ߞߞ

1 Hell
• • .

I s

• =
° =



̥;̐Ύ̙͖;͇ ͇ξ˨θ͑ χ͖ͻ͖ͱ˨ξ͖ϑІ

ߟߞ



В˨̐͑˨ξІ ͬ˨ξ˨ϑ̥ ̐ͱϟ̊ ̙ξ˨ͻ˨

ëȩżǞŏȀ ȘƚɾʶȩɟǺɯ ǞȘ ࡇߜߣߥߝ Ǖƚ÷ࢅ ȘƚɾʶȩɟǺ żŏɔɾʕɟƚɯ ߠߟ ȒƚȒųƚɟɯ ȩǀ ŏ
Ǻŏɟŏɾƚ żȀʕųࡈ ƇȩżʕȒƚȘɾǞȘǃ ȀǞȘǺɯ ųƚɾʶƚƚȘ ɔŏǞɟɯ ȩǀ ȒƚȒųƚɟɯ ʶǕȩ
ǞȘɾƚɟŏżɾƚƇ ȩʕɾɯǞƇƚ ɾǕƚ żȀʕųࡏ 4ʕɟǞȘǃ ɾǕƚ ɯɾʕƇʿ ŏ żȩȘ˚Ǟżɾ ŏɟȩɯƚ
ųƚɾʶƚƚȘ ɾǕƚ ŏƇȒǞȘǞɯɾɟŏɾȩɟ �ȩǕȘࢆ ࢆ� ŏȘƇ ǞȘɯɾɟʕżɾȩɟ ࡏ�ɟࢆ mǞࢆ
ࡈɔɯƚʕƇȩȘʿȒɯ ʶǕǞżǕ ȀƚƇ ɾȩ ɾǕƚ ɯɔȀǞɾ ȩǀ ɾǕƚ żȀʕų ǞȘɾȩ ɾʶȩࡏ mŏȀǀ ȩǀ ɾǕƚ
ȒƚȒųƚɟɯ ǀȩɟȒƚƇ ŏ Șƚʶ żȀʕų ŏɟȩʕȘƇ �ɟࡏ mǞࡔ ȒƚȒųƚɟɯ ǀɟȩȒ ɾǕƚ ȩɾǕƚɟ
ɔŏɟɾ ǀȩʕȘƇ ŏ Șƚʶ ǞȘɯɾɟʕżɾȩɟ ȩɟ ǃŏʲƚ ʕɔ Ǻŏɟŏɾƚࡏ $ŏɯƚƇ ȩȘ żȩȀȀƚżɾƚƇ
Ƈŏɾŏ ĻŏżǕŏɟʿ żȩɟɟƚżɾȀʿ ŏɯɯǞǃȘƚƇ ŏȀȀ ųʕɾ ȩȘƚ ȒƚȒųƚɟ ȩǀ ɾǕƚ żȀʕų ɾȩ
ɾǕƚ ǃɟȩʕɔɯ ɾǕƚʿ ŏżɾʕŏȀȀʿ ǲȩǞȘƚƇ ŏǀɾƚɟ ɾǕƚ ɯɔȀǞɾࢆࡏ ࡵ ĦǞǺǞɔƚƇǞŏ

ߠߞ



χθ̥̐ϑξ˨ͱ ̐ͱϟχϑ̥ξ͖;͇

vƇƚŏࡇ +ȩȘɯɾɟʕżɾ ɯʿȘɾǕƚɾǞż ǃɟŏɔǕ ǀȩɟ Ƈŏɾŏ ɾǕŏɾ Ǟɯ ǕŏɟƇ ɾȩ żȀʕɯɾƚɟࡏ

ëɔƚżɾɟŏȀ +ȀʕɯɾƚɟǞȘǃࡈ �ŏɔȀŏżǞŏȘ CǞǃƚȘȒŏɔɯࡈ �ȩżŏȀȀʿ ȀǞȘƚŏɟ
ƚȒųƚƇƇǞȘǃࡈ vɯȩȒŏɔࡈ ƚɾżࡏ

ߡߞ

T x w

/
low-rain



χθ̥̐ϑξ˨ͱ ͇ξ˨θ͑ ϑ̥͑ΎξІ

ëɔƚżɾɟŏȀ ǃɟŏɔǕ ɾǕƚȩɟʿ Ȁƚɾɯ ʕɯ ǀȩɟȒŏȀǞˌƚ ɾǕǞɯ ǕƚʕɟǞɯɾǞż ǞƇƚŏࡏ

ߢߞ

-

Laplacions → mat r i x representation o f

Ajacency14am
a sraph

Powerso f
Ajacenguatrix



̐ϟϑ ͻ͖;͖ͻ͖В˨ϑ͖Ύ;

bȩŏȀࡇ ÚŏɟɾǞɾǞȩȘ ȘȩƇƚɯ ŏȀȩȘǃ ŏ żʕɾ ɾǕŏɾࡇ

ࡄ mŏɯ ǀƚʶ żɟȩɯɯǞȘǃ ƚƇǃƚɯࡇ |{(ʑ, ʮ) ∈ A : ʑ ∈ ã, ʮ ∈ î}| Ǟɯ ɯȒŏȀȀࡏ
ࡄ ëƚɔŏɟŏɾƚɯ Ȁŏɟǃƚ ɔŏɟɾǞɾǞȩȘɯࡇ |ã|, |î| ŏɟƚ Șȩɾ ɾȩȩ ɯȒŏȀȀࡏ

