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Algorithmic M a c h i n e Learning + D a t a Science

I n s t r u c t o r : P r o f . Christopher M u s e o (cmusco@nyu.edu)

Off ice Hours: 3 . 5pm Thursdays (except tomo r row )

Reading Group: T B D . Poll t o gauge i n te re s t a n d t i m e .

Webpage: c h r i smu s c o .c om / 9 2 2 3 - 2 0 1 9

NYU c l a s s e s f o r fo r um

↳
check f o r

E x a m s : M i d t e r m - 1 0 / 2 3 , i n c l a s s c o n f l i c t s
n o w !

F i n a l - 1 2 1 1 8 , c l a s s t i m e



Course Topic: Algorithmic me t hod s f o r

m a c h i n e learn ing + d a t a analysis a t s c a l e .

- High throughput / realt i m e data applications

(think S h a z a m , Google m a p s / W a Z e , Amazon product r e c s ,

industr ial robotics, F i n Te c h , scientific applications)

- More complex mode ls → m o r e training d a t a

(deep n e u r a l n e two r k s , re inforcement learning, m a c h i n e
translation)

- D a t a ana lys i s o n l ow computer d e v i c e s

(smartphones)watches, robots ldroneslete.,
s e n s o r networks)



Somenumbersin
- Google r e c e i v e s E 10,000 Maps queries every.se#d

- NASA collects 6.4 T b o f satel l i te images everyday

•
,

- n e w "ImageNet" datase t every 3 d a y s
= "

- Large synoptic Survey Telescope: 15 T b o f i m a g e s
o r
t o p e r n i gh t
o

-

s

→§±
$°"""

. B r o a d Inst i tute sequences 2 7 T b

o f genetic d a t a per day

Ushering i n n e w golden a g e f o r r e s e a r c h

1

i n computational methods, u s i n g ent i re ly
n e w t o o l s .



Course Objectives:

1 . New algorithmic t o o l k i t (randomizat ion, s ke tch i ng ,

optimization, spectral methods, etc.)
- l e c t u r e s - read ing

s e e c s . princeton.edu/courses/archive/falll8/cos521

2 . L e a r n t o apply tools i n t h e w i l d (industry, academia)

- 4 Prob l em s e t s - i n c l a s s w o r k

→ midway i n t o c l a s s

→ b r e a k i n t o groups (auditors
included)

→ pset l i k e problem t o s o l v e

3 . Theory a s a n approach t o algorithm design.



What w e w o n ' t c o v e r :

- S o f t w a r e tools o r f rameworks
-

(Map Reduce , Te n s o r f l o w, Amazon Aws)

(CS-GY 6 5 1 3 : B i g Data)

- Machinelearningmodets
(neural nets, B L , Bayesian methods, unsupervised

learning, functions fitting, e tc . )



U n i t 1 : T h e P o w e r o f R a n d o m n e s s

HashingltloadBalancing)
- W o r k h o r s e o f t h e modern w e b -good probability

r e v i e w !

Probabilitzreviewi

X t a k e s va l ues i n s e t S E I B , Eg. 5=21,337,5 , 6 3
f o r d i c e r o l l .

Expectation: E- ( x ) =
E P r [ X u ] a w

- w t s

Con t i n u o u s
r . u s

: I I I x ] : lye, p ly ) dy



independence. T w o randomeuents A , B a r e

independent i f P r ( A l p s ) = Pra t )

6

"A given B ' '

P r a t t B ) I t 13¥13 )
P ( B )

s o equivalently, w h e n A and B a r e independent,

P r ¥ B ) = Prut) → P r t a n B ) = P r u t ) - P r ( B )

1%13)

B o l l 2 d i c e . What 's t h e probability t h e

f irst i s odd and t h e s e c o n d i s < 3 ?



Independency Given randomvar iabies X a n d Y taking

v a l u e s i n Sx a n d S y. W e say X a n d Y a r e

independent i f f # w e s × , Z e s y

(X--w) and ( Y : 2] a r e i ndependent r a n d o m
even t s .

Expectationidentifies

II. l a x ) : a # ( x )

F I X + Y ] =#Ex] + ELY] ?

ElxY7uElx1EfY]?@



E l y TY] i s t r u e f o r a n y X , Y .

= Is, ¥,
P r 4=44 - - 2 ) . l u t z )

' Y

= E E P r Cx:w, Y--2) o w t { { P r (Ew, Y--2) o z

w 2

w 2
←

= § w - {Pr(x=w,Y=z) + E z . § P r ( x = w , Y--2)
Z

;
N = p , (Y--2)
=prlx=w)

= E l x ] + ELY]



E[xYJ=Efx]EfY] t r u e f o r independent r . v . i s .

# (XY]:,.§, Is, P r l x=w, 4=2)
w e

= E E P r (x:o) P r (4=2) W - Z

W Z

= {fw.prlx.io).} P r 14=2)-z)
w

=f§w.Prlx=w)).} P r (Yea) -z)

t . E . x l . EU )
E l k Y ) = Elex] - l e f t ] ⇒ x ,Y a r e

"uncorrelated".