ߣߞ

)[ '
" ' "÷

T

s



ϑ̥͑ ͱ˨θͱ˨͖̐˨; ϻ͖̥Ͼ

_ȩɟ ŏ ǃɟŏɔǕ ʶǞɾǕ ŏƇǲŏżƚȘżʿ ȒŏɾɟǞʾ � ŏȘƇ Ƈƚǃɟƚƚ ȒŏɾɟǞʾ ࡈ4
� = 4− � Ǟɯ ɾǕƚ ǃɟŏɔǕ �ŏɔȀŏżǞŏȘࡏ

� = $î$ ʶǕƚɟƚ $ Ǟɯ ɾǕƚ ʲƚɟɾƚʾࡷƚƇǃƚࢅ ǞȘżǞƇƚȘżƚࢆ ȒŏɾɟǞʾࡏ

$ =

ߤߞ

"Oi
O O

O

edges@
→ jg?"":::" F¥F÷f¥.-he
± → F y
I - I /e]itevent t e ,e s t t e >e a t = BTB



ϑ̥͑ ͱ˨θͱ˨͖̐˨; ϻ͖̥Ͼ

+ȩȘżȀʕɯǞȩȘɯ ǀɟȩȒ � = $î$

ࡄ � Ǟɯ ɔȩɯǞɾǞʲƚ ɯƚȒǞƇƚ˙ȘǞɾƚࡇ ʾî�ʾ ≥ ߜ ǀȩɟ ŏȀȀ ʾࡏ

ࡄ � = ģΣߞģî ʶǕƚɟƚ ĆΣߞģî Ǟɯ ɯ࢈$ ëģ4ࡏ +ȩȀʕȒȘɯ ȩǀ ģ ŏɟƚ
ƚǞǃƚȘʲƚżɾȩɟɯ ȩǀ ࡏ�

ࡄ _ȩɟ ŏ żʕɾ ǞȘƇǞżŏɾȩɟ ʲƚżɾȩɟ ż ∈ ,ߝ−} ȗ{ߝ ʶǞɾǕ ż(ǝ) = ߝ− ǀȩɟ
ǝ ∈ ã ŏȘƇ ż(ǝ) = ߝ ǀȩɟ ǝ ∈ îࡇ
ࡄ żî�ż = ∑

(ǝ,Ǳ)∈A(ż(ǝ)− ż(Ǳ))ߞ = ߠ · żʑɺ(ã, î)ࡏ

ߥߞ

X tL x = X TB ' B X = 1113×11?
- →

•

✓= ✓ zu t u sVT-✓S t r t
~
I

T i m s

"""I
]

EEL.-11130115 ¥#%y, between
÷ FIEL

D. -pho i t
eases:D"

node"1 "inside,, g o , T
Zther'"



ϑ̥͑ ͱ˨θͱ˨͖̐˨; ϻ͖̥Ͼ

_ȩɟ ŏ żʕɾ ǞȘƇǞżŏɾȩɟ ʲƚżɾȩɟ ż ∈ ,ߝ−} ȗ{ߝ ʶǞɾǕ ż(ǝ) = ߝ− ǀȩɟ ǝ ∈ ã
ŏȘƇ ż(ǝ) = ߝ ǀȩɟ ǝ ∈ îࡇ

ࡄ żî�ż = ߠ · żʑɺ(ã, î)ࡏ
ࡄ żîߝ = |î|− |ã|ࡏ

ĦŏȘɾ ɾȩ ȒǞȘǞȒǞˌƚ ųȩɾǕ żî�ż żʕɾ ɯǞˌƚ ŏȘƇ żîߝ ࡏǞȒųŏȀŏȘżƚ
ߜߟ

=

# went s w e l l → suckc u t

a
1011=1151-1st)



χͻ˨ͱͱ̥χϑ ͱ˨θͱ˨͖̐˨; ̥͖͇̥;ϻ̥̐ϑΎξ

+ȩʕɟŏȘɾࡵ_ǞɯżǕƚɟ ȒǞȘࡷȒŏʾ ɔɟǞȘżǞɔȀƚ

�ƚɾ ģ = [ʲߝ, . . . , ʲȗ] ųƚ ɾǕƚ ƚǞǃƚȘʲƚżɾȩɟɯ ȩǀ ࡏ�

ʲߝ = ŏɟǃȒŏʾ
‖ʲ‖=ߝ

ʲî�ʲ

ʲߞ = ŏɟǃȒŏʾ
‖ʲ‖=ߝ,ʲ⊥ʲߝ

ʲî�ʲ

ʲߟ = ŏɟǃȒŏʾ
‖ʲ‖=ߝ,ʲ⊥ʲߝ,ʲߞ

ʲî�ʲ

ࡏࡏࡏ
ʲȗ = ŏɟǃȒŏʾ

‖ʲ‖=ߝ,ʲ⊥ʲߝ,...,ʲȗ−ߝ

ʲî�ʲ

ߝߟ

↳¥ector

↳
"LuvTHE

-
=
1141¥-Ill-will:



χͻ˨ͱͱ̥χϑ ͱ˨θͱ˨͖̐˨; ̥͖͇̥;ϻ̥̐ϑΎξ

+ȩʕɟŏȘɾࡵ_ǞɯżǕƚɟ ȒǞȘࡷȒŏʾ ɔɟǞȘżǞɔȀƚ

�ƚɾ ģ = [ʲߝ, . . . , ʲȗ] ųƚ ɾǕƚ ƚǞǃƚȘʲƚżɾȩɟɯ ȩǀ ࡏ�

ʲȗ = ŏɟǃȒǞȘ
‖ʲ‖=ߝ

ʲî�ʲ

ʲȗ−ߝ = ŏɟǃȒǞȘ
‖ʲ‖=ߝ,ʲ⊥ʲȗ

ʲî�ʲ

ʲȗ−ߞ = ŏɟǃȒǞȘ
‖ʲ‖=ߝ,ʲ⊥ʲȗ,ʲȗ−ߝ

ʲî�ʲ

ࡏࡏࡏ
ʲߝ = ŏɟǃȒǞȘ

‖ʲ‖=ߝ,ʲ⊥ʲȗ,...,ʲߞ
ʲî�ʲ

ߞߟ

I t



χͻ˨ͱͱ̥χϑ ͱ˨θͱ˨͖̐˨; ̥͖͇̥;ϻ̥̐ϑΎξ

÷Ǖƚ ɯȒŏȀȀƚɯɾ ƚǞǃƚȘʲƚżɾȩɟࡕɯǞȘǃʕȀŏɟ ʲƚżɾȩɟ ʲȗ ɯŏɾǞɯ˙ƚɯࡇ

ʲȗ =
√ߝ
ȗ
· ߝ = ŏɟǃȒǞȘ

ʮ∈Rȗ ʶǞɾǕ ‖ʲ‖=ߝ
ʲî�ʲ

ʶǞɾǕ ʲîȗ�ʲȗ = ࡏߜ

ߟߟ

-

o -
m..If

W 'K

Lvn = 8



χ̥̐Ύ;̙ χͻ˨ͱͱ̥χϑ ͱ˨θͱ˨͖̐˨; ̥͖͇̥;ϻ̥̐ϑΎξ

$ʿ +ȩʕɟŏȘɾࡷ_ǞɯżǕƚɟࡈ ʲȗ−ߝ Ǟɯ ǃǞʲƚȘ ųʿࡇ

ʲȗ−ߝ = ŏɟǃȒǞȘ
‖ʲ‖=ߝ, ʲîȗʲ=ߜ

ʲî�ʲ

vǀ ʲȗ−ߝ ʶƚɟƚ ųǞȘŏɟʿ ,ߝ−} ȗ{ߝ Ǟɾ ʶȩʕȀƇ Ǖŏʲƚࡇ

ࡄ ʲîȗ−ߝ�ʲȗ−ߝ = żʑɺ(ã, î) ŏɯ ɯȒŏȀȀ ŏɯ ɔȩɯɯǞųȀƚ ǃǞʲƚȘ ɾǕŏɾ
ʲîȗ−ߝߝ = |î|− |ã| = ࡏߜ

ࡄ ʲȗ−ߝ ʶȩʕȀƇ ǞȘƇǞżŏɾƚ ɾǕƚ ɯȒŏȀȀƚɯɾ ɔƚɟǀƚżɾȀʿ ųŏȀŏȘżƚƇ żʕɾࡏ

ʲȗ−ߝ ∈ Rȗ Ǟɯ Șȩɾ ǃƚȘƚɟŏȀȀʿ ųǞȘŏɟ ʿࡈ ųʕɾ ɯɾǞȀȀ ɯŏɾǞɯ˙ƚɯ ŏ ࢈ɟƚȀŏʾƚƇࢇ
ʲƚɟɯǞȩȘ ȩǀ ɾǕǞɯ ɔɟȩɔƚɟɾ ʿࡏ

ߠߟ

µ
scaleda l l o n e s

-

O
o -



̐ϟϑϑ͖;͇ Ͼ͖ϑ͑ ϑ̥͑ χ̥̐Ύ;̙ ͱ˨θͱ˨͖̐˨; ̥͖͇̥;ϻ̥̐ϑΎξ

_ǞȘƇ ŏ ǃȩȩƇ ɔŏɟɾǞɾǞȩȘ ȩǀ ɾǕƚ ǃɟŏɔǕ ųʿ żȩȒɔʕɾǞȘǃ

ʲȗ−ߝ = ŏɟǃȒǞȘ
ʮ∈Rȗ ʶǞɾǕ ‖ʲ‖=ߝ, ʲîߜ=ߝ

ʲî�ʲ

ëƚɾ ã ɾȩ ųƚ ŏȀȀ ȘȩƇƚɯ ʶǞɾǕ ʲȗ−ߝ(ǝ) < ࡈߜ ŏȘƇ î ɾȩ ųƚ ŏȀȀ ʶǞɾǕ
ʲȗ−ߝ(ǝ) ≥ ࡏߜ

ߡߟ



̐ϟϑϑ͖;͇ Ͼ͖ϑ͑ ϑ̥͑ χ̥̐Ύ;̙ ͱ˨θͱ˨͖̐˨; ̥͖͇̥;ϻ̥̐ϑΎξ

_ǞȘƇ ŏ ǃȩȩƇ ɔŏɟɾǞɾǞȩȘ ȩǀ ɾǕƚ ǃɟŏɔǕ ųʿ żȩȒɔʕɾǞȘǃ

ʲȗ−ߝ = ŏɟǃȒǞȘ
ʮ∈Rȗ ʶǞɾǕ ‖ʲ‖=ߝ, ʲîߜ=ߝ

ʲî�ʲ

ëƚɾ ã ɾȩ ųƚ ŏȀȀ ȘȩƇƚɯ ʶǞɾǕ ʲȗ−ߝ(ǝ) < ࡈߜ ŏȘƇ î ɾȩ ųƚ ŏȀȀ ʶǞɾǕ
ʲȗ−ߝ(ǝ) ≥ ࡏߜ

ߡߟ



χθ̥̐ϑξ˨ͱ θ˨ξϑ͖ϑ͖Ύ;͖;͇ ͖; θξ˨̐ϑ͖̥̐

÷Ǖƚ ëǕǞࡷ�ŏȀǞǺ ȘȩɟȒŏȀǞˌƚƇ żʕɾɯ ŏȀǃȩɟǞɾǕȒ Ǟɯ ȩȘƚ ȩǀ ɾǕƚ Ȓȩɯɾ
żȩȒȒȩȘȀʿ ʕɯƚƇ ʲŏɟǞŏȘɾɯ ȩǀ ɾǕǞɯ ŏɔɔɟȩŏżǕࡈ ʕɯǞȘǃ ɾǕƚ
ȘȩɟȒŏȀǞˌƚƇ �ŏɔȀŏżǞŏȘ � = ࡏߞ/ߝ−�4ߞ/ߝ−4

vȒɔȩɟɾŏȘɾ żȩȘɯǞƇƚɟŏɾǞȩȘࡇ ĦǕŏɾ ɾȩ Ƈȩ ʶǕƚȘ ʶƚ ʶŏȘɾ ɾȩ ɯɔȀǞɾ
ɾǕƚ ǃɟŏɔǕ ǞȘɾȩ Ȓȩɟƚ ɾǕŏȘ ɾʶȩ ɔŏɟɾɯࡐ

ߢߟ



χθ̥̐ϑξ˨ͱ θ˨ξϑ͖ϑ͖Ύ;͖;͇ ͖; θξ˨̐ϑ͖̥̐

ëɔƚżɾɟŏȀ +ȀʕɯɾƚɟǞȘǃࡇ

ࡄ +ȩȒɔʕɾƚ ɯȒŏȀȀƚɯɾ ǹ ƚǞǃƚȘʲƚżɾȩɟɯ ʲȗ−ߝ, . . . , ʲȗ−ǹ ȩǀ ࡏ�
ࡄ áƚɔɟƚɯƚȘɾ ƚŏżǕ ȘȩƇƚ ųʿ Ǟɾɯ żȩɟɟƚɯɔȩȘƇǞȘǃ ɟȩʶ ǞȘ ģ ∈ Rȗ×ǹ

ʶǕȩɯƚ ɟȩʶɯ ŏɟƚ ʲȗ−ߝ, . . . ʲȗ−ǹࡏ
ࡄ +Ȁʕɯɾƚɟ ɾǕƚɯƚ ɟȩʶɯ ʕɯǞȘǃ ǹࡷȒƚŏȘɯ żȀʕɯɾƚɟǞȘǃ ȩɟ ɟƚŏȀȀʿ ŏȘʿ
żȀʕɯɾƚɟǞȘǃ ȒƚɾǕȩƇࡏ

ߣߟ



ͱ˨θͱ˨͖̐˨; ̥ͻ̥̙̙͖̊;͇

°ɟǞǃǞȘŏȀ 4ŏɾŏࡇ Șȩɾ ȀǞȘƚŏɟȀʿ ɯƚɔŏɟŏųȀƚ

ߤߟ



ͱ˨θͱ˨͖̐˨; ̥ͻ̥̙̙͖̊;͇

ǹࡷ�ƚŏɟƚɯɾ �ƚǞǃǕųȩɟɯ bɟŏɔǕࡇ

ߥߟ



ͱ˨θͱ˨͖̐˨; ̥ͻ̥̙̙͖̊;͇

CȒųƚƇƇǞȘǃ ʶǞɾǕ ƚǞǃƚȘʲƚżɾȩɟɯ ʲȗ−ߝ, ʲȗ−ࡇߞ ȀǞȘƚŏɟȀʿ ɯƚɔŏɟŏųȀƚ

ߜߠ



͇̥;̥ξ˨ϑ͖ϻ̥ ͻΎ̙̥ͱχ

ëȩ ǀŏɟࡇ ëǕȩʶƚƇ ɾǕŏɾ ɯɔƚżɾɟŏȀ żȀʕɯɾƚɟǞȘǃ ɔŏɟɾǞɾǞȩȘɯ ŏ ǃɟŏɔǕ
ŏȀȩȘǃ ŏ ɯȒŏȀȀ żʕɾ ųƚɾʶƚƚȘ Ȁŏɟǃƚ ɔǞƚżƚɯࡏ

ࡄ �ȩ ǀȩɟȒŏȀ ǃʕŏɟŏȘɾƚƚ ȩȘ ɾǕƚ ࢈ɛʕŏȀǞɾʿࢇ ȩǀ ɾǕƚ ɔŏɟɾǞɾǞȩȘǞȘǃࡏ
ࡄ ĦȩʕȀƇ ųƚ ƇǞǀ˙żʕȀɾ ɾȩ ŏȘŏȀʿˌƚ ǀȩɟ ǃƚȘƚɟŏȀ ǞȘɔʕɾ ǃɟŏɔǕɯࡏ

+ȩȒȒȩȘ ŏɔɔɟȩŏżǕࡇ bǞʲƚ ŏ ȘŏɾʕɟŏȀ ǃƚȘƚɟŏɾǞʲƚ ȒȩƇƚȀ ǀȩɟ ʶǕǞżǕ
ɔɟȩƇʕżƚɯ ɟŏȘƇȩȒ ųʕɾ ɟƚŏȀǞɯɾǞż ǞȘɔʕɾɯ ŏȘƇ ŏȘŏȀʿˌƚ Ǖȩʶ ɾǕƚ
ŏȀǃȩɟǞɾǕȒ ɔƚɟǀȩɟȒɯ ȩȘ ǞȘɔʕɾɯ ƇɟŏʶȘ ǀɟȩȒ ɾǕǞɯ ȒȩƇƚȀࡏ