Independence ⇒ Unco re l a t e d . Uncore la ted #Independence.



leapt exciting

Ma r kov ' s Inequality
-

F o r a non-negat ive r a n d o m

va r i ab l e X, p , [ x z a ] e E [ x ] l a

Equivalent: p r f x z c . I E ( x ) ) E % . Th i n k c - 2 , 1 0 , . . .

" C o n e n t r a t i o n

Prod: I I I x ) = § P r (X--w) - W inequality"

= E P r ( x - -w ] . w x { P r ( x--w] . w

w 7 l e

w c a

- -
Z O 7 §, a P r ( x-w] - a

= a . §zaPr[x=w]~Ef x ] z a . P r [ x z a ]
'

- a . P r c x z a ]



I s M a r k o v ' s Inequality Tight? Can y o u prove
# something b e t t e r ?

I n general, Markov 's i s t i g h t .

X : 0 w i t h probability l . t
a

= a w i t h probability H a .

E l x ) : O-ll-fi) t a . (Ha) = t .

IPEX 7- a] = H a =#Ex] /a .



HashingltloadBalancing)
- w o r k h o r s e o f t h e modern w e b -good probability

r e v i e w !

(hey, value) s t o r e

jjnyu.edu/
, 216.165.47. 1 0

3 operations : i n s e r t (K,,v,) query 1k;)
→ v ;

inser t l kz .vn) query ( ko )
→ empty

i t
insert 1km,'m)

w a n t

1 ) F a s t queries:
delete ( Ko , Yo) o h ) t i m e

"

: 2 ) S m a l l s p a c e :

O ( m ) s p a c e



Hashing - B u i l d t a b l e T o f s i z e n ¥ 1

- Choose randone funct ion h : U → { I , . . . , n3

a
u n i v e r s e o f possible

U h Keos
- -

U . h ( u , ) : 1 0 k . , . . . . k m t U

" n h ( ya ) - 4
" 3 h (Us) - - m h d r a w n un i fo rm f r o m 7 T
: .

1
-

: a l l possible mappings
from

u!...... " ' " ' " ' = "

§ U → " ' " '"in}, family"
I s t h i s possible 3 I s s u e s ?(k-r, + rn) (mod m)

i n practice?



Hashing
-

- f o r i n s e r t 1k, v ) , s t o r e v a t T h e ,

- f o r deletelk, v ) , r e m o v e i t f r o m T n a ,

- f o r query (k ) , l o o k a t Tuan,

M 4<141 s o could h a v e blk)=hl j) f o r J F K .
•

" h a s h co l l i s ion"

s t o r e v l k ) , Vl's) i s l i nked l i s t a t Tn a , e - Tuc;)

Goa l : Hash c o l l i s i o n s s h o u l d b e r a r e !

Lookup t i m e = 0 4 ) i f n o col l is ion,

o t he rw i s e 0 (length o f l i n k e d l i s t )



HashingApplicatiou
st
U R L / D H S re s o l u t i o n . W h a t I P address t o v i s i t

t o s e e www.nyu.edu?

I #± ¥ x
1
Th L ''www.nyu.edu")

- w e b content delivery (distributed h a s h t ab l e )

- Amazon Dynamo D B , Mongo D B , Cassandra, Google
D a t a s t o r e

" d a t a b a s e sn o - S Q L

- Google directions: s e n d " B o s t o n t o NYC" t o A h l "boston t o N y c " )
1

s e r v e r s A i , . . . , Ag



Goa l : Hash c o l l i s i o n s s h o u l d b e r a r e !

How m a n y
c o l l i s i o n s i n expectation w h e n

inserting m y i t e m s i n t o tab le o f s i z e 1 ?

¥ 1 1 1 1

# o f col l is ions --random va r i ab l e , w i t h r a n d om n e s s

✓ coming f r o m cho i c e o f H G H .

C t a k e K i , . . . , K , a s f i x e d .

(it;§i.,m E I l h l k i ) : t ick;)] I f t rue] - - I
2 j x i # [ fa l se ] - - O

1
"indicator func t i on"



How m a n y
c o l l i s i o n s i n expectation w h e n

inserting m y i t e m s i n t o tab le o f s i z e 1 ?

E- (c): El's?.§, Ilhlki)=hlh;))

= ! §;§. E l ' I l h l k i ) --blk;)]2
#

=Yn

='s:&:'" '- F E I



p
01 1 ) t i m e l o o k u p s .

R e s u l t 1 Coll ision free h a s h t a b l e w i t h 0cm') space.
- -

s e t n - - 5 m ? E-(c) =m¥'s,}. P ¥ ¥ o .
M a r k o v ' s inequality

could keep retrying u n t i l a c h i e ve collisions f r e e h a s h .

T r i a l s : i z 3 4 . . . . G

'Lo '1100 "1000 "Toooo E cha l i ce getting
Fai lure Probability: s t r u c k b y

l ighten ing.

01ms) i s a l o t o f s p a c e overhead f o r m i t e m s .

"Birthday Paradox"



Resu l t z Collision f ree hash t a b l e w i t h 0 ( m ) s p a c e .

Key I d e a : 2 Laye r Hash ing

/ ,
2nd leve l i s coll ision f r e e → e a c h l o o k u p

,

t a k e s just 2 h a s h funct ion evaluat ions.

§¥
¥=t¥€ to t a l s p a c e - - m t.E.si.

LF Cmt §, si'] i m t
EET s i '

# i t e m s i n b i n i = S i I



LF Itotal space): m t
E.IE
, si)

, a#co l l i s i o n s i n Almost i n s tan t l o o k u p s
2 b u c k e t i = s i ( s i - l )

w i t h on l y 3 x s p a c ei[
¥ to ta l #o f col l is ions

o v e r h e a d !
T i a n a ,

m -
= (=I§.silsiµ inequality i s

↳ almost s ; ' ! actually quite

# Ef s i ' : # (II. s i c s ; - i ) + §, si]
Powe r fu l !

I 1
= 2 # (c ) + m < 2 M

- -
w i t h m buckets, m i tems

= M¥1 ⇐ y ,
EItotalspace]=3mµ



- Google directions: s e n d " B o s t o n t o NYC" t o Ah l "boston t o N y c " )
A i , A z , . . . , A n

¥ 1



- Google directions: s e n d " B o s t o n t o NYC" t o Ah l "boston t o N y c " )
A i , A z , . . . , A n

How w e c a r e about t h e m a x i m u m # o f elements p e r b i n .

L

"Load Balancing" max fs . , . . . , Sn ]

suppose w e h a s h i n i tems t o r i s e r s . "Balls i n t o
- B i n s "

→ b . , . . . , b n

whatdoeskarkousgi.
ve?tElsi7-.ff.&1lhlb;): i ] ] =,}'s = 1 .

/ lPr ls iz10]s#/



LinloserverscouldbeoverloadedtNoboundouin

G o a l : F o r any i , P r [ s i s , B ] s £ .

- =

Corollary: w i t h probability
9/10 1 1 s i s B .

Proot: U n i n d : Given r a n d om e v e n t s A , B

P r [A o r B occur] s PrfA) t PrlB)
-

= P r ( A t b ) + P r ( A t t B ) a P r [ A t B )

: P r ( A t b ] t P r ( B ) E P r IA] t P r I B ]

P r (s, 7, B o r S , 7,13 o r . . . 4713) E tout I , t - - + to, = to '



G o a l : F o r any i , P r [ s i ? B ] s £ .

- =

Marko v s : 1 3 : i o n . → V a c u o u s b o u n d ! Only i n i t e m s . . .

Tighter b o u n d s
o n deviation by considering

m o r e
i n f o r m a t i o n a b o u t a r a n d o m v a r i a b l e .

Variance: F o r r . i r . X , v a r l x ) : E l k-EX) ' ]

Equivalent: Va r l x ) : E [ x ' ] -Elex]2

Proof: E (Lx-Ex)) : E- [ x ' - 2 X # I x ] t Elex] ' ]



V a r ( o x ) = d - v a r (x)

Linearity o f
Variance: Va r l X TY} = Va r l x ) + V a r (Y) i f X.Y independent

V a r (X.tl/nt...tXm7..VarlX,J+VarlXrJt..-tVarlXm]

i f X i , X; independent
f o r a l l i , j t l . . - i , m -

t
" p a i r w i s e

independence"

"mutual independence" i s s t ronger. why?



ChebyshevInequality: L e t × b e a r u . w i t h v a r l x ) : 6 ?

P r [ I x - E x t t k o ] E YK-
T - n o assumption t h a t X > O .

upper and
l o w e r b o u n d

Proof. Consider t h e r a n d o m v a r i a b l e y =
LX-EX)?

y i s nonnegative. B y M a r k o v inequality,

Pr ly 7k-E ly ] ] E Y k '

L ILY] :# (X-Ex) = varlx) = 62 .

Pr [ly-EX)' 2 h26 ' ] E Y u



-

G o a l : F o r any i , P r Csi 2 B ] s £(TtAtofballstobi
S i t . j§, I [ h l b ; ) : i ] v a r ( s i ) : §, Var t I Ih lb ; ) : i ]

-

- y
X ;

va r l x ; ) : E l i ; ] - E l x ; ) ' =t.tn#-
xi:tii:k:::::xi=si.o'.:::i's:
F-Cx ; ] : ' I n E l x ; ' ] : ' I n

Va r I s ; ) : n l't-¥) = I - I s 1 .



G o a l : F o r any i , P r [ s i s , B ] s £ .

- =

(hebyshevs: P r [ I x - E x t 7 KG ] E Y k '

Va r I s ; ) = l - Y u .

I t ( s i ) : 1 Improvable t o

0 ( l og i n ) !
s e t K i f o n .

Prfts; - i t z f o n . E ] E I n

P r ( s i - I t f o n i t ] e Yeo] Wi th probability 9/10

a¥ b i n s h a v e e o f f s ) balls.

p r f s i 70 lT ) ]E ' n : 1,000,000

w a x load 2 1 0 0 0 .



I n c l a s s e x e r c i s e e



.