ࡄ ģƚɟʿ żȩȒȒȩȘ ǞȘ ŏȀǃȩɟǞɾǕȒ ƇƚɯǞǃȘ ǀȩɟ Ƈŏɾŏ
ŏȘŏȀʿɯǞɯࡕȒŏżǕǞȘƚ ȀƚŏɟȘǞȘǃ żŏȘ ųƚ ʕɯƚƇ ɾȩ ǲʕɯɾǞǀʿ ߞ% ȀǞȘƚŏɟ
ɟƚǃɟƚɯɯǞȩȘࡈ ǹࡷȒƚŏȘɯ żȀʕɯɾƚɟǞȘǃࡈ Ú+ࡈ� ƚɾżࡏ

ߝߠ



χϑΎ̐͑˨χϑ͖̐ ̊ͱΎ̐ͬ ͻΎ̙̥ͱ

vƇƚŏɯ ǀȩɟ ŏ ǃƚȘƚɟŏɾǞʲƚ ȒȩƇƚȀ ǀȩɟ ǃɟŏɔǕɯ ɾǕŏɾ ʶȩʕȀƇ ŏȀȀȩʶ ʕɯ ɾȩ
ʕȘƇƚɟɯɾŏȘƇ ɔŏɟɾǞɾǞȩȘǞȘǃࡐ

ߞߠ



χϑΎ̐͑˨χϑ͖̐ ̊ͱΎ̐ͬ ͻΎ̙̥ͱ

ëɾȩżǕŏɯɾǞż $ȀȩżǺ �ȩƇƚȀ ÚȀŏȘɾƚƇ ÚŏɟɾǞɾǞȩȘ �ȩƇƚȀࡇ

�ƚɾ `ȗ(ɑ,ɗ) ųƚ ŏ ƇǞɯɾɟǞųʕɾǞȩȘ ȩʲƚɟ ǃɟŏɔǕɯ ȩȘ ȗ ȘȩƇƚɯࡈ ɯɔȀǞɾ
ƚɛʕŏȀȀʿ ǞȘɾȩ ɾʶȩ ǃɟȩʕɔɯ $ ŏȘƇ ࡈ* ƚŏżǕ ʶǞɾǕ ȗ/ߞ ȘȩƇƚɯࡏ

ࡄ �Șʿ ɾʶȩ ȘȩƇƚɯ ǞȘ ɾǕƚ ɯŏȒƚ ǃɟȩʕɔ ŏɟƚ żȩȘȘƚżɾƚƇ ʶǞɾǕ
ɔɟȩųŏųǞȀǞɾʿ ɑ ǞȘżȀʕƇǞȘǃ ɯƚȀǀࡷȀȩȩɔɯࡏ

ࡄ �Șʿ ɾʶȩ ȘȩƇƚɯ ǞȘ ƇǞǀǀƚɟƚȘɾ ǃɟȩʕɔɯ ŏɟƚ żȩȘȘƚżɾƚƇ ʶǞɾǕ
ɔɟȩųࡏ ɗ < ɑࡏ

ߟߠ



ͱ͖;̥˨ξ ˨ͱ͇̥̊ξ˨͖̐ ϻ͖̥Ͼ

�ƚɾ ` ųƚ ŏ ɯɾȩżǕŏɯɾǞż ųȀȩżǺ ȒȩƇƚȀ ǃɟŏɔǕ ƇɟŏʶȘ ǀɟȩȒ `ȗ(ɑ,ɗ)ࡏ

ࡄ �ƚɾ � ∈ Rȗ×ȗ ųƚ ɾǕƚ ŏƇǲŏżƚȘżʿ ȒŏɾɟǞʾ ȩǀ ࡏ` ĦǕŏɾ Ǟɯ E[�]ࡐ

ߠߠ



̥Ѕθ̥̐ϑ̥̙ ˨̙ͩ˨̥̐;̐І χθ̥̐ϑξϟͻ

�ƚɾɾǞȘǃ ` ųƚ ŏ ɯɾȩżǕŏɯɾǞż ųȀȩżǺ ȒȩƇƚȀ ǃɟŏɔǕ ƇɟŏʶȘ ǀɟȩȒ
`ȗ(ɑ,ɗ) ŏȘƇ � ∈ Rȗ×ȗ ųƚ Ǟɾɯ ŏƇǲŏżƚȘżʿ ȒŏɾɟǞʾࡏ (E[�])ǝ,Ǳ = ɑ ǀȩɟ
ǝ, Ǳ ǞȘ ɯŏȒƚ ǃɟȩʕɔࡈ (E[�])ǝ,Ǳ = ɗ ȩɾǕƚɟʶǞɯƚࡏ

ĦǕŏɾ ŏɟƚ ɾǕƚ
ƚǞǃƚȘʲƚżɾȩɟɯ ŏȘƇ
ƚǞǃƚȘʲŏȀʕƚɯ ȩǀ E[�]ࡐ

ߡߠ



̥Ѕθ̥̐ϑ̥̙ ˨̙ͩ˨̥̐;̐І χθ̥̐ϑξϟͻ

�ƚɾɾǞȘǃ ` ųƚ ŏ ɯɾȩżǕŏɯɾǞż ųȀȩżǺ ȒȩƇƚȀ ǃɟŏɔǕ ƇɟŏʶȘ ǀɟȩȒ
`ȗ(ɑ,ɗ) ŏȘƇ � ∈ Rȗ×ȗ ųƚ Ǟɾɯ ŏƇǲŏżƚȘżʿ ȒŏɾɟǞʾࡈ ʶǕŏɾ ŏɟƚ ɾǕƚ
ƚǞǃƚȘʲƚżɾȩɟɯ ŏȘƇ ƚǞǃƚȘʲŏȀʕƚɯ ȩǀ E[�]ࡐ

ߢߠ



̥Ѕθ̥̐ϑ̥̙ ˨̙ͩ˨̥̐;̐І χθ̥̐ϑξϟͻ

ࡄ $ʮߝ = ߝ$ ʶǞɾǕ ƚǞǃƚȘʲŏȀʕƚ λߝ =
(ɑ+ɗ)ȗ

ߞ ࡏ
ࡄ $ʮߞ = χ$,* ʶǞɾǕ ƚǞǃƚȘʲŏȀʕƚ λߞ =

(ɑ−ɗ)ȗ
ߞ ࡏ

ࡄ χ$,*(ǝ) = ߝ Ǟǀ ǝ ∈ $ ŏȘƇ χ$,*(ǝ) = ߝ− ǀȩɟ ǝ ∈ ࡏ*

vǀ ʶƚ żȩȒɔʕɾƚ $ʮߞ ɾǕƚȘ ʶƚ ɟƚżȩʲƚɟ ɾǕƚ żȩȒȒʕȘǞɾǞƚɯ $ ŏȘƇ ࡋ*

ߣߠ



̥Ѕθ̥̐ϑ̥̙ ͱ˨θͱ˨͖̐˨; χθ̥̐ϑξϟͻ

�ƚɾɾǞȘǃ ` ųƚ ŏ ɯɾȩżǕŏɯɾǞż ųȀȩżǺ ȒȩƇƚȀ ǃɟŏɔǕ ƇɟŏʶȘ ǀɟȩȒ
`ȗ(ɑ,ɗ)ࡈ � ∈ Rȗ×ȗ ųƚ Ǟɾɯ ŏƇǲŏżƚȘżʿ ȒŏɾɟǞʾ ŏȘƇ � ųƚ Ǟɾɯ
�ŏɔȀŏżǞŏȘࡈ ʶǕŏɾ ŏɟƚ ɾǕƚ ƚǞǃƚȘʲƚżɾȩɟɯ ŏȘƇ ƚǞǃƚȘʲŏȀʕƚɯ ȩǀ E[�]ࡐ

ߤߠ



̥Ѕθ̥̐ϑ̥̙ ͱ˨θͱ˨͖̐˨; χθ̥̐ϑξϟͻ

ĆɔɯǕȩɾࡇ ÷Ǖƚ ɯƚżȩȘƇ ɯȒŏȀȀ ƚǞǃƚȘʲƚżɾȩɟ ȩǀ E[�] Ǟɯ χ$,* ࡵ ɾǕƚ
ǞȘƇǞżŏɾȩɟ ʲƚżɾȩɟ ǀȩɟ ɾǕƚ żʕɾ ųƚɾʶƚƚȘ ɾǕƚ żȩȒȒʕȘǞɾǞƚɯࡏ

ࡄ vǀ ɾǕƚ ɟŏȘƇȩȒ ǃɟŏɔǕ ` ƚɛʕǞʲǞȀŏȘɾȀʿ � ŏȘƇ � ʶƚɟƚ ƚʾŏżɾȀʿ
ƚɛʕŏȀ ɾȩ Ǟɾɯ ƚʾɔƚżɾŏɾǞȩȘࡈ ɔŏɟɾǞɾǞȩȘǞȘǃ ʕɯǞȘǃ ɾǕǞɯ
ƚǞǃƚȘʲƚżɾȩɟ ʶȩʕȀƇ ƚʾŏżɾȀʿ ɟƚżȩʲƚɟ żȩȒȒʕȘǞɾǞƚɯ $ ŏȘƇ ࡏ*

mȩʶ Ƈȩ ʶƚ ɯǕȩʶ ɾǕŏɾ ŏ ȒŏɾɟǞʾ ࡈࡏǃࡏƚ � Ǟɯ żȀȩɯƚ ɾȩ Ǟɾɯ
ƚʾɔƚżɾŏɾǞȩȘࡐ �ŏɾɟǞʾ żȩȘżƚȘɾɟŏɾǞȩȘ ǞȘƚɛʕŏȀǞɾǞƚɯࡏ

ࡄ �ȘŏȀȩǃȩʕɯ ɾȩ ɯżŏȀŏɟ żȩȘżƚȘɾɟŏɾǞȩȘ ǞȘƚɛʕŏȀǞɾǞƚɯ ȀǞǺƚ
�ŏɟǺȩʲɯࡈ +ǕƚųʿɯǕƚʲɯࡈ $ƚɟȘɯɾƚǞȘɯࡏ

ࡄ áŏȘƇȩȒ ȒŏɾɟǞʾ ɾǕƚȩɟʿ Ǟɯ ŏ ʲƚɟʿ ɟƚżƚȘɾ ŏȘƇ żʕɾɾǞȘǃ ƚƇǃƚ
ɯʕų˙ƚȀƇ ȩǀ ȒŏɾǕƚȒŏɾǞżɯ ɾǕŏɾ Ǟɯ ųƚǞȘǃ ŏżɾǞʲƚȀʿ ŏɔɔȀǞƚƇ ǞȘ
żȩȒɔʕɾƚɟ ɯżǞƚȘżƚࡈ ɯɾŏɾǞɯɾǞżɯࡈ ŏȘƇ ȒŏżǕǞȘƚ ȀƚŏɟȘǞȘǃࡏ

ߥߠ



ͻ˨ϑξ͖Ѕ ̐Ύ;̥̐;ϑξ˨ϑ͖Ύ;

�ŏɾɟǞʾ +ȩȘżƚȘɾɟŏɾǞȩȘ vȘƚɛʕŏȀǞɾʿࡇ vǀ ɑ ≥ ª
(
Ȁȩǃߠ ȗ
ȗ

)
ࡈ ɾǕƚȘ

ʶǞɾǕ ǕǞǃǕ ɔɟȩųŏųǞȀǞɾʿ

‖�− E[�]‖ߞ ≤ ª(√ɑȗ).

ʶǕƚɟƚ ‖ · ߞ‖ Ǟɯ ɾǕƚ ȒŏɾɟǞʾ ɯɔƚżɾɟŏȀ ȘȩɟȒ ȩɔƚɟŏɾȩɟ ȘȩɟȒࡏ

_ȩɟ ĭ ∈ Rȗ×Ɔࡈ ‖ĭ‖ߞ = Ȓŏʾˈ∈RƆ:‖ˈ‖ߝ=ߞ ‖ĭˈ‖ࡏߞ

CʾƚɟżǞɯƚࡇ ëǕȩʶ ɾǕŏɾ ‖ĭ‖ߞ Ǟɯ ƚɛʕŏȀ ɾȩ ɾǕƚ Ȁŏɟǃƚɯɾ ɯǞȘǃʕȀŏɟ ʲŏȀʕƚ
ȩǀ ĭࡏ _ȩɟ ɯʿȒȒƚɾɟǞż ĭ ȀǞǺƚ �− E[�] ɯǕȩʶ ɾǕŏɾ Ǟɾ Ǟɯ ƚɛʕŏȀ ɾȩ ɾǕƚ
ȒŏǃȘǞɾʕƇƚ ȩǀ ɾǕƚ Ȁŏɟǃƚɯɾ ȒŏǃȘǞɾʕƇƚ ƚǞǃƚȘʲŏȀʕƚࡏ

_ȩɟ ɾǕƚ ɯɾȩżǕŏɯɾǞż ųȀȩżǺ ȒȩƇƚȀ ŏɔɔȀǞżŏɾǞȩȘࡈ ʶƚ ʶŏȘɾ ɾȩ ɯǕȩʶ
ɾǕŏɾ ɾǕƚ ɯƚżȩȘƇ ƚǞǃƚȘʲƚżɾȩɟɯ ȩǀ � ŏȘƇ E[�] ŏɟƚ żȀȩɯƚࡏ mȩʶ
Ƈȩƚɯ ɾǕǞɯ ɟƚȀŏɾƚ ɾȩ ɾǕƚǞɟ ƇǞǀǀƚɟƚȘżƚ ǞȘ ɯɔƚżɾɟŏȀ ȘȩɟȒࡐ ߜߡ



C͖͇̥;ϻ̥̐ϑΎξ Ú̥ξϑϟξ̊˨ϑ͖Ύ;

4ŏʲǞɯࡷ�ŏǕŏȘ CǞǃƚȘʲƚżɾȩɟ ÚƚɟɾʕɟųŏɾǞȩȘ ÷ǕƚȩɟƚȒࡇ ëʕɔࡷ
ɔȩɯƚ �,� ∈ RƆ×Ɔ ŏɟƚ ɯʿȒȒƚɾɟǞż ʶǞɾǕ ‖� − ߞ‖� ≤ ε

ŏȘƇ ƚǞǃƚȘʲƚżɾȩɟɯ ʮߝ, ʮߞ, . . . , ʮƆ ŏȘƇ ʮ̄ߝ, ʮ̄ߞ, . . . , ʮ̄Ɔࡏ �ƚɾɾǞȘǃ
θ(ʮǝ, ʮ̄ǝ) ƇƚȘȩɾƚ ɾǕƚ ŏȘǃȀƚ ųƚɾʶƚƚȘ ʮǝ ŏȘƇ ʮ̄ǝࡈ ǀȩɟ ŏȀȀ ǝࡇ

ɯǞȘ[θ(ʮǝ, ʮ̄ǝ)] ≤
ε

ȒǞȘǱ%=ǝ |λǝ − λǱ|

ʶǕƚɟƚ λߝ, . . . ,λƆ ŏɟƚ ɾǕƚ ƚǞǃƚȘʲŏȀʕƚɯ ȩǀ ࡏ�

÷Ǖƚ ƚɟɟȩɟ ǃƚɾɯ Ȁŏɟǃƚɟ Ǟǀ ɾǕƚɟƚ ŏɟƚ ƚǞǃƚȘʲŏȀʕƚɯ ʶǞɾǕ ɯǞȒǞȀŏɟ
ȒŏǃȘǞɾʕƇƚɯࡏ

ߝߡ



̥͖͇̥;ϻ̥̐ϑΎξ θ̥ξϑϟξ̊˨ϑ͖Ύ;

ߞߡ



˨θθͱ͖̐˨ϑ͖Ύ; ϑΎ χϑΎ̐͑˨χϑ͖̐ ̊ͱΎ̐ͬ ͻΎ̙̥ͱ

+ȀŏǞȒ ߝ �ŏɾɟǞʾ +ȩȘżƚȘɾɟŏɾǞȩȘࡇ _ȩɟ ɑ ≥ ª
(
Ȁȩǃߠ ȗ
ȗ

)
ࡈ

‖�− E[�]‖ߞ ≤ ª(√ɑȗ).

+ȀŏǞȒ ߞ ࡇ�ŏǕŏȘࡷ4ŏʲǞɯ _ȩɟ ɑ ≥ ª
(
Ȁȩǃߠ ȗ
ȗ

)
ࡈ

ɯǞȘ θ(ʮߞ, ʮ̄ߞ) ≤
ª(√ɑȗ)

ȒǞȘǱ!=ǝ |λǝ − λǱ|
≤ ª(√ɑȗ)

(ɑ− ɗ)ȗ/ߞ == ª
( √ɑ
(ɑ− ɗ)

√
ȗ

)

áƚżŏȀȀࡇ E[�]ࡈ Ǖŏɯ ƚǞǃƚȘʲŏȀʕƚɯ λߝ = (ɑ+ɗ)ȗ
ߞ ࡈ λߞ = (ɑ−ɗ)ȗ

ߞ ࡈ λǝ = ߜ ǀȩɟ ǝ ≥ ࡏߟ

ȒǞȘ
Ǳ!=ǝ

|λǝ − λǱ| = ȒǞȘ
(
ɗȗ, (ɑ− ɗ)ȗ

ߞ

)
.

÷ʿɔǞżŏȀȀ ʿࡈ (ɑ−ɗ)ȗ
ߞ ʶǞȀȀ ųƚ ɾǕƚ ȒǞȘǞȒʕȒ ȩǀ ɾǕƚɯƚ ɾʶȩ ǃŏɔɯࡏ

ߟߡ



˨θθͱ͖̐˨ϑ͖Ύ; ϑΎ χϑΎ̐͑˨χϑ͖̐ ̊ͱΎ̐ͬ ͻΎ̙̥ͱ

ëȩ _ŏɟࡇ ɯǞȘ θ(ʮߞ, ʮ̄ߞ) ≤ ª
( √ɑ

(ɑ−ɗ)
√
ȗ

)
ࡏ ĦǕŏɾ Ƈȩƚɯ ɾǕǞɯ ǃǞʲƚ ʕɯࡐ

ࡄ +ŏȘ ɯǕȩʶ ɾǕŏɾ ɾǕǞɯ ǞȒɔȀǞƚɯ ‖ʮߞ − ʮ̄ߞߞ‖ߞ ≤ ª
(

ɑ
(ɑ−ɗ)ߞȗ

)
ࡏƚʾƚɟżǞɯƚ

ࡄ ʮ̄ߞ Ǟɯ √ߝ
ȗχ$,*ࡇ ɾǕƚ żȩȒȒʕȘǞɾʿ ǞȘƇǞżŏɾȩɟ ʲƚżɾȩɟࡏ

ࡄ Cʲƚɟʿ ǝ ʶǕƚɟƚ ʮߞ(ǝ)ࡈ ʮ̄ߞ(ǝ) ƇǞǀǀƚɟ ǞȘ ɯǞǃȘ żȩȘɾɟǞųʕɾƚɯ ≥ ߝ
ȗ ɾȩ

‖ʮߞ − ʮ̄ߞߞ‖ߞ.

ࡄ ëȩ ɾǕƚʿ ƇǞǀǀƚɟ ǞȘ ɯǞǃȘ ǞȘ ŏɾ Ȓȩɯɾ ª
(

ɑ
(ɑ−ɗ)ߞ

)
ɔȩɯǞɾǞȩȘɯࡏ

ߠߡ



˨θθͱ͖̐˨ϑ͖Ύ; ϑΎ χϑΎ̐͑˨χϑ͖̐ ̊ͱΎ̐ͬ ͻΎ̙̥ͱ

ĆɔɯǕȩɾࡇ vǀ ` Ǟɯ ŏ ɯɾȩżǕŏɯɾǞż ųȀȩżǺ ȒȩƇƚȀ ǃɟŏɔǕ ʶǞɾǕ ŏƇǲŏżƚȘżʿ
ȒŏɾɟǞʾ ࡈ� Ǟǀ ʶƚ żȩȒɔʕɾƚ Ǟɾɯ ɯƚżȩȘƇ Ȁŏɟǃƚ ƚǞǃƚȘʲƚżɾȩɟ ʮߞ ŏȘƇ
ŏɯɯǞǃȘ ȘȩƇƚɯ ɾȩ żȩȒȒʕȘǞɾǞƚɯ ŏżżȩɟƇǞȘǃ ɾȩ ɾǕƚ ɯǞǃȘ ɔŏɾɾƚɟȘ ȩǀ
ɾǕǞɯ ʲƚżɾȩɟࡈ ʶƚ ʶǞȀȀ żȩɟɟƚżɾȀʿ ŏɯɯǞǃȘ ŏȀȀ ųʕɾ ª

(
ɑ

(ɑ−ɗ)ߞ
)
ȘȩƇƚɯࡏ

ࡄ ĦǕʿ Ƈȩƚɯ ɾǕƚ ƚɟɟȩɟ ǞȘżɟƚŏɯƚ ŏɯ ɗ ǃƚɾɯ żȀȩɯƚ ɾȩ ɑࡐ
ࡄ CʲƚȘ ʶǕƚȘ ɑ−ɗ = ª(ߝ/

√
ȗ)ࡈ ŏɯɯǞǃȘ ŏȀȀ ųʕɾ ŏȘ ª(ȗ) ǀɟŏżɾǞȩȘ

ȩǀ ȘȩƇƚɯ żȩɟɟƚżɾȀ ʿࡏ Cࡏǃࡈࡏ ŏɯɯǞǃȘ %ߥߥ ȩǀ ȘȩƇƚɯ żȩɟɟƚżɾȀ ʿࡏ

ߡߡ


